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The Rapid Cycling Synchrotron (RCS), whose beam energy ranges from 400 MeV to 3 GeV
and which is located in the Japan Proton Accelerator Research Complex, is a kicker-impedance-
dominated machine, which violates the impedance budget from a classical viewpoint. Contrary
to conventional understanding, we have succeeded in accelerating a 1 MW equivalent beam.
The machine has some interesting features: e.g., the beam tends to be unstable for the smaller
transverse beam size and the beam is stabilized by increasing the peak current. Space charge
effects play an important role in the beam instability at the RCS. In this study, a new theory
has been developed to calculate the beam growth rate with the head-tail and coupled-bunch
modes (m, ) while taking space charge effects into account. The theory sufficiently explains
the distinctive features of the beam instabilities at the RCS.

Subject Index G11

1. Introduction

The 3 GeV Rapid Cycling Synchrotron (RCS) at the Japan Proton Accelerator Research Complex [1]
aims to achieve a megawatt-class beam. Two bunched beams (4.15 x 10'3 particles per bunch) are
accelerated from 400 MeV to 3 GeV with a repetition rate of 25 Hz. To avoid the effects of eddy
currents on metal chambers [2,3], ceramic chambers are adopted instead [4,5]. Accordingly, the
resistive wall impedance [5—10] is negligible in the RCS [11-13].

However, there has been some concern that the kicker impedance limits the beam intensity of
the RCS [14] by exciting beam instabilities [6]. Precise offline and online measurements of the
impedance show that the kicker at the RCS has a huge impedance [15]. The offline measurement
is conducted using the standard wire method [7], while the online one is conducted by observing
the beam induced-voltage at the end of the power cable [15]. The results of these two independent
measurements agree with each other. Finally, we demonstrate that the RCS is a kicker-impedance-
dominated machine; we show this by suppressing the beam growth rate in accordance with the
reduction of the kicker impedance [12,13].

© The Author(s) 2017. Published by Oxford University Press on behalf of the Physical Society of Japan.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/),
which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.
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In general, when we design accelerators, a lower impedance source along the rings is preferable
for achieving a high intensity beam. Concretely, ceramic chambers are adopted, the chambers are
connected as smoothly as possible over the rings [16], and significant efforts are made to lower the
kicker impedances [12,17].

The conventional Sacherer formula [18,19] estimates the beam growth rate by using the impedances
as an input parameter. However, such estimation differs significantly from the measured results at
the RCS. We suspected the main reason for this is that the formula neglects space charge effects.
Because the RCS covers the intermediate energy region (from 400 MeV to 3 GeV), space charge
should have an effect on the beam instability.

Other theories exist to assess beam instability that includes space charge effects [20—22]. However,
those theories assume simple forms of impedance, e.g., resistive wall impedance, resonator type
impedance with a single resonance frequency, and constant wakes. Moreover, the theories do not
include coupled-bunch-type instabilities.

In this paper, we develop a new theory that includes coupled-bunch and head-tail instabilities with
space charge effects based on the Vlasov equation [6,23]. Using this theory, we try to understand the
parameter dependence (the transverse emittance dependence, the beam peak current dependence,
the tune dependence, etc.) of the beam instability observed at the RCS.

In Sect. 2, we start with the Hamiltonian and construct the Vlasov equation [6]. In Sect. 2.1, we
derive a dispersion relation with the head-tail and coupled-bunch modes (m, ) that includes space
charge effects. In Sect. 2.2, we reproduce the previous Sacherer formula by neglecting the space
charge effects.

In Sect. 3, typical parameters at the RCS are shown, and we show that the observed beam instability
cannot be explained at all using the classical theory, i.e., Sacherer’s theory [18,19], where space charge
effects are neglected.

In Sect. 4, the beam instability observed at the RCS is analyzed using our new theory. In Sect. 4.1,
the space charge effects on the beam instability are investigated by comparing the measurements
with the theoretical results. In Sect. 4.2, tune manipulations are discussed from both the theoretical
and the experimental viewpoints. The paper is summarized in Sect. 5.

In Appendix A, the scalar potential describing the space charge effect is calculated by solving
the Poisson equation with the boundary condition of being surrounded by a perfectly conductive
cylindrical chamber. In Appendix B, we explain canonical transformations to derive the Hamil-
tonian describing nonlinear betatron oscillation by using action-angle variables from the original
Hamiltonian given by Eq. (1) in the next section.

2. Linearized Vlasov approach

The linearized Vlasov approach is a standard theoretical method to analyze beam instabilities [6].
In Sect. 2.1, the linearized Vlasov equation converts to a dispersion relation as a powerful tool to
discuss the space charge effect on the beam instability. In Sect. 2.2, the classical Sacherer formula
is reproduced, based on the linearized Vlasov equation.

! After this paper had been submitted on 22 June 2016, the authors attended the 57th ICFA Advanced Beam
Dynamics Workshop on High-Intensity and High-Brightness Hadron Beams (HB2016: https://hb2016.esss.se/)
and found that A. Burov had submitted a document entitled “Coupled-beam and coupled-bunch instabilities”
to http://arxiv.org/pdf/1606.07430v1.pdf on 27 June 2016. He discusses the space charge effect on coupled-
bunch-type instabilities by another approach.
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2.1. Dispersion relation with the head-tail and coupled-bunch modes that include space
charge effects
Here, we present the dispersion relation, by which we calculated the beam growth rate; this method
takes into account the coupled mode w, head-tail mode m, and space charge effects.

The original Hamiltonian is given by [24,25]

x\ AE AE N2 pi+p:  p, AE
Ho:_ps<1+—> + Ps ( ) + a y+%Kx(S)(1_ )xz

p ) psBsc @ PsBsc 2ps E
) AE X ed.(x,y,s — cBst
+P_5Ky(s)(1_ )yz_PLFx c(x,y . Bst)
2 E;s E Bsysc
ev; hs
- rf5p(S) cos <wRFf - =+ <Ps> +..., (1)
RE R

where ¢y is the synchronous phase; p; is the constant longitudinal momentum of the synchronous
particle; Eg = cps/ Bs is the particle energy on the designed orbit; 85 and y; are the Lorentz-8 and the
Lorentz-y of the designed particle, respectively; AE is given by AE = E — E; F is the transverse
wake force; 8, (s) is the periodic §-function; c is the velocity of light; K and K, are the periodic
focusing forces in the horizontal and the vertical directions, respectively; ®. is the space charge
potential felt by the bunch center [26]; 4 is harmonic number; Vys is the amplitude of the radio
frequency (RF) voltage; 1/p is the local curvature around the machine; R is the average radius of
the machine; and wrF is the angular frequency of the RF voltage, which is expressed as
cBsh

ORE = = )

The orbit length s is used as an independent variable. The canonical variables are (x, px), (v, py), and
(¢, —E) for the horizontal, vertical, and longitudinal directions, respectively. The scalar potential &,
is obtained by solving the Poisson equation with the boundary condition that the beam is surrounded
by a cylindrical, perfectly conductive chamber with radius a. The solution is expressed in Appendix A.

Successive canonical transformations convert Eq. (1) to the Hamiltonian with action-angle vari-
ables, to describe the nonlinear betatron motions. The derivation is explained in detail in Appendix B.
Fromnow on, we consider only the horizontal and the longitudinal motions of the beam, for simplicity.
Finally, the Hamiltonian is given by

H >~ QuJ+ v, + U+ Y, (3)

with the horizontal (J,, ¥) and the longitudinal action-angle variables (Jy, ¢1), and its independent
variable 8 = s/R, where Oy and vy are the horizontal and the synchrotron tunes, and

_2BR [ Be)e\? 0.\ DG) (wovsor\'?
e (( ) (= G) TR (SEN) ) @

S ds
()= | ——, 5
»O=] 5o ®)
v (5)Jx / 3 3 sz
Y = YeonoWL) + Ycloh,Z(JL)IB ©) + Ygg}ﬂUL)%, (6)

N

3/39



PTEP 2017, 013GO01 Y. Shobuda et al.

eRZoeNy (7 = Eil =451+ logl551) 7\ 1) 2l
—_— e S —
47[2,33)/5 o ( 2 ) AP < 2Esh2vsoazza)0)

2
c“JrIn
| ————— ), 7
A0 <2Esh2vsoc722wo M

)1/2 ( AJn| >[ oy — Ei[—3 z]+log[ 2])
X —
2y¢o

YeonoWL) =

eRZyeN, (n’

/
YeanaW1) = =g25252 (5
A

2 2Eh? 002wy

gaull
y <2_ Ay )]< AJln| )+CJL|’7”1(2Ehzvoa Zon)

2 Eh?vgwo 2Eh? 002wy Eh?vgowo

27, 1l AJinl
( < )) 10(2E hzvsoazwo ) :| eRZoeNp exp <_ 2Esh?vg00 2w )
+(1—exp +

4 2nw Byytoto,

20’x (CXp( 20—2) — 1> ( CzJLI’ﬂ )
X IO

a? 2Eh? vsoazza)o

eRZpeN,  /m\1/2 AJiIn| AJiIn|
) (_> CXP\ 75,272 fo 2,2 ’ (&)
8meBsyfogo, \2 202h*woEgvs0 202h*woEgvs0

X | o +

Vionatn)

2
eRZ()er eXp (—%) TN\ 1/2 ()/ El[— 2% 2] + IOg[ o2 ])
167202 Bsy2p? <5) B 2

2 2
“Jrnl cJpinl
2¢2 0 In|| =202+ -S4L Ii(
s 6202l | 247 A1l T Bsh?vsowy ) 2Esh?vsgofwg

(362 T E v + E2h*y 2 2>10(2Esh2vsoozza)o o Esh2vgwy

8ydo?

2
2 c“Jpinl
I (c—5=>5—)
(02 — Sl yp( il __y 2oty g Al
z Eh?vgmo 2E h%v, ()O' wo Eh?vgmo + 2Esh2vsoazza)o
GZVS2 5 O;O'Z

+_1 TN 5B togl )
— X 1l — — 108 —=
Pl7202) 77 2027 B2

2 il ypo cinl__y oy Al g iy p Sl

% (UZ Esh2 V500 2ES/12 vsoazza)o Esh2 Vg0 @0 ZEShz vsoazzwo _ 2E_Yh2 vsoazzwo
2+5 2
2y&o; 070

2 2 - . 2 2
(6—(3?+6)exp(—2‘;—x2)—4)/+4E1[—2‘;x] 41og[ & 2])1 (i)

800,

+

4/39



PTEP 2017, 013GO01 Y. Shobuda et al.
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n is slippage factor; Zg = 1207 Q is the impedance of free space; wg is the angular revolution
frequency; By (s) is the Twiss parameter; D(s) is the dispersion function; 7,,(x) is the modified Bessel
function; Ei[z] is the exponential integral function [27]; y is Euler-y; and o, and o, are the root
mean square (rms) horizontal and longitudinal beam sizes, respectively. The potential functions U,
and Y’ originate from the horizontal wake and the space charge forces, respectively.

Here, let us consider the situation that M buckets are filled with M bunches in a ring. We denote
by W, (0, Jx, ¥y, Jr, ¢1) the phase space distribution function of the nth bunch among M bunches.

The Vlasov equation is expressed as

ow
a6

o, v oy, ow
n / n / n / n / n
an wxawx ‘/fy [ BJ ¢la‘ ( )

where the prime denotes differentiation with respect to the variable 6.
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The distribution function W, is decoupled into an unperturbed part F(Jx) Go(Jr) and a perturbed
part f1(Jx, ¥x)g1(JL, L) as

2 XSx%¢, 2
Y, = Fo(Jx)Go(JL) + f1Ux, ¥x)g1(JL, PL) €xp (jV9 —Jv ;[n —JQ i b —J mm>, (11)
n M

where QO,&, is the chromaticity in the horizontal direction and W,, is normalized according to
o0 T oo g
[ [Caw [an [ apw,onvion =1 (12)
0 -7 0 -7

In advance, let us formulate the dipole current Dp of the beam (and its Fourier transform D(p))
and the horizontal wake force F) (i.e., the potential Uy) not only in the time domain but also in the
frequency domain. The horizontal wake force Fy is obtained by the summation of the wake force
induced by the previous passage of beams. It is expressed as

2N,
-t / ! /_ v / a; /_ O UL 0))

2n Ex ¢y, u2mn’
XZ Z exp<]v0+1v< —an) 2 T p) p(—]'u];[m)

n'=0 k=—o00

x

bep _ ¢ 2n (0 —n)

where W7 (s) is the horizontal wake function, which has the causality condition Wr(s) = 0 fors < 0,
and ¢, denotes the longitudinal position of beam, which is related to Jz and ¢, as

20 R lwo\
¢cp=(i) sin g, (14)
Cps,BsVSO

(see Eq. (B31)). The effect of the wake excited by all previous revolutions of beams is included as a
summation over & in Eq. (13). The dipole current Dp, its Fourier transform D(p), and the horizontal
impedance Z7(w) are defined as

R T JX9 X5J ) ']x’ X J b
DpUL.d1) :/O d]xf dlﬂxx Y, JL ¢L)§;T Y)g1 (UL ¢L), (15)
. 1 oo b4 .
Dip) = 5 / i, / dbLDp(L. b1) exp (,-p@), (16)
T Jo - h
and
® dow . W
Wr(wot) = —/ 2_]ZT(CU) exp (J—wof) , (17)
oo 2T o

respectively, where

2B (s)Jx

S

D(s) (2 EJ\ 2
_ D(s) ( V50w Es L> cos by, (18)
DsC 7]

1/2
x(Jx, Y, I, L) = ( ) cos(Yy + ¢x(s) — Ox0)
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and is the imaginary unit (the definitions of the causality condition of the wake function and of the
impedance in Ref. [6] are different from those in this paper (see Eqgs. (13) and (17))).
Substituting Egs. (15) and (17) into Eq. (13) and using Poisson’s sum rule [6],

D exp (ko) =2m Y 8(x—2mp), (19)

k=—0o0 p=—00

where §(x) is the §-function, the wake force F), is rewritten as

) M—-1 oo
F, = _JE VP No/PBr exp (jv@ —jvzn—n> Z Z D (v +p-— Q)fx>

ToR M
n'=0 p=—00

) M +Jp M

( 2aun’ | 2w —n)
X €Xp 7

) Zr(00(Qx + p)) exp (—j(v +p) ""*’) . (20)

in frequency domain, where 7y is the revolution time of the designed particle. Now, the potential Uy
in Eq. (4) can be expressed as

Jje*Ny B2 /B« ( 27tn)
Uy =23 exp

0
oy JVE IV

12 1/2
X <('Bx2(;1Jx) cos (%c + ¢x(s5) — %S> N g (C;(ZS%L> o8 ¢L>

M—-1 oo
~ 27 un’ 2n(n’ —n
XE E D(v—l—p—Q)fx)exp(—j Ai[L +Jjp (M ))

n'=0 p=—00

. ¢
X Zr(wo(v + p)) exp <—J(V +p)% : 21)
Second, we introduce the Fourier transforms of the perturbed parts f] and g as

Sile ) =Y W) exp (=jgr) (22)
q

gIULbr) = Y Z1m(JL) exp (—jmer) . (23)

Substituting Egs. (22)—(23) into Eq. (15), the dipole current Dp is rewritten as

Dp(r, ¢r)
00 g Jx; x:J, ~/Jx~m/J ’ .
-y / Uy / ay, e LI PN IO ) oy Lty ). 24)
g 0 -7 ﬂx
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Here, we introduce Dp v (JL) as

Dp(Ji,¢1) = ) Dpyrw(Jp) exp (=jm'¢r), (25)

/ol
q.m

so that

Doty =3 [ aon [ “ar [ av,

X Jx, TI’X’JL, ¢L) e

X fiq (&1 (1) TrTE

xp (—jg' v —j(m' —m)¢r).  (26)

Then, Eq. (16) is expanded by Dp , as

- 1 [ T G
D(p) = —/0 dJp | d¢LDp(JL,¢L) exp <JP¢—p)

27 _r h
0 / 12
WRF 2J7In
= / I} Dpym T [p . ( L ) } 27)
am 0 cpsPsvsowo

by using the relation
™ b 4 (20l Y .
/ exp <—jqi +]m¢L) dor = / exp | —jq (— sin @, + jmeyr | dpr
-7 WRF - cpsBsVsowo

27 12
=27y | g LIn| ’ (28)
CPsBsVsowo

where * denotes the complex conjugate and J,,[x] is the Bessel function [27].
The equations of motion are given by

dJy oH

= 29

do Ay 29)
dy, 0H

= — 30

deo ~ aJy (30)

Wi __H o)

de ¢’

@ — ﬁ (32)

o ~ aJ’

where the Hamiltonian is given by Eq. (3). By substituting Egs. (11) and (29)—(32) into Eq. (10),
and by retaining only the perturbed parts, the linearized Vlasov equation is obtained as

2In|RJL
IBSCES Vs0

(jv _jstx v (S, JL)WRF (

1/2
hn ) cos ¢L>f1 Jx, ¥)g1(JL, P1)

-2 2
JENBLB(S) -
WV Jy sin (Y + ¢ (s) — Ox0)
M—-1 o0
~ XSx .2 ' . 2 '~
X E D (v +p— Qi ) exp <—] 7;7 +Jjp n(lju n)) Zr(wo(v + p))

n'=0 p=—00
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X exp (—j(v + )¢cp) 8F0(J)G L )exp( Qx‘éy;fcp JZn,,m>

aJ M
8 (JXJ X a (‘] ) )
s Jp) V) o 6y o U T s ) B0 (33)
BWX 8¢L
where we assume
dGo(Jr)
~0 34
. , (34)
and
day’
vL(JX9JL) = V50 + E> (35)
dy’

Ve (Jy,JL) = Ox +

i (36)

Here, let us substitute Eqgs. (22)~(23) into Eq. (33) before it is multiplied by exp (jg'¥x +jm'¢r).
By integrating the result over ¥ and ¢, we obtain approximately

Frg &1 1)

N B2 (5IVT(EXP (j(e(s) — 0:0)) by, -1 — exp (—j((s) — 0:6)) bg) exp (15
2/2pstR[v — m'vp (Jy,J) — q've(Jx,JL)]

M—-1 oo / ’r_
<> 2 D(vr- L5 e (<75 40T ) Zronw + )
n'=0 p=—00

~J

2J V21 aFy
s (<v+p)wa ) stwaF>( Al ) BFD) o a7
h h'? cpSIBSVSOwO aJx
under the condition
2000 \"? 10k
1> (— ) vr(Jy,JL), 38
VOs,BSZEsn O« Lodt (38)

where we use the relation Eq. (28).
Multiplying the factor

x(Jxa wxv]Ls ¢L)
2 /B«

by Eq. (37), before integrating the result over ¢, Jy, ¥, Jy, ¥,, and summing it over m’, we
derive

exp (—jg' v —j(m' — m)¢y) (39)

Dpy i)
JXa x;J9 ./ . /
-¥ /_ i / /_ ay, e Ve 01) W;"’“ exp (—jg Vi — jm’ — m)y)

ENpB3 B () v/ T (€xp ((¢x(5) — Ox8)) 8y,—1 — exp (j(dx(s) — 0:0)) 8¢,1) exp QZ”T“)
2/2ps R [v — m'vp (Jy, JL) — q'vx (Jx, J1)]

xJj
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M-1 oo

> xSx 2 4 2 r
’ ;Z:op;ooD<v+p_ QnS >eXp (" SRR ﬂ(’;w n)>ZT(w0(v+P))
(v + p)wrr Oy& wrr 2717 1/2 OFo ()
X Jm’ |:( h a h?’} ) (cpsﬁsvs()wo) aJx GO(JL) (40)

Then, by substituting Eqgs. (18) and (27) into Eq. (40), Eq. (40) is rewritten as

qu/,m’ VL)

Z /oo 0 JE2NpB2B(5)Jx (8 —1 — 8y.1) €Xp (jz%m)
S T R = mvi(e ) = ¢/ J)]

M-l oo o0 2 un’ 2w (n' — n)
x> 3 / dJ] Dpym(J}) exp (—j +jp )ZT(wo(V +p))
0

M M
n'=0 p=—00
FUD) il (g O RE ( 2J; 1] )1/2
X o(JL v -
aJy " P n h cps,BSVSOCUO
27 12
T | 04 p— QxSx)wRF< Linl ) . 1)
n h Cps,BsVsOwO
Here, let us introduce the function D,, as
Du(JL) = Dpim(JL) + Dp_1,m(JL). (42)

When we retain only the diagonal terms, Eq. (41) is simplified by using the function D,, as

Dy (1)

_JeENyMBZBi(5)GoWL)
B 2psR

o0 1 1
dJy —
x /o [[v iU dn) — veUnd)] v — murUeJr) + vx(Jx,Jn]]

AFo () ~— 21w 12
« g, 2F0) 3" Zrwo + o+ pM)w | (v + 1+ pM — Ol ) (reooln]
aJy n cpsPsvso

p=—00

00 / 1/2
x / AT} D)), [(u + -+ pM — ng") (ZJL‘”O'"') } (43)
0

n cpsPsvso

If we choose the functions D,,,(J;1), Go(J1), and Fy(Jy) as

Dn(JL) = Bud(Jr — J10), (44)
1
Go(Jr) = 2—5(JL —J10), (45)
T
Fo(Jy) = ! (— Ix ) (46)
0(Jx) = 27T eXp % 5
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where

E.
o = ﬁ% @7)

and €, s 18 the root mean square (rms) emittance of the beam, and expand Eq. (43) around small
Jy before integrating Eq. (43) over J,, we finally obtain the dispersion relation as

1>~

-2 2 (v=mvro—vxo) (v=mvro—vxo) (v=mvro—vxo)
JeeNpMmBs (Be($)) | 1 + 7 . exp| —7—2 - r{o,—-— .
’ (’”ﬁ"‘%)‘]xo (m aE+ T )JxO <m aE+ T )JxO

S JopsR (i + % )

2wyJ]
< X [ (v pnr = S5 (22000 T 7 anint + ok pa), 49
Jra—— n cpsPBsvso
where
av! . o)
V1o = vyo + — 0T : (49)
dJp
Jr=Jro
(Bx(9))
vxo = Ox + IB;—Yéoh,z(JLO), (50)
dvp  dvy dY o (1) (Bx(s)) 2\
—_—t—m —7 — 43 Y Jro), 51
md]x + de m dJL Ds + ('Bx(s)) coh,4( LO) ( )
Jr=Jro

vz and vy are the coherent synchrotron and the betatron tunes, respectively, I'[0, z] is the incomplete
I'-function [27], and (- - - ) denotes the average value around the ring. Here we assume the rms beam
sizes oy and o, are given as

12 12
_ 2 Ap\? _ cJxo 2 2JL0vs0wo
oy = ((,Bx(s))Gx,nns + (D*()) <_p ) ) = <(/3x(s)> B.E, + (D*(s)) B0 ) , (52)

2 1/2
o= — ( Lolnlwo> ’ (53)
wo Esvs0

considering Egs. (14), (47), (B17), (B18), and (B32). For reference, Fig. 1 illustrates typical behavior
of the functions ch/oh,O Jr0)/dJ10, Yc/oh,z Jr0), ch/oh,z (Jr0)/dJ10, and Yc/oh,4 (Jro) in Eq. (48), which
are calculated by using the beam parameters at the ramping time 15 ms in the RCS (refer to Sect. 3).

The beam growth rate and the coherent tune affected by the wake force, which are given by the
real parts of jwgv and of v, respectively, are solved by Eq. (48) as a function of nominal tune Q.
The differences among Qy, vxo, and R[v] are tiny (< 0.01) in a practical situation.

2.2.  The Sacherer formula

Here, we reproduce the classical Sacherer formula [18,19,23], where the space charge effect on the
beam oscillations is neglected. In this case, the J, and J;, dependence of the tunes v; and v, vanishes.

11/39



PTEP 2017, 013GO01 Y. Shobuda et al.

0 0
-0.002 |- i -0.02
_2-0.004 | £ -0.04
el n
\o >
2 o
5-7-0.006 | 1 £-0.06 |
el -
s
-0.008 |- ) -0.08 |
0015 0.05 0.1 0.15 0.2 015 0.05 0.1 0.15 0.2
JLO[eVs] JLO[eVs]
0.1 0
0.08 |- : -0.002 |
T ~
= 006 § -0.004
9 >
3 N
~, =
£ 0.04 $-0.006
b= >
0.02 | 1 -0.008
0 s ‘ -0.01 s ‘ s
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
JLO[eVs] J [evs]

Fig. 1. Typical behavior of the functions d¥; ,(Jr0)/dJro (left top), Yiy,,(Jr0) (right top), d¥.y 5(Ji0)/dJ 1o
(left bottom), and Y, ,(J10) (right bottom) calculated by using the beam parameters at the ramping time 15 ms
in the RCS.

0

If we confine ourselves to the case, the J-integration in Eq. (43) can be performed for the distribution
Eq. (46). Consequently, Eq. (43) is simplified as

D) = TENOM B () Go(L) ( 1 ~ ! )
ot 4 psR v —mvgo — Ox vV —mvg + Oy
o0 1/2
2J
x 3 Zro(v+ -+ pM)My [(v + o+ pM — stx) ( “’)O'"') ]
i n CPsVs0
p=—00
< [ aonp; [( ot pM - st") ( L‘”O'”') } (54)
0 n CPsVs0

for an ultra-relativistic beam (8; = 1). Here, following the conventional manner, let us replace the
action-variable J; with the amplitude-variable r:

1 (2J 1/2
o= — (M) , (55)
(Oh) CPsVs0

and assume the unperturbed distribution function Go(Jz (7)) as

In|
Go(JL(rs)) = ————5—O (105 — 1), (56)
T WOCPs Ty, Vs0
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where ©(x) is the step function and 74 denotes the half-bunch length. Accordingly, Eq. (54) is
rewritten as
Jee* NpyM

1 1
Do) = 23— O (1o, — r B
m(JL(rs)) 47T2EstT§S (Tos 5) (v — mvgy — O Vv — mvso + Qx)

X Z Zr(wo(v + o+ pM))Jm | wo v+u+pM_Qx§x "
n

p=—00

o0
x / drir. D (] (X)) [wo (v + 1+ pM — Q’f) r;], (57)
0
where B, (s) is replaced by R/ Q.

Let us expand the function D,,(Jy (rs)) using a complete set of orthogonal functions fk(m) (rg) as
[e.¢] o0
D) = W) Y a1 ) = af" g (), (58)

where £ is the radial mode and ¥ (ry) is the weight function. The functions fk(m) (r) and g, x () satisfy
the orthogonality relationship

/ W™ ™ ) dry = 81, (59)
0
o° m k(rs)gm 1(7s)
e 2 d s = O, 60
/0 700 vy dr. K (60)

respectively. Here, the weight function W(rs) is defined as

nNp
T T, W0 Vs0

Wrs)=C O (105 — 75), (61)
where C is a normalization constant. Accordingly, the functions fk(m) (rg) or g, 1(rs) can be revealed
as

2 )1/2 Jm(,u;irs)

(m) _ [ =
S ) = ( 2 T0sIm-+1 (k)

for ry < T04, 62
= (62)

mil's 1/2 Mmits
8 172 Jp(FE) 2CnRN, T (PR
gni(r) = (2 () e o (S (1 O, — ), (63)
T0sSm+1(mi) TTCVs0 Ty, T0sSm+1(mi)

where [, is the kth zero of J,,,(x).
Let us introduce the particle distribution function p,,;(t) with head-tail mode m and radial mode
[ in real space as

Pmi(T) = — / gm,1(rs) exp (—jmeL) wrF = / m,1(rs) exp (—jmepr) ds,  (64)

—0o0 ES —o0

and its Fourier transform

*®d
B () = / 2 exp GAT) p (0, (65)
T

—00

where T = ¢, /wgr and W is the momentum conjugate to ¢, (see Eq. (B17)).
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Substituting Eq. (64) into Eq. (65), Eq. (65) is written as

. o WOV
fns®) = [ s 0y, (66)
(see Egs. (55), (B31) and (B32)) by using the relation
2
E do exp (ilp — ix cos @) =j_[J;[x], (67)
while its inverse transform p,, ;(7) is given by
woVs0 . .
Pm(T) = / Gt (1) ———j"Jm (k) exp (—jkt) r dr dk, (68)

which is expressed as

pm,l(f)

(2CRNbvso)1/2 m/ D" + D coskt + (=)™ — 1)j sin ktln (ko)
= —F- )
e O Jy (12— K273)

» (69)

for the function given by Eq. (63). Equation (66) satisfies the relationship o> (k) = (=1)" 0,1 (k)
for real g,,, ;(7) (see Eq. (91)).

By substituting Eq. (58) into Eq. (57), in combination with Egs. (60) and (66), Eq. (57) is solved
as

jezcﬂ Cm,l
872E,0,Cwlvyg

Yoo Zr(wo(v + 1 + Mp)h,, <w0 (Qx + mugo + p + Mp — %))

Vil = Oy + myyo +

y 0

552 o iy (@0 (Qu  mvso + 1+ Mp — 25))

in the lowest-order approximation, where we define the constant C,,; and the function h;n (@) as

o0 x0

Const = / Al omi (D) = 27 f doolpmi (@), (1)
— 00 —00

1y (@) = | (@)%, (72)

respectively. In Eq. (70), the w-integration is approximated by the summation of p.
The constants C and C,, are determined as follows. If we impose the condition p,, ;(£Tos) = 0
on the distribution function, the function p,,;(7) should be written as

Tp
2705

Pm(T) = (73)

p=135,.. p=2,4.6...
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where D), and E), are expansion coefficients. By equating Eq. (69) to Eq. (73), they are expressed as

B

12 .
D, = _ P @yl (ZCRNbUm) (_l)m/z(_l)(p+1)/2ER fw dk JIm (kTos) exp (FkTos)

4 2
T, en Ho 2 2
0s K~ (G2

form=20,2,4,...,
(74)

b

1/2 .
E, = _P”wgﬂml <2CRNbVSO> / (_1)(m—1)/2(_1)p/2\mS /OO dic Im(kTos) exp (kTos)
—00

W\ e (k2 — a0 (k2 — (F2)2)
Os
form=1,3,5,...,
(75)
where we use
70 —1)Pt+h/2p
/ cos kT cos il dd dt = =D cosktgs, for oddp, (76)
—170s 2‘[03 Tos (k2 _ ( 7?;)2)
T0s —1 p/2
/ sin k7 sin il dt = (=D"pm sin ktos, for even p, (77)
~70y 20w (K2 - (G22)
In(=x) = (=1)"Jpn(x). (78)

By picking up the residues, the k-integration in Egs. (74) and (75) is performed. As a result, we

obtain
CRNjvy0 \ /2 2V 2 i I (P2
D, = @0 (71 bvs_o) (_1)’"/2—( M'”l(m )2)) for even m, (79)
T0s cn
1/2
E, =2 (—”CRme) (—1)m= 0226 InCE) (80)
P pN2 ’
Tos cn (Mml - ( ) )
Finally, p,,;(7) is summarized as
Pmi(T) = ZA by(2), 81)
cos 22~ forp=1,3,5,...,
by(r) = 0 2 P (82)
P sin 2%, forp =2,4,6
2T 9 - 9 To My ey
m_ @0 (nCRNbvso)l/ZP (—=1)m/2, form=0,2,4,..., &3)
g cn " (= m=02 ) form = 1,3,5,. ..,
2V 2miIm (E)
Ppp) = —— 20 (84)

2 >
(u2, — ’”’)

where p runs 1,3,5,...form=0,2,4,...,and pruns 2,4,6, ... form = 1,3,5,....
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Here, let us focus on the lowest-order term for the radial mode / = 1. The factor

1
81431 ("5

) (85)
2 1)2
(Hi,l - = (WT "2
which appears in Eq. (70), dominates for the component m + 1 = p. Then, the function p,, ;—1(7),

its Fourier transform 0, ;=1 (w), and the factor Py, p—11,/=1 are approximated as

(D cos ™ form =0,2,4,...,

Pmi=1(¥) = . (86)
" (=)™ sin TOEDT - for iy = 1,3,5, ..,
Os
(—1)m/? ff‘fm 9t exp (jot) cos ”(’5’:13)’ = 2;05(1+m) ST
form=20,2,4,...,
ﬁm,l:l(a)) = . .
(—1)m=D/2 f—r(?()s g_; exp (jwt) sin ﬂ(gl:gsl)f _ JA+m)2ros 51411;):203 ’
n2|:(1+m)2—7n20"]
form=1,3,5,...,
(87)
and
22t 1 S (FEED) 16(3 + 2m) 1
Fmp=mri=t = = 26m17, T 55 amyn? T I 59
(ud, — =5) 5+ 4m)yn?m + m+
respectively. Substituting Eq. (86) into Eq. (71), we finally obtain
Cin = T0s- (89)
The constant C is determined by the condition 472, _ ., = 1. As aresult, it is calculated as
c(m+ 1)7?
¢ = 1ot D%, (90)
Wy VsoTT RNp,
Accordingly, the function g, ;(r) is described as
V20 D)l (Lt
gm,l(”s) = (1 -0y — 105)), 1)
7T w0 Vs0T0sSm+1(MWmi)

owing to Egs. (63) and (90).
By summarizing all these results (by substituting Egs. (89) and (90) into Eq. (70), and by calculating
Eq. (72) with Eq. (87)), we finally derive the conventional Sacherer formula:
-1 cle —

" T T ar 0 m+ DE e p;oo NZr (@p)F (@0 = ), (92)

where 7, l'is the growth rate,

h,, (w)

F/ (a)) = }
) = S (@, — )

93)
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2 _1\m
B (@) = (22Tos4) (m+1)2[1+( 1) Cos(w2TOs)2]’ (94)
g (22— n 4172

@), = (O + mvyg + 11 + Mp), (95)
. eMNp

I, = o 97)
; M2tysc

I~ 2nR %8)

In this paper’s calculations, the factor B} is approximated by the typical bunching factor By defined
by the average current divided by the peak current (see Eq. (101)).

3. RCS parameters and the beam growth rate estimated by the Sacherer formula

At the RCS, the bunched beams are formed by accumulating the injection beam from the LINAC
with a painting scheme [28,29]. They are accelerated from 400 MeV to 3 GeV over 20 ms. Figure 2
shows the typical patterns of the acceleration voltage V¢ (red), and of the synchronous phase ¢;
(blue) in that period. Table 1 shows typical machine and beam parameters for the RCS, which were
used in this paper’s calculations. The average chamber radius a around the ring is determined to be
145 mm, in order that the coherent betatron tune shift reproduces the measured date for a 400 MeV
beam.

Eight kickers are installed in the RCS. The real and the imaginary parts of the horizontal impedance
Z7(w) for one kicker are shown in the left and the middle panels of Fig. 3, respectively. The red and
blue lines show the impedances at 8y = 0.7 and B; = 1, respectively. The impedance is roughly
proportional to the Lorentz-8 [15]. The corresponding wake function Wr(wot) calculated by Eq. (17)
is denoted by the same color in the right-hand figure. The reflection wave excited at the end of the
power cable of the kicker creates the spike structure of the kicker impedance.

As shown in the left and middle panels, the impedance is very large indeed. We have demonstrated
that the RCS is a kicker-impedance-dominated machine by stabilizing unstable beams by temporarily

500 T T T 50

400

300 +

V [kV]
[e2460p] &

200

100

t[ms]

Fig. 2. Typical pattern of the acceleration voltage V¢ (red), and the synchronous phase ¢, (blue) during the
ramping time.
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Table 1. Typical parameter list

T (kinetic energy, GeV) 0.4 3
fo (revolution frequency, MHz) 0.61 0.84
n (slippage factor) -0.478 -0.047
I. (average current, A) 8.1 11.2
Vyo (synchrotron tune) 0.0053 0.0005
(Bi(s)) (m) 11.6

(B2(9) (m*) 172.3

(D*(9)) (m)? 3.46

€xms (Mmrad) 100/68;y;

Jio €V - s) 0.1645

(Circumference C = 348.333 m, harmonic number 4 = 2, repetition rate = 25 Hz, particles per bunch N, = 4.15 x 1013,
and the average chamber radius ¢ = 145 mm).

Here, B, (s) and D(s) are the S-function and the dispersion function, respectively; €, ms and Jio are the root mean square
(rms) horizontal and the longitudinal emittances, respectively; (- - - ) denotes the average value around the ring; and S, and
ys are the Lorentz-8 and Lorentz-y on the designed particle.

30 T T T T 20

80

25+

20 t

! e
S5t b i ] -10 |
1IN
h -1 s L s s
0 4 6 8 10 50 2 4 6 8 10
f[MHz] f[MHz] tlus]

40

T

T

Re[Z_][kQ/m]
&
Im[Z_1[kQ/m]

WT[V/ nCm]

N -

Fig.3. Dependence of the horizontal kicker impedance Zr (w) (left/middle) and of the wake function W7 (wyt)
(right) on the Lorentz-8. The red and blue lines show the results at §; = 0.7 and 8; = 1, respectively. The wave
propagation speeds in the kicker magnet and in the power cable are about 0.02 x ¢ and 0.57 x ¢, respectively.
The magnet length and the cable length are 705 mm and 130 m, respectively.

reducing the impedance [12,13]. For simplicity, we assume in this paper that the only source of
impedance in the RCS is kicker impedance.

Mostly (except the discussion about chromaticity dependence of beam growth rates shown in
Figs. 16 and 17), let us consider a case in which the chromaticity &€ Oy is activated by a DC-power
supply at the injection energy. In this case the chromaticity approaches the natural chromaticity
(60¢ = —10.3) [30] as the beam energy is increased, as shown in Fig. 4.

We have observed beam instabilities at the J-PARC RCS, where the chromaticity was fully corrected
only at the injection energy. The blue line of Fig. 5 shows an example of the results of the horizontal
beam position for a 750 kW equivalent beam (3.10 x 103 particles per bunch). For reference, the
green line shows the results where only one bucket among the two is filled with one bunched beam.
Since no instability occurs on the green line, we have judged that the instabilities on the blue line
are the coupled-bunch instabilities.
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Fig. 4. Calculated chromaticity £ Q, change during the ramping time.
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Fig. 5. Measured horizontal beam positions for the case of 3.10 x 10'* particles per bunch and O, = 6.45.
The blue line shows the results where two buckets are perfectly filled with two bunches, and the green line
shows the results where only one bucket among the two is filled with one bunch. The momentum spread of
the injection beam from LINAC is 0.18%.

Figure 6 shows the measured results for a 1 MW equivalent beam (4.15 x 10'3 particles per
bunch), where the chromaticity was fully corrected only at the injection energy. Both results for
750 kW equivalent and 1 MW equivalent beams have demonstrated that the beam is stable at low
energies, while they tend to be unstable at high energies.

Here, let us investigate whether the conventional Sacherer formula Eq. (92) can explain the mea-
sured beam behavior. From now on, we assume that the maximum number of the head-tail mode m
is 5, and that the coupled mode p runs from O to 1. Figure 7 shows the theoretical results for the
case. The results predict that the beam is unstable at low energies, while it is stable at high energies.
These results suggest that a partial chromaticity correction at low energies should enhance the beam
instability at low energies. However, these theoretical results (Fig. 7) differ significantly from the
measured data (Figs. 5 and 6).

The measurement results indicate that space charge stabilizes the beam instability at low energies.
Note that Eq. (92) is derived by neglecting this effect. In the next section, let us theoretically examine
the space charge effect on the beam instability at the RCS.
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Fig. 6. Measured horizontal beam positions for the case of 4.15 x 10'3 particles per bunch and O, = 6.45.
The momentum spread of the injection beam is 0.18%.
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Fig.7. The maximum beam growth rate among with different modes (m, i) estimated by using the Sacherer
formula, Eq. (92), for O, = 6.45.

4. Investigation of the beam instability at the RCS

4.1. Space charge effects on the beam growth rate

The Landau damping caused by the space charge effect appears in Eq. (51). Because this equation
depends only on the longitudinal emittance J7¢ in our model, only the longitudinal size of the beam
is likely to affect the effect, significantly. However, the true space charge effect is revealed in Eq. (48)
after integration with respect to J, according to Eq. (43). In particular, the damping effect is neglected
for a beam with infinitesimal transverse beam size, and Eq. (48) is sufficiently well approximated
by the analytical formula

jeeNpMmcBs (Bi(s))
873E R

vV = mvro + vxo +

o0

X Z F (JLO,vao+vX0+M+PM—

p=—00

Qf") Zr(wo(mvro + vxo + u +pM)), (99)
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Fig. 8. The maximum beam growth rate among different modes (m, 1) estimated by Eq. (99) for O, = 6.45.
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Fig.9. The maximum beam growth rate among different modes (m, u) estimated by solving Eq. (48) for
0, = 6.45.

where
2
20 1/2
F™ (J10,%) = |Jm x<°"°—m|”|> . (100)
CPSIBSVSO

Figure 8 shows the maximum beam growth rate among different modes (m, 1) estimated according

to Eq. (99). As in the results obtained using the conventional formula (shown in Fig. 7), these results
show that the beam is unstable at low energies. However, this result successfully explains the beam
instability of the measured results at high energies, which the conventional formula does not explain.
To understand the beam stabilization at low energies, the Landau damping effects owing to space
charge must be taken into account.

Here, let us investigate the effect more closely. First, we present the theoretical results of taking the
space charge effect into account for the maximum beam growth rate by solving Eq. (48). The results
are shown in Fig. 9. Comparing the results shown in Fig. 8 with the present results, we find that the
beam is stabilized at low energies and that the theoretical results explain well the characteristic of
the measurement ones (shown in Figs. 5 and 6). We can see a sharp rise at # = 13 ms only in the
measured data of the 1 MW-equivalent beam (Fig. 6). The space charge damping effect seems to
be drastically reduced for a beam with larger oscillation amplitudes. If this is a kind of nonlinear
phenomenon, our theory, based on the linearized Vlasov equation, has a limit to explain it.
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Fig. 10. Theoretical results of the transverse beam emittance €, ;s dependence of the beam growth rate at
15 ms for O, = 6.45. The red, black, and purple lines are the beam growth rates excited by (m = 0, u = 1),
(m=2,u=1),and (m = 4, u = 1) modes, respectively.
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Fig. 11. Measurement results (N, = 4.15 x 10'%) of the horizontal beam positions for different transverse
painting areas, where the chromaticity was fully corrected only at the injection energy. The red, blue, black,
and yellow lines show the results for Oz (center injection), 100, 1507, and 200r mmrad injection painting
schemes, respectively, where the tune O, changes during the ramping time following the black line in the right
panel of Fig. 14. The momentum spread of the injection beam from LINAC is 0.18%.

Figure 10 shows the theoretical results of the transverse beam emittance dependence of the beam
growth rate. The red, black, and purple lines are the beam growth rates excited by (m = 0, u = 1),
(m=2,u =1),and (m = 4,4 = 1) modes, respectively (the growth rate excited by the other
modes is negligibly low.). As already explained, the Landau damping effect becomes ineffective for
all modes, as the transverse emittance decreases. Figure 11 illustrates the measured beam positions
for different transverse emittances. The red, blue, black, and yellow lines show the results for the
cases that the injection painting areas are Oz (center injection), 100, 1507, and 2007 mmrad,
respectively [28,29]. The emittance dependence is clearly observable in the results. As the painting
area is larger at the injection period, the beam tends to be more stabilized at high energies.

Thus, we find that the Landau damping effect owing to the space charge (depending on the lon-
gitudinal beam size) is enhanced by enlarging the transverse beam size. From a phenomenological
point of view, the space charge damping effect is easily activated for the lower-energy beam, as a
result of the larger transverse beam emittance.

22/39



PTEP 2017, 013GO01 Y. Shobuda et al.

250 : T T 250 : : -
a=145mm a=160mm| 250
200 | 1 200 |-
200 |
T A o 1
12 —
§ 180 % 150 L 2 50| '\
G B 2
[o]
< < =
] £ <
; 100 - é 100 |- % 100}
s} o 5
50 |- — 50 W 50 | }
0 JM 0 0 L w
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
B B B

i f f

Fig. 12. Theoretical results of the beam growth rate (at 15 ms for O, = 6.45) with (left/middle) and without
(right) space charge effects, dependence on the bunching factor. The red, blue, black, green, purple, and brown
lines are the beam growth rates excitedby m =0, u =1),(m=1L,u=1),m=2,u=1),(m=3,u=1),
(m=4,u=1),and (m =5, u = 1) modes, respectively. The left and the middle panels show the results for
the chamber radii @ = 145 mm and a = 160 mm, respectively.

Now, let us closely investigate the bunching factor By (longitudinal beam size) dependence of
the beam growth rate for different head-tail and coupled-bunch modes (m, ). Figure 12 shows the
theoretical results of the beam growth rate at 15 ms, where the bunching factor By is evaluated by
using

4 201 o> 12
B = ( 1,0 2|77|600) , (101)
' 3(T — e — @5) ES,BS Vs0
where ¢, is the solution of
COS P + P Sin @5 + cos s — (T — @s) sin gy = 0, (102)

which satisfies the condition —7 < ¢, < 0 [31]. The left and the middle panels of Fig. 12 illustrate
the beam growth rates with space charge effects for the chamber radii a = 145 mm and a = 160 mm,
respectively. The right panel illustrates the beam growth rate without space charge effects calculated
by using Eq. (99). The red, blue, black, green, purple, and brown lines are the beam growth rates
excitedby (m=0,u=1),m=1L,u=0),m=2,u=1),m=3,u=1),m=4,u=1),and
(m = 5, u = 1) modes, respectively (the other modes do not excite the beam instabilities).

The conventional Sacherer formula (92) indicates that the beam growth rate without space charge is
roughly inversely proportional to the bunching factor By. The left and middle panels demonstrate that
the overall behavior of the beam growth rate including space charge effect is also roughly inversely
proportional to the bunching factor By. However, the beam is ultimately stabilized in the extremely
compressed beam (with the extremely small bunching factor). In this case, the Landau damping due
to the space charge force absolutely stabilizes the beam instability.

The beam growth rates for the different modes (m, 1) in all panels of Fig. 12 reveal the respective
comb-like structures along the bunching factor. The behavior originates from the head-tail motion
of the beam, as shown in the form factor 7" (J,x) in Eq. (99). Thus, when we fix a mode, the beam
growth rate for the mode follows the characteristic comb-like behavior, even in the results without
space charge effect (right). However, because the growth rate patterns are overlapped for the different
modes (m, u) in the results without space charge effect, it is hard to specify the optimized point
along the bunching factor from the viewpoint of beam instability. Thus, we reach the conventional
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conclusion that the larger bunching factor (smaller peak current) is preferable for beam stabilization,
when the space charge effect is neglected.

Contrary to the such conventional understanding, beam stabilized regions emerge along the bunch-
ing factor in the results with the space charge effects for ¢ = 145mm (e.g., around the area A).
Comparing both the results for ¢ = 145mm (left) and for ¢ = 160 mm (middle), we find that
the bandwidth of the stabilized region caused by the space charge effect significantly depends on
the chamber radius a. Though the difference between the chamber radii is only 15 mm, the beam
stabilization area 4 in the results for a = 145 mm (left) disappears in the results for ¢ = 160 mm
(middle). In conclusion, the smaller chamber radius is preferable in view of the beam stabilization
to make maximum use of the space charge damping effect.

The existence of such a beam stabilization region, stemming from the space charge effects, along
the bunching factor can be demonstrated at a low-energy proton ring like the RCS. At the RCS,
the bunching factor can be changed by changing the momentum spread of the injection beam from
the LINAC. We can prepare two types of injection beams: dp/p = 0.08% and dp/p = 0.18%. The
injection beam with the smaller momentum spread creates an accumulated beam with a smaller
bunching factor. The measurement results for the beam positions and their corresponding bunching
factors are illustrated in Fig. 13 with the same colors, where the number of particles per bunch is
3.10 x 103, It is observable that the beam can be more stabilized with the smaller bunching factor,
contrary to conventional understanding. Theoretically, this stabilization is caused by the dip around
the area 4 in Fig. 12.

4.2.  The effects of tune manipulation on beam growth rate

Here, let us illustrate the tune dependence of the beam growth rate. The measurement results are
shown in the left panel of Fig. 14. The tracking pattern of the tune during the acceleration period
is shown in the right panel of Fig. 14 using the same color. The results represented by the red line
correspond to the highest beam growth rate case. The second highest case is represented by the
yellow line. The most stable case is indicated by the black line, which is sandwiched by these two
unstable cases (the red and the yellow lines). Figure 15 shows the theoretical results of the beam
growth rate at 15 ms, which are obtained by solving Eq. (48). The red, black, and purple lines are
the beam growth rates excited by the m = 0, m = 2, and m = 4 modes, respectively. The solid and

1 0.5
0
0.4 H
-1
s
= -2 E 0.3
£ 2
< 3 S o2
3
-4
0.1}
-5
-6 \ \ . 0 , . .
0 5 10 15 20 0 5 10 15 20
t[ms] time[ms]

Fig. 13. Beam growth rate (for 3.10 x 10'3 particles per bunch) dependence on the bunching factor, where the
tune is fixed to 6.45. The chromaticity was fully corrected only at the injection energy. The left panel shows
the measured beam positions for two different bunching factors. The right panel shows the measured bunching
factor. The two lines with the same color in both figures denote identical situations.
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Fig. 14. The left panel shows the measured (4.15 x 10'3 particles per bunch) beam positions for five different
tune tracking patterns, where the chromaticity was fully corrected only at the injection energy. The right panel
shows the measured tune tracking patterns under the condition that the space charge effect is negligible. The

lines of matching color in each panel denote identical situations. The momentum spread of the injection beam
is 0.08%.
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Fig. 15. Dependence of the theoretical results of the beam growth rate at 15 ms on the tune Q.. The red, black,
and purple lines are the beam growth rates excited by the m = 0, m = 2, and m = 4 modes, respectively. The
solid and dashed lines show the © = 1 and u = 0 modes, respectively.

dashed lines show the u = 1 and & = 0 modes, respectively (the other head-tail modes do not excite
the beam instabilities). The theoretical calculation explains the characteristic of the tune dependence
of the beam growth rate sufficiently well, as revealed by the measured results (Fig. 14). The tune
dependence of the beam growth rate originates from the spike structure of the kicker impedance (see
Fig. 3).

Finally, we illustrate the chromaticity dependence of the beam growth rate. Figure 16 shows the
theoretical results of the beam growth rate at 15 ms for O, = 6.45. The red, blue, black, green,
purple, and brown lines are the beam growth rates excited by the m =0, u = 1), m =1, u = 1),
m=2,u=1,m=3,u=1,m=4u =1),and m = 5,u = 1) modes, respectively
(the other modes do not excite the beam instabilities). We expect that the beam growth rate will be
drastically suppressed, as the chromaticity correction is weakened.

The measured results are shown in Fig. 17. To clearly observe the chromaticity dependence of
the beam growth rate, let us study the highest growth rate case (the tracking pattern of the tune is
designated by the red line in the right panel of Fig. 14). The red, blue, and black lines in Fig. 17

25/39



PTEP 2017, 013GO01 Y. Shobuda et al.

3500

3000 -

2500 -

2000 -

1500 +

growth rate s

1000 |-

500 -

Fig. 16. Theoretical results of the beam growth rate at 15 ms dependence on the chromaticity £Q, for O, =
6.45. The red, blue, black, green, purple, and brown lines are the beam growth rates excited by the (m =
Oou=0D,m=Lu=1),m=2,u=1),m=3,u=1),m=4,u=1),and m = 5, = 1) modes,
respectively.
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Fig. 17. Measured beam positions (N, = 4.15 x 103, dp/p = 0.08%) with different chromaticity, where the
tune changes, following the red line in the right panel of Fig. 14. The red, blue, and black lines show the results
for which, at the injection energy only, the chromaticity was fully, half, and quarter corrected, respectively.

show, respectively, the results for which the chromaticity was fully corrected only at the injection
energy by the DC-power supply, half corrected compared to the full correction, and quarter corrected
in the same manner. Concretely, the chromaticity values at 15 ms are —7.46 for the red line, —8.92
for the blue line, and —9.64 for the black line. As expected, the beam is drastically suppressed by an
increase in chromaticity in the negative direction.

5. Summary

The RCS in J-PARC, where kicker impedance dominates, is a special machine from an impedance
viewpoint, which means that the RCS violates the impedance budget from a classical viewpoint [6,18,
19]. Nevertheless, we have successfully accelerated a 1 MW equivalent beam (4.15 x 10! particles
per bunch). The RCS is an accelerator covering the intermediate beam energy region (from 400 MeV
to 3 GeV). Thus, it is pertinent to study the space charge effects on the beam instability.
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The machine has some interesting characteristics: e.g., the beam can be stabilized by reducing the
bunching factor (increasing the peak current) and the beam tends to be unstable when reducing the
transverse beam size. The classical theory, i.e., Sacherer’s theory, fails to explain these characteristics
by neglecting the space charge effects.

Recently, there has been a significant development in the field of computer technologies. Numerical
computer simulations are powerful tools to quantitatively estimate the beam behavior associated with
space charge effects [32—34]. It may seem that a numerical simulation study is sufficient to accelerate
beams from a practical viewpoint.

However, such simulations take excessive CPU time and memory for one set of fixed parameters.
If we theoretically understand what conditions (parameters sets) excite beam instabilities in com-
bination with space charge effects in advance, numerical studies are more efficiently performed by
selecting the appropriate parameters sets, based on the theoretical comprehension. Consequently, we
can focus on the quantitative discussion about the issues concerning beam commissioning (beam loss,
beam halo, etc.). Moreover, the theoretical study is vital to understand the nature of the phenomena
concerning beams in accelerators.

In this paper, we try to understand the beam instabilities associated with the space charge effects
by developing a new theory. And, we have clarified the parameters (such as the transverse emittance,
the bunching factor, etc.) dependence on the beam growth rate.

The space charge damping effect is significant at low energies, not only due to the smaller Lorentz-
y but also due to the larger transverse beam size. The large transverse emittance is essential to activate
the Landau damping owing to the space charge effect.

It is of interest that the beam growth rate is suppressed by increasing the peak current (shortening
the bunch length, or reducing the bunching factor) at the RCS. Theoretically, the beam growth rate
for different modes (m, ) follows different characteristic comb-like structures along the bunching
factor. The dependence of the beam growth rate on the bunching factor originates from the head-tail
motion of the beam. Thus, even in the case without the space charge effect, the beam growth rate for
one fixed mode can be suppressed by increasing the peak current (shortening the bunch length, or
reducing the bunching factor).

However, the beam growth rates excited by different modes (m, w) are sufficiently overlapped
along the bunching factor in the case. Finally, the theory reproduces the conventional conclusion that
the maximum beam growth rate among different modes (m, ) is reduced by increasing the bunch
length (reducing the peak current or increasing the bunching factor) when the space charge effect is
neglected.

On the contrary, if we take the space charge effect into consideration, the overlap of the beam
growth rates for different modes (m, 1) is separated over the axis of the bunching factor, and some
beam stabilization regions emerge on the axis. The optimization of bunching factor enables the beam
to be stabilized, regardless of the amount of the bunching factor, in a lower-energy proton synchrotron
like the RCS.

The space charge damping effect is quite sensitive to the chamber radius. Consequently, a smaller
radius chamber is preferable from a beam instability point of view. As the beam energy becomes
higher, the space charge damping effect becomes less effective, and the beam stabilization region
diminishes along the bunching factor.

In a low-energy proton machine, such as the RCS, the violation of the impedance budget from a
classical viewpoint is not vital to achieve high intensity beams. They can be realized by optimizing the
machine’s (beam) parameters, i.e., the bunching factor, transverse emittance, tune, chromaticity, etc.
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Appendix A. A solution of the Poisson equation with cylindrical chamber

In this section, we show how to solve the Poisson equation for an axisymmetric beam that is sur-
rounded by a perfectly conductive cylindrical chamber with radius a. The Poisson equation in the
rest frame of the beam (ct, x, y,Z) is described by

320 N ERE) N 32D
0x?2 0y? 0z2

= _CZOIap(x’y’E)s (Al)

with

__ (pcos p—rgcos 90)24-(,0 sin ¢ —rp sin 90)2 )

cXp < 202

ﬁp(xayaz) = erﬁ(E) 27_[0_2x s (A2)
X
52
() = w (A3)
NLT A
0; = Y50z, (A4)

where y; is the Lorentz-y of the reference particle, c is light velocity, Zy is the impedance of free
space, oy is the rms transverse beam size, and N, is the number of particle per bunch. Polar coordinates
are introduced as

X = pcosg, (AS)
y=psing, (A6)

and the center of the bunch on the horizontal plane is given by (g cos g, g sin 6y). From now on,
the condition o, < a is assumed.

When a perfectly conductive chamber with radius a exists, the Green function G (7, 7') that satisfies
the boundary condition G = 0 at p = q, is given by [35]

o0
- €
G, 7)) = E h—mzcosm((p —¢)
m=0

Jy? dx [ Kn(rp') = §28901,0,0) | In(hp) cos 1 — 2, for o' > p,

Iy dx | Kn(3p) = 52891, G0) | 1n(3p') cos2.G = ), for o' < p,

(A7)

where I,,,(z) and K, (z) are the modified Bessel functions, 7 = (p,¢,2),7 = (0, ¢',Z'), €m = 2—8mo
and 8,,, is the Kronecker-8. By using the Green function, the solution ® is approximated as

- _ oo e ¢ _ a , , 2 , x CZ()Em ,
d(p,0.2)= | dr| dZ | pldp dp' Y =" cosm(p — ¢)
0 —0 0 0 = 2
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/ Km ()‘a) / - -/
X | Km(Ap") — Inp") | Im(Ap) cos A(z — Z)
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N X
el V2ra, 2no}
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By using the formulae
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1 00 2/2 )\,2 2
dz' ex cosA(z —Z) =ex <——> cos Az, (A10)
Ve, /- b < 203) A
the integrations in the azimuthal and longitudinal directions in Eq. (A8) are performed, so that we
get
,0’2+r2
- . @ N cZoem exp <_ 20,30)
®(p,.%) = / pldp’ Yy = S eNy A o2 ) cos(m(g — 60))
T o
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00 Kn(Aa) , } 2262
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0 In(ra) 2
The potential @, felt at the bunch center is calculated by plugging in p = ry and ¢ = 6y [26].
Figure 18 illustrates typical behavior of the potential ®.(z = 0) calculated by using the beam
parameters at the ramping time 15 ms in the RCS.
Here, let us expand the result for small p around zero. As a result, it is expressed as

P c(x,y,2) = cohO(Z) +cpcoh2(z)(x +y )+Cbc0h4(z)(x +,V ) 5 (Al12)
where
© = cZoeNy (¢, /0,2 o )»20_}2
q)COh’O(Z):WfO dp p exp —20)62 /(; dX)exp —T
x [ Ko(hp') — Koda >1 o(Ap) | cos Az, (A13)
Iy(La)
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Fig. 18. Typical behavior of the potential ®.(z = 0) calculated by using the beam parameters at the ramping
time 15 ms in the RCS.
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The terms &)coh,Z (z) and q_)coh,4 (z) contribute to the coherent space charge tune shift, and to the

nonlinear motion of the beam, respectively.
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The scalar potential @ and the vector potential 4, in the lab-frame (ct, x, y, z) are given by
(D(x’yaz - IBSCt) = ysé(xvya VS(Z - ﬂSCt))a (A16)
B _
Az, 3,2 = Byet) = —ys (6,3, 14z = Bsct)), (A17)

respectively, where S is the Lorentz-8 of the reference particle.

Appendix B. Derivation of the Hamiltonian with action-angle variables including
horizontal wake and space charge effects

In this section, we will obtain the Hamiltonian Eq. (B50) with action-angle variables, by successively
canonically transforming Hamiltonians.
The original Hamiltonian in an electromagnetic field is approximately given by [24,25]

x\ AE C(AEN? piapr g, AE
Hoz—ps<1+_> +pé ( ) +u+&Kx(s)<l_E )xz
S

p ) psBsc ﬂ DsBsc 2ps 2
pS AE 2 psx eq)c(x7y7s - cﬂst)
Sk (1 - - BF
TS5 ( E, )y E,* Boy2c
eV, hs
— rf(Sp(s) cos <wRFt— —+<ps> +..., (B1)
WRF R

where @; is the synchronous phase; p; is the constant momentum on the synchronous particle; £ =
¢ps/ Bs 1s the particle energy on the designed orbit; 85 and y; are the Lorentz-8 and y, respectively;
AE is given by AE = E — Eg; Fy is the horizontal wake force; 8, (s) is the periodic §-function;
c is the velocity of light; K, and K, are the periodic focusing forces in the horizontal and vertical
directions, respectively; @, is the space charge potential; 4 is harmonic number; Vi is the amplitude
of the radio frequency (RF) voltage; 1/p is the local curvature around the machine; R is the average
radius of the machine; and wry is the angular frequency of the RF voltage, which is expressed as
cBsh

= . B2
WRF R (B2)

The orbit length s is used as an independent variable. The canonical variables are (x, py), (v, py), and
(t, —FE) for the horizontal, vertical, and the longitudinal directions, respectively. It is noticeable that
the contribution from the vector potentials is included in the Hamiltonian, where the contributions
from both the scalar and vector potentials are confined to the scalar potential only with Eqs. (A16)
and (A17).

Using the generating function F7p,

_ . E \_ _ _
Fl(xap)hyapyata_AE) = < - D)px +ypy - t(AE +ES)

psﬂsc
- - 2
AE dD AE dD
ik Y . pZ, (B3)
Bsc ds 2 \ psPsc ds

we make a canonical transformation from the variables (x, px), (v, py), and (¢, —E) to (X, px), (v, py),
and (7, —AE), respectively, according to

_0Fy __  AEdD

Px=——=px+

Azl B4
0x Bsc ds’ (B4)
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where the dispersion function D(s) in the horizontal direction satisfies the relation
d2D+KD— ! (B10)
ds? T
The new Hamiltonian H; is obtained as
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In the above derivation, the assumption is made that D(s = 0) = dD(s = 0)/ds = 0 at the RF cavity.
Next, using the generating function F>,

- - o ee s - hs
Fz(xap)hy’pya W5 t) = XPx +ypy =+ w (CURFt - E>5 (B12)

we make a canonical transform from (x, px), (v, py), (f,—AE) to (%, Dx), 7, Py), (Pep, W), respec-
tively, using

_ 0F> -
Py = —— = px, (B13)
ox
OF
§=22 3, (B14)
Px
py = Dy (B15)
Y=y, (B16)
. 3F
—AE = 8—t2 — W gy, (B17)
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Then, the new Hamiltonian H> is described as

)
ptpy | ps (1 n W wrr

Hy ~ K.5% + K,3°
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Cﬂ ¢C D X dD
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where Eq. (B2) is used.
By extracting the Hamiltonian /3 for the synchrotron oscillation, we obtain
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where the synchrotron tune vy is given by

1 heV, 12
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Accordingly, Eq. (B19) is rewritten as
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Before describing the Hamiltonian in terms of action-angle variables, let us continue to make the
canonical transformations from (¥, py), (, py) to (x, fox), ():/, 1:9y), respectively, which are generated by

the function F5:

=L o= Xpx VD
F3(X, Py, s Py) = — in —~ «/_p; (B23)
S S

The canonical transformations are expressed as

5o PR (B24)
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The new Hamiltonian H3 is divided as

Hy=Hy; +Hsr+ AHsr + AH3,

(B26)
where Hj  is given by Eq. (B20), and
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For the longitudinal motion, let us consider the generating function
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Consequently, the Hamiltonian is written as
H3p + AH3p = —MMJL + MMJL sin” ¢
n R n R
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To extract the Twiss parameters dependence from the transverse variables (x, pc) and (7, Ey), we
consider the canonical transformations generated by the function Fy:
=2
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S ds
Px(s) = B.G5) (B35)
S d
Py(s) = 5 (SS). (B36)
We obtain the canonical transformations from (x, px), (7, fay) to (Jx, ¥x), (Jy, ¥y), respectively, as
s R F o
Pr="2 =75 [tan (wx + ¢x(s) S) + ax(S)}, (B37)
22
Jo= ok (B38)
W 25) 00 (¥ + o) = Gs)
. ¥ 0
P =5 [tan (wy + ¢y (s) — %s) + ay(s)], (B39)
=2
Jy = Y (B40)

28,(s) cos? (1, + () = Gs)

where the Twiss parameters satisfy

d> 1

_ldpi
o =—s—, (B42)
Bivsi —af =1, (B43)

and i denotes x or y.
Thus, the new Hamiltonian Hj is expressed as

Hy ~ H4,0 + AHy, (B44)
where
H4,() _ OxJx n Qny _ lVSOJL
R R Inl R
26, (ﬂx@)Jx)W ( Oc \  DG) [wovsop '
Sy | i Yo+ () — =55 ) = cos gy | F
c ( 2p T Bs \ 2Esn] ’
(B45)

2\ 12
AHy = K (s)Jx (%) cO8 ¢, cos (wx + pr(s) — %s>
1| Es

2Jvs0 82 w0
In|Es

_K.D <2/3x(s)Jx) Y2 201 wovs0s .
C,BsEs |77|

D*w} (v
+ K22 (L—SO) cos® ¢
VEsc \ Inlwo

e®.(X,Y,2)

1/2 0
) coS ¢z, cos <wy+¢y(s) = )-i— Boy2c

+Q@®@<

0s (wx + Br(s) — %s) cos® ¢
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5 1/2
vy G2 g — s (o) cos (—Z‘JL’“ "7"”°> sin ¢ + ¢ | (B46)
n R WRF Cpsﬁsvso
_ 2By (s)Jx 12 Ox 2J1vs0¢ps Bs 172
1= (F55) e (o= T) =R () e @)
1/2
Y = (—2’3ylfs)‘]y) cos (wy +¢y(s) — %s>, (B43)
5 1/2
7 _ cPs (2JLh |77|600) sin ¢
WRF cpsPsvso
2 (25T o cos (it duw) — 25) tsin (it a2
75 B oy (s) cos | Yy e (8 2 s sin | ¥y + ¢x(s 2 s
1/2
+ 9P (2‘3 X(S)Jx) cos (l/fx F duls) — %s) (B49)
ds Ds R

The application of the canonical perturbation theory (see, e.g., Ref. [36]) for the Hamiltonian and
neglecting the higher-order terms lead to the new Hamiltonian H:

Hx~ Qxe + Qny +JLV50 + U + Y/a (BSO)

with its independent variable 6 = s/R, where

1/2 1/2
U, = _g2bs ((ﬁx(s)Jx> o ( et ) — %S> DG (wovsoJL) o ¢L> F

c 2ps Bs 2E|n|

eR 21 2 2r
y= R f d / dy f by
873 Bsvie Jo ¥ 0 " Jo

12 1/2 172
o |:(2,Bx(s)Jx> cos . — 2O (2JLvsocﬁs) cos . (M) cos Y,

(B51)

Ps R [n|pswo Ds
¢ ( 2l \'? DGs) [ 27, \ 2 |
h <w0EsUs0) sn L+ N/ ( ,Bx(s)> (0t (5) cos Yy + sin Yre)
1/2
+i1—? (Mis)Jx) o wx}’ (B52)

Uy and Y’ are the effect of the horizontal wake and the space charge forces, respectively.
Here, we consider a rather nonrelativistic condition, namely, a long bunch beam in the ring with
the conditions

1/2 1/2
<2:3x(S)Jx) < @ <2JLVSOCﬂs) (B53)
Ds R\ Inlpswo
D (2 \"2 dp (2811 \ 2| e ( 20ulnl \2
ﬁs(ﬂx@) w0+ g (F) | <i(aan,) - @
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In this case, the function Y’ is approximated as

X X J
Y = YnoWL) + Yeona (L) (ﬂ ;S)J + ﬁy;j) y)

+ ¥4 ) (3’3 ; ;S)‘]xz + 3 ;S)Jyz +2B,(5) By (5) ) (B55)
where
Vanol) = % / do'p exp( o ) fo T exp( zyf(’zz )
- a2 (20)] e
RZoeN, 2 1
Vo = st [ s exp( e (i)

Aylo? . _ KoGa) 271ln1 |2
Xexp( 2 )[KOW )= ot )]JO I (onsvs())
2

RZneN, a 00 2 2.2
+%/ d,o/,o/zexp< p 2)/ dkkexp( Ys Z)
4o—x71— ﬂSVS 0 2 x 0 2

A

Ki(ra) ae (2l \'?
K100 — L) [ Jo | ve— [ ——
X[ 1(207) TG 1( p)] O|:Vs p (a)OEsVSO
RZyeN, 1/2 2] 2]
- ez 062 }; (Z) P (_ 262L|n| )1()( 202L|n| >’ (B57)
8meBsysfogo, \2 207h*woEgvs0 207h*woEgvs0

eRZyeNy, fa p’2 2J11nl 1/2
Y’ J )= — 0% do o e J
cond V) = gz 2507 Jy 40P P T2 ) h w0E;vs0
x/oodk )L_4+ﬂ+p_,4_ﬁ_p_lz+i exp _)‘zj/szaz2
0 8 208 88 o2 of of P

x [Ko()»p/) - 1"& )) 0O )]

eRZyeN /a , ( p’z) he ( 2J. 11 )1/2
4+ do' exp| ——= | J —
820 Bsysp? Jo PP 202 e h \ @oEsvso
[ele) 4 12493 12 2.,2.2
pA pA P ATySo, Ki(ha)
dr — —— 2 ) Ki(A Ao’
x/o (4a;‘+ 2 ze)eXp< 5 1(A0") — I()\)I(P)
RZ N a 2 o0 2
+%f dp' exp (—'0—2) p’3f dkkzexp( Vs )
647[ Gxﬁsysps 0 2Gx 0 2
K2 () 2 Inl \'?
« [Kz()»p/)— 5w )] = (—
L (\a) h woEgvs0
+ eRZoer (71)1/2 CZJL|77|
Bsyimlolpz \2 P 2h2wyEsvs002
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1 1 AJiin|
I\~ %53 T 6dolg. T 25502
128y7oy  640i0.  128yfo’h*woEsvs

2 Jiln|
I CZJL|77| _ ¢ JLlnlll(zhzwolﬁvszUzz) (BSS)
2h2woEsvg002 128y 20 h2woEsvso

Finally, they are simplified to Egs. (7), (8), and (9) as in the text, under a typical parameter region.
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