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Cross section adjustment methods based on

minimum variance unbiased estimation
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2Nagoya University, Furo-cho, Chikusa-ku, Nagoya 464-8603, Japan

On the basis of the minimum variance approach, the unified formulation for three types of
the cross-section adjustment methods has been derived in a straightforward way without
assuming the normal distribution. These methods are intended to minimize the variances
of the predicted target core parameters, the adjusted cross-section set, and the calculated
integral experimental values. The first and the second methods are found to be slightly
different from the extended and the conventional cross-section adjustment methods based
on the Bayesian approach with the normal distribution assumption, respectively. However,
they become equivalent in some cases and results. The third method is a new method,
which is necessary from the viewpoint of the symmetry of the formulation. In addition, it
is verified by numerical calculations that the derived formulation gives the minimized vari-
ances as intended. The derivation procedure proposed in the present paper is potentially
applicable to developing more sophisticated cross-section adjustment methods because of

the less assumptions on the probability density function.

Keywords: cross section adjustment; minimum variance unbiased estimation; marimum

likelihood estimation; Bayes’ theorem; normal distribution; uncertainty; covariance;



J. Nucl. Sci. & Technol. Article

1. Introduction

The cross-section adjustment methodology has been widely used as a promising design
method for an innovative nuclear reactor system such as a fast reactor. It enables one to
improve prediction accuracy of the target core parameters by using integral experimen-
tal data measured in critical assemblies and experimental/prototype reactor cores. The
methodology is now utilized worldwide. For instance, a comprehensive comparison study
of the methodology was recently performed in the international framework[1]. Early pro-
posals of the cross-section adjustment methodology were presented in the 1960s (e.g.,[2,3])
and the formulations of the methodology were well-established in the 1970s (e.g.,[4,5,6]).
In parallel, a lot of application studies were conducted by many authors, and the formu-
lation of the prediction accuracy for the target core parameters was also accomplished
in the 1980s (e.g.,[7]). The cross-section adjustment methodology is also expected to be
applied to light water reactors because its applications are successful in recent studies
(e.g.,[8]).

On the other hand, the bias factor method is one of the design methods, and it has been
still enhanced. Several improved bias factor methods that can utilize more than (or equal
to) one integral experimental data unlike the conventional method, such as the generalized
bias factor method[9] and the extended bias factor method[10], were proposed in the 2000s.
Moreover, it was found that the formulation of the extended bias factor method can be
unified with that of the extended cross-section adjustment method (EA)[11], which covers
that of the conventional cross-section adjustment method (CA) as a special case.

The formulation of EA is derived by the maximum likelihood estimation (MLE) under
the assumption that all variables are normally distributed. However, the formulation of the
extended bias method is derived without assuming a specific probability density function

by the minimum variance approach. This fact implies that the formulations of EA and
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CA can be derived without assuming the normal distribution. The equivalency of the
Bayesian approach and the least-square technique relating to the adjustment methodology
was discussed by many authors (e.g.,[12]). Actually, it was pointed out by Muir that the
adjustment equations derived from the minimum variance viewpoint are equivalent to
those obtained from the maximum likelihood argument[13]. However, in his paper, a
detailed comparison of the equations has not been made from the viewpoint of the cross-
section adjustment method for reactor design. In addition, since his derivation includes
heuristic procedures, it would be difficult to apply them to developing a new adjustment
method.

In the present paper, we show that the formulations similar to EA and CA can be
derived in a straightforward way based on the minimum variance unbiased estimation
(MVUE) without assuming a specific probability density function. Furthermore, we derive
another adjustment equation, called regressive cross-section adjustment method (RA), to
complete the symmetry of the formulation. These three cross-section adjustment meth-
ods based on MVUE are proposed as EA-MVUE, CA-MVUE, and RA-MVUE with a
unified formula. Moreover, we show the formulas of the variance-covariance matrixes for
the adjusted cross-section set, the target core parameters and the integral experimental
parameters, which are necessary for evaluating the design prediction accuracy.

In Section 2, the nomenclatures used in the present paper are defined and the cross-
section adjustment formulas based on MLE are briefly reviewed. In Section 3, the as-
sumptions required in the derivation are described. In Section 4, the derivation of the
cross-section adjustment formulation based on MVUE is shown. In Section 5, we discuss
the derived formulas. In Section 6, numerical verification results are presented. Finally,

the concluding remarks are summarized.
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2. Preparation
2.1. Nomenclature

Let us begin with defining the nomenclature used in the present paper. In conjunction
with the cross-section set that includes a set of n, nuclear data to be adjusted, mostly
group-wise infinite dilute cross sections, we use five symbols:

e T is an n, x 1 matrix, i.e., a column vector, of an arbitrary cross-section set,

e T, is an n, x 1 matrix of the true cross-section set,

e T, is an n, x 1 matrix of the unadjusted cross-section set,

e ATy is an n, x 1 matrix of the error of the unadjusted cross-section set, which is

defined as
AT, =T, - Ty, (1)

and
e M is an n, X n, matrix of the variance-covariance matrix of the unadjusted cross-

section set, which is defined as
M = Var (Ty), (2)

where Var (-) indicates the variance. More precisely, the variance of an arbitrary column

vector X of random variables is defined as
Var (X) = E (X~ E(X)) (X - E(X))"). (3)

where E (-) denotes the expected value, which is obtained by averaging the random vari-
ables over the probability density function. In the above definitions, we basically assume
that the infinite dilute cross sections are adjusted. In this case, the error due to the reso-
nance self-shielding calculation should be taken into account in the analysis method error
described later.

Next, let us consider n(") integral experimental quantities and n® target core parame-
ters, where the superscripts (1) and (2) stand for the integral experimental quantities and

4
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the target core parameters, respectively. In conjunction with the calculation values of the
integral experimental quantities and the target core parameters, we define six symbols:
° Rgi) is an n® x 1 matrix of the true integral experimental quantities or the target
core parameters,
° Rg)(T) is an n(¥ x 1 matrix of the integral experimental quantities or the target
core parameters calculated with the cross-section set T,
e GO is an n x n, matrix of the sensitivity coefficients of the nuclear data with
respect to the integral experimental quantities or the target core parameters, which

is defined as
G = dRY(T)/dT, (4)
e Am® is an n¥ x 1 matrix of the analysis method error, which is defined as
Am® = RO(T,) — R, (5)

e VY is an n® x n(® matrix of the variance-covariance matrix with respect to the

analysis method error, which is defined as
V) = Var (RY(T)), (6)

and
e V¥ is an n® x n® matrix of the cross-correlation with respect to the analysis
method errors between the integral experimental quantities and the target core

parameters, which is defined as
Vi = Cov (RI(T,), RP(TY)) , (7)

where Cov (-) represents the cross-covariance, which is also called cross-correlation. More

precisely, the cross-covariance of arbitrary column vectors X and Y is defined as

Cov(X,Y) = E ((X “EX) (Y -E (Y))T> . (8)
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Similarly, in conjunction with the measured values of the integral experimental quantities,
we define three symbols:
e R is an n® x 1 matrix of the measured values of the integral experimental quan-
tities,
o Ae is an n(Y x 1 matrix of the experimental error of the integral quantities, which

is defined as
Ae =R —RY, 9)

and
e VIV is an n® x n® matrix of the variance-covariance matrix with respect to the

experimental error,
Vv = Var (RY). (10)

Since the experimental error and the analysis method error are often used as the sum of

them, we additionally define it as

v, =V v, (11)

e+m

Here, notice that, when evaluating Vgl), we should take into account the errors of input
data for analyzing the integral experimental quantities, such as fuel compositions, dimen-
sions, and temperatures. Although the input data are used in the analysis, they are more
correlated with the integral experimental quantities than with the analysis methods. On
the other hand, we should also consider the errors of input data for analyzing the target
core parameters, such as fabrication tolerance, which are not explicitly defined in the

present formulation but can be included into Vg).

2.2. Review of the cross-section adjustment methods

Before deriving the formulas of the cross-section adjustment methods based on MVUE;,

let us review the derivation and the formulation of EA and CA based on MLE (EA-MLE
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and CA-MLE)[11].

2.2.1. Review of the formulation of EA-MLE

Based on the Bayes’ theorem, the formulation of EA-MLE is derived by maximizing
the likelihood of the target core parameters under the condition that the integral exper-
imental quantities have been observed. In the derivation of EA-MLE, it is assumed that

all variables are followed by the normal distribution.

The adjusted cross-section set TMILF  the variance-covariance matrix of the ad-

justed cross-section set MY EE and the variance of the predicted target core parameters

Var (R )(TMLE)) for EA-MLE are written as

TYLE — Ty + (MGOT 4 GR+V(IIT) (G<1>MG<1> + v >_1 (R — RO(Ty))

e+m
(12)
-1
MYLE — M 4 (MGOT + GR+vI2T) (G<1>MG<1>T + ij@m) (GO+v (1)
~ MGOT (G<1>MG<1>T + Vf}jm) T (MEOT ¢ g@ryem)T (13)

and
Var (RP(TYEF)) = GOMYIFGP + VI —Kp VD — VOITKE,,  (14)
respectively, where
Kpa = G? (MG 4 GOV (12T <G<1>MG<1> vgm)‘l . (15)

Here, the superscript + of G indicates the Moore-Penrose pseudoinverse.

2.2.2.  Review of the formulation of CA-MLE

Similarly, the formulation of CA-MLE is derived by maximizing the likelihood of the
cross-section set under the same condition. The maximization target, however, differs

from EA-MLE. In the derivation of CA-MLE, all variables are assumed to be normally
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distributed as well as EA-MLE.

The adjusted cross-section set T¥EE the variance-covariance matrix of the ad-

justed cross-section set MY ¥ and the variance of the predicted target core parameters

Var (RﬁZ)(TgALED for CA-MLE are written as

—1
TYLE — ) + MGT <G(1)MG(1)T + Vﬁfﬁm) (RY —RO(Ty)),  (16)
MYEE = M - MGUT (GUMGYT + ijﬁm)_l GOM, (17)

and
Var (RO(THEF)) = GOMYIPGY + VY —KeaVL? — VOITKE,,  (18)
respectively, where
Ko, = GOMGOT (G(I)MG(I)T + V&)m)‘l ' (19)

Note that the adjusted cross section set for EA-MLE is equivalent to that for CA-MLE if
there is no cross-correlation with respect to the analysis method error between the integral
experimental quantities and the target core parameters i.e., V{» = 0. In other words,
CA-MLE is a special case of EA-MLE. This fact means that the target core parameters are
not taken into account in the stage of the cross-section adjustment in CA-MLE. However,
we should consider the cross-correlations between the integral experimental quantities and
the target core parameters in the stage of the uncertainty evaluation even in CA-MLE.

The terms of Vi in Eq. (18), therefore, still remain.

3. Assumptions

In this section, we describe the assumptions used in the derivation. Note that no
assumption on the specific probability density function such as the normal distribution is

adopted here.
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3.1. Assumption of linearity approximation

Suppose that the variation of the calculation values caused by the cross-section set

changes can be evaluated by the first-order approximation as follows:

R)(T)-RI(T)~ G)(T -T) (i=1,2). (20)

(g

If this approximation is valid, the calculation error component induced by the cross-section

set can be written as
RY(Ty) - RY(T,) ~ GOAT, (i=1,2). (21)

Furthermore, by using Eq. (5), the total calculation error is denoted with the sum of the

analysis method error and the cross-section-induced calculation error:

RY(T,) — RY ~ Am® + GOAT,  (i=1,2). (22)

C

Finally, by using Eq. (9), the discrepancy between the experimental values and the cal-
culation values is represented as the sum of the experimental error, the analysis method

error, and the cross-section-induced error:

Rﬁ“ — Rgl)(To) ~ AeV — AmY — GWAT,. (23)

3.2. Assumption of unbiased estimate

Although it must be possible to extend our derivation to a certain biased case, we
assume here the unbiased estimates for all of the cross-section set, the calculation values of
the integral experimental quantities and the target core parameters, and the experimental
values. Namely, the expected values of them are equal to the true values. For instance,

we have
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and
E(RY) =RV, (26)

Substituting Eqgs. (24), (25), and (26) into Egs. (1), (5), and (9), respectively, we obtain

the following equations:

E (ATO) - Ona><].7 (27>
E (Am(i)) = 0,01 (Z =1, 2), (28)

and
E(Ae) = 0,01, (29)

where O, stands for the px ¢ zero matrix. In case where the size is clear from the context,

we simply write O for the zero matrix. This assumption, therefore, means that none of

the errors has bias. Moreover, we assume that the errors have finite second moments.
Under these assumptions, by using Egs. (2), (6), (10), (7), and (3), the covariance

matrixes are rewritten as

M=E ((TO ~E(Ty)) (Ty — E (TO))T) = B (AT,ATY), (30)
Vi) =B ((RO(T) - B (RO(T)) (RV(T) ~ E (RV(T)))" ) = B (AmAm®T)

(31)

v =g ((ng ~ERM)) (RY - E (Rg>))T) = B (AeMAe®T) (32)

Here, notice that Egs. (1), (5), (9), and (24) — (26) have been also used.

10
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3.3. Assumption of error independence

It is assumed that the experimental error, the analysis method error, and the cross-
section-induced error with respect to the integral experiments are independent of each

other. In other words, we can use the following equations:

E(AmPYAeMT) = E (AeVAmM7T) = 0,0) 0, (34)
E ((GWAT,) Ae™T) = E (Ael (GUAT)") = 0,040, (35)

and
B ((GUAT) AmDT) = F (Am® (GUAT)) ") = 0,000 (36)

Similarly, we assume that the analysis method error and the cross-section-induced error

with respect to the target core parameters are independent:

E ((G(Q)AT()) Am(z)T) =E <Am(2) (G(z)ATO)T> = 0,,2 xn®- (37)

3.4. Assumption of linear estimation

Suppose that the estimate of the integral experimental values R® can be represented
by the linear combination of the differences between the experimental values and calcu-

lation values as
RO = RY(T,) + F (RY — RI(Ty)) ., (38)

where F is an n™™ x n™) matrix of the linear combination factors.

In addition, it is assumed that the estimate of the integral experimental value can
be reproduced by calculating with a certain cross-section set T, i.€., RV = Rg)(’i‘).
Thus, we consider T as the estimate of the cross-section set. Then, using Eq. (20), we can

transform Eq. (38) into

R{(T) - RU(Ty) = F (R - RO(To))

11
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GY(T - Tp) ~ F (R — RI(Ty)) . (39)
By using the Moore-Penrose pseudoinverse, the minimum-norm least-squares solution of
the above equation can be written as

T =T, +GYF (R} - RV (Ty)). (40)

This equation is considered as the linear model for the cross-section adjustment method-

ology.

3.5. Assumptions relating to the sensitivity coefficients

Additionally, we adopt some assumptions relating to the sensitivity coefficients. Since
the properties of the Moore-Penrose pseudoinverse of the sensitivity matrix depend on

the matrix size and the matrix rank, it is necessary to specify them precisely.

3.5.1.  Relation of the number of data
In conjunction with the size of the sensitivity matrixes G, we basically suppose that
ng > nt. (41)

This supposition is reasonable because the number of adjusted cross sections becomes
larger than the number of integral experimental quantities in a typical application. In
other words, we assume the condition of the ill-posed problem. Meanwhile, we should
utilize a sufficient number of integral experimental quantities, which is at least larger

than the number of target core parameters. That is, we assume that

nM > n®, (42)

12
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3.5.2.  Linear independence of the sensitivity coefficients

Moreover, we assume that G® has full row rank. That is,
rank (G(i)) =n (i=1,2), (43)

where rank () represents the matrix rank. In other words, the sensitivity coefficients are

required to be linearly independent. In this case, the following equation is satisfied:
GOGY* =1, (i=1,2), (44)

where I, denotes the p x p identity matrix. When the order p is clear, we simply write L.

Meanwhile, in this case, we should notice that
GO+GH £1,  (i=1,2). (45)

In contrast, if we assume the well-posed problem, we will have another condition. In the
case of the well-posed problem with the assumption that G has full column rank, i.e.,
n, < n and rank (GW) = n,, we need to consider the condition that GG =1,,,

and G(I)G(1)+ 7& Inu).

3.5.3.  Assumption of the projection simplification
As mentioned before, GWTG® £ I, under the condition of the ill-posed problem.

However, GW*G® has similar properties to the identity matrix. For instance, the follow-

ing equation holds by definition:
GOG*+GH =G (1 =1,2). (46)

This equation means that we can simply replace GO+G® by I, if we ensure premulti-
plying G® to the result later.

Moreover, G+ G® is geometrically interpreted as the orthogonal projection onto the
row space of G([14]. In other words, it is an equivalent transformation of the difference

vector of the cross-section set into the most sensitive subspace we are interested in. There-

13
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fore, even if we do not premultiply G® later, GW+*G® can be approximated by I, as
far as we are concerned in the integral experimental quantities and/or the target core
parameters that have similar sensitivity coefficients to G®. In the present paper, this

replacement is called the “projection simplification,” which is represented as
G+GD T, (i=1,2). (47)

Here, we use the special equal sign < for the projection simplification because it is a par-
ticular kind of approximation that is related to G. The applicability of the projection
simplification will be discussed in Sections 5 and 6. As mentioned later, the projection
simplification is utilized to derive the formulas that are equivalent to those of the existing
cross-section adjustment methods. In addition, we will show that the projection simplifi-
cation improves the adjusted cross-section set. However, since it is difficult to understand
the physical meaning of the projection simplification, we need to carefully use this assump-
tion. In our derivation, the formulation derived without the projection simplification will
be referred as the “rigorous” method. If the projection simplification is once applied, it

will be renamed and referred as the “simplified” method.

4. Derivation
4.1. Derivation of the adjusted cross-section set
4.1.1.  Derivation of the adjusted cross-section set for EA-MVUE

Let us consider a cross-section adjustment method that minimizes the variance of the
calculation values of the target core parameters. We call this method EA-MVUE since it
is expected to be equivalent to EA-MLE.

By using Egs. (20), (5), and (1), the target core parameters calculated by the estimate

of the cross-section set T are written as

RE(T) =R + (RO(T) - RE(T)) + (RA(T) - R?)

14
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~R? + G(T -T,) + Am®
=R? + GO(T - Ty) + GPAT, + Am®. (48)
Substituting Eq. (40) into Eq. (48) and using Eq. (23), we obtain
RO(T) = R? + GAGWTF(Ae® — Am® — GWAT) + GPAT) + Am®
— R + (G® — GPGW+FGM) AT,
+GPGcWTFAeY - GPGHTFAMY + Am®. (49)

Then, by using Egs. (30) — (33) and (34) — (37), the variance of the calculation values of

the target core parameters is represented as
Var (R@(T)) —E ((R@(T) - Rf")) (R@(T) - R§2>>T)
= (G(2) — G(2)G(l)+Fg(l)) E (ATOATOT) (G(2) — G(2)G(1)+Fg(l))T
+ (GPGMTF) E (AeMAeT) (GAGVHF) "
+ (GPGYF) E (AmDAMmDIT) (GO GWHF)
+E (Am(2)Am(2)T)
_ (G(2)G(1)+F) E (Am(l)Am@)T) _E (Am@)Am(l)T) (G(2)G(1)+F)T
= GOMGOT L gOGUTFGOMGOTFTGMW+TGEAT
— GOMGUTEFTGO+TGAT _ @ cWO+FaOMG®@T
+ GOGWHFVIFTGIHTGRT | gOGW+FYVIFTGIHTGEET
+V2 _ gOGWHFVID _ yvIITRTGU+TGOT, (50)
Here, we have also used the following equation for arbitrary matrixes A and B:
(AB)" = BTAT, (51)
In order to minimize the variance, let us consider the partial derivatives of its trace with

15
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respect to the linear combination factor. Then, we obtain

—tr

OF

where tr (-) denotes the matrix trace, i.e.,

(Var (RP(T)))

_ Oy (GPGWTFGHYMGWTFIGIITGAT)

OF

0
—a—Ftr(G IMGWTFTGIHTGAT)

0
+8—Ftr(G<>G<1>+FV JFTGMHTGOT)

0
+ g (GHGWTFVIFTGUTTGOT)

— —tr

OF

Article

(G(Q)G(IHFG(I)MG(Q)

—itr(G@)G(lHFVg?)—itr (VIITFTGOHTGAT)

OF OF

= 2GWHTGATGA G FFGHIMGMT
—2GIHTGATGEOMGWT

+ 2(;(1)+T(;(2)TG(2)G(1)+Fvg1)

+ 2G<1)+TG(2)TG(2)G“”FVS}

. 2G +TG TV 12)T

(52)

the sum of the diagonal elements. Here, we

have used Eq. (51) and the following equations for arbitrary matrixes A and B:

and

tr (A +B) =tr(A) +tr (B),
0 o) o)
X (A+B)= a_XA + 8XB

(53)

(54)

and the matrix differential formulas for arbitrary constant matrixes A, B, and C:

and

9 TpT
9 4 (AX'B) = BA
X ’
9 (AXBX'C) = ATC"XB" + CAXB.

0X

16
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(56)

(57)
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In addition, we have used that GOMG®T, VIV and VI are symmetric:

(GOMGIT)" = gGOMGOT, (58)
V= Vi, (59)

and
vT=vi). (60)

By setting Eq. (52) to zero, one can determine the factors that minimize the variance.

Let Frigorous-m4 Tepresent the minimizing factor such that
G(l)+TG(2)TG(2)G<1)+Frigorous-EAG(1)MG(l)T —cWOHTG@Ta@nvMaGMWT
+ G(1)+T(;(2)T(;(2)G(1)+Fmgorous_EAVgl)
+ GOHTGATGRGWIF,, e pa VD) — GOHITGETYIIT _ (61)
Simplifying for F.;gorous-£4 and using Eq. (51), we obtain
(GPGI) GGV F,igoronera (G(”MG(”T - Vilﬁm)
= (GOGHH) T (GOMGOT 4 VI2T) (62)

Observe that the variance-covariance matrix GMGMT + Vélﬁm is positive definite, ¢.e.,

nonsingular. Then, postmultiplying (GHMGMT + ng)_l to the both sides, we obtain

(GPGIH) GOCVF,pprousra = (GRGHH) (G<2>MG<1>T

+VEIT) (GUMGUT + V), ) T
Observe that rank(A) = rank(AT) = rank(A™) and that rank(AB) <
min(rank (A),rank (B)) for arbitrary matrixes A and B, where min(-) stands for the
minimum value. Then, it is shown that rank ((G(Q)G(1)+)TG(2)G(1)+> < n®. Since
(G(Q)G(DJF)TG(Q)Gr(l)+ is an n™ x n() matrix, it is singular in the light of Eq. (42).

Therefore, we solve Eq. (63) for F,;gorous-z4 by utilizing the Moore-Penrose pseudoinverse

17
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as

Frigorous—EA = ((G(2)G(1)+)T G(Q)G(1)+>+

(G(2)G(1)+)T (G(Q)Mg(l)T
-1
+ V) (GOMGOT V) (64)
Since (ATA)Jr = A" (AT)+ and (AT)Jr — (A" for an arbitrary matrix A, we can
reduce the first half of the above equation to
((G(2>G<1>+)T G<2>G(1>+>+ (G@Gg+)T

+

— (GPGMH)* <(G<2>G<1>+)T> (GOGOH!

— (GG, (65)

Here, we have used Eq. (51). In addition, notice that (AA*)" = AA* and ATAAT = A+

for any matrix A by definition. Thus, we obtain
—1
Frigorouspa = (GPGHH) T (GOMGOT 4 vI2T) (G<1>MG<1>T + Vélﬁm) . (66)

Substituting Eq. (66) into Eq. (40), we obtain the adjusted cross-section set for the rig-

orous EA-MVUE:

THVUE g4 =To+ G (GPGHH)" (GEMGHT
-1
V) (GOMaOT V) (RO RO ()

Moreover, applying the projection simplification of Eq. (47), we can further reduce
the above equation. Since (AB)" = (A*AB)" (ABB*)" for arbitrary matrixes A and

B, we obtain

(GPGHH)T = (GO+GPGHH) T (GPGH+GW) T

18
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o (G(2)+G(2)G(1)+)+ G+
SYeltleliy (68)

Here, we have also used that (A+)" = A for any matrix A. Thus, we can simplify Eq. (66)

as

-1
Frigousza © GUGHH (GOMGUT + VIT) (GOMGYT + VY, )

m +m

e+m

el (Mg(l)T + G(2)+V(12)T) (G(l)Mg(l)T + v )1
= Fsimplified—EA- (69>

Note that another minimizing factor Fgj,,piified-r4 has been defined here because we have
used the projection simplification. Substituting Eq. (69) into Eq. (40) and using the
projection simplification again, we arrive at the adjusted cross-section set for the simplified

EA-MVUE:

rigorous-EA

TMVUE — T, + GOTGW (MG(I)T

+ G(2)+V§}L2)T> (G<1>MG<1>T +vQ >_1 (R — RO(Ty))

e+m

KT+ (MGYT + GOV (GUMGOT + v )1 (RY — RO(Ty))

e+m e c

_ MVUE
= -+ simplified-EA * (70)

The above equation is identical to the adjusted cross-section set for EA-MLE of Eq. (12).

In other words, the following equation is satisfied:

MVUE MLE
Tsimplified-EA = TEA : (71)

4.1.2.  Derivation of the adjusted cross-section set for CA-MVUE

Since CA-MLE is a special case of EA-MLE as mentioned before, the derivation of
EA-MVUE has already covered the derivation of CA-MVUE. However, it is indirect and

elusive. In this section, we propose a more straightforward and explanatory derivation.
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In order to derive the formulation of CA-MVUE, let us consider a cross-section ad-
justment method that minimizes the variance of the adjusted cross-section set. By using

Eq. (1), the estimate of the cross-section set T can be written as
T =T,+ (T —Ty) + AT,. (72)

Similarly to the derivation of EA-MVUE, substituting Eq. (40) into Eq. (72) and using

Eq. (23), we obtain
T =T, +GY'F (Ae) — Am® — GWAT,) + AT,
=T, + (I- GWTFGW) AT, + GHTFAe) — GWTFAm™Y. (73)

Then, by using Egs. (30) — (32), the variance-covariance matrix of the cross-section set is

written as
~ ~ ~ T
Var (T) = E ((T -T,) (T-T) )
— (1- GWFGO) E (AT,ATY) (1 - GVHFGM) "
+ (GOFF) E (AeWAe®MT) (GOTF) + (GOHF) E (AmDAmDT) (GI+F) "
=M + GOUHPGOMGUTFTGIHT - MGWTFTGWHT — GU+HFRGIM
+ GWIFVOFTGWHT L G FVIDETGMHT, (74)

Here, we have also used Egs. (34) — (37) and ignored cross-correlations among the cross-
section error, the integral experimental error, and the analysis method error.
In order to minimize the variance, let us consider the partial derivatives of its trace

with respect to the linear combination factor. Using Eqgs. (53) — (60), we obtain

—aaF tr (Var <T)> = 8% tr (G(1)+FG(1)MG(1)TFTG(1)+T)
0
- MTRTGM+T
oF tr (MG F G )

)
_ 9 (RGO
o 1 (GUTFGIM)
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+ 8% tr (GWTFVIVFTGWTT)
+ ai}? tr (GWTFVIFTGWTT)
= 2GWHTGWHRFGHIMGDT
—2GW+FTMGW
+2GWHTGW+FV)
+2GWHTGM+EYV(M (75)
Let Fo4 represent the minimizing factor such that
cW+Tgd +FCAG IMGOT _ gO+Tpva®T
+ GOFTGWHF, VI 4 GWHTGWFFR,, VD = 0. (76)
Simplifying for F4, we obtain
(GUHTGI) Foy (GOMGYT + VL, ) = GOHTMGY (77)

Observe that rank (ATA) = rank (A) and rank (AT) = rank (A) for any matrix A.
Then, it is shown that rank (G(1)+TG(1)+) . Since GW+FTGM* s an nM x p
square matrix, it is nonsingular. Premultiplying (G(UJFTG“H)_1 and postmultiplying

<G(1)MG(1) Véi)m)l, we obtain
Foy = (G(1)+TG(1)+)*1 GO+ <G(1)MG(1)T 4 Vgr)m) !
— GMGWT <G<1>MG<1>T + vggm)‘l . (78)
Here, we have employed that

(G<1>+TG<1>+)‘1 GO+ — g (79)

This equation is proved as follows: Let X = (G“HTG(D*)f1 GW+T Then, premultiplying
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and postmultiplying G+ to the both sides, we obtain
cO+xagW+ — g+ (G(1)+TG(1)+)—1 (G(1)+TG(1)+)
GWrXGW+ = g+, (80)

Recalling that the Moore-Penrose pseudoinverse is unique, X must be the Moore-Penrose
pseudoinverse of GVt je., X = (G(IH)Jr =GO,

Note that the projection simplification has not been used yet in the derivation of
CA-MVUE. That is why we define only one type of minimizing factor matrix for CA-
MVUE. Substituting Eq. (78) into Eq. (40), we obtain the adjusted cross-section set for

the rigorous CA-MVUE:

rigorous-CA — e+m e

TMVUE Ty + GOTGOMGHT (G<1>MG<1>T +vy >_1 (RM — RM(Ty)) .

(81)

Moreover, using the projection simplification, we arrive at the adjusted cross-section set

for the simplified CA-MVUE:

T 2 T+ MGOT (GUMGOT V) (R — R{Y(Ty))
= Ti\i{‘rfp[{z?ied-CA' (82)

The last equation is identical to the adjusted cross-section set for CA-MLE of Eq. (16).

In other words, the following equation is satisfied:
MVUE MLE
Tsimplifz'ed—C’A = TCA : (83)

By the way, since we have not used Eq. (44) in the derivation of CA-MVUE, we may
assume the well-posed problem, i.e., n, < n®, with the condition that G has full
column rank instead of the ill-posed problem, i.e., n, > n"), with the condition that G
has full row rank. In this case, recalling that GMTGM = I, | we can derive Eq. (82)
without applying the projection simplification of Eq. (47). Namely, the formulation of the

adjusted cross-section set for CA-MVUE becomes exactly the same as that for CA-MLE
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in the case of the well-posed problem.

4.1.3.  Derivation of the adjusted cross-section set for RA-MVUE

Now, we have already derived the formulation of EA-MVUE and CA-MVUE. Consid-
ering the symmetry of the minimization targets, it is natural to propose another cross-
section adjustment method that minimizes the variance of the calculation values of the
integral experimental quantities. Compared with EA-MVUE, which is extrapolative and
progressive from the viewpoint of the intention of improving the prediction accuracy of
target core parameters, the third method is considered as interpolative and regressive.
In addition, in the sense of optimizing the prediction accuracy of integral experimental
quantities by using themselves, it is recursive and regressive. It is, therefore, proposed as
the regressive cross-section adjustment method (RA-MVUE).

In this section, the derivation of RA-MVUE is described. This method may not be very
effective as a practical design method because the improvement of calculation accuracy
of the integral experimental quantities is not the final purpose. However, it is useful for
interpreting the physical meaning of the methodology from the theoretical viewpoint.

Similarly to Eq. (48), by using Eq. (20), (5), and (1), the integral experimental values

calculated by the estimate of the cross-section set T are written as
RO(T) = R + (RY(T) - RO(T) ) + (RO(T) - RY)
S Rgl) +GY(T —T,) + AmW
—RY + GO(T = Ty) + GWAT, + Am, (84)
Substituting Eq. (40) into Eq. (84) and using Eq. (23), we obtain
RY(T) =R + GOGOHF (Ae® — AmV — GWAT)) + GUAT, + Am®

— R + (GV —FGW) AT, + FAeW + (I — F)Am®. (85)
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Here, we have also used Eq. (44). By using Egs. (30) — (32) and (34) — (36), the variance of
the integral experimental values calculated by the arbitrary cross-section set is represented

as

Var <R((:1) (

>
N
Il
&3l
N
—~
Q@\

~ ~ T
() - rY) (RO - RY))
= (GM —FGM) E(AT,AT) (GV — FGM) "
+FE (AeWAeMT) FT + (I-F)E (AmPYAm®IT) (1-F)"
= GOMGYT + FGOMGWTET - GOMGWTET - FGHMGWT
+FVVFT + FVOFT + VI —FV() — VIFT, (86)

In order to minimize the variance, let us consider the partial derivatives of its trace with

respect to the linear combination factor. Using Egs. (53) — (60), we obtain

a% tr (Var (RS)(T)» = a% tr (FGOMGWTFT)

0 0
_Z OMGOTET) — L OMGOT
aFtr(G MGW'TFY) aFtr(FG MG

0 T 9,
— v — VAOFT
+ tr (FVIVF) + tr (FVIVFT)

D (V) - i (VD)
= 2FGYMGWT — 2HMGWT
+2FVWY 4 2RV oy, (87)
Let Fra represent the minimizing factor such that
FraGOMGWT - GIMGWT + Fra VIV + Fra VY — VI =0, (88)
Simplifying for Fr4 yields

Fri (GOMGOT 4V, ) = GOMGUT 4 V(D). (89)

e+m
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e+m

1
Postmultiplying (G(I)MG(UT +v¥ ) to the both sides, we obtain

—1
Fri = (GOMGOT 4 V) (G(UMGu)T Ly > ' (90)

e+m

Substituting Eq. (90) into Eq. (40), we obtain the adjusted cross-section set for the rig-

orous RA-MVUE:

-1

T = To+ GOT (GUMGUT 4 VD) (GOMGHT + VL) (R — RIO(Ty))

(91)
Using Eq. (44) and applying the projection simplification of Eq. (47), we arrived at the

adjusted cross-section set for simplified RA-MVUE:

TMVUE T, + GO+GW (MG(l)T + G“”Vfﬁb)) <G(1)Mg(1)T + v >—1 (Rgl) — Rgl)(TO))

rigorous-RA — e+m

LTy + (MGOT 4 GOV (G(1>MG<1>T + vsgm) TRY - RO(TY))

— mMVUE
= Tsimplified-RA' (92)

Note that the last equation is equivalent to neither the adjusted cross-section set for

EA-MLE of Eq. (12), nor that for CA-MLE of Eq. (16).

4.1.4.  Unified formula of the adjusted cross-section set

Since all the formulas of the adjusted cross-section set have the same form, we can

rewrite them as
TP =Ty +B,D (R — RIV(Ty))
(x = rigorous-E A, simplified-E A, rigorous-C' A,
simpli fied-C A, rigorous-RA, simpli fied-RA), (93)
where

D =GOMGHT + v (94)
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and
(
GO+ (GOGH+H)*F <G<2>MG<1>T I VW) (z = rigorous-EA)
MGWOT 4 g@+y (T (x = simplified-EA)
cO+rgOmMag®T (x = rigorous-C A)
B, = (95)
MGOT (x = simplified-C A)
GO+ (G(l)MG(l)T + V,&?) (x = rigorous-RA)
MGOT 4 gW+yh (x = simplified-RA).

\

The minimizing factor matrixes are redefined as
F,=GYB,D’
(x = rigorous-E A, simplified-E A, rigorous-C' A,
simpli fied-C A, rigorous-RA, simplified-RA). (96)
Note that the above definition satisfies the following equations:

FC’A = Frigorous—CA = Fsimplified—CAa (97>
and

FRA = Frigorous—RA = Fsimplified—RA- (98)

In addition, the matrixes appearing in the formulas of EA-MLE and CA-MLE are similarly

defined as
K,=G®B,D™
(x = rigorous-E A, simpli fied-E A, rigorous-C'A,
simpli fied-C A, rigorous-RA, simpli fied-RA). (99)

These matrixes will be used later.
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4.2. Derivation of the variance-covariance matrixz of the adjusted cross-

section set

Next, let us derive the variance-covariance matrix of the adjusted cross-section set. By

using Eqs. (3) and (24), it is written as
MMVUE = Vg (TMVVE)
=B ((TVVE — ) (T3UE - )T (100)
Using Egs. (93), (23), and (1), we obtain
T)VUP — T, = ATy + B,D ™" (Ae) — Am" — GIWAT,)
= (I-B,D'GV) ATy +B,D" (Ae — AmW). (101)
Substituting the above equation into Eq. (100), we obtain
MMVUE — (1-B,D'GMV)M (I-B,D'GM)" +B,D 'V D'BT.  (102)

Expanding the first term in the right hand side of the above equation, we arrive at the

variance-covariance matrix of the adjusted cross-section set:
MMVUE — M + B,D'BI - MGWTD'B! - B,D'GMYM
(x = rigorous-E A, simplified-E A, rigorous-C' A,
simpli fied-C A, rigorous-RA, simplified-RA). (103)

This equation is the common formulation of the adjusted cross-section set based on
MVUE.
Moreover, substituting Eq. (95) into BY of the second term in the right hand side of

Eq. (103), we can confirm that

MVUE MLE
Msimplified—EA = MEA ) (104)
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and

MVUE MLE
Msimplified—CA = MCA . (105>

4.3. Derivation of the variance of the predicted target core parameters

By using Egs. (3) and (25), the variance of the predicted target core parameters is

written as
Var (R((:2)(T£\:/IVUE>) _E ((Rg)(Ti\/IVUE) B R§2)) (Rgz)(TyVUE) B R§2))T)  (106)
Introducing Eq. (93) into the following equation given by Eq. (20):
RE(TYVVP) ~ RE(Ty) + GO(TIVF - ), (107)
we obtain
RP/(TYVYF) = R (To) + K, (R — RV (To)) . (108)
where K, has been already defined in Eq. (99). Using Eqgs. (22) and (23), we obtain
RO(TMVUE) = R + GPAT, + Am® + K, (Ae® — Am® — GDAT,)
=R + (G® - K,GY) AT, + K,Ae) + (Am® — K,Am®) . (109)
Substituting the above equation into Eq. (106), we obtain
Var (R@(TMVVE)) = (G? - K,GD)M (G? - K,GD)" + K,VOK”
+ VO LK, VOKT - vIIK, - KIvI2T
= GPMG® + K,DK! - GOMGWTKT - K,GHIMGT
+ V3 K, vUi2 _ yIITKT (110)
On the other hand, premultiplying G and postmultiplying G®7T to Eq. (103) yields

GOMYVIEGET — GPMGPT + GPB, D™ (DD ') BJG®"
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- GOMGWTD'BIGPT - GPB, D 'GIMGAT.  (111)
Using Eq. (99), we can further reduce the above equation to

GOMYVEGET = GPMGPT + K, DK} - GPMGWTK] - KIGVMG®T,

(112)

By simplifying Eq. (110) with the above equation, the variance of the predicted target

core parameters is represented as

Var (RP(T}VUF)) = GOMYVUFGHT + v — K, V(Y — VIPTKT
(x = rigorous-E A, simpli fied-E A, rigorous-C' A,
simplified-C A, rigorous-RA, simpli fied-RA). (113)

In the light of Egs. (104) and (105), the above equation is identical to Egs. (14) and (18).

Namely, the following equations are satisfied:

Var (RO(T Yy Ui pa)) = Var (RO(THE")), (114)
and
Var (REQ)(T?fnYﬁﬁied-CA)) = Var (R@(T%f E)) . (115)

4.4. Derivation of the variance of the recalculated integral experimental

quantities

The variance of the integral experimental values recalculated with the adjusted cross-
section set is not important as a design method. However, it is useful to assess the cross-
section adjustment results and to compare the performance among the three cross-section
adjustment methods.

Here, we summarize the derivation of the variance of the recalculated integral experi-

mental values. It is similar to the derivation of the variance of the predicted target core
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parameters, mostly replacing G@, V&% and K, with GO, VIV, and F,.

The variance of the recalculated integral experimental is written as
Var (RO(TMVUE)) = B ((Rgl)(TiWVUE> _ Rgl)) (Rgl)(TyVUE) _ REI))T) . (116)
Introducing Eq. (93) into the following equation:
RIV(TYVYE) = RIO(To) + GU(THVYE —Ty), (117)
which is given by Eq. (20), and recalling Eq. (96), we obtain
RUV(TYVUF) = RV(To) + F, (RY — RIV(Ty)) . (118)
By using Egs. (22) and (23), the above equation is rewritten as
RO(TYVVE) = RV + Am® + GWAT, + F, (Ae) — Am® — GWAT,)
=R + (GO —F,GW) AT, + F,Ae® + (Am®Y — F,AmW) . (119)
Substituting the above equation into Eq. (116), we obtain
Var (RO(TMVVE)) = (GO - F,GM)M (GY - F,GM)" + F,VIF?
+ VO 4 F,VOFT _F v _ yvpT
= GOYMGWY + F,DFY - GOMGWTFT — F,cgOMGHT
+vlh _p, vl _vORT (120)
On the other hand, premultiplying G and postmultiplying GMT to Eq. (103) yields
GOMMVVEGWT — gMGWT + F,DFT - GOMGWTFT — FTGHMGWT. (121)
Thus, the variance of the recalculated integral experimental quantities is represented as
Var (RV(TYVVE) = gOMMVUEGW + VY —F, VD - VIUFT
(x = rigorous-E A, simplified-E A, rigorous-C' A,

simpli fied-C A, rigorous-RA, simplified-RA). (122)
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5. Discussion

In this section, we discuss the derived formulation especially for relating to the pro-

jection simplification.

5.1. Cancellation of the projection simplification

In the derivation of the simplified methods, we have used the projection simplification.
However, it is canceled out for the predicted core parameters in the simplified EA-MVUE;,
and the recalculated integral experimental quantities in both the simplified CA-MVUE
and the simplified RA-MVUE.

Since rank (AB*) < min (rank (A),rank (B)) for arbitrary matrixes A and B, we
obtain rank (GPGWT) < n®. Since GAGWT is an n® x nM) matrix, it is possible to
have full row rank. Then, by assuming that G GM+ (G‘r(Q)G‘r(l)JF)Jr =1, it is shown by

using Egs. (108), (99), and (44) that the predicted target core parameters of the rigorous

EA-MVUE are equivalent to those of the simplified EA-MVUE as follows:

Rg) (TMVUE ) _ R&Q) (TO)

rigorous-E A

+ GOgm+ (G(2)G(1)+)+ (G(Q)Mg(l)T + ng)T) D! (R(l) _ R(l)(To))

=R(Ty) + (GEMGWT + vI2T) D (R — R{V(Ty))
=RP(Ty) + G® (MGYT + GPTVIIT) D1 (R — RY(Ty))
= Rf)(Ti‘quﬁﬁied-EA)- (123)

This fact is corresponding to that the design values of the target core parameters by
the extended cross-section adjustment method, including both of EA-MVUE and EA-
MLE, become equivalent to those by the extended bias factor method[10] regardless of
the projection simplification.

As for CA-MVUE, using Eqgs. (118) and (96), we can confirm that the recalculated
integral experimental quantities of the rigorous CA-MVUE are equivalent to those of the
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simplified CA-MVUE as follows:
Rgl) (TMVUE ) — Rgl) (TO)

rigorous-C' A

i (G(l)G<1>+ (GO+TGMH) ™! G(1)+T> MGOTD! (RY — RY(Ty))

I
~

M(Ty) + (GHGHTGM) MGHTD (RO — RY(Ty))

RY(Ty) + GY (MGWT) D (RY — RM(Ty))

I
~

(T plificd-ca): (124)
Here, we have also used Egs. (79) and (46)

Similarly, it is shown by using Egs. (118) and (96) that the recalculated integral
experimental quantities of the rigorous RA-MVUE are equivalent to those of the simplified
RA-MVUE as follows:

RV (Tigrons na) = RV (To) + GUGHT (GUMGHT + V) D™ (REY — R{(Ty))

= RI(Ty) + G (MGYT + gW+vID) D (RY — RY(TY))

- R(l) (Tgxgziied—RA)' (125)

Here we have also used Eq. (46).

5.2. Interpretation of the projection simplification
Next, we consider the case in which the projection simplification is not canceled out.
Suppose the singular value decomposition of G as

GO — gOnOyveT (i=1,2), (126)

where £ is an n® x n, rectangular diagonal matrix, U® is an n® x n orthogonal
matrix, and VT is an n, x n, orthogonal matrix. The singular value decomposition of
G is interpreted as three sequential geometric transformations composed of the rotation

by VAT the scaling by @, and the rotation by U®. Here, notice that the scaling matrix
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>® has n non-zero diagonal elements because G is assumed to have full row rank. In

addition, the rotation matrixes U® and V@ satisfy the following equations by definition:

Uulygot = gity® =1, (127)
and

VOyOT — yvOTyvE = (128)
Similarly, by using the singular value decomposition, G+ is written as
GO+ = g x@+y@), (129)

where 7F is the Moore-Penrose pseudoinverse of . Note that Z@F is an n, x n®

rectangular diagonal matrix, which is represented as

ot 0 .- 0
0 oy :
: ' 0
~1
()+ _ 0 0 0.6
by 0 0 ... ) , (130)
0
: " .. 0
o -+ 0 0
where 01,09, -+, 0, are the diagonal elements of @ That is,
o 0 - O O 0 --- 0
) _ 0 o9 . : 0o o0 . . (131)
ST T 0 T |
o - 0 o, 0 -~ 0 0

Using Egs. (126), (129), (127), (130), and (131), we obtain
GO+gl — vOnO+yOTyORnOyOT
— VORO+n@)yOT

= V(i)Ina’n(i)V(i)T, (132)
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where

1 ) O (4) —n®)
I - n n X(na n ) . 133
T, n() ( O(na—n(i))xn(i) O(nafn(i))x(”a*n(i)) ( )

Thus, we can see that G®TG® is corresponding to three sequential geometric transfor-

mations composed of the rotation by V®T | the scaling by I and the inverse rotation

na,n(i) )

of the initial rotation by VT, Moreover, by using Eq. (128), the projection simplification

is rewritten as

GO+t = vyOr vaT

Lvor, vOT =1, (134)

According to the above equation, the projection simplification is interpreted as the re-
placement of the scaling matrixes in the geometric transformations. Since the replacement
of I, @ by L, corresponds to the modification of the scaling factors from 0 to 1, we may
say that the projection simplification is an extension or an extrapolation rather than an

approximation.

5.3. Comparison of the minimized trace of the adjusted cross-section set

In order to see the effect of the projection simplification, we discuss the minimized
trace of the adjusted cross-section set in the rigorous CA-MVUE and the simplified CA-

MVUE. For arbitrary matrixes A and B, we have
tr (AB) = tr (BA). (135)

In addition, notice that GM*TG®M is an idempotent and symmetric matrix, i.e.,
(G(1)+G(1))2 = GW*TGW and (G(1)+G(1))T = GW*TGW, Then, using Egs. (103) and

(53), we obtain
tr (MMVVE () = tr (M) + b ((GOFGY) (MGUTD I GIM) (GUHG™M)')

_— ((MG<1>TD-1G<1>M) (G<1>+G<1>)T>
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— tr ((GVGW) (MGOTD ' GHIM))
= tr (M) + tr ((GUFGY)* (MGOTDGIM))
—2tr ((GWTGW) (MGYTD'GYM))
= tr (M) — tr (GPTGY) (MGYTD'GMM)). (136)

Furthermore, by using Egs. (132) and (135), the second term of the right hand side of the

above last equation is rewritten as
tr (GPTGW) (MGWTD'GYM)) = tr (VYL .o VOT (MGYTD'GIM))

=tr (I, ,o VOT (MGWTD'GIM) V)

()

=> d; (137)
i—1
where d; is the diagonal elements of VT (MGWTD'GMM) V. Note that d; > 0 for
alli=1,2,--- . n, since this matrix is positive definite.

On the other hand, using Eqgs. (17) and (105), we obtain
tr (M2 U aca) = tr (M) — tr (MGWTD'GIM) . (138)

Then, by using Eqgs. (128) and (135), the second term of the right hand side of the above

equation is rewritten as
tr ( MGYTD'GYM) = tr (VOVOIT (MGHTD'GYM))
= tr (VOT (MGWTD'GIM) V)
= tr (L,,VOT (MGWTD'GYM) V)
=> d;. (139)
Comparing Eq. (139) with Eq. (137) in the case where n, > n(!), we obtain

tr (Myigorous-ca) > tt (Miifieaca) = tr (Mex”) . (140)
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Thus, we can see that the projection simplification improves the result of the adjusted
cross-section set. This fact suggests that we should use the simplified CA-MVUE (or
CA-MLE) for practical use. On the other hand, we have shown by Egs. (71), (83), (104),
(105), (114), and (115) that the simplified EA-MVUE and CA-MVUE are identical to EA-
MLE and CA-MLE, respectively. Recalling that the formers are derived without assuming
the normal distribution by using the projection simplification and the latters are derived
with assuming the normal distribution, we may make a conjecture that the projection
simplification corresponds to the assumption of the normal distribution. However, we
cannot say for sure that the conjecture is true because the projection simplification is used
as an a priori assumption in our derivation. In order to ensure eliminating the assumption
of the normal distribution, we recommend, therefore, to use the rigorous methods as the
cross-section adjustment methods based on MVUE. It will be an issue in the future to

provide a clearer explanation of the projection simplification.

6. Numerical Verification

In this section, we show numerical calculation results to verify the derived formulation.
These calculation results are based on the integral experimental database for the cross-
section adjustment set ADJ2010[15, 16] but the calculation conditions are simplified to
reduce argument.

In this adjustment, the experimental errors of the integral quantities and their correla-
tions are based on the evaluation by experimenters. The analysis method error depends on
the analytical method adopted to obtain the calculation value of the integral experiment.
When we utilized the continuous-energy Monte Carlo method, the analysis method error is
evaluated by the statistical error. When we applied the deterministic method, the analysis
method errors and their correlations are estimated by analytical model sensitivity con-

siderations, which are based on the correction factors evaluated by two calculation values
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with different analysis models. Details of this methodology are described elsewhere[17].

6.1. Minimum trace

First, we confirm that the intended minimum traces come out of the derived formu-
lation. In this numerical verification, 40 reaction types of 18-group cross sections and
delayed neutron fractions for 6 nuclides, i.e., n, = 726, are adjusted by utilizing the full
set of integral experimental quantities in the database, i.e., nY) = 488. As for the de-
sign targets, three core parameters; criticality, central control rod worth, and sodium void
reactivity, of a typical 750MWe-class fast breeder reactor core are selected, i.e, n?) = 3.

The calculation results are shown in Table 1. From this table, it is seen that the trace
of the variance-covariance matrix for the rigorous CA-MVUE, EA-MVUE, and RA-MVUE
are minimized as intended for the cross-section set, the predicted target core parameter,
and the recalculated integral experimental values, respectively. In addition, it is confirmed
that the simplified CA-MVUE gives the smaller trace than the rigorous CA-MVUE as
shown in Eq. (140).

On the other hand, it is found that the traces of the target core parameters and the
adjusted cross-section set for RA-MVUE are much larger than those for EA-MVUE and
CA-MVUE. In contrast, the trace of the integral experimental quantities for RA-MVUE
is very small. In this case of RA-MVUE, it is considered that overfitting occurs. Since
RA-MVUE uses all observations, i.e., the integral experimental quantities, for fitting
themselves, it has too many adjusted parameters relative to the number of observations.

[Table 1 about here.]

6.2. Cancellation of the projection simplification

Next, we check if the projection simplification is canceled out as shown in Eqgs. (123) —

(125). Table 2 shows the recalculated integral experimental quantities by each adjusted
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cross-section set. It is seen that the simplified and the rigorous methods have the same
result for both CA and RA as expected. On the other hand, we can see the significant
differences between the rigorous and the simplified EA-MVUE for all of the criticality,
the control rod worth, and the sodium void reactivity. The reason for the differences is
considered as the degree of the simplification. As we can see from Eqgs. (69), (70), (82) and
(92), the derivation of the simplified EA-MVUE requires more projection simplifications
than that of the simplified CA-MVUE and RA-MVUE. Furthermore, it is seen from the
table that the standard deviations of the rigorous EA-MVUE are larger than those of
the simplified EA-MVUE. The difference of the C/E values between the rigorous and
the simplified EA-MVUE seems to be consistent with the prediction accuracy, i.e., the
standard deviation.
[Table 2 about here.]

Table 3 shows the predicted target core parameters. It is confirmed that the projection
simplification is canceled out for the simplified EA-MVUE. From these results, it is found
that the adjusted cross-section set of the rigorous EA-MVUE is different from that of the
simplified EA-MVUE even though the both methods give the same result on the predicted
target core parameters.

[Table 3 about here.]

6.3. Adjusted cross-section set

Last, we compare the adjusted cross section alterations by the rigorous and the simpli-
fied CA-MVUE. Figure 1 shows the 18-group cross section alterations of Pu-239 capture
together with the other results which are adjusted with respect to 7-group cross sections.
Note that the 7-group case becomes the well-posed problem, i.e., n, = 286 < 488 = n(\).
It is seen that both the simplified and the rigorous CA-MVUE give almost the same results

in the most sensitive and important energy region such as 1keV — 1MeV. However, the
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results of the 18-group case differ in the less important energy region such as higher than
1MeV. On the other hand, it is confirmed that the 7-group case gives the same results in
all energy ranges. Namely, the rigorous CA-MVUE is equivalent to CA-MLE under the
condition of the well-posed problem.
[Figure 1 about here.|

Similarly, the cross section alterations of Pu-241 fission are shown in Fig. 2. Although
this reaction is important for core design analysis, the integral experiments sensitive to
Pu-241 fission used in the adjustment are less than those sensitive to Pu-239 capture. It
is confirmed that the 7-group case provides the same results in all energy ranges as well
as the cross-section alterations of Pu-239 capture. However, the results of 18-group case
differ even in the important energy region, such as 1keV — 1MeV. While the simplified
CA-MVUE gives similar results to those of 7-group case, the rigorous CA-MVUE provides
the largely fluctuated results. These results also suggest that we should use the simplified
CA-MVUE (or CA-MLE) for practical use.

In summary, we can see that the projection simplification or the assumption of the nor-
mal distribution have an important role in the application of the cross-section adjustment
methodology.

[Figure 2 about here.|

7. Conclusions

Based on the minimum variance unbiased estimation, three types of cross-section
adjustment formulations; the extended cross-section adjustment method (EA-MVUE),
the conventional cross-section adjustment method (CA-MVUE), and the regressive cross-
section adjustment method (RA-MVUE), have been derived without assuming a specific
probability density function such as the normal distribution. EA-MVUE, CA-MVUE, and

RA-MVUE minimize the variance of the predicted target core parameters, the variance of
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the adjusted cross-section set, and the variance of the recalculated integral experimental
values, respectively.

We have derived two variations of the formulas for each method by using the additional
assumption of the projection simplification. The simplified EA-MVUE and CA-MVUE,
which adopt the projection simplification, are identical to the extended and the conven-
tional cross-section adjustment methods based on the maximum likelihood estimation
with the assumption of normal distribution (EA-MLE, CA-MLE), respectively. In con-
trast, the rigorous EA-MVUE and CA-MVUE, which are derived without the projection
simplification, are slightly different from EA-MLE and CA-MLE;, respectively. For exam-
ple, the rigorous EA-MVUE gives the same result as EA-MLE for the predicted target
core parameters but not for the adjusted cross-section set. The adjusted cross-section set
of the rigorous CA-MVUE differs from that of CA-MLE under the condition of the ill-
posed problem, in which the total number of the cross sections to be adjusted is larger
than the number of integral experimental quantities. However, the rigorous CA-MVUE
becomes equivalent to CA-MLE under the condition of the well-posed problem.

According to the discussion of the minimized trace of CA-MVUE, it is recommended to
use the simplified methods for practical use. However, since the projection simplification
is not derived deductively from the other assumptions, we should theoretically employ the
rigorous methods as the cross-section adjustment methods based on MVUE without the
assumption of the normal distribution.

On the other hand, since the derivation procedure described in the present paper is
straightforward and requires less assumptions on the probability density function, it offers
additional potential to developing an improved methodology, for instance, a cross-section

adjustment method that can properly treat biased uncertainties.
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Table 1 Calculation results of the variance-covariance matrix traces

Article

EA-MVUE CA-MVUE RA-MVUE

Target core parameters’ rigorous 0.02386* 0.02405 42.57
simplified 0.02386 0.02405 42.57

Adjusted cross-section set? rigorous 133.1 4.213* 1.269 x 10°
simplified 4.195 4.195 1.269 x 10°

Integral experimental quantities®  rigorous 1.425 0.9182 0.3922*
simplified 0.9209 0.9182 0.3922

1: \/tr (Var (REQ)(Tx))), 2: /tr (M), 3: \/tr (Var (Rg”(TQ)) where z is the method name,

*: the smallest trace among the rigorous EA-MVUE, CA-MVUE, and RA-MVUE.
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Table 2 C/E values of the recalculated integral experimental quantities

EA-MVUE

CA-MVUE

RA-MVUE

ZPPR-9 KEFF!

rigorous
simplified

1.0022 + 0.91%*

1.0009 + 0.25%

1.0005 + 0.06%
1.0005 + 0.06%

1.0005 £ 0.06%
1.0005 4+ 0.06%

ZPPR-9 CRW?

rigorous
simplified

1.0309 + 4.42%
0.9904 + 2.93%

0.9904 + 2.93%
0.9904 + 2.93%

0.9974 4+ 0.99%
0.9974 + 0.99%

ZPPR-9 SVR?

rigorous
simplified

1.0511 + 7.79%
0.9980 + 3.89%

0.9971 + 4.11%
0.9971 + 4.11%

1.0012 + 1.59%
1.0012 4+ 1.59%

1: criticality, 2: control rod worth, 3: sodium void reactivity,

*: standard deviation.
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Table 3 Correction factors of the predicted target core parameters

EA-MVUE CA-MVUE RA-MVUE**
750MWe KEFF!  rigorous  0.9984 £ 0.15%* 0.9980 £ 0.26%
simplified  0.9984 + 0.15%  0.9980 4 0.26%
750MWe CRW?  rigorous  0.9690 4+ 1.45%  0.9691 % 1.45%
simplified  0.9690 + 1.45%  0.9690 + 1.45%
750MWe SVR?  rigorous  0.9689 £ 1.89%  0.9685 &+ 1.90%
simplified  0.9689 4+ 1.89%  0.9685 + 1.90%

1: criticality, 2: control rod worth, 3: sodium void reactivity,

*: standard deviation,

E3

*: no meaningful result available.
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Figure Captions

Figure 1 Cross section alteration of Pu-239 capture

Figure 2 Cross section alteration of Pu-241 fission
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Figure 1 Cross section alteration of Pu-239 capture
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