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The inclusive cross sections for dihadrons of charged pions and kaons (eþe− → hhX) in electron-
positron annihilation are reported. They are obtained as a function of the total fractional energy and
invariant mass for any di-hadron combination in the same hemisphere as defined by the thrust event-shape
variable and its axis. Since same-hemisphere dihadrons can be assumed to originate predominantly from
the same initial parton, di-hadron fragmentation functions are probed. These di-hadron fragmentation
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functions are needed as an unpolarized baseline in order to quantitatively understand related spin-
dependent measurements in other processes and to apply them to the extraction of quark transversity
distribution functions in the nucleon. The di-hadron cross sections are obtained from a 655 fb−1 data
sample collected at or near the ϒð4SÞ resonance with the Belle detector at the KEKB asymmetric-energy
eþe− collider.

DOI: 10.1103/PhysRevD.96.032005

I. INTRODUCTION

Fragmentation functions allow us to understand the
transition of asymptotically free partons into several con-
fined hadrons. They cannot be calculated from first
principles and, thus, need to be extracted experimentally.
One of the main ways of obtaining them is via cross section
or multiplicity measurements in electron-positron annihi-
lation where no hadrons are present in the initial state. For
many processes, factorization is assumed or proven to
certain orders of the strong coupling and fragmentation
functions as well as parton distribution functions are
considered universal. Because of this universality, such
functions extracted in one process can be applied to another
process. As such, the knowledge of fragmentation functions
is, for example, used to extract various spin-dependent
parton distribution functions in polarized semi-inclusive
deep-inelastic scattering (SIDIS) and polarized hadron
collisions. In particular, the extraction of the chiral-odd
transversity distribution functions [1] and their related
tensor charges relies so far entirely on transverse spin
dependent fragmentation functions.
The Belle experiment was the first to provide asymme-

tries [2] related tothe single-hadron Collins fragmentation
function [3]. These asymmetries rely on an explicit trans-
verse-momentum dependence of fragmentation functions.
The Collins fragmentation function describes a correlation
between the direction of an outgoing transversely polarized
quark, its spin orientation and the azimuthal distribution of
final-state hadrons and serves as a transverse-spin analyzer.
Collins asymmetries were extracted for pions and kaons in
several SIDIS measurements so far [4–8], where they are
convolved with the transversity distributions of interest,
and more recently in proton-proton collisions for pions [9].
The corresponding Collins fragmentation measurements
were obtained in various electron-positron annihilation
experiments for pions [2,10,11] and recently also kaons
[12] based on the description of Ref. [13]. Some of these
measurements have already been included in global trans-
versity extractions [14–17].
An alternative way of accessing quark transversity is via

di-hadron fragmentation functions [18–20]. This has the
advantage of being based on collinear factorization. Here,
too, Belle has provided the corresponding asymmetries
related to the polarized fragmentation functions [21]
following the description in Ref. [22]. They were used
with the SIDIS measurements [23,24] in a global analysis

[25] to extract transversity in a collinear approach. The
relevant measurements from proton-proton collisions [26]
were not part of these global fits but appear to be consistent
with them [27].
In both approaches of transversity extraction, several

assumptions are made due to the lack of sufficient mea-
surements. In the Collins-based extractions, the explicit
transverse-momentum dependence was until recently
unknown and is still poorly constrained. In the di-hadron
based extractions, the corresponding unpolarized di-hadron
fragmentation functions were not available so far and
theorists used Monte Carlo (MC) simulations to estimate
those. This publication provides the unpolarized baseline
for the measurements related to the spin-dependent di-
hadron fragmentation functions.
In a previous publication [28], the focus was on two-

hadron cross sections differential in their individual frac-
tional energies z1 ¼ 2Eh1=

ffiffiffi
s

p
and (likewise) z2. In this

description, the two-hadron production can be described by
di-hadron fragmentation functions (DiFF), generally intro-
duced in Ref. [29] and specifically for these DiFFs in
Ref. [30] and based on the formalism developed in
Ref. [31]. DGLAP [32] evolution for DiFFs was also
introduced previously [33,34]. Recently, this theoretical
work has been applied also to DiFFs depending explicitly
on the combined fractional energy z ¼ 2Eh1h2=

ffiffiffi
s

p
and

invariant massmh1h2 of the hadrons, instead of the hadrons’
individual fractional energies, and including evolution as
summarized in Ref. [35]. It is in this description that the
SIDIS measurements and the Belle asymmetries were
performed and, here, we report the corresponding cross
sections differential in these two variables to provide the
unpolarized baseline.
The cross section at leading order in the strong coupling

can be described as

d2σðeþe− → h1h2XÞ
dzdmh1h2

∝
X

q

e2qðDh1h2
1;q ðz;mh1h2Þ

þDh1h2
1;q̄ ðz;mh1h2ÞÞ; ð1Þ

where it is assumed that both hadrons emerge from the
same (anti)quark, q, and the scale dependence has been
dropped for brevity. The assumption that hadrons detected
in the same hemisphere, as illustrated in Fig. 1, originate
from the same initial parton is supported by the results of
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Ref. [28]. To define the hemispheres, a selection of thrust
axis and thrust value is required. The thrust axis n̂ max-
imizes the thrust T [36]:

T ¼max
P

hjPCMS
h · n̂jP

hjPCMS
h j : ð2Þ

The sum extends over all detected particles, and PCMS
h

denotes the three-momentum of particle h in the (eþe−)
center-of-mass system (CMS).
The cross sections for the inclusive production of

dihadrons of charged pions and kaons in the same hemi-
sphere as a function of their fractional energy z and
invariant mass mh1h2 are presented in this paper. The cross
sections are compared to various MC simulation tunes
optimized for different collision systems and energies.
Various resonances in the mass spectra and distinct features
from multi-body or subsequent decays of resonances are
identified with the help of MC simulations. Additionally,
the di-hadron cross sections after a MC-based removal of
all weak decays are presented.
The paper is organized as follows. The detector setup and

reconstruction criteria are summarized in Sec. II. In Sec. III,
the various corrections to get from the raw spectra to the
final cross sections are discussed. In Sec. IV, the results are
shown and compared to MC tunes. We conclude with a
summary in Sec. V. A short Appendix A discusses the
partial waves and the impact the selection criteria have on
various partial-wave moments while Appendix B presents
the weak-decay-removed cross sections.

II. BELLE DETECTOR AND DATA SELECTION

This di-hadron cross section measurement is based on a
data sample of 655 fb−1, collected with the Belle detector at
the KEKB asymmetric-energy eþe− (3.5 on 8 GeV)
collider [37] operating at the ϒð4SÞ resonance (denoted
as on-resonance) as well as 60 MeV below for comparison
(denoted as continuum).
The Belle detector is a large-solid-angle magnetic

spectrometer that consists of a silicon vertex detector
(SVD), a 50-layer central drift chamber, an array of aerogel
threshold Cherenkov counters, a barrel-like arrangement of
time-of-flight scintillation counters, and an electromagnetic
calorimeter comprising CsI(Tl) crystals located inside a
superconducting solenoid coil that provides a 1.5 T mag-
netic field. An iron flux-return located outside of the
magnet coil is instrumented to detect K0

L mesons and to
identify muons. The detector is described in detail else-
where [38]. Two inner detector configurations were used. A
2.0 cm beampipe with 1 mm thickness and a 3-layer SVD
were used for the first sample of 97 fb−1, while a 1.5 cm
beampipe, a 4-layer SVD and a small-cell inner drift
chamber were used to record the remaining 558 fb−1 [39].
The primary light (uds)- and charm-quark simulations

used in this analysis were generated using PYTHIA6.2 [40],
embedded into the EVTGEN [41] framework, followed by a
GEANT3 [42] simulation of the detector response. The
various MC samples were produced separately for light
and charm quarks. For comparisons of data with generator-
level MC simulations, weak decays, which normally are
handled in GEANT, were allowed to decay in EVTGEN. In
addition, we generated charged and neutral B meson pairs
fromϒð4SÞ decays in EVTGEN, τ pair events with the KKMC

[43] generator and the TAUOLA [44] decay package, and
other eventswith either PYTHIA or dedicated generators [45].

A. Event and track selection

Events with at least three reconstructed charged tracks
must have a visible energy Evis of all charged tracks and
neutral clusters above 7 GeV (to remove τ pair events) and
either a heavy jet mass (the greater of the two invariant
masses of all particles in a hemisphere) above 1.8 GeVor a
ratio of the heavy jet mass to visible energy above 0.25.
Tracks must be within jdzj < 4 cm (dr < 2 cm) of the

interaction point along (perpendicular to) the positron beam
axis. Each track must have at least three SVD hits and fall
within the barrel and full particle-identification (PID) polar-
angle acceptance of −0.511 < cos θlab < 0.842. The frac-
tional energy of each track must exceed 0.1. (Note that, in
this paper, we study fragmentation functions for z above
0.2.) This initial fractional-energy selection always takes
the nominal hadron mass as given by the PID information
into account.
All two-hadron combinations were selected if found in

the same hemisphere, as depicted in Fig. 1, where the

FIG. 1. Illustration of di-hadron production where the final-
state hadrons with momenta Ph1 and Ph2 in the CMS are depicted
as red arrows, the incoming leptons as blue arrows, and the event
plane–spanned by leptons and thrust axis–is depicted as the light-
blue plane. In this case, both hadrons are found in the same
hemisphere as defined by the thrust axis, and generally out of the
plane, as indicated by the cones.
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hemispheres are defined by the plane perpendicular to the
thrust axis. The thrust itself must satisfy T > 0.8. The thrust
axis needs to be within the barrel acceptance jn̂zj < 0.75.
All selection criteria are summarized in Table I.

B. PID selection

To apply the PID correction according to the PID
efficiency matrices described in Ref. [46], the same
selection criteria must be applied to define a charged track
as a pion, kaon, proton, electron, or muon. The relevant
information is determined from normalized likelihood
ratios that are constructed from various detector responses.
If the muon-hadron likelihood ratio is above 0.9, the track is
identified as a muon. Otherwise, if the electron-hadron
likelihood ratio is above 0.85, the track is identified as an
electron. If neither of these applies, the track is identified as
a kaon by a kaon-pion likelihood ratio above 0.6 and a
kaon-proton likelihood ratio above 0.2. Pions are identified
with the kaon-pion likelihood ratio below 0.6 and a pion-
proton ratio above 0.2. Finally, protons are identified with
the inverse proton ratios above with kaon-proton and pion-
proton ratios below 0.2. While neither muons nor electrons
are considered explicitly for the di-hadron analysis, they are
retained as necessary contributors for the PID correction,
wherein a certain fraction enter the pion, kaon and proton
samples under study. These criteria are also summarized in
Table I.
The overall pion identification efficiencies are above

90% at low laboratory momenta but drop to around 85% at

intermediate momenta where the majority are misidentified
as kaons. Kaons have identification efficiencies above 90%
at low lab momenta and drop continuously to below 80% at
high lab momenta, with the majority of the misidentified
kaons being reconstructed as pions or protons. Protons have
similar reconstruction efficiencies, but drop to about 50%
above 3 GeV where they are almost as likely to be falsely
identified as kaons. All particle identification efficiencies
are flat as a function of the lab polar angle.

III. DI-HADRON ANALYSIS AND CORRECTIONS

In the following subsections, the di-hadron yields are
extracted and, successively, the various corrections and
the corresponding systematic uncertainties are applied
to arrive at the di-hadron differential cross sections
d2σðeþe− → h1h2XÞ=dzdmh1h2 .

A. Binning and cross section extraction

For the di-hadron cross sections, a (z, mh1h2) binning is
used as it is most relevant in the same-hemisphere topology
as an unpolarized baseline to the previously extracted
azimuthal asymmetries in di-hadron production, related
to the spin-dependent interference fragmentation func-
tions [21].
The z range from 0.2 to 1.0 is separated into 16

equidistant bins, while the invariant mass is split into
100 uniform bins between 0.3 GeVand 2.3 GeV in order to
be able to see the mass structure of the cross section. As z is
related to the total energy of the hadron pair, not all masses
are necessarily available in a given z bin. All hadron and
charge combinations are treated independently in order to
test their consistency where applicable (i.e., for charge
conjugate states, such as πþπþ and π−π−). After confirm-
ing their consistency, the final cross sections presented here
do combine those sets of equal information, leaving six
combinations in total.

B. PID correction

As in Ref. [46], the particle misidentification is corrected
using inverted 5 × 5 particle-misidentification matrices for
the five particle hypotheses (pions, kaons, protons, muons,
and electrons) for each identified particle, laboratory
momentum, and polar angle bin. These matrices are
obtained using decays of D�þ, Λ, and J=ψ from data
where the true particle type is determined by the charge
reconstruction and the invariant mass distribution.
Occasionally, when too few events are available in the
data, the extracted efficiencies are interpolated and/or
extrapolated based on the behavior in the generic MC;
this occurs particularly at the boundaries of the acceptance.
The matrices are calculated for each of the two-dimensional
bins in laboratory momentum and polar angle, with
the boundaries of the 17 bins in momentum at
(0.5,0.65,0.8,1.0,1.2,….,3.0,3.5,4.0,5.0,8.0) GeV and the

TABLE I. All selection criteria for this analysis are summarized
in this table. Most of the track selection criteria are also applied
for all the particles (including trackless clusters) considered for
the thrust calculation.

Experiment selection

On-resonance 655.28 fb−1

Continuum comparison 89.56 fb−1

Event selection
Visible energy Evis > 7 GeV
Thrust value T > 0.8
Central thrust jn̂zj < 0.75

Track selection
SVD hits NSVD ≥ 3
Barrel acceptance −0.511 < cos θlab < 0.842
Lab momentum 0.5 GeV < Plab < 8.0 GeV
Lab transverse momentum/energy Plab;T > 0.1 GeV
Vertex z jdzj < 4 cm
Vertex radius dr < 2 cm
raw z cut z > 0.1

PID selection
Electron likelihood ratio e > 0.85 and μ < 0.9
μ likelihood ratio μ > 0.9
Pion Kπ < 0.6 and πp > 0.2
Kaon Kπ > 0.6 and Kp > 0.2
Proton πp < 0.2 and Kp < 0.2
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boundaries of the 9 bins in cos θlab at (−0.511;−0.3;−0.152,
0.017, 0.209, 0.355, 0.435, 0.541, 0.692,0.842).
In this analysis, the inverted misidentification matrix is

applied for each of the identified hadrons by multiplying
the respective weights for each hadron being a pion or kaon
to obtain the total weight for the di-hadron in any of the
four pion-kaon combinations. To confirm the consistency
of this treatment, the D0 branching ratios for the pion-pion
and kaon-kaon decay channels to the pion-kaon decay
channel are compared to the PDG [47] values and found to
be consistent. We also confirm that the total yield of particle
pairs is unaffected by this treatment. In particular, for the
particle combinations of interest here, there are 2.3 × 108

pion pair candidates before PID correction and 2.6 × 108

after correction. Similarly, 1.2 × 108 pion-kaon pair can-
didates become 1.1 × 108, and 2.3 × 107 kaon pair candi-
dates become 2.2 × 107 while the sum of all pairs before
and after is unchanged at 4.4 × 108. With the exception of
pion-proton combinations, all other particle combinations
are at least one order of magnitude lower.
The corrected yields are distributed among the (z;mh1h2)

bins according to the corresponding hadron masses: one
identified hadron pair appears in several bins with the
above-determined weights, depending on the particular

hadron combination. The ratios relative to the uncorrected
hadron assignment are displayed in Fig. 2, where one can
see that the overall corrections are of the order of 20% with
notable excursions. The dip at masses around 1.6 to
1.8 GeV is caused by D0 decays into pion-kaon pairs
where the kaon was mis-identified as pion. For the
uncertainties on the PID correction, the individual inverted
matrix elements were varied by their uncertainties and the
resulting variation was taken into account. In addition, for
the matrix elements that required extrapolation, two differ-
ent types of extrapolation based on theMCwere considered
with the variation around the central value assigned as an
additional systematic uncertainty. The total uncertainties
due to the PID correction are at the 10% level at small
values of z and moderate masses, increasing towards the
highest available masses and decreasing for intermediate
z bins.

C. Momentum smearing correction

The momentum smearing is corrected using the singular
value decomposition unfolding [48] as implemented in
Root [49]. Since not all z ×mh1h2 bin combinations are
kinematically available, a reduced smearing matrix of only
the bin combinations with nonzero entries is extracted
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FIG. 2. Ratio of yields after to before applying the PID correction for πþπ− pairs as a function of the invariant mass mππ in bins of z.
Empty bins are visible where the yields become zero, especially for high-mass bins; kinematic limits are visible in the low-z bins.
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based on the generic MC (using the true PID) while other
MC settings were used as a consistency check. In the
remaining bin combinations, the smearing is relatively
moderate and the optimal regularization parameter, as
prescribed in Ref. [48], is generally very close to the full
rank of the reduced matrices. This indicates that the
statistics of matrix and data vectors is sufficiently large
so that fluctuations in the MC statistics do not play a
significant role. Generally, the unfolded yields are very
similar to the raw ones with only some corrections around
very narrow resonances. The final before/after ratio plots
are displayed in Fig. 3 as a function of (z, mh1h2) for pion
pairs, where one can see that the ratios are predominantly
around unity.
All uncertainties prior to the smearing-unfolding (PID

and statistical uncertainties) are unfolded as well,
resulting in the respective covariance matrices. The covari-
ance matrix due to the MC statistics itself and the
differences with an analytic unfolding (i.e., application
of the inverted response matrix) are assigned as systematic
uncertainties related to the unfolding. These systematic
contributions are comparable to the statistical uncertainties
and stay below the percent level except for the high-
mass tails.

D. Non-qq̄ background correction

Several processes that are not part of the fragmentation-
function definition need to be removed from the initial yields.
These include the two-photon processes eþe− → eþe−uū,
eþe− → eþe−dd̄, eþe− → eþe−ss̄ and eþe− → eþe−cc̄, as
well as τ pair production and the ϒð4SÞ decays via either
charged or neutralBmeson pairs. Asmost of these processes
areverywell described in simulations, these contributions are
directly subtracted from the luminosity-normalized data
yields. As can be seen in Fig. 4 for πþπ− pairs, the relative
contributions are generally small and do not contribute more
than a few percent. For pion-kaon and kaon-kaon combina-
tions (not shown here), theϒ decay contributions increase to
the 10% level while τ pair contributions, which dominate the
pion-pair background, are essentially negligible.
For the systematic uncertainties due to the non-qq̄

process removal, the statistical uncertainties of the MC
samples are taken into account. Also, the contributions are
varied by a factor of 1.4% for the τ process and a factor of
five for the two-photon processes in order to reflect the
level of confidence in these simulations [50]. Due to the
small relative contributions, these systematic uncertainties
are generally well below the percent level for pion pairs and
at most a few percent for other hadron combinations.
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E. Preselection and acceptance correction

Another correction treats the reconstruction efficiencies
due to particle selection and tracking efficiencies as well as
acceptance effects.

1. Reconstruction efficiency within the barrel acceptance

The first of these corrections takes into account the event
preselection as well as particle reconstruction efficiencies
due to the various selection criteria. It is calculated by
building the ratios of yields between reconstructed and
generated hadron pairs using the correct momenta and PID.
However, the thrust direction cut, as well as the minimum
momentum of the individual hadrons and z requirements,
are still applied. The correction factors for πþπ− pairs,
which are summarized in Fig. 5, show that the corrections
are relatively flat and smooth as a function of both the
invariant mass as well as the fractional energy. The only
striking deviation can be found at the K0

S mass and
originates in the SVD hit number requirement. As a K0

S
meson does not decay immediately, especially at higher z,
the decay pions are formed after the first SVD layers and

thus the SVD hit requirement cannot be fulfilled. With this
exception, the reconstruction efficiencies, which inversely
affect the correction factor, range between 20% at very high
z and low masses to about 80% at higher masses and
intermediate z. The behavior for pion-kaon and kaon pairs
is similar (not shown here) but, lacking substantial con-
tributions from long-lived resonances, no substructure in
the correction factors as a function of mass or z is visible.
These reconstruction efficiencies are generally smaller than
those for pion pairs.

2. Acceptance outside the barrel region

The second correction is evaluated by calculating the
ratios between generated hadron-pair yields within the
barrel acceptance and those taking the full acceptance into
account. The thrust-axis direction is now allowed to be
anywhere and the minimum lab momentum requirement
necessary for the PID correction is removed. Also, the
minimal transverse momentum requirement is here
adjusted while the minimal fractional energy requirement
for each individual hadron is not. The acceptance functions
decrease with increasing mass due to the larger opening
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angles, while slightly increasing in z due to the larger
boosts. The efficiencies, which inversely affect the correc-
tion factor, range up to 60% at the lowest masses and
intermediate to high z bins, and drop below 20% at the
highest masses studied. The pion-kaon and kaon-pair
efficiencies in addition display a stronger mass dependence,
at very small z, where the efficiencies drop below 10% due
to the limited accepted phase space, while otherwise having
similar magnitudes.
The two sequentially applied acceptance corrections are

shown in Fig. 5 for πþπ− pairs. For both corrections, the
statistical uncertainties in the MC on which these correc-
tions are based are taken as systematic uncertainties. They
are comparable to the statistical uncertainties in the data
themselves. In addition, the variation of acceptance effi-
ciencies for different fragmentation tunes in the MC is also
assigned as a systematic uncertainty. While the responses
of the tunes are very similar, the relatively low efficiencies
amplify the variations to be generally larger than the
statistical uncertainties. Corrections for the same-sign
hadron pairs are similar, though generally slightly larger.
Changes to the partial-wave composition of the di-hadron

cross sections due to the acceptance and reconstruction
restrictions are not taken into account in this analysis. In
general, theMC, when including all corresponding selection

criteria as for real data, describes the data well in the
measured region, lending support to its use for potential
corrections. See Appendix A for a more detailed discussion
about the selection effects on the partial-wave composition.

F. Weak decays

The definition of fragmentation functions, and in par-
ticular the application of QCD-only DGLAP equations
[32], in principle requires only products of strong processes
and decays to be taken into account. This is experimentally
not possible and either relies on partial removal of
experimentally accessible decays or full removal based
on MC simulations. As many published results do not
remove weak decays at all, we will provide both results
before and after subtraction of all weak decays based on the
MC. For the latter, ancestries of each hadron were traced
back to either a weak decay or the initial gluonic strings.
The relative contributions of weak and strong decays can be
seen in Fig. 6 for πþπ− pairs. As expected, most charm
events include weak decays in order to arrive at pions or
kaons while uds events are generally dominated by strong
decays. The overall fraction of strong decay di-pions stays
above 50% and increases to about 90% at higher z, while it
dips to below 30% at the K0

S andD
0 masses. For pion-kaon

and kaon pairs, the strong-decay fractions are generally
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lower due to the larger charm contributions in these
samples and the preferred decay of the various charm
contributions into kaons.

G. ISR correction

The last correction is for the initial-state radiation (ISR)
effects. Unlike the previous publications [28,46], a more
rigorous correction is applied. The effect of initial-state
radiation is studied by comparing the generated MC cross
sections with “no ISR” and “including ISR” by application
of the PYTHIA switch MSTP(11). The ratios between these
options can be seen in Fig. 7 for πþπ− pairs. At small
masses, the z behavior is as expected. At low z, ISR yields
are slightly larger than the non-ISR yields due to ISR events
being able to feed-down to low-z. The CMS energies are no
longer sufficient with ISR to populate the higher-z regions
and thus the non-ISR cross sections are larger in these
regions. At larger masses, this behavior changes drastically
and the cross sections including ISR become more than
30% larger than those for non-ISR events. In this case, it is
found that when a substantial amount of energy is taken
away via ISR photons, the nominal boost, and conse-
quently the hemisphere definitions, become incorrect and

ISR events from opposite “true” hemispheres enter the
yields. This has been verified by explicitly calculating the
true hemispheres of hadron pairs in the additionally
boosted quark-antiquark system in the presence of ISR
photons. These non-ISR to ISR ratios are then used to
correct the data using the PYTHIA default settings. The
variations between different MC tunes were taken into
account as systematic uncertainties. While the behavior is
nearly identical in most settings, the corrections are
substantially different for the generic Belle simulations
and thus the total systematic uncertainties are dominated by
this contribution. For all hadron combinations, the uncer-
tainties range between several percent at low z and masses
to close to 100% at high masses.

H. Consistency checks and total
systematic uncertainties

After all the corrections are applied, we perform several
consistency tests. With the removal of the ϒð4SÞ decays,
the data at the ϒð4SÞ resonance as well as the data from
60 MeV below are found to be consistent, as they should
contain the same information. Also, the opposite charge-
sign combinations are found to be consistent and can be
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merged where applicable. At the end of these and similar
checks, the final di-hadron cross sections and their stat-
istical and total systematic uncertainties can be evaluated
for the six unique di-hadron combinations. The total
systematic uncertainties for the cross sections were con-
servatively taken as the linear sum of the contributing
hadron-pair uncertainties as calculated in the respective
independent analyses for different charge combinations.
Figure 8 shows the statistical and total systematic

uncertainties for opposite-sign pion pairs. The individual
systematic uncertainties from the various correction stages
are added in quadrature. The resulting uncertainties are all
dominated by the systematics, which are in turn dominated
by the ISR systematics at higher z and the PID systematics
at lower z, especially for kaon combinations, as well as
uncertainties due to the acceptance correction. At lower z
and lower masses, the total pion-pair systematic uncertain-
ties are below 10%, while at higher masses, both
uncertainties can reach more than 100%. The behavior
for pion-kaon and kaon pairs as well as the same-sign
combinations is generally similar and also dominated by
systematic uncertainties.
Some spikes in the systematic uncertainties occur as a

result of some large uncertainties in the PID correction
matrices from rare, off-diagonal entries. Additionally, there
are global scale uncertainties due to the luminosity

measurement (1.4%) and the track reconstruction
(2 × 0.35%) that are not shown, leading to an overall
1.6% scale uncertainty.

IV. RESULTS

The final di-hadron cross sections for a minimum thrust
of 0.8 and minimum individual fractional energies z1;2 of
0.1 are displayed in Fig. 9 for pion pairs as a function of
mππ in bins of z. The very prominent resonances seen are
the K0

S, ρ
0 and the Cabibbo-suppressed D0 decays. Based

on MC simulations, the enhancements at around 1.35 GeV
and 1.6 GeV can be identified as multi-body or indirect
decay products of D mesons as well. At around 1 GeV, the
f0ð980Þ can be seen. Part of the cross section at low
masses, below the ρ0 resonance, originates from partially
reconstructed ω and η decays. The same-sign pion pairs
generally display a continuous distribution with a slight
enhancement at around 1.35 GeV, which again is caused by
decay products of D mesons.
The origins of the di-pions we observe is in many cases

only accessible via MC and it is informative to discuss them
further. In Fig. 10, the stacked absolute and relative
contributions are displayed for unlike-sign pion pairs,
separated by parentage of both pions according to their
common ancestor. One clearly sees several of the direct
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two- or three-body decays such as K0
S, ρ

0, D0, η, etc., as
well as pions from different steps inDmeson decay chains.
A substantial fraction of pion pairs have no common
ancestor: they originate directly from the fragmentation
chain. Note that the abrupt drop of the ρ0 contribution at
around 1.25 GeV is an artifact of the MC generator itself
and in reality the Breit-Wigner shape is expected to extend
to higher masses.
The pion-kaon cross sections as a function of invariant

mass and z bin can be seen in Fig. 11. The corresponding
K� resonance and the Cabibbo-favoredD0 meson decay are
very clearly visible. The enhancement at 1.6 GeV is again
predominantly caused by D meson decays. No further
resonances are easily identifiable. The same-sign pion-kaon
pairs again show a predominately smooth distribution from
direct fragmentation.
Finally, cross sections for kaon-pairs as a function of

invariant mass and z bin are displayed in Fig. 12. The ϕ
resonance and (again) the Cabibbo-suppressed D0-meson
decay are clearly visible. Some enhancements around the
D0 mass can be assigned to D meson decays, except that
here Ds mesons seem to play a bigger role consistent with
the additional strangeness in the selected hadrons. The
same-sign kaon pair cross section is again mostly a smooth

function of the invariant mass and is increasingly sup-
pressed with z. The small enhancement close to the mass
threshold can be, according to MC simulations, potentially
related toD0-meson decays into a kaon and another hadron,
such as the a1 meson, which can further decay into more
kaons.
The weak-decay-removed cross sections are displayed

and discussed in Appendix B. The remaining strong decays
do contribute substantially to the total di-hadron cross
sections in agreement with model predictions [51].
The data tables for the cross sections presented above

and the corresponding tables for the weak-decay-removed
data are provided online [52].

A. MC generator comparison

Simulations using various PYTHIA settings are displayed
in Fig. 13 and compared to the di-hadron cross sections for
the unlike-sign pion pairs. In contrast to the previously
published z1, z2 dependences, no choice describes the cross
sections particularly well, while the overall magnitude and
z dependence is again best described by the PYTHIA default
and the updated Belle simulation settings. Qualitatively, the
mass behavior is best described by the ALEPH tune
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for opposite-sign pion pairs as a function of mππ in bins of z.
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FIG. 9. Differential cross sections for πþπ− (black circles) and πþπþ þ c:c: (blue squares) as a function ofmππ for the indicated z bins.
The error boxes represent the systematic uncertainties. Top panel: linear representation of cross sections: bottom panel: logarithmic
representation. The vertical green dashed line corresponds to the kinematic limit. An overall 1.6% scale uncertainty is not shown.
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FIG. 10. MC decomposition of the unlike-sign pion pairs as a function of mππ in bins of z for various resonance, partial resonant and
non-resonant parents, displayed in linear scale (top) and as a relative fraction of the total cross section (bottom).
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although the magnitude at higher z is too large. The reason
for the better mass description is likely the different vector-
meson and exited-meson parameter values PARJ(11-17),
which particularly impact the range between 1.1 GeV and
1.6 GeV. The strength of the f0ð980Þ seems to be under-
estimated by all tunes. For pion-kaon and kaon pairs, the
behavior is generally similar except that the default settings
describe the mass dependence better. This similarity
indicates that the differences in the excited meson settings
play only a minor role in these comparisons to the data.

V. SUMMARY

We have reported same-hemisphere di-hadron cross
sections as a function of invariant mass and fractional
energy for all charged pion and kaon combinations. The
measurements will allow a more quantitative application of
the previously published polarized di-hadron asymmetries
in extracting quark transversity distributions and their
tensor charges from the corresponding polarized SIDIS
and proton-proton collision data. In addition, the cross
sections should help to better constrain the fragmentation
function parameters in MC simulations that are relevant to
studies of either nucleon structure or the size of

backgrounds in flavor physics. Apart from a few distinct
resonances, the whole mass spectrum has not been mea-
sured before.
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APPENDIX A: DISCUSSION OF
PARTIAL WAVES

As stated in Ref. [53], different partial waves can, in
principle, participate with different strengths. This could be
very relevant for the polarized fragmentation function and
alter the magnitude of the transversity distributions
obtained. For the unpolarized di-hadron cross sections,
the corresponding moments of the decay angle, θD, relative
to the two-hadron direction in its center-of-mass system are
studied. Here, the minimal momentum selection removes
phase-space for very forward and backward decay angles
and prefers decays perpendicular to the di-hadron momen-
tum direction. Comparing the PID corrected (but not
unfolded) sine moments of the data to MC at the generator
level without a minimum momentum selection, one does
see slight increases in the moments. These moments,
however, are consistent with a fully tracked and

FIG. 12. Differential cross sections for KþK− (black circles) and KþKþ þ c:c: (blue squares) as a function of mKK for the indicated z
bins. The error boxes represent the systematic uncertainties. The vertical green dashed line corresponds to the kinematic limit. An overall
1.6% scale uncertainty is not shown.
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FIG. 13. Differential cross sections for πþπ− pairs as a function of mππ in bins of z. Various PYTHIA tunes are also displayed as
described in the text. The vertical green dashed line corresponds to the kinematic limit. An overall 1.6% scale uncertainty is not shown.
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FIG. 14. Average sin θD decay moments for πþπ− pairs as a function of mππ in bins of z. MC on the generator level without minimum
momentum requirement (red), after detector simulation and reconstruction (violet) and PID corrected data (yellow) are shown.
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reconstructed MC where such a momentum selection is in
place. Again, the sin θD cos θD moments of either set of MC
and data are consistent with zero while the leading s- and p-
wave sine modulations are close to unity. An example of
the sine moments for unlike-sign pion pairs is shown in
Fig. 14. However, in contrast to the asymmetry analysis, the
next term in the partial-wave expansion, corresponding to a
sin θDð3 cos2 θD − 1Þ moment, does appear to be substan-
tial for pion pairs and even becomes nearly maximal for
small fractional energies. An example can be seen in
Fig. 15, where it also becomes clear that, at least at lower
invariant masses, the magnitude of this moment is domi-
nated by the hadron minimum momentum requirements.
For the polarized di-hadron analysis in Ref. [21], one can
thus expect a negligible contribution from the p-p inter-
ference term of the spin-dependent DiFFs, i.e., to the
numerator of Eq. (2) in Ref. [21], due to its
sin θD cos θD modulation [53], attributing the nonvanish-
ishing values of the asymmetries to the s-p interference.

APPENDIX B: WEAK DECAY REMOVED
CROSS SECTIONS

In Figs. 16–18, the di-hadron cross sections after sub-
traction of hadron pairs from weak decays are displayed. As
noted previously, this is based on MC information and can
only be as good as the MC description of the overall cross
sections. The tune used in this estimation is the PYTHIA

default tune,with thevariation due to the tune added as part of
the systematic uncertainties in addition to the uncertainties
previously discussed. The di-pion cross sections are dis-
played inFig. 16.Most notably, theK0 andD0 resonances are
not visible anymore while the strongly decaying ρ0 reso-
nance is still prominent. Similarly, in Fig. 17 for the pion-
kaon pairs, the K� is visible while the D0 is now missing
except for some residual fluctuations around its mass. Apart
from the strongly decaying resonances, the same- and
opposite-sign pion-kaon pair cross sections are nearly of
the same magnitude. Lastly, for kaon pairs, only the ϕ
resonance is visible as can be seen in Fig. 18.
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FIG. 15. Average sin θDð3 cos2 θD − 1Þ decay moments for πþπ− pairs as a function of mππ in bins of z. MC on the generator level
without minimum momentum requirement (red), after detector simulation and reconstruction (violet) and PID corrected data (yellow)
are shown.
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FIG. 16. Differential cross sections for πþπ− (black circles) and πþπþ þ c:c: (blue squares) after weak decay removal as a function of
mππ for the indicated z bins. The error boxes represent the systematic uncertainties. The vertical green dashed line corresponds to the
kinematic limit. An overall 1.6% scale uncertainty is not shown.

FIG. 17. Differential cross sections for πþK− þ c:c: (black circles) and πþKþ þ c:c: (blue squares) after weak decay removal as a
function of mπK for the indicated z bins. The error boxes represent the systematic uncertainties. The vertical green dashed line
corresponds to the kinematic limit. An overall 1.6% scale uncertainty is not shown.
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