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In this study, an improved method for calculating the effective delayed neutron
fraction of a core with a few collapsed energy groups has been developed. To accurately
calculate the effective delayed neutron fraction of a core using the conventional method, a
structure with several energy groups is needed for the fast energy region in order to reflect the
difference in the fission spectra for prompt fission neutrons and delayed neutrons. On the
other hand, a structure with only a few energy groups is needed for the criticality evaluation.
Thus the calculation cost increases for the effective delayed neutron fraction calculations
owing to the need for a large number of energy groups.
To solve this problem, in the present study, the error mechanism for the effective
delayed neutron fraction calculation using a structure with only a few energy groups was
studied, and it was found that the error results from the collapse of the fission spectra after the
cell calculations without adjoint flux weighting. In addition, an improved method for the
collapse fission spectra with an adjoint flux obtained by one-point calculation was developed.
Using the proposed method, the effective delayed neutron fraction can be estimated with
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sufficient accuracy using a structure consisting of only a few collapsed energy groups. This
result will contribute to reducing the calculation cost and/or improving the accuracy of
effective delayed neutron fraction calculations.
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1. Introduction
The accuracy of the effective delayed neutron fraction is important because it is a
measure of reactivity. For example, the inhour equation is written as follows:

where
: Reactivity,
: Generation time,
:Effective delayed neutron fraction of the i-th group,
: Decay constant for the delayed neutron precursor of the i-th group,
and
: Reactor period.
In general, the generation time is small and the first term of Eq.(1) can be ignored. Eq.(1) is
rewritten as follows:

The value of reactivity is almost proportional to the value of the effective delayed neutron
fraction. Even if the reactor period can be estimated without error, the measured reactivity
(e.g., the control rod worth) has the same relative error as the effective delayed neutron
fraction. Thus, it should be possible to estimate the effective delayed neutron fraction with the
same high accuracy as that of the criticality measurement.
In general, the core calculation requires a few energy groups for the criticality
estimation. Particularly for a thermal reactor, a structure with 2 energy groups is sufficient to
obtain an accurate multiplication factor. On the other hand, for the effective delayed neutron
fraction, a structure with several energy groups has been needed for the fast energy region in
order to reflect the difference in the fission spectra for prompt fission neutrons and delayed
neutrons. For example, there is a precedent for employing an energy group number of 121) to
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treat the delayed neutron fission spectrum. If the effective delayed neutron fraction calculation
can be performed with sufficient accuracy using a structure with only a few energy groups,
the core calculation cost, which is basically proportional to the energy group number, will be
reduced to less than half.
In the present study, the error mechanism for the delayed neutron fraction was
elucidated and an improved method was proposed and demonstrated numerically. In Section 2,
the error mechanism for the delayed neutron fraction calculation is described. In Section 3,
the improved method is proposed. First, a method is proposed for collapsing the fission
spectrum after the cell calculations with an adjoint flux weighting. Second, a method is
proposed for collapsing the adjoint flux that is needed for collapsing the fission spectrum and
the weighting value for the collapse of the adjoint flux is discussed. In Section 4, numerical
demonstrations are presented using the conventional and proposed methods.
In addition, energy groups structures were set as outlined below. A structure with fine
energy groups was used for the cell calculations and could also be used for the core
calculations. The number of energy groups was approximately 100 or more. A structure with
a few energy groups was used for the core calculation, which was determined only for the
criticality. The number of energy groups was approximately 2-5. A structure with several
energy groups was used for the core calculation to accurately estimate the effective delayed
neutron fraction. The energy group structure was fine in the fast energy group to treat the
difference in the spectra for the prompt and delayed fission neutrons. The number of energy
groups was approximately 6-15.

2. Conventional Procedure for Calculating the Effective Delayed Neutron Fraction and
its Error Mechanism
In general, to estimate the effective delayed neutron fraction, the following definition
is used:
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where
: Effective delayed neutron fraction,
: Physical delayed neutron fraction,
: Macroscopic production cross section,
: Fission spectrum of all of the neutrons,
: Fission spectrum of the delayed neutron,
: Adjoint flux
and
: Forward flux.
The bracket notation indicates an inner product that corresponds to an integral over the entire
energy and space. The denominator represents the total neutron importance for the neutron
generated by the fission reactions in the entire core. The numerator represents the delayed
neutron importance for the neutron generated by fission reactions in the entire core. Thus, the
delayed neutron fraction represents the fraction of the importance of the delayed neutron
generation to that of the total neutron generation.
The concrete calculation procedure for the numerator and denominator is commonly
described as follows:

where
: Macroscopic cross section.
For multi-group theory, the adjoint flux, fission spectrum, macroscopic cross section and flux
are energy vectors. To estimate the right hand side of Eq.(4), the inner product of the adjoint
flux and the fission spectrum and the inner product of the macroscopic cross section and the
flux are estimated first. Second, the product of the two inner products is estimated. Finally, the
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products are integrated for the entire core space. In general, the production of the inner
product of the macroscopic cross section and the flux is not estimated directly using cell
calculations. The inner product is estimated in the core calculations using the macroscopic
cross section collapsed by the flux of the cell calculations. In the same manner, the fission
spectrum must be collapsed by the adjoint flux of the cell calculations in order to preserve the
inner product in the core calculations.
The spectra of the prompt fission neutrons and the delayed neutrons of 235U are shown
in Figure. 1. A difference appears mainly in the fast energy region. Therefore, the energy
group structure in the fast energy region must be divided into several groups for the core
calculations in order to use the conventional method. To improve the accuracy of the core
calculations with a structure consisting only a few energy groups, the error mechanism must
be elucidated for the conventional method.
In general, the criticality calculation for the reactor is divided into two parts, cell
calculations and core calculations. The cell calculations are performed to provide the cross
section for the core calculations. The procedure for performing the criticality calculations in
the SRAC2) representative neutronic calculation code system is described below.
First, the cell calculations based on the integral neutron transport theory3) are
performed, and the effective cross sections and the flux in each region are estimated. At this
stage, the energy group structure is a fine energy group structure. Second, with the
homogenized effective macroscopic cross sections generated using the cross sections and the
flux obtained in the first step, the one-point calculation of the P1/B1 equation4) is performed
to treat the leakage effect with buckling when the leakage effect cannot be treated directly in
the cell calculations. Using the flux obtained with the P1/B1 point calculation, the cross
sections are collapsed to a structure with only a few or several energy groups. The fission
spectra of total neutrons and delayed neutrons are also collapsed.
After the cell calculations, the core calculations are performed using the macroscopic
cross sections generated using the cell calculations. The criticality calculations are performed
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for the forward and adjoint problems. The effective delayed neutron fraction is then calculated
according to Eq. (3) using the forward and adjoint fluxes obtained using the core calculations.
For the cross section, the collapse is performed with flux weighting. In the collapse
procedure, the reaction rate is conserved if the spectra based on the cell calculations agree
with that based on the core calculation for each region. However, the products of the adjoint
flux and the fission spectra, which include the fission spectra of the total neutrons and the
delayed neutrons, are not conserved because the collapse of the fission spectra is performed
only by summation of the energy groups without adjoint flux weighting after the cell
calculations. To conserve the neutron importance for the fission spectra, the fission spectra
must be collapsed by the adjoint flux of the cell calculations, as mentioned above. However,
there are no general rules for collapsing the adjoint flux, which is an intensive value, unlike
for the forward flux, which is an extensive value. In general, reactor physical values are
categorized as either intensive values or extensive values. The extensive values are directly
proportional to the spacial size and energy range, whereas the intensive values do not depend
on the spacial size and energy range. For example, the flux value can be summed for energy
groups because it is an extensive value. However, the adjoint flux value cannot be summed
because it is an intensive value. In other words, the intensive values represent certain
quantities, whereas the extensive values are not associated any certain characteristics in a
particular spacial region or energy range. Therefore, to collapse a space or energy group, the
intensive values are simply summarized for the range. In contrast, the extensive values must
be averaged over certain intensive values because the extensive values do not include
quantitative information.
Therefore, collapse of the fission spectra without adjoint flux weighting causes a large
error in the effective delayed neutron fraction when a structure consisting of only a few
energy groups is used.
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3. Improved Method for Calculating the Effective Delayed Neutron Fraction
3.1. Theory and Procedure
In the conventional procedure, the collapse of the fission spectra without adjoint flux
weighting after the P1/B1 calculation causes an error in the effective delayed neutron fraction.
Therefore, to improve the conventional procedure, the adjoint flux must be used for collapsing
the fission spectra as mentioned in Section 2. The procedure is described below. The fission
spectrum represents the fission spectrum of the total neutrons and that of the delayed neutrons.
To collapse the fission spectrum, it is necessary that the adjoint flux should also be collapsed
as follows:

where
: Adjoint flux of the i-th energy group for the fine energy group structure,
: Adjoint flux of the j-th energy group for the collapsed energy group structure,
: Fission spectrum of the i-th energy group for the fine energy group structure
and
: Fission spectrum of the j-th energy group for the collapsed energy group structure.
The collapsed energy group structure represents a structure with only a few or several energy
groups.
The adjoint flux must also be averaged by the extensive values in order to be collapsed,
as described in Section 2. There are several candidates for the extensive values, for example,
the flux, the fission spectrum of the total neutrons, the prompt neutron spectrum, the delayed
neutron spectrum and so on. In the present study, the flux obtained from cell calculations was
selected for averaging the adjoint flux. Because the flux is in conjugation relation with the
adjoint flux and the adjoint flux represents the importance of the neutron flux. The flux and
the adjoint flux are the most basic pair into the candidates. The collapse is performed as
follows:
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where
: Flux of i-th the energy group for the fine energy group structure.
Using Eq. (5) for the fission spectrum collapse, the inner product of the adjoint flux
and the fission spectrum with a collapsed energy group structure conserves the inner product
for the fine energy group structure as follows:

where
: Inner product of the collapsed adjoint flux and the collapsed fission spectrum,
: Inner product of the the adjoint flux of the fine energy group structure and the fission
spectrum of the fine energy group structure.
From Eqs. (5) and (7), the inner product with the collapsed energy group structure agrees with
the inner product with the fine energy group structure. If there is no discrepancy in the
neutron spectra for the cell and core calculations, for example, the spectra completely
coincide, the error in the effective delayed neutron fraction will be completely eliminated by
this treatment.
In addition, the collapsed fission spectrum weighted by the adjoint flux can be applied
only for calculations with adjoint flux weighting, such as the effective delayed neutron
calculation, because the collapse conserves the inner product of the adjoint flux and the
fission spectrum for the fine energy groups structure. Thus, the summation of the weighted
fission spectrum does not always coincide with unity and cannot be applied to the
multiplication factor calculation.
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3.2. Calculation Code: Model and Conditions
The error in the effective delayed neutron fraction using the conventional method and
the effect of the proposed method have been confirmed through numerical demonstration. A
typical PWR model was employed for the calculations. The cell calculation model is shown in
Figure 2. To generate the cross sections for the core calculations, the SRAC-PIJ module,
which is a collision probability method code, was employed with the evaluated nuclear data
library JENDL-3.35). For the calculations using the SRAC-PIJ module, the neutron slowing
down calculation with an ultra fine energy group structure was performed using the PEACO
module. With these modules, the fuel cell lattice calculation was performed. After the neutron
slowing down calculation, the P1/B1 point calculation was performed with geometrical
buckling for the entire core region. The adjoint P1/B1 point calculation was also performed
using the module developed in the present study. The collapse was performed in the same
manner as described in Section 3.1.

Fig. 2 and 3

After the cell calculations, the core calculations were performed using the model
shown in Figure 3. The core has three regions: fuel 1 region, fuel 2 region, and the reflector
region. Fuel 1 region was assigned to the center region, while fuel 2 region, which had a
lower uranium enrichment than fuel 1 region, was assigned to the outer region. The uranium
enrichments were 3.2 wt% and 2.1 wt% for fuel 1 and fuel 2 regions, respectively. The fuel
cell pitch was 1.26 cm, the fuel rod radius was 0.475cm, and the pellet radius was 0.410 cm.
The reflector region was assigned to the region outside of fuel 2 region. The core calculations
were performed using a 1/8 symmetric core geometry with the reflective boundary condition
for the central surface of the core and a vacuum boundary condition for the outer side of the
core. The core height was 300 cm and the equivalent core radius was 150 cm. The criticality
calculation and the effective delayed neutron calculation were performed using
SRAC-CITATION, which is a neutron diffusion calculation code. The module for the
effective delayed neutron calculation was modified in order to implement the method
proposed in Section 3.1. The neutron energy group structures are shown in Table 1. There
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were three types of neutron energy group structures. The 107 group structure was the fine
energy group structure, while the 2 group structure was a practical energy group structure for
the criticality calculations and was set as the structure with only a few energy groups. The 6
group structure was used for the effective delayed neutron fraction calculation using the
conventional method. The fast group was divided into five groups in order to treat the delayed
neutron spectrum. This division was determined in order to obtain an accurate effective
delayed neutron fraction and was set as the structure with several energy groups. The four
separators in Figure 1 correspond to this division.
Table 1
3.3. Calculation Results and Discussion
The effective delayed neutron fraction and the multiplication factor calculated using
conventional calculations with the three energy group structures are shown in Table 2. The
relative error was estimated by comparing these values with the values obtained when using
the 107 groups structure. The error in the effective delayed neutron fraction with the 2 groups
structure was large (approximately 2.6%), while that with the 6 groups structure was
negligible (approximately 0.02%). On the other hand, the error in the criticality was nearly the
same for the two energy groups structures.
The calculation with the proposed method was also performed using the two energy
group structures. The adjoint flux spectra based on the B1 point calculations are shown in
Figure 4. The adjoint flux was used for the collapse. The collapsed fission spectra are shown
in Table 3. Those with the proposed method are less than unity because the collapse was
performed with adjoint flux weighting. The accuracy of the effective delayed neutron fraction
was then compared with that obtained using the conventional method, as shown in Table 4.
The large error of approximately 2.6% was reduced to approximately 0.2% using the same 2
energy groups structure by employing the improved method. In general, an accuracy of 0.2%
is good enough when compared to the measurement error for the counting rate, which is
approximately 0.5-1.0% at 1σ6). The proposed method can thus reduce the error by collapsing
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the fission spectrum and the adjoint flux weighting. The summation of the total fission
spectrum was approximately 0.985 and the summation of the delayed neutron spectrum was
approximately 0.960. The summation of the fission spectrum of the delayed neutrons was
smaller than that of the total neutrons by approximately 2.5%. This effect reduces the error.
The peak in the fission spectrum for the prompt neutrons, which was nearly the same as that
in the fission spectrum of the total neutrons, was above 1 MeV. On the other hand, that of the
delayed neutron was under 1 MeV, as shown in Figure 1. The adjoint flux, which was used
for the collapse of the fission spectrum, has a large value above 1 MeV owing to the fission
threshold reaction. It was also numerically confirmed that nearly all of the errors were
generated from the collapse of the fission spectrum without the adjoint flux weighting in the
cell calculations, and it was demonstrated that the accuracy can be improved using the
proposed method.
Table 2, 3 and 4

Fig. 4

4. Conclusions
The effective delayed neutron fraction is a measure for the reactivity and proportional
to it. Thus, the error in the effective delayed neutron fraction directly propagates to the
measured reactivity. Therefore the error should be reduced to the same level as that of the
measured criticality.
To improve the accuracy, the error mechanism for the effective delayed neutron
fraction calculation was elucidated for the conventional method. It was found that the error is
caused by a lack of conservation of the product of the fission spectrum and the adjoint flux,
because the fission spectra are collapsed after cell calculations without adjoint flux weighting.
Moreover, it was proposed that the adjoint flux collapse method requires the collapse of the
fission spectrum, and an adjoint P1/B1 point calculation module was developed. Using the
proposed method, the error in the effective delayed neutron fraction was reduced from 2.6%
to enough accurate value of 0.2% with the same 2 energy groups structure for a typical PWR
core calculation. The core design can be accomplished using a structure with only a few
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energy groups by employing the proposed method. This result will contribute to reducing the
calculation cost and/or improving the accuracy of effective delayed neutron calculations.
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Figure captions

Figure 1

Fission spectra of the prompt fission neutrons and delayed neutrons for U-235

Figure 2

Cell calculation model for the fuel lattice

Figure 3

Core calculation model

Figure 4

Adjoint flux from the B1 calculation

15

Table 1 Energy group structure
Fast Group
107 Groups
6 Groups 2 Groups
Group Upper Energy (eV)
1
1.0000E+07
2
7.7880E+06
3
6.0653E+06
1
4
4.7237E+06
5
3.6788E+06
6
2.8651E+06
7
2.2313E+06
8
1.7377E+06
2
9
1.3534E+06
10
1.0540E+06
11
8.2085E+05
12
6.3928E+05
13
4.9787E+05
3
14
3.8774E+05
15
3.0197E+05
16
2.3518E+05
17
1.8316E+05
18
1.4264E+05
19
1.1109E+05
20
8.6517E+04
21
6.7380E+04
22
5.2475E+04
4
23
4.0868E+04
24
3.1828E+04
25
2.4788E+04
26
1.9305E+04
27
1.5034E+04
28
1.1709E+04
29
9.1188E+03
30
7.1017E+03
31
5.5308E+03
1
32
4.3074E+03
33
3.3546E+03
34
2.6126E+03
35
2.0347E+03
36
1.5846E+03
37
1.2341E+03
38
9.6112E+02
39
7.4852E+02
40
5.8295E+02
41
4.5400E+02
42
3.5358E+02
43
2.7536E+02
44
2.1445E+02
45
1.6702E+02
5
46
1.3007E+02
47
1.0130E+02
48
7.8893E+01
49
6.1442E+01
50
4.7851E+01
51
3.7266E+01
52
2.9023E+01
53
2.2603E+01
54
1.7604E+01
55
1.3710E+01
56
1.0677E+01
57
8.3153E+00
58
6.4759E+00
59
5.0435E+00
60
3.9279E+00
61
3.0590E+00
62
2.3824E+00

Thermal Group
107 Groups
6 Groups 2 Groups
Group
Upper Energy (eV)
63
1.8554E+00
64
1.6374E+00
65
1.4450E+00
66
1.2752E+00
67
1.1254E+00
68
9.9312E-01
69
8.7642E-01
70
7.7344E-01
71
6.8256E-01
72
6.0236E-01
73
5.3158E-01
74
4.6912E-01
75
4.1399E-01
76
3.8926E-01
77
3.6528E-01
78
3.4206E-01
79
3.1961E-01
80
2.9792E-01
81
2.7699E-01
82
2.5683E-01
83
2.3742E-01
84
2.1878E-01
85
2.0090E-01
6
2
86
1.8378E-01
87
1.6743E-01
88
1.5183E-01
89
1.3700E-01
90
1.2293E-01
91
1.0963E-01
92
9.7080E-02
93
8.5397E-02
94
7.4276E-02
95
6.4017E-02
96
5.4520E-02
97
4.5785E-02
98
3.7813E-02
99
3.0602E-02
100
2.4154E-02
101
1.8467E-02
102
1.3543E-02
103
9.3805E-03
104
5.9804E-03
105
3.3423E-03
106
1.4663E-03
107
3.5238E-04
107(Lower)
1.0000E-05

* Read E+XX as 10xx
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Table 2 Comparison of the effective delayed neutron and multiplication factors
Energy structure
107 groups
6 groups
2 groups

β eff
6.9812E-03
6.9828E-03
7.1607E-03

Error of β eff(%)
2.3205E-02
2.5713E+00

* Read E+XX as 10xx
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keff
1.2989
1.2980
1.2981

Error of keff (⊿k/kk' %)
-5.1723E-02
-4.3829E-02

Table 3 Fission spectra based on the conventional and proposed methods
Energy Group
1
2

Total
1 .0 0 0 0 0
0 .0 0 0 0

Delayed 1
1 .0 0 0 0 0
0 .0 0 0 0

Energy Group
1
2

Total
1 .0 0 0 0 0
0 .0 0 0 0

Delayed 1
1 .0 0 0 0 0
0 .0 0 0 0

Energy Group
1
2

Total
0 .9 8 4 5 8
0 .0 0 0 0

Delayed 1
0 .9 6 2 7 7
0 .0 0 0 0

Energy Group
1
2

Total
0 .9 8 6 8 6
0 .0 0 0 0

Delayed 1
0 .9 5 9 9 9
0 .0 0 0 0

Conventional method
Fuel 1
Delayed 2 Delayed 3
1 .0 0 0 0 0
1 .0 0 0 0 0
0 .0 0 0 0
0 .0 0 0 0
Fuel 2
Delayed 2 Delayed 3
1 .0 0 0 0 0
1 .0 0 0 0 0
0 .0 0 0 0
0 .0 0 0 0
Proposed method
Fuel 1
Delayed 2 Delayed 3
0 .9 6 1 6 1
0 .9 6 2 0 7
0 .0 0 0 0
0 .0 0 0 0
Fuel 2
Delayed 2 Delayed 3
0 .9 5 8 7 9
0 .9 5 9 2 8
0 .0 0 0 0
0 .0 0 0 0

Delayed 4
1 .0 0 0 0 0
0 .0 0 0 0

Delayed 5
1 .0 0 0 0 0
0 .0 0 0 0

Delayed 6
1 .0 0 0 0 0
0 .0 0 0 0

Delayed 4
1 .0 0 0 0 0
0 .0 0 0 0

Delayed 5
1 .0 0 0 0 0
0 .0 0 0 0

Delayed 6
1 .0 0 0 0 0
0 .0 0 0 0

Delayed 4
0 .9 6 1 8 6
0 .0 0 0 0

Delayed 5
0 .9 6 2 8 4
0 .0 0 0 0

Delayed 6
0 .9 6 3 4 0
0 .0 0 0 0

Delayed 4
0 .9 5 9 2 3
0 .0 0 0 0

Delayed 5
0 .9 6 0 2 8
0 .0 0 0 0

Delayed 6
0 .9 6 0 9 4
0 .0 0 0 0

* “Delayed” stands for “Delayed neutron precursor group”
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Table 4 Comparison of the conventional and proposed methods
Energy structure
β eff
107 groups
6.9812E-03
2 groups (conventional) 7.1607E-03
2 groups (proposed) 6.9964E-03

* Read E+XX as 10xx

19

Error of β eff(%)
2.5713E+00
2.1816E-01

Neutron yield per lethagy

0.7

0.6
Prompt

0.5

Delayed group 1
Delayed group 2

0.4

Delayed group 3
Delayed group 4

0.3

Delayed group 5
Delayed group 6

0.2
0.1
0
1.E+03
103

1.E+04
104

1.E+05
105

1.E+06
106

1.E+07
107

Energy (eV)

Figure 1

Fission spectra of the prompt fission neutrons and delayed neutrons for 235U
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Figure 2

Cell calculation model for the fuel lattice
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Figure 3

Core calculation model

Y. Fukaya:
Development of an improved method for calculating the effective delayed neutron fraction of
a core using a structure with only a few collapsed energy groups
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1
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Figure 4

Adjoint flux from the B1 calculation
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