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For an accurate calculation of the resistive-wall impedance of a resistive chamber, we must know
the conductivity of the resistive material. The conductivity of the material at a given frequency can
be evaluated by measuring the S-matrix of a propagation mode in a waveguide. However, in most
cases, only the absolute value of the S-matrix is used for evaluation under the assumption that the
conductivity is pure real, although both the S-matrix and the conductivity are complex numbers
in general. To evaluate complex conductivity from a measured complex S-matrix, we derive new
theoretical formulae for the S-matrix for the TE|; and TM,; modes of a waveguide and for the
quasi-TEMy, (quasi-transverse electromagnetic) mode of a coaxial waveguide, where complex
conductivity is assumed. In a reverse way, we can determine the conductivity of a material by
using it as a fitting parameter in a comparison of a measured S-matrix with those obtained using
theoretical formulae. The three independent methods facilitate triple-checking of the accuracy
of the measured conductivity.

Subject Index G12

1. Introduction

In recent years, non-evaporable getter (NEG) coatings on vacuum chambers have been successfully
used to achieve ultra-high vacuum in many accelerators such as CERN LHC and ESRF [1,2]. One
drawback of the NEG coating is its effect on resistive-wall impedance [3]. An NEG coating comprises
a TiZrV ternary alloy (such as 30% titanium, 30% zirconium, and 40% vanadium) and its resistivity
is typically higher than that of the chamber material by a factor of ~ 50. If a large proportion of
the beam chamber surface is coated with NEG, it may increase the resistive-wall impedance of the
machine significantly [4]. In synchrotron light sources [5,6], the bunch length varies from less than
1 mm to a few cm and we need to investigate the behavior of impedance over a wide range of
frequencies, even beyond 1 THz.

For accurately estimating the resistive-wall impedance of a resistive waveguide, we must determine
the conductivity of the resistive material and its frequency dependence. A common method to evaluate
the frequency dependence of conductivity involves measuring the scattering matrices of a waveguide
mode at various frequencies and comparing their absolute values with simulation results, assuming
that the conductivity is pure real (called the “waveguide method” hereinafter) [7,8]. However, since
conductivity is generally complex at high frequencies, we must use the complex scattering matrix.
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Another measurement method to determine the complex dielectric constant (conductivity) is mea-
suring the propagation constant of TE o mode in rectangular waveguides [9]. The measured scattering
matrix is converted to a diagonal 7-matrix by implicitly assuming that the characteristic impedance
of cables connected to the waveguide is identical to that of the waveguide.

Consequently, new theoretical formulae are necessary to fill in the blanks between the complex
conductivity and the scattering matrix by solving the Maxwell equations for both transverse electric
(TE) and transverse magnetic (TM) modes.

In Sect. 2, we present formulae for computing the scattering matrix for the TE and TM modes in
the waveguide method measurement setup. Once the scattering matrices of the TE and TM modes
are measured at various frequencies using this setup, we can evaluate the frequency dependence of
conductivity by using it as a fitting parameter so that the theoretical and measured scattering matrices
agree with each other.

The frequency dependence of conductivity can also be evaluated by measuring the scattering matrix
of a quasi-transverse electromagnetic (quasi-TEM) mode in a coaxial waveguide (called the “wire
method” hereinafter) [10]. In the wire method, a single wire is stretched out at the center of the
resistive chamber sandwiched by two perfectly conductive chambers (mostly made of aluminum)
at both ends. Recently, the authors have developed a general theory to calculate the beam coupling
impedance of a ceramic break [11], sandwiched by two perfectly conductive chambers at both ends.
In Sect. 3, we present a rigorous theoretical formula for determining the scattering matrix of the
quasi-TEM mode with the wire method by generalizing this theory. This method can serve as an
extra layer of checking on the accuracy of the conductivity obtained using the waveguide method.

The wire method is often used to estimate the resistive-wall beam coupling impedances from
scattering matrices using the standard log-formula [12]. The question is how accurately the method
can reproduce the resistive-wall impedance of a beam (called the “resistive-wall beam impedance”
hereinafter) [13]. Many theories, including ours, are available for analytical calculation of the
resistive-wall beam impedance [4,14—27]. In Sect. 4, we compare the theoretical resistive-wall beam
impedance with the value obtained using the wire method by applying the standard log-formula to
simulated scattering matrices.

In Sect. 5, we discuss some intrinsic errors of the measurement setup of the wire method, and the
effects on the measurements at high frequency. The paper is concluded in Sect. 6.

2. Formulae for determining the scattering matrix using the waveguide method

Let us consider a 2D cylindrical chamber made of a resistive material with conductivity o., whose
inner and outer radii are d and a, respectively. We adopt cylindrical coordinates (p, 8, z) for
this description. In this section, we present formulae for determining the scattering matrix of the
waveguide modes. To ensure that the derived formulae reproduce the conventional formulae at the
infinitesimal o, extreme [28], we assume that the outer surface of the resistive chamber is surrounded
by a perfectly conductive layer. This approximation is valid in the frequency region in which the
skin depth is smaller than the chamber width (a — d). In the following formulation, we assume that
all fields are proportional to ¢/’ ~IZ where ; is the imaginary unit and w is the angular frequency.
The parameter I' depends on the waveguide mode (TE or TM).

2.1.  Scattering matrix for the TE|, mode in a cylindrical waveguide

In this subsection, we present new formulae for determining the scattering matrix
((S11,512), (521, S22)) for the TE;; mode, including the conductivity of the resistive material.
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Derivations of the following formulae are given in Appendix A.1. They are expressed as follows:

1 1

27
50 TEl,l
St =8n=- - 3 ) (D
72 2 : TE
VAN ZTELI jZSOZTEl,l tan Fl,lg
and
-2
jZsoZte, | sinT{5g
So1 =812 = : 5 ) (2)
oot — TE
VAN ZTEI,] ]ZSOZTEU tan Fl,lg
where the waveguide impedance is
wZy
ZTE],l = TE bl (3)
el

c is the velocity of light, Zy = 1207 2 is the impedance of free space, g is the total length of the
waveguide chamber, and both ends of the waveguide are connected to cables with the characteristic
impedance Zs( (which is typically 50 €2). The factor FIT]I: is the first non-trivial solution of

I (ka)
(/1 (kd) — Kli(m)Kl(Kd)]J{(Ad) 11, Il(ka)
+ — | [1(kd) — ———K | (xd) | i(Ad) =0, 4)
[ _ 2 K K (ka)
c2
for a given frequency, where
w?
Kk =,T2— =z + jouooe, (%)

2
w
A:‘/C—Z—Fz, (6)

and po is the permeability of vacuum. The functions J,(z) and /,(z), K,(z) are the Bessel and
modified Bessel functions, respectively [29]. The prime of the functions denotes the differential with
respect to their arguments.

Especially when o, = 0 S/m, Eq. (4) reproduces the conventional eigenvalue condition:

Ji{(Aa) =0, (7)
which is equivalent to
a)2 jlzn
Cp1 = i (8)

which describes the eigenmode of a purely perfectly conductive waveguide chamber with the inner
radius a [28]. Here /| , is the nth zero of J{(2).

Note that formulae (1) and (2) are general and can reproduce the conventional formulae for the
scattering matrix of a perfectly conductive material, i.e., o, = 0 S/m, because I' is identical to Eq.
(8) in that case. It should be noted that Eq. (3) is identical to the conventional definition of waveguide
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Fig. 1. Dependence of Sp; on mesh number Ny, from 15.5 GHz to 16.5 GHz for a chamber with o, = 0
S/m, g = 100 mm, a = 5.5 mm, and d = 4.5 mm, which is surrounded by a perfectly conductive layer.
The upper-left, upper-right, and lower-left panels show the real part, imaginary part, and absolute value of
S,1, respectively. The red e, black A, and purple [J lines represent the results for Ny, = 25000, 27 000, and
34000, respectively.

impedance in the TE;; mode [28], when the waveguide is made solely of a perfectly conductive
material.

Next, let us compare the theoretical results of S»; with the simulated ones for cases of o, = 0
S/m and o, = 0.1 S/m. We assume that the chamber length g is 100 mm long. The simulations
are performed using the frequency domain solver (F-Solver) of Microwave-Studio in CST Studio
Suite 2018 [30], where the resistive waveguide is sandwiched between two waveguide ports at both
ends. The time domain solver (T-Solver) of Microwave-Studio cannot calculate the scattering matrix
of a waveguide made of resistive material. T-Solver is applicable only to a perfectly conductive
waveguide in the case of the waveguide method.

The mesh-number Ny,esnh dependence of simulated Sp; is shown in Fig. 1, which represents the
results for o, = 0 S/m, g = 100 mm, @ = 5.5 mm, and d = 4.5 mm. The upper-left, upper-right, and

4/52

020z Ainp G| uo Jasn Aouaby ABiau3 ojwoly ueder Aq £62992G/1L09€ZL/Z1/810ZA%BISqe-9)01e/da1d/wod dnoolwapede//:sdijy woly papeojumoq



PTEP 2018, 123G01 Y. Shobuda

0.5+ ,
0.2 l

w0 ] 0 {
(0]
[a'4
!
0.2 ﬂ I

21]
Z'I]

Im[S

-0.5 -
0.4
f
-1 I I I I I -0.6 I I I I I
16 17 18 19 20 21 16 17 18 19 20 21
f[GHz] f[GHz]
1
0.8 -
—~ 06| N |
I‘-Q‘N
2 7
< 04 ]
0.2 | U u U ]
0 I I I

6 17 18 19 20 21
f[GHz]

Fig.2. Theoretical (black e) and simulation (brown [J) results of S; for 6. = 0 S/m, g = 100 mm, a = 5.5
mm, and d = 4.5 mm (this is the case of a perfectly conductive chamber with an inner radius of 5.5 mm.).
The upper-left, upper-right, and lower-left panels show the real part, imaginary part, and absolute value of S,,,
respectively.

lower-left panels show the real part, imaginary part, and absolute value of the scattering matrices,
respectively. The red e, black A, and purple [ lines in Fig. 1 show the results for Nyesn = 25 000,
27000, and 34 000, respectively. They demonstrate that the simulation results are saturated with
these mesh numbers. In all CST calculations of this paper, we checked the convergence of the results
in this way.

First, let us compare the theoretical results (obtained using formulae (1) and (2)) with the simulated
ones for o, = 0 S/m. Their agreement should be perfect, because this is the simple perfectly
conductive waveguide case [28]. Figure 2 shows the theoretical S;; matrices (black e) and the
simulated ones (brown [J). They are indeed in good agreement.

Next, let us compare the theoretical S>; matrices with the simulated ones for a finitely conductive
waveguide with o, = 0.1 S/m. This highly resistive case provides a test to check whether simulations
can reproduce the theoretical values when physical phenomena (such as skin depth effects) inside
the waveguide can be accurately expressed using a sufficiently small mesh size. The results are

5/52

020z Ainp G| uo Jasn Aouaby ABiau3 ojwoly ueder Aq £62992G/1L09€ZL/Z1/810ZA%BISqe-9)01e/da1d/wod dnoolwapede//:sdijy woly papeojumoq



PTEP 2018, 123G01 Y. Shobuda

0.3
0.2 4
0.1
0 0 e i
Q
o
-0.1 |
-0.2 .
-0.3 !
16 17 18 19 20 21 16 17 18 19 20 21
f[GHz] f[GHz]
0.25
0.2 - N
—~ 015 |
&N
8
< 0.1} g
0.05 - |
0 I I I

16 17 18 19 20 21
f[GHz]

Fig. 3. Theoretical (black e) and simulation (brown [J) results of Sy; for o, = 0.1 S/m, g = 100 mm, a = 5.5
mm, and d = 4.5 mm. The upper-left, upper-right, and lower-left panels show the real part, imaginary part,
and absolute value of Sy, respectively.

shown in Fig. 3, where the black e and brown [ lines denote the theoretical and simulation results,
respectively. They are in good agreement again. Now the validity of the generalized theoretical
formulae (1) and (2) for the TE|; mode based on the waveguide method has been proved for two
different conductivities.

2.2, Scattering matrix for the TMy, mode by the waveguide method

In this subsection, we present new formulae for determining the scattering matrix
((S11,812), (821, S22)) for the TMy; mode, including the conductivity o, of the resistive material. The
derivation of the following formulae is described in Appendix A.2. They are expressed as follows:

1 c?
o~
ZSO CV

2
1 Cy 2Cr
-+ 5+
z3 ' CZ ' CyZsgjtan F{{‘fg

Sii=382=

, )
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and

2Cr
CVZ5Qj sin l_‘in(\)/lg
So1 =81 = ; (10)
+ 2Cr
Z2 CyZsgj tan l"1 08

where FIT](\)/' is the lowest root of

weollo(kd) — LD K (ed)]Jy (Ad)

Ko(ka)
JA
(¢ +jwe)Jo(ADL (kd) + L2E5K) (kd)]
+— Sl =0, (11)

\/1"2 - ’2’—22 + jwooe
with Egs. (5) and (6):

/

O 20CZ | SIAdh(M iy (Avd)] | @ S[AGydo(Ayd) i (Atwd)]
© ol it o) cZoS[ Ayl AZo| Atm P [ ATy

B (60 +j00*) Wo(Atmd)|?
I
@ ) |lo(er,0d) — Rt Kolier 0d)

{ Sleer0alo(kf ga)i (k1,0a) — k1,0dlo (k7 od) 11 (1,0d)]
X

Sk 12,0]

5 Io(k1,0a) a(ky ol1(k§ @Ko (k1,0a) + k1,000 (k] @) K1 (k1,0a))
Ko (k1,0a) (Kt — K75)

d(Kl ol1 (Kl ()d)KO(Kl od) + K1 OIO(Kl ()d)Kl (k1,0d))
(Kl 0 K )

o (k1,00) 31,0 (@Ko (e} @)K (i1,0a) — dKo (i} oK1 (ic1,0d)]
[Ko (k1 ()a)|2J[K1 ()]
o* |1 (Atmd) ?

2ol AP (1,0) + Fot s K (1,0

{ Slicroali (kg2 (1 ,0a) — k1,0l (e gd) 2 (k1,0d)]
X

2
Skt o]

- Io(krpa) [ alktoha(k] oK (k1 0a) + k1001 (k] ga)Ka (k1,0a))
Ko(k1,0a) (KIZO - KT%)

a’(x1 o2 (it oK1 (1, 0d) + 11,011 (e gd) K (i, od»ﬂ

(KIO KIO)

2

T (re1,0a) 12 [kt (@Ko (kT @) Ki (k1,0a) — dKo (k7 od)Ki (k1,0d)])
_.I_ 5
|Ko(k1,00) |2%[K1,0]

(12)
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ol TV Z*aJ 2 (jo,1) S[AZy]
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(€0 = S (e1,0) + L2 Ky (ic1,0d) 2

(S[KI,OQIO(KT,QG)II (k1,00) — k1,0dlo (k7 )1 (k1,0d)]
X

Sl

Io(k*a)
K—O(Klfl%a) (k1,0al (k1,00)Ko (k1 ga) + &7 galo(k1,0a) K1 (k ga))
— 20 :

2
(ki — ki o)

Iy(x ;"’Oa)

W(Kl,odll (k1,0d) Ko (k1 od) + k7 odlo(k1,0d) K1 (k7 o))

(Klo_K )
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?Zo|J1 (Atmd) |2

cIATMIP 1 (1,0d) + 2K (10
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X
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Io(xy Oa)
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>
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I
d R (1t o T2 (i o K (ie1,0d) + k1,011 (o) Ko (ic1,0d)

2 2
(KI,O - Kf,o)

o (ic1,00) 3t o (@Ko (i} y@) K1 (re1,0a) — dKo(k T o) K1 (1e1,0d)])
+ Yo , (14)
|Ko(k1,00)|*S[x7 o]
w2
K10 =/ (C1gH? = — +jopooe, (15)
’ C
2 3
w
A = (C—2 — (F{W) , (16)

where ¢ is the dielectric constant of vacuum, jo 1 is the first zero of the Bessel function Jy(z), Bis
an arbitrary coefficient, and “*” denotes a complex conjugate.

Here, let us focus on the conventional case of the perfectly conductive waveguide, where the
perfectly conductive wall exists only at p = a in vacuum, i.e., o, = 0 S/m. In this case, Egs. (12),
(13), and (14) are simplified as

cZol'}
Zc/ _ wall,a , (17)
w
cZy (F\!\/all a)zg
C; = — g (18)
wall,a“c
_cZyITL |2
Cy = B—— e (19)
wrwall,a

where

[2 2
1 w Jo,1
FWaH,a = C_z - a2 (20)

We can confirm that Egs. (9) and (10) reproduce the conventional formulae for the scattering matrix
because Cy /C; becomes
Cr  Zolyy,
— = 21)
Cr w
which is identical to the waveguide impedance of the TMg; mode for this case [28].

Now let us compare the theoretical S,; with the simulated ones for 6. = 0 S/m and o, = 0.1 S/m,
as done for the case of the TE;; mode. The longitudinal length of the waveguide, g, is 100 mm.
The simulations were performed using the F-Solver module in Microwave-Studio. The simulated
scattering matrix S>1 is compared to the theoretical result.

In Fig. 4, the theoretical (black e) and simulation (brown [J) results are compared for o, = 0
S/m, which corresponds to the conventional perfectly conductive chamber case [28]. The overall
behaviors in the theoretical and simulation results are in good agreement.

Now let us move to the resistive waveguide case to investigate the accuracy of the theoretical
formulae (Egs. (9) and (10)) for the scattering matrix. Figure 5 compares the theoretical results
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Fig. 4. Theoretical (black e) and simulation (brown [J) results of S,; for 6. = 0 S/m, g = 100 mm, a = 5.5
mm, and d = 4.5 mm. The upper-left, upper-right, and lower-left panels show the real part, imaginary part,
and absolute value of Sy, respectively.

(black e) with the simulation results (brown [J) for o, = 0.1 S/m. As in the TE;; mode case, we
obtained good agreement between the theoretical results and the simulation results. This demonstrates
the numerical validity of the theoretical formulae for determining the scattering matrix for the TMg
mode based on the waveguide method.

2.3. TE, and TMy, modes in a cylindrical waveguide made of a material with complex
conductivity

In this subsection, we examine a few examples of a cylindrical waveguide made of a resistive material
with complex conductivity. In terms of the frequency dependence of conductivity, we consider the
Drude model [31,32] as a somewhat realistic model:

2 2

00 w; . ww),
S - : 2
(@) 1 +jwt EOt(a)2 +1/12) JO2 1/72 @2)

where og = a)I%‘CE() is DC conductivity, w, is plasma frequency, and 7 is relaxation time.
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Fig. 5. Theoretical (black e) and simulation (brown [J) results of Sy, for o, = 0.1 S/m, g = 100 mm, a = 5.5
mm, and d = 4.5 mm. The upper-left, upper-right, and lower-left panels show the real part, imaginary part,
and absolute value of S,;, respectively.

In CST Studio Suite 2018, the Drude model is implemented to cope with a resistive material of
complex conductivity. We assume that the parameters are T = 21.35 ps, w, = 72.8 THz, d = 44
um, a = 45 um, and g = 300 um. They constitute the THz region of the scattering matrix in a
resistive waveguide. It is noticeable that the inner diameter of the waveguide (2d = 88 pm) is around
the same order of magnitude or less as the height (191 um) of the rectangular waveguide utilized in
the measurement of the conductivity of NEG at 500-750 GHz in Ref. [8].

Given that the skin depth decreases at high frequency, it is generally difficult to adopt a sufficiently
small mesh size comparable to the skin depth in the THz region in simulations. However, if we set
the waveguide radius d such that the cutoff frequency f,

-/ .
_911 __ gol

Je 2nd  2wd’

(23)

becomes around 2 THz, the waveguide radius is around 50 um. Because of the small dimension of
the waveguide, the mesh size does not hinder the simulation study.
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Fig. 6. Theoretical (black) and simulation (brown) results in TE, ; mode for op (see Eq. (22)) with T = 21.35
ps, w, = 72.8 THz, d = 44 um, and a = 45 pum. The upper-left, upper-right, and lower-left panels represent
the real part, imaginary part, and absolute value of S,;, respectively.

Let us simulate the scattering matrix for this small waveguide with complex conductivity. Figures
6 and 7 show the scattering matrices in the THz region for the TE;; and TMy; modes, respectively.
The theoretical and simulation results with adequately large mesh numbers for convergence are
shown by the black and brown lines, respectively. Figures 6 and 7 show a good agreement between
the theoretical and simulation results for the TE;; and TM(; modes, respectively, in the case of the
resistive waveguide with complex conductivity. This indicates that the theoretical formulae (Egs.
(1) and (2) for the TE{; mode, and Egs. (9) and (10) for the TMg; mode) describe the frequency
dependence of the conductivity of the scattering matrix sufficiently well. Although we are yet to
find a cause for the slight difference between the theoretical and simulation results, the discrepancy
will impose no significant accuracy problem in determining the frequency dependence of complex
conductivity in measurements.

In the final part of this section, we briefly discuss how we can determine the frequency dependence
of the material’s conductivity o, from the measurement results. We obtained the analytical formulae
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Fig.7. Theoretical (black) and simulation (brown) results in TM,; mode for o, (see Eq. (22)) with = 21.35
ps, w, = 72.8 THz, d = 44 um, and a = 45 um. The upper-left, upper-right, and lower-left panels represent
the real part, imaginary part, and absolute value of S,;, respectively.

for the scattering matrices, Eqs. (1) and (2), in combination with Egs. (3) and (4) for the TE;
mode, and Egs. (9) and (10), in combination with Egs. (11), (12), (13), and (14) for the TM(; mode.
Given that both formulae reproduce the simulation results well, the conductivity dependence of the
scattering matrix expressed in these formulae is proven.

The procedure is as follows.

(1) Measure S-matrices by using the waveguide method for either (both) the TE|; or (and) the TMg;
mode(s) at various frequencies.

(2) Use the complex conductivity (real and imaginary parts) as a fitting parameter so that the
theoretical complex S-matrix agrees with the measured one at each measured frequency point.

The complex dielectric constant (conductivity) has to respect the Kramers—Kronig relations, which

associate their real part with the imaginary one. Then, unless we assume any analytical formula
satisfying the relation in the fitting process of the conductivity, the application of the relation to
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the measured data in a wide range of frequencies enables us to check the self-consistency of the
observations.

It is noticeable that the roughness of the surfaces of the chambers can contribute to the scattering
matrix as well, beyond frequencies of tens of GHz [8]. In this sense, the conductivity obtained by
the fitting process is the zeroth-order approximation at the frequency. However, when the structure
of the surface roughness is given, a simulation technique can eliminate the effect by calculating
the response matrix for the variation of components of the scattering matrix to that of the complex
conductivity. Concretely, by inversely utilizing the response matrix to obtain the variation of complex
conductivity, we can minimize the difference between the simulation results including the effect of
surface roughness and the measured ones. Hence, we can effectively determine the conductivity
by making maximum use of both the analytical and simulation approaches, even when the surface
roughness contributes to the scattering matrix.

3. Formulae for the scattering matrix (transmission coefficient S})) using the wire
method

The frequency dependence of the conductivity of a resistive chamber can be evaluated using the
scattering matrix (transmission coefficient S} ) of a coaxial waveguide as well. In this, the so-called
wire method, a single wire is stretched at the center of the resistive chamber sandwiched by perfectly
conductive chambers (aluminum chambers mostly) from both sides. In this section, we present
new formulae (see Egs. (24) and (25)) for the transmission coefficient S} of a quasi-transverse
electromagnetic (quasi-TEMgg) mode in the wire method. Derivations of these formulae are given
in Appendix B. The simulation results obtained using the wire method will be compared with the
analytical results of SY.

3.1. Formulae for the transmission coefficient S}, using the wire method

Figure 8 shows a schematic of the wire method setup. A perfectly conductive single wire of radius p,,
is stretched out at the center of the chamber with inner radius ¢, and the current /j is driven through
the wire. The device under test (the resistive chamber with o, or the reference perfectly conductive
chamber) with length 2w (= g) is sandwiched between perfectively conductive chambers on both
sides [11,33]. The thickness of the chambers is a — d. We assume that the perfectly conductive wall
covers the outer surface (o = a) of the chambers, as in the waveguide method.

w(ref)

The formulae for the ratio of the transmission coefficients S}, /S,,;" " are given as follows:

. (m) m jkw —jkw
V7 sin kw oo V(=) —e Mk
! - Zm:l : ) + loZc

sz m-m
SEVI _ 2w(k2—m) (24)
Syrer Zelo ’
for (k # nw/2w) N (k < i1/d), and
Visinky P (1o P E e T )
W S =T Xt 5 (;,2,,27,,12:2) + = — + 1yZ,
21 — W 42 42 (25)
SyreD Zelo ’
for (k = nr/2w) N (k < i1/d), where
1)
k=2, (26)
c
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Fig. 8. A schematic picture of the setup of the wire method.

Ze = ) log i, (27)
277 pw
i; is the /th zero of the function Yo(x) — Yo(xpw/d)/Jo(xpw/d)Jo(x), 1 is a positive integer, and
S7} and S;Vl(ref) are the transmission coefficients determined using the wire method of the resistive
chamber and the reference (perfectly conductive) chamber, respectively.
The expansion coefficients V| and Vl(m) in the formula are determined as follows:

0 5~ o0 ©0) [ r(m)

Ay JkCy (U () kCy” (V@) ©)
0 40 2y, -0 v =y __c , 28
|:2w T +n 7 0 (@) 28)

=1

jkCém; ;go(z)»m - [ o + kCém;iiJvi”Z) 0(2))),”} O ) (@@, 29)
n=1
where

(@) = SR (30)

ey =~ HCEDT ) (1)

J(k? = 75
k2= 2w)
@) = _fv_]:i :) = o - wzd 3 as(e dzig — 1), (32)

00 m —j,/kz—ﬁZW
<J(m)(z)>22ﬂas(1+(—1) )(1 —f 2"2 ), (33)

i2 i2 72
=0 wd\[k? — 5 (k* — =5 — "0)

00 il _1ym —jZ@W_I
<<J(z)>>m:Z“’U< +(=D")(e )

i2 2.2 i2
=0 wd(k* — 25 — Ik —

, (34)
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1
Q="
210g[p—w]
ir=0,
m2m?
_ 2z
o =\ G ~ 1,
~ o2y
— 1,
€ I +

A" = a0 (md)Ko(1tma) — To(m@ Ky (imd)),
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VA

K" = pma (L (1m@ Ko (pma) — lo(um@) Ky (1ma)).

Especially when m = 0, the transfer coefficients A(()m), C(()m), Iém), and Kém) are rewritten as

and

where

A(O) _ T Kkeerd (Y1 (Keerd)Jo(Keera) — J1(kcerd) Yo (Keera))
(. 2 ’
C.(O) _ .anzeraZO (= Yo (keerd)Jo(Keera) + Jo(keerd) Yo (Keera))
0 =J 2k ’
1(0) _ _jgkna(yl (keerd)J1 (Kcera) — J1(Keerd) Y1 (Keera))
0 = 27 ’
K(O) _ Tt Keerd (— Yo (Kcerd)J1 (Keer@) + Jo(kcerd) Y1 (Kcer@))
0 =-—

2 b

0.7
Kear = k [ (=52 +1).
jk
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All expansion coefficients V| and Vl(m) are obtained by solving Egs. (28)—(29) for any m.

3.2.  Comparison between theoretical and simulation results of transmission coefficient

In this subsection, we compare the theoretical results of 3 /S;Vl(ref)

with the simulation results
obtained using the wire method. The parameters were selected as follows (unless specified otherwise):
the inner radius and the outer radius of the chamber were set to d = 5 mm and ¢ = 11 mm, respec-
tively. The radius of the wire was set to p,, = 10 um. The total length of the resistive chamber was set
to g = 100 mm. Given that the first zero point i; of the function Yo (x) — Yo (x 0y /d) /Jo (x ow/d)Jo(x)
is about 2.68, the upper limit of frequency is below about 26 GHz under the present setup.

The T-Solver module of Microwave Studio in CST Studio Suite 2018 [30] was used to calculate the
S-parameters of a coaxial structure composed of wires and metal chambers. The Solver is different
from that adopted to the waveguide method in Sect. 2.1. In general, in the case of resistive materials,
the mesh size must be sufficiently smaller than the skin depth. In Microwave Studio, the S-parameters
were calculated using the technique of surface impedance [34] by adopting “lossy metal” as the
ingredient of the resistive chamber with high conductivity.

Figure 9 shows a comparison between the theoretical results of S} /S;Vl(ref) (red e) (based on
Egs. (24) and (25)) and the simulation results of S}, /ngl(ref) (blue [J) (obtained using T-Solver) for
0. = 5.9 x 107 S/m. They are in good agreement. Therefore, the validity of the theoretical formulae
(Egs. (24) and (25)) is proven for the high-conductivity case.

To further investigate whether the theoretical results reproduce the simulation ones, let us inten-
tionally reduce the conductivity to ensure a sufficiently small mesh size compared to the skin depth.
In the case, “normal metal” is selected as the ingredient of the resistive chamber in the simulations.

We considered three separate chambers with three different conductivities. The first two cases
were the constant and pure real conductivities, o, = 1 S/m and o, = 3 S/m, and the third case
was the frequency-dependent complex conductivity, op (see Eq. (22)) with w, = 0.146 THz and
7 = 10.6 ps. To prepare for the discussion about the resistive-wall impedance in Sect. 4, we discuss
how the simulation results converge as a function of the total mesh number Ny,q. Figure 10 shows
the results of o, = 1 S/m (top left), o = 3 S/m (top right), and o, = op with w, = 0.146 THz
and T = 10.6 ps (bottom left) for different numbers of meshes. The red e and blue [J lines show
the results for Nyesh = 33 000 000 and Nyesh = 100 000 000, respectively. The solid, dashed, and
dotted lines show the real parts, imaginary parts, and absolute values of the transmission coefficients
SH/ S;Vl(ref), respectively. The convergence of the simulation results was checked in this way.

Now let us compare the theoretical results with the simulation results in the case of 53, /S5,
Figure 11 illustrates the theoretical (red o) and simulation (blue () results of S} /Sy ™" for three
different resistive chambers. The upper-left, upper-right, and lower-left panels show the results for
o = 18S/m, 0. =3 S/m, and o, = op (see Eq. (22)) with w, = 0.146 THz and T = 10.6 ps,
respectively. The solid, dashed, and dotted lines show the real parts, imaginary parts, and absolute

values of the transmission coefficients S}, /S;Vl(ref)

, respectively. In all three cases, the simulation
results were well reproduced by the theoretical results. Once again, the validity of the theoretical
formulae (Eqgs. (24) and (25)) is proven, this time for the low-conductivity cases.

Finally, let us move to the transmission coefficients S}, /S;Vl(ref) at the THz region. To this end,
the parameters were specifically set to p,, = 0.5 um, g = 300 um, d = 40 um, and a = 60 um.
The upper limit of frequency was increased to about 3.3 THz in this setup. Hence, the dimension of

the chamber radius becomes the same order of magnitude as that of the waveguide utilized by the
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Fig.9. Transmission coefficient Sy, /S;i(ref) foro, = 5.9 x 107 S/m, g = 100 mm, p,, = 10 um, d = 5mm,
and ¢ = 11 mm. The red e and blue [J lines denote the theoretical and simulation results, respectively. The
upper-left, upper-right, and lower-left panels represent the real parts, imaginary parts, and absolute values of
the transmission coefficients S, /Sy™", respectively.

waveguide method in Sect. 2.3. The conductivity o, was 187.566 S/m so we could use the “normal
metal” option as an ingredient of the resistive chamber. The conductivity of real metal could be
considerably lower in the THz region.

Figure 12 shows the theoretical (red o) and simulation (blue [J) results of 53, / ngl(ref)

tion results are reproduced by the theoretical ones, even in the THz region. Now we have confirmed

. The simula-

that the present theory of the transmission coefficient based on the wire method can reproduce the
simulation results for any conductivity and frequency region.

4. Longitudinal resistive-wall beam impedance

The resistive-wall beam coupling impedances of a resistive chamber have been evaluated based on
S-matrices measured with the wire method by using the standard log-formula [12]:

Z = =271 521 50
L = c 108 w(ref) ( )
S21
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Fig.10. Dependence of S}; /Szwi(ref) on mesh number Ny, for chambers of . = 1 S/m (top left), 0. = 3 S/m
(top right), and 0. = op, (see Eq. (22)) with @, = 0.146 THz and = 10.6 ps (bottom left). The red e and blue
O lines represent the results for Ny, = 33 000 000 and N5, = 100 000 000, respectively. The solid, dashed,
and dotted lines represent the real parts, imaginary parts, and absolute values of the transmission coefficients
Sy, /SyD respectively.

One “big” question is how accurately this measured impedance Z;" represents the real resistive-wall
impedance for a beam (we call it the “resistive-wall beam impedance Z; ). To this end, we present
theoretical formulae for the resistive-wall beam impedance Z; in the following subsection. Then, we
compare the resistive-wall impedance Z;" by using the wire method with the theoretical resistive-wall
beam impedance Z;, in the final subsection.

4.1.  The theoretical resistive-wall impedance for a relativistic beam
Once the frequency dependence of the (complex) conductivity is known, the resistive-wall beam
impedance Z;, can be calculated analytically. The resistive-wall beam impedances [3] of an infinitely
long multi-layered chamber have been analytically studied by many researchers [4,14-27]. Basically,
it is a 2D problem, and can be solved by the field-matching technique [35].

Simulations of the resistive-wall beam impedance are quite difficult because the mesh size needs to
be sufficiently small compared to the skin depth. In our experience, the Wake Solver of CST Studio
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Fig. 11. Theoretical (red e) and simulation (blue [J) results of transmission coefficients S} /S;”l(ref). The upper-
left, upper-right, and lower-left panels show the results for 6. = 1 S/m, 0. = 3 S/m, and 0. = op (see Eq.
(22)) with w, = 0.146 THz and © = 10.6 ps, respectively. The solid, dashed, and dotted lines represent the
real parts, imaginary parts, and absolute values of the transmission coefficients S}} / SQWI(M), respectively.

seems not to be able to simulate the resistive-wall beam impedance accurately, even if we utilize
“lossy metal” as the ingredient, to which the surface impedance technique is applied by neglecting
the induction term in the Maxwell-Ampe¢re equation [4].

Instead, let us analytically investigate the characteristic behavior of the resistive-wall beam
impedance by taking the simplest case; namely, a single layered chamber is covered over a perfectly
conductive chamber (see Appendix D). We will see that the correct formula for the resistive-wall beam
impedance cannot be obtained by neglecting the induction term in the Maxwell-Ampére equation
under a certain condition.

The rigorous formula for the resistive-wall beam impedance for a relativistic beam is given by

z (Ko (va) Iy (vd) — I (va) Ko (vd) o5 s
g T (oeHoe) Ko(va)[1 (vd)+l (va)K (vd)) _|_jkd(Ko(va)lo(vg*lo(va)Ko(vd))’
v 0
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Fig.12. Theoretical (red e) and simulation (blue [J) results of transmission coefficients S}; /S;Vl(“f), where
o. = 187.566 S/m, g = 300 um, d = 40 um, a = 60 um, and p,, = 0.5 um. The upper-left, upper-right, and
lower-left panels represent the real parts, imaginary parts, and absolute values of the results, respectively.

where

v = jkZoor, (52)

k==, (53)
C

while the approximate one neglecting the induction term is given by

/3 . (Ko (Vioa) Lo (vnod) — Iy (vnoa) Ko (Vnod))ﬁ (54)
g B _ 0 (Ko Wno @11 (Winod)+10 (Wio @) K1 (Viod)) + Jkd (Ko (Vo @ Io (Vnod) —Io (Vo @) Ko (Vuod))
Vo 22y

where

Vno = +/ k% + jkZyoo. (55)

Figure 13 shows the rigorous formula (51) as a function of frequency, where 0. = 5.9 x 10’ S/m,
d = 5 mm, and ¢ = 11 mm. The black and brown lines show the real and imaginary parts of the
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Fig.13. Theoretical result of the longitudinal resistive-wall beam impedance Z; per unit length, where o, =
5.9 x 107 S/m, d = 5 mm, and @ = 11 mm. The black and brown lines denote the real and imaginary parts of
the impedance, respectively.

impedance, respectively. The formula (51) reproduces the conventional formula for the resistive-wall
beam impedance at low frequency [10]:

V4 2 147
2 _ g |20 0HD (56)
g cZoo, 4md

In this example, the real part of the impedance has a peak at around 6 THz, and then goes down

in proportion to the inverse of the frequency [23,24]. A typical explanation of this behavior is as
follows. The Maxwell-Ampére equation is given by

JE - R
EOE +J =rotH, (57)

where J is the electric current density. Assuming that electromagnetic fields have a time dependence
of &', Eq. (57) can be written inside a conductive material as

(jeow + O'C)E =V x H. (58)

< ¢pw, the induction term ean /0t starts to dominate the current

~

For the frequency range of o,
density term J. At the frequency range €gw > o., the conductivity term contributes little to the
Maxwell equations. As a result, the conductive material behaves almost like a vacuum at very high
frequencies. The electromagnetic fields can now freely propagate away from the chamber and thus
the longitudinal impedance diminishes.

However, the critical frequency o./2meg, at which the conductive term and the induction one
become comparable, is around a few EHz for o, = 5.9 x 107 S/m. Moreover, the mountain-shaped
curve of the longitudinal impedance (see Fig. 13) is already known, even under the approximation
(0. > €gw) [19]. Therefore, the above explanation is not good enough to explain the mountain-shaped
curve of the impedance.

We can derive a formula for the peak frequency of the longitudinal impedance, as follows. When
the induction term in the Maxwell-Ampere equation can be neglected, namely o, > €pw, the
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Fig.14. The equivalent electrical circuit for Z;.

resistive-wall beam impedance of a conductive material with “infinite” thickness is much simplified
as

Z; =

(39)

1+ .
T o —— tJeow——
This means that Z; is equivalent to the parallel circuit shown in Fig. 14.
The peak frequency fz at the real part of the longitudinal impedance is thus given by
c
Jr=

42 1
n(ZOUC :

(60)

It is about 9 THz for 0. = 5.9 x 107 S/m and d = 5 mm, and is comparable to the more rigorous
result shown in Fig. 13 including the induction term.

Just for a rough estimate of the impedance, the approximate formula (54) without the induction
term may be enough. However, if the chamber radius d satisfies the condition

c -, max[Roc], S[oc]]

(61)
a2 1~ 2
Tz’ o

the induction term starts to play an important role in evaluating the impedances, and we have to use
the more precise formula (51) for an accurate estimate of the impedance at the frequency.

One example is shown in Fig. 15, where we use the Drude conductivity model (Eq. (22) with
T = 3.72 ps and w, = 6.83 THz [36]); the outer radius of the resistive chamber is fixed to a = 11
mm and the inner radius d is chosen as a free parameter. The upper, middle, and lower panels show
the results with d = 1 mm, d = 2 mm, and d = 4 mm, respectively [37,38]. The black lines show
the rigorous results by the formula (51), while the brown lines are based on the approximate formula
(54). The results reveal that, as the chamber radius d increases, the peak frequency becomes lower
and the agreement becomes better between the rigorous formula and the approximate one.

This can be understood as follows. In this case, the frequency satisfying the equation

. max[%)‘iz[Gc], Al , (62)
e

23/52

020z Ainp G| uo Jasn Aouaby ABiau3 ojwoly ueder Aq £62992G/1L09€ZL/Z1/810ZA%BISqe-9)01e/da1d/wod dnoolwapede//:sdijy woly papeojumoq



PTEP 2018, 123G01 Y. Shobuda

is 0.368 THz, while the frequencies satisfying the equation

C
42 1
7 (Zgwior])

S = ; (63)

are 0.245 THz ford = 1 mm, 0.185 THz for d = 2 mm, and 0.139 THz for d = 4 mm, respectively.
Hence, the peak frequency is lowered by increasing the chamber radius d. Furthermore, comparing
those frequencies with 0.368 THz, we find that the condition (61) becomes more satisfied as the
chamber radius d becomes smaller. That is why the discrepancy between the rigorous formula and
the approximate one becomes more remarkable for a smaller chamber radius d. Needless to say, in
the frequency region

max[N[oc], I[oc]]
>

21 ’ 64)
the induction term plays an important role in describing the impedances, regardless of the value of
radius d.

As this example indicates, it is preferable to check whether the resistive chamber satisfies the
condition (61) at a given frequency, for an accurate estimate of the resistive-wall beam impedance
Z1, especially when simulation studies can be performed by neglecting the induction term.

4.2.  Comparison between theoretical and simulation results of resistive-wall impedance

Now we compare the resistive-wall impedance Z;" obtained using the wire method with the theoretical
resistive-wall beam impedance Z;. Figure 16 represents one such example for a highly conductive
chamber (o, = 5.9 x 10’ S/m, p,, = 10 um, d = 5 mm, and ¢ = 11 mm), with the analytical
results of Z} (red) (based on Egs. (24), (25), and (50)), simulation results of Z}” (purple) obtained
using the T-Solver and Eq. (50), and theoretical results of resistive-wall beam impedance Z;, (black)
(Eq. (51)). This result demonstrates that they are in good agreement. In particular, the agreement
between the analytical results of Z;" (red) and the theoretical beam impedance Z;, (black) is perfect.

Next, we investigate whether the mountain-shaped curve in the theoretical resistive-wall beam
impedances Z; can be reproduced accurately by the resistive-wall impedances Z;" by using the
wire method and lowering the conductivity of the chamber (refer to Eq. (60)). Figure 17 shows the
analytical results of Z}" (red), simulation results of Z;" (blue), and theoretical results of resistive-
wall beam impedance Z;, (black) for three different resistive chambers. The upper-left, upper-right,
and lower-left panels show the results for o, = 1 S/m, o6, = 3 S/m, and o, = op, respectively,
where op follows the Drude model (22) for the frequency-dependent complex conductivity with
wp = 0.146 THz and T = 10.6 ps. The solid and dashed lines show the real and imaginary parts
of the impedances, respectively. The mountain-shaped curves can be observed in all three cases.
While the agreement between the analytical (red) and the simulation (blue) results of Z}”, which
converge sufficiently as shown in Fig. 10 at this mesh size, is relatively good, their behaviors are
distinguishably different from the theoretical beam impedance Z; (black). This result indicates the
accuracy limit in the evaluation of the resistive-wall impedance with lower conductivity using the
wire method and the log-formula (50).

The log-formula for distributed impedances is obtained by perturbation theory for small impedance
and a thin wire limit [13]. Figure 18 represents the analytical result of Z}” (blue) for p,, = 0.1 um
and that (red) for p,, = 10 um and the theoretical result of beam impedance Z; (black), where
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Fig. 15. Theoretical results of longitudinal impedance per unit length from 0.1 THz to 0.4 THz for chambers
with d = 1 mm (top), d = 2 mm (middle), and d = 4 mm (bottom), respectively, where the complex
conductivity is given by Eq. (22) with T = 3.72 ps and w, = 6.83 THz. The black and brown lines show the
resistive-wall beam impedances with and without the induction term, respectively.

o = 1 S/m. The result illustrates that Z;" approaches Z; as the wire radius p,, becomes smaller,
which demonstrates that the boundary condition due to the wire significantly deforms the impedance
Z;" from the beam impedance Z; with low conductivity.
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Fig.16. Analyticalresult (red) of Z}", simulation result (purple) of Z}", and theoretical result of beam impedance
(black) Z;, respectively, where o, = 5.9 x 107 S/m, p,, = 10 um, d = 5 mm, and ¢ = 11 mm. The left and
right panels represent the real and imaginary parts of the impedances, respectively.

These exercises led us to the following conclusions:

(1) Measurements of S-matrices by using the wire method and the constructed resistive-wall
impedance Z;" by using the log-formula (50) provide an overall well-behaved resistive-wall
beam impedance Z; . The agreement between the resistive-wall impedance Z;" and the resistive-
wall beam impedance Z;, is good for higher conductivity, while the accuracy of the wire method
is limited for lower conductivity.

(2) For evaluating the accuracy of the resistive-wall beam impedance Z;, we should first find the
frequency dependence of the complex conductivity of the resistive chamber by comparing the
measured S-matrices with the theoretical ones obtained using complex conductivity o, as a
fitting parameter.

(3) Then, we can construct the resistive-wall beam impedance Z; by using the obtained frequency
dependence of complex conductivity o, and Eq. (51), instead of using the log-formula (50).

Besides the resistive-wall beam impedance, the surface roughness of the chambers can contribute
to the total beam impedances at high frequency [39]. Accordingly, this effect should be taken into
account from the beam impedance and beam instability points of view.

5. Discussions about some intrinsic errors of the measurement setup of the wire
method
w(ref)

These calculated scattering matrices S5, /S,; or the resistive-wall impedance Z;" in the wire
method are based on the assumption that the measurement devices are perfectly fabricated and
aligned, and the wire is perfectly positioned at the center of the devices. In reality, there may be a gap
between the central cylinder and the sandwiching chambers, or the wire may have a droop, which
would deform the characteristic impedance for the setup. The surface roughness on the chambers
can modulate the measurement results in the THz region.

Here, let us consider a prescription evaluating the contributions of the setup errors to the measured

w(ref)

scattering matrices S /S,, ', or the resistive-wall impedances Z;", and finding the requirements
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Fig.17. Analytical result (red) of Z}*, simulation result (blue) of Z", and theoretical result of beam impedance
(black) Z;, respectively. The upper-left, upper-right, and lower-left panels represent the results in the case of
0, = 18/m, 6. =3 S/m, and o, = op (see Eq. (22)) with w, = 0.146 THz and = = 10.6 ps, respectively. For
all cases, the parameters are chosen as p,, = 10 um, d = 5 mm, and ¢ = 11 mm. The solid and dashed lines
represent the real and imaginary parts of the impedance, respectively.

of the setup for the precise measurements toward the THz region by simulation approaches. To
save excessive memory and CPU time, let us confine the total length of the setup to 200 pm, and
consider a short resistive material with g = 10 um and o, = 187.566 S/m in the THz region,
sandwiched between 95 um long aluminum chambers, with the other parameters set to p,, = 0.5
um, d = 40 um, and ¢ = 60 pum as in Fig. 12. Aluminum is well described by the Drude model
(22), where @, = 23.2 pHz and t = 1.1 fs [40]. The huge conductivity of aluminum |o¢| ~ 10% S/m
at 2 THz enables us to approximate the aluminum chambers by perfectly conductive chambers. The
device under test is typically called a resistive insert [41], not a resistive chamber. We calculate the

(ref)

reference scattering matrix S;Vl by replacing only the device under test (the resistive insert) with

the perfectly conductive short reference ring. In other words, the respective sandwiching chambers
for the resistive insert are identical to those for the reference ring including the surface roughness,

Sw(ref )

when the scattering matrices S, and S,," "’ are calculated.
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Fig.18. Analytical result of Z}" (blue) for p,, = 0.1 um, that (red) for p,, = 10 um, and theoretical result
of beam impedance (black) Z;, respectively, where 0. = 1 S/m, d = 5 mm, and ¢ = 11 mm. The solid and
dashed lines represent the real and imaginary parts of the impedance, respectively.
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Fig.19. Analytical result (red) of Z}" and simulation result (blue) of Z}", respectively, for the resistive insert,
where o, = 187.566 S/m, g = 10 um, d = 40 um, a = 60 um, and p,, = 0.5 um. The left and right panels
represent the real and imaginary parts of the impedance, respectively.

First, let us compare the analytical with the simulation results of “the resistive-wall insert
impedance” Z;" with g = 10 um, where we assume that the chambers are perfectly fabricated
with smooth surfaces, and the positions of the central ring, the sandwiching chambers, and the wire
are perfectly aligned. The analytical and simulation results are denoted by the red and blue lines in
Fig. 19, respectively.

For comparison, Fig. 20 shows “the resistive-wall chamber impedance” Z;” with g = 300 um,

obtained by converting S5, / S;’l(ref)

in Fig. 12 to the resistive-wall impedances Z;" via Eq. (50). The
red and blue lines denote the analytical and simulation results, respectively.

In Figs. 19 and 20, the order of magnitude of the impedances per unit length is around MQ/m
in these ideal cases. We find that a change in the length g produces a difference in the impedances

between both results, which means that the analytical results successfully reproduce the simulation
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Fig.20. Analytical result (red) of Z}" and simulation result (blue) of Z;", respectively, where 0. = 187.566
S/m, g = 300 um, d = 40 um, a = 60 um, and p,, = 0.5 um. The left and right panels represent the real
and imaginary parts of the impedances, respectively.

Fig.21. A schematic of the corrugated wall on a chamber surface.

results for any length of g. Nevertheless, as in the results in the THz region by the waveguide method
(see Fig. 6), a slight discrepancy is seen between the analytical and simulation results.

Here, let us consider how the ideal results are deformed due to the intrinsic errors of the mea-
surement setup. Figure 21 represents a schematic of 2D corrugation structures, modeling the surface
roughness on chambers. The dimensions are specified by two parameters: L,, and 4,,.

For simplicity, let us consider a perfectly conductive tiny chamber with a corrugated wall. By
letting a beam pass through the chamber, we can find the dependence of the parameters L,, and
A,, on the corrugated wall beam impedance Z; [39]. The simulation was done by using the 2D
simulation code ABCI [42]. The results are shown in Fig. 22, where the black, brown, blue, red, and
green lines show the results with L,, = 4,, = 0.200 um, L,, = 4,, = 0.100 um, L,, = 4,, = 0.050
um, L, = 4,, = 0.025 pum, and L,, = 4,, = 0.005 pum, respectively. The results suggest that
the contribution of the surface roughness to the real part of the resistive-insert impedance Z;" with
o, = 187.566 S/m is made negligibly small, while that to the imaginary part becomes less than about
0.2% for the ideal result of impedance shown in Fig. 19, by reducing the corrugation parameters (L,
and 4,,) below 0.100 um against the inner radius d = 40 um.

In order to demonstrate the expectation, let us move back to the 3D simulation for the wire
method, where the surface roughness is taken into consideration both for the resistive insert and the
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Fig.22. The parameter dependence on the beam impedance Z; for a perfectly conductive chamber with
corrugated wall, and d = 40 um. The black, brown, blue, red, and green lines show the results with L,, =
A4, = 0200 um, L, = 4,, = 0.100 um, L,, = 4,, = 0.050 um, L,, = 4,, = 0.025 um, and L,, = 4,, =
0.005 pm, respectively. Notice that the vertical scales are different for the real (left) and imaginary (right)
parts of the impedance.
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Fig.23. The impedance Z;" with (red dashed) and without (blue) the effect of surface roughness with L,, =
A,, = 0.100 um on the chambers.

sandwiching chambers. The simulation results are shown in Fig. 23. The red and blue lines denote
Z;" with and without the effects of surface roughness. To obtain the red line, the only corrugated
resistive insert is replaced by the perfectly conductive reference ring with a smooth inner surface,
when we calculate the reference scattering matrix S;Vl(ref). As expected, the difference between both
results is negligible compared to that between the analytical and simulation results shown in Fig.
19. The results indicate that the surface roughness with L,, = 4,, = 0.100 um is tolerable, if the
sandwiching chambers are shared in both the measurements of S3} and S;Vl(ref).

Finally, let us intentionally misalign the positions of the resistive insert and two sandwiching
chambers up to 0.100 wm, retaining the surface roughness with L,, = 4, = 0.100 um. Based
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Fig.24. The impedance Z" with (red dashed) and without (blue) the effects of surface roughness and the
misalignment of the positions of the chambers. The surface roughness is specified by L,, = 4,, = 0.100 um,
and the misalignment errors are assumed to be 0.100 pum.

on the current simulation analysis, the misalignment shifts the characteristic impedance by about
0.1% from the ideal value. The simulation result is shown in Fig. 24, where the red and blue lines
represent Z;" with and without the setup errors, respectively. We find that the difference between
both results is tolerable even in the THz region by making both the amounts of surface roughness
and the misalignment errors between the chambers be within 0.100 um, so long as we deal with the
impedance of the resistive insert with g, = 187.566 S/m.

Though the requirement for the setup error in this example may be achievable under the present
technology [43,44], it depends on the amount of |o.| in the THz region of the measured material.
The resistive-wall impedance is roughly proportional to 1/,/0. [11,41] for the material with higher
conductivity. Therefore, if we measure the impedance Z;” with the conductivity |o.| 2 10* S/m
at THz, the requirements for the measurement setup errors, including the surface roughness on the
chambers and the misalignment between the chambers, become more stringent. For this case, Fig. 22
suggests that the errors must be below 0.010 pm or less, which is more challenging to realize.

Thus, when the target conductivity |o| is higher than 10* S/m at THz, we had better avoid blindly
transforming the measured impedance Z}” to the conductivity o.. Instead, let us measure the surface
roughness on the chambers in advance with other methods, e.g., scanning electron microscopy (SEM),
energy dispersive spectroscopy (EDS), and atomic force microscopy (AFM) techniques [45]. After
that, we should determine the frequency dependence of o, by reconstructing the measurements of
impedance Z;" in combination with the independent measurements of the surface roughness via the
simulation approach, as we discussed in Sect. 2.3.

6. Conclusions

The first step to calculating the resistive-wall beam impedance of a resistive chamber is determining
the conductivity of the resistive material. The conductivity of the material at a given frequency can
be evaluated by measuring the S-matrix of a propagation mode in a waveguide. However, in most
cases, only the absolute value of the S-matrix is used for the evaluation, under the assumption that
the conductivity is pure real, though both the S-matrix and the conductivity are complex numbers
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in general. To evaluate complex conductivity from the measured complex S-matrix, we need a
theoretical formula to connect them. To this end, we derived new theoretical formulae for the S-matrix
in the TE{; and TMy; modes in a waveguide (waveguide method) and for a quasi-TEMgp mode in
a coaxial waveguide (wire method), where complex conductivity was assumed. In all three cases,
we confirmed that the theoretical formulae can reproduce the simulated S-matrices by CST Studio
Suite 2018 very well for the assumed (constant and frequency-dependent complex) conductivities.
Conversely, we can determine the conductivity of a material by using it as a fitting parameter in a
comparison of a measured S-matrix with the theoretical formulae. The three independent methods
facilitate a triple-check of the accuracy of the measured conductivity.

The standard log-formula (50) is often used to evaluate the resistive-wall beam impedance directly
based on S-matrices measured using the wire method. Another method is evaluating the complex
conductivity of the material based on the measured S-matrices and inputting it into the theoretical
formula (51) for calculation of the resistive-wall beam impedance. We can estimate the accuracy
of the standard log-formula by comparing the two results. We find that the standard log-formula
reproduces the resistive-wall beam impedance well for the high-conductivity case, while it disagrees
quantitatively in the low-conductivity case. For an accurate estimate of the resistive-wall beam
impedance, using the theoretical formula (51) with the measured conductivity is preferable.

In the derivation of the above formulae, we have assumed that the outer surface of the resistive
chamber is surrounded by a perfectly conductive layer, for simplicity. This approximation is valid
in the high-frequency region, where the skin depth is smaller than the chamber width. However, our
scheme can be easily generalized for low frequencies by removing the perfectly conductive layer and
considering the analytical solutions outside the chamber, satisfying the open boundary conditions
[4,11,33].
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Appendix A. Derivation of the scattering matrix by the waveguide method

In this appendix, we derive the formulae for the scattering matrix for the TE mode and the TM
mode by using the waveguide method. We consider a 2D cylindrical chamber made of a resistive
material with conductivity o., whose inner radius is d and outer radius is a. Cylindrical coordinates
(p, 9, z) are adopted for this description. We assume that the outer surface of the resistive chamber
is surrounded by a perfectly conductive layer. All fields are proportional to ¢’/ where j is the
imaginary unit and w is the angular frequency. The factor I" will be determined based on the boundary
conditions.

A.1.  Derivation of the scattering matrix for the TE|, mode in a cylindrical waveguide

First, let us calculate the scattering matrix for the TE;; mode, which is the lowest excitation mode
in the cylindrical waveguide. The solutions of the Maxwell equations are expressed as

Ho=4 [Il(lcp) _ Jitea Kl(xm] A1)
s K{(ka) ’ ’
A , Il(ka)
Ey = <128 [11 (60) = (I; ‘;)Kl ocm], (A2)
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= 1) - 1D k) (A3)
P NPT Kk ) '
in the resistive material, and
H, = BJi1(Ap), (A.4)
Bowpo
Ey = ————=J{(Ap), (A.5)
G -T2
Bl
Hy = ———J{(Ap), (A.6)
J & -T2

in vacuum, where 4 and B are arbitrary coefficients. The functionsJ, (z) and /,,(z), K, (z) are the Bessel
and modified Bessel functions, respectively [29]. The prime of the functions denotes the differential
with respect to their arguments. The parameters w1 and o, are the permeability of vacuum and
conductivity of the chamber, respectively. In addition, we define

2
a)
K = \/Fz ) + jougoe, (A.7)

2
A:‘/CS—Z—FZ. (A.8)

The continuous condition of the fields at p = d gives

and

[ I{(ka) ]

A|Lwd) — Y K ed) | — B (Ad) =0, (A.9)
K (ka)

A peay = €D el B piaay—o A.10

< o - G ﬁ*\/@“ =" i

which provide the eigenvalue condition for I'":

[ (cd) — o2 Ky (ed)V{(Ad) | I (ca)
1 + = [1{ (kd) — L—"K] (Kd)] Ji(Ad) = 0, (A.11)
/w_22 _12 K K1 (ka)

so that Egs. (A.9) and (A.10) have non-trivial solutions I' = F;’]I:, for a given frequency. Condition
(A.11) is equivalent to Eq. (4) in the text. The lowest » = 1 solution corresponds to the TE;; mode
case. Hereafter, we write k = k11 corresponding to the lowest root of Eq. (A.11), i.e., Fﬁ

For the entire region of the resistive waveguide including the resistive material 0 < p < a, the

transverse fields of TE; ; mode are summarized as
Eg = (BYe T 4 BT 1) Fy (p, 6), (A.12)

(Bte T _ g=oTliz)

Hp =
Z
TE;
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and
H = L B+e ™ 4 ™),
2o ’

where BT and B~ are arbitrary coefficients, Zy = 1207 € is the impedance of free space,

) opoll] (k1,1d) — et l‘jj)K’( LDV % — TT5)2p)
Ey(p,0) = —j
ISRUA \/ (FTE)zd)
ool (k11d) = SR (e d)V] ()% — (TT5H2p)

+J O(p —d)
SRUA % — (D)
U I(k11a) ,
— 21 S B € (o — d),
J o [£1(x1,10) Kl (c11a) 1(k1,10)19(p — d)
1. = Zol6er1p) — DK G — Zoler ) — DD ey )10
z ’ K{(k1,1a) ’ ’ K{(x1,10) '
Il(Kl 1a) 2
Zolh(k11d) = gt a)Kl(Kl 161)]]1(\/ —(T'TH2p)
+ O —4a),
Ji (\/ 2 (FTE)Zd)
and
wZy
ZTEL1 = crﬁ
The step function ®(p) is defined as
1 forp >0,
O(p) =1 5 forp=0,
0 forp <O.

Equations (A.12) and (A.13) lead to new formulae for the scattering matrix:

11

72 2
ZSO ZTEL]
St =8»= I 3 ,
Zz TEl 1 jZ5()ZTE1’1 tan F{};‘g
and
-2
J'ZsozTEl,l sin FlT,If:g
S =81 = " 3 ;
ZZ Z%El . jZSOZTEl,l tan F{]I:g

(A.14)

(A.15)

—d)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

by assuming that the waveguide impedance is Z1g, ,, where g is the total length of the waveguide

chamber, and both ends of the waveguide are connected to cables with characteristic impedance Zsg
(which is typically 50 2). Equations (A.19) and (A.20) are equivalent to formulae (1) and (2) in the

text.
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A.2.  Formalism of the scattering matrix for the TM,, mode using the waveguide method

Next, we derive the formulae for the scattering matrix for the TMy,, mode. Compared to the TEq;
mode case, it is not straightforward to obtain the formulae for the scattering matrix for this mode in
a resistive waveguide. Here, we start with derivation of the waveguide voltage and current for the
cylindrical waveguide, following the general formalism in Ref. [46].

The dielectric constant €(p,0) and the magnetic permeability © of the waveguide in the entire
region are summarized as

€(p,0) = €0+ 2O(p — d), (A21)
jCl)

"= [0, (A.22)

by using the step function ®(x) defined in Eq. (A.18), where ¢ is the dielectric constant of vacuum.
The fields £ and H for the mode are described as

E = (E,(p,0)e, + Eg(p,0)¢0)V (2) + ZoE-(p, 0)1(2), (A.23)
and
r - I - 1 r -
H = (Hy(p,0)e, + Hy(p,0)eg)(z) + Z—OHZ(,O,@)ezV(Z), (A.24)
by introducing the fields E 0> Eg, EZ, H 0> Hy, H,, the waveguide voltage V' (z), and the waveguide

current /(z), where €,, ég, and e, are the unit vectors in the p-, 6-, and z-directions, respectively.
The Maxwell equation V x £ = —jowuH is expressed using their components,

Zy  9E.(p,0) L Hy(p,0) 1 aV(2)

= Jjou—= = (A.25)
pEo(p,0) 00 Eo(p,0) 1(z) 9z
Zy JE:(p,0 Hy(p,6 1 v
% B0 . Hip0) @) w26
E,(p,0) 9p Ey(p,0) 1(z) 0z
19 - 10E,(p,0) o -~
——(pEg(p,0)) — ——2"2—= 4 j—H.(p,0) =0, (A.27)
p dp o 06 c
for I(z) # 0 and V (z) # 0, which produces
1 ave
i) =TIz A28
1) dz L e (A.28)

/

- R Z - R - R
V x E;(p,0)e; = ] (H (p,0)¢, + Hy(p,0)ep) +JFZ—ez X (Ep(p,0)e, + Eg(p,0)ep),

(A.29)
-~ N ~ N W ~ N
V X (Ep(p,0)ep + Eo(p,0)ep) = —j—Hz(p, 0)e:, (A.30)
while the other equation V x H= ja)eE can be written using their components,
1 A (p,0 ,0 1 al
_ (p,0) we(p,6) ~p(p ) (Z)’ A31)
ZopHg(p,0) 96 Hy(p,0) V() oz
1 3H.(p, ,0 1 oI
_ (p ) we(p.6) ~9(/) ) (Z)’ (A32)
ZoH,(p,0)  9p Hy(p,0) V() 3z
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19 - 10H,(p,0) | N
——(pHy(p,0)) — —————— — jwe(p,0) ZHE;(p,0) = 0, (A.33)
p op p 00

for I(z) # 0 and V' (z) # 0, which provides

1 8[(2) ]F
= , A.34
V(z) oz Z (A.34)
~ Zo -
V x H.e. = jwe(p,0)Zo(E,(p,0)¢, + Eg(p,0)e) +120% (Hy(p,0)¢, + Hy(p,0)ép),
C
(A.35)
V x (Hp(p,0)e, + Hy (p,0)¢9) = jwe(p,0) ZoE:(p, 0)e, (A.36)
where the waveguide impedance Z,, is introduced formally.
Here, the average power is defined by
1
P(z) = 3 f dodpp(E,H) — EQH;)
1 ~ - - -
=5 / dodpp(E,(p,0)Hy (p,0) — Eg(p,0)H; (p,0)V (2)I*(2), (A.37)
where “*” denotes a complex conjugate. In the transmission line model, the same average power is
given by

P(z) = %V(Z)I* @), (A.38)

by using the waveguide voltage and the waveguide current. Accordingly, we obtain the requirement
for the fields as

/ d6dpp(E, (p,0)H; (p,0) — Eg(p,0)H 5 (0,6)) = 1. (A:39)
By combining Eq. (A.30) with Eq. (A.35), we obtain

— & x (Hy(p,0)¢, + Hy(p,0)ép) = Hy(p,0)é, — H,y(p,0)ey
1 Z/

{ —V x [V x (Ey(p,0)e, + Eg(p,0)9)] — w?e(p,0)(E,(p,0)8, +Ee(p,9)ee)}
~ joiT 2

(A.40)

Subsequently, by substituting Eq. (A.40) into Eq. (A.39), Eq. (A.39) is rewritten as
/*

ijr ddpp(E,(p,0)¢, + Eg(p,0)ep)-

{Ziov X [V x (E,(p,0)¢, + Eo(p,0)9)] — e (p,0)(E,(p,0)¢, +Ee(p,9>ée)} =1.
(A.41)

Because the original electric field is described by Eq. (A.23), the waveguide voltage V' (z) is
expressed as

/%

V) = —% / d0d ppE-
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{Ziov X [V x (E,(p,0)¢, + Ea(p,0)9)] — e (p,0)(E,(p,0)¢, +E9(p,9>ée)} . (A42)

Here, we have used the fact that the right-hand side of Eq. (A.40) has no é,-component.
Similarly, by combining Egs. (A.29) and (A.36), we obtain

é. x (Ey(p,0)e, + Eo(p,0)¢0) = —Eg(p,0), + E,(p,0)ég

1 - I R ’Zy - L= R
{V X [ V X (Hp(pag)ep +H0(1090)69)] - wc O(Hp(pae)ep +H9(1090)69)} .

~ jojTZ, (p,0)
(A.43)

By substituting Eq. (A.43) into Eq. (A.39), the complex conjugate of Eq. (A.39) is written as

]CU]F*Z/* /d@dpp(H (,an)ep +H9(/0,9)€9)

1 . L . 270 - L 2
{V X [e(p’Q)V X (Hpy(p,0)e, + Hy(p,0)ep)] — %(Hp(pﬁ)ep +H9(p,9)ee)} = 1.
(A.44)

Finally, the waveguide current /(z) is expressed as

1 .
I1z)= —— | dodppH-
(2) T2 f op.

1 . - - 270 - .- S
{V X [E(p Q)V x (Hy(p,0)e, + Ho(p,0)eg)] — %(Hp(p,é’)ep +He(p,9)ee)} . (A4))

By partially integrating Eq. (A.44) and using the boundary condition on the surface of the chamber
(E: = 0), the complex conjugate of Eq. (A.44) produces the waveguide impedance Z.:

JRloe] + o] - Zo - ~
/ dodpp [ (0 + T@(p — d)Z3\E.|* + ;‘)(W,n2 + |H9|2)] ., (A46)
for the mode I.

A.2.1.  Scattering matrix for the TMy, mode using the waveguide method
The solutions of the Maxwell equations for the TMy, mode in the cylindrical waveguide are generally
expressed as

I
E. = Aru [IO(KP) 0((”’)) o(K,O)} (A47)
Hy = ATM(GC + jwep) [ ))Kl( p):| ’ (A48)
\/F - = +ja)u0
Ay T
E, = L [1 (kp) + “D e )} : (A.49)
\/1"2 — 2+ jougoe. «a)
for the resistive material, and
E; = BtmJo(Ap), (A.50)
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Brmweg
Hy = —————J1(Ap), (A.51)
JA
BtmTIl
E,=— J1(Ap), A.52
o A 1(Ap) ( )

for vacuum, respectively, where ATy and Bty are arbitrary coefficients, and ¥ and A are defined by
Egs. (A.7) and (A.8), respectively,
The continuous condition of the fields at p = d gives

Iy(ka
Armllo(kd) — ol )Ko(Kd)] — BrmJo(Ad) =0, (A.53)
Ko(ka)
and
A i I B
D% TIOD {7y ed) + 2D Ky )] + T (ady =0, (A5
\/1"2 _ ﬂ;’_z _j’_]a)’uoo-c O(Ka) .]
which produces

Ko(ka)
JA

weollo(kd) — 2D Ko(cd)l1(Ad) (o + jweo)Jo(Ad)T (kd) + DKy (d)]
+ =0, (A.55)

2.
\/F2 — % +jougo.

such that Egs. (A.53) and (A.54) have non-trivial solutions F,Tl(\)’l. The lowest n = 1 solution
corresponds to the TMg; mode case. Especially when o, = 0 S/m, Eq. (A.55) reproduces

Jo(Aa) = 0, (A.56)

which is the eigenvalue condition for the TMy, mode in a perfectly conductive waveguide with the
inner radius a [28].
Hereafter, we write k = «, 0, and

? ™2’
A=Ay = (c—z — ) , (A7)

for the nthroot I';, o of Eq. (A.55). The transverse (E 0> Hpy) and the longitudinal () fields are defined
as
" jonZol a1 (ATMP)  GonZol, 0 1 (ATMP)

Ey=—- —— 4 - . ——0(p—d)
P JZI AT 0a T (o) JZLATMA/ T waR]) (o.n)

. 1o (kn
Sjon€oZoT TN (M) L1 (kn0P) + o2 Ki (n0p)

O(p —d), (A.58)

- . . Lo(kn
2@ (o) @ + o) Arulli (kr,0d) + 2K (60 0)]
~ 0.nJ1 (A 0.0J1 (A
= —Jon Armp) - Joni(ATmp) O(p — d)

CIATMNTR T Gog) | JATMYTA2T1 (on)

. 1o (kp
Jonlt (AT (K1, 0P) + o 20K (kn.00)]
_ ' O(p — d), (A.59)

FATMT@T o)1 (ki 0d) + 25209 K (i, 0d)]

Ko(rn0a)
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P Gondo(Atmp)  GouJo(ATmp)
T Jmwatd (o) NTwat] (o)

. 1o (kn
Sjo o (Awd) (o (6n,00) — Fo02%% Ko (icr0))

O(p —d)

O(p —d), (A.60)
JEO@1 o) To(n0d) — T2 Ko (icn0d))
such that they are the solutions of Egs. (A.29) and (A.36), i.e.,
19 - ) -
;%(pHe) = jweo Lok, (A.61)
JE. w ~ 7! -
apz =~ Ho +IT 5 E,. (A.62)

By using Egs. (A.42), (A.45), and (A.46), the waveguide voltage V' (z) and the waveguide current
1(z) are calculated as

V(z) = Cp(Bhye /0% + By, @/ T0%), (A.63)
1(z) = Cr(Biye ™" w7 B, e’F"O ), (A.64)
where B}FM and B, are arbitrary coefficients,

Jrwa*Jy (o)
cjo.nlo ’

B =Btm (A.65)

c _ 2B /d ( )[a L 198 oo+ 22}{(9)}*
1 arTz Jy 0 G o g op:

a

2B -
= |:,0H9(,0, )

TMx* 7/
a)Fn,O Z

—pH(p,6)

€*(p.60) p dp 0

a apHy(p,0) 1 139 w27y ~
+ | dol- ,0) + pHy(p, 0 Qi p,0
/0 p( o 0.0 pop” pH; (0,0) + pHy(p,0) g (p ))}

W? I[N dIo (N )Ty (ATmd)]

25,8 cZy(S[AtmdJo (A d)J1 (Atmd)] — 2[Aml? )
B ol TV Z*a* T L (jo.n) Sty
B lJ1(Atmd) 2
(€0 = )1 (knod) + R22D K ()2
Slienoalo (k0@ (icn,0a) — knodlo (et gd)11 (knod)]
x ( S["r%,o]

Io(x) ya)
,W»;‘;a) (kn,0al (kn,0a) Ko (K @) + Ky galo (kn,0a) K1 (i,; o))
— 2% .

(KnO Ky 0)

Io(irga)

Kot 0 (ken,0d] (kn,0d)Ko (icyy od) + iy gdlo (kn,0d) K1 (i) o))

(Kn()_K )
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1o (tcn,0a) |*Skn0aKo (k0@ K1 (ken,0a) — K60,0dKo (icyy o) K1 (162,0d)]
|Ko (kn,0a) |23[K3’0]
*Zol)1 (Armd) 2

1o (kn
CIATMIP 1 (k0 + 2 K (1 0d)

(S[Kn,oal 10k, 0@ 12 (k6n,00) — knodli (i od) 2 (kn0d)]
X

~[,2
J[Kn’o]

To(ky o@)
W"Oa) (knpala2 (knpa)Ki (k, @) + K, gali (kn,0a) K2 (i) o))

+ 290
(KnO - KnO)

10(/< 0a)

 Roly® Koty (knodD (kn 0d) K1 (i od) + 6 oAl (kn0d) K2 (k6 o)

(KnO — Ky, 0)

(A.66)

2

N o (icn0@) 21k o (aKo (k@)K (i 0a) — dKo (i o) K1 (i 0d)])
|Ko(16n,00) 2Lk ]

- | 2rwegz.z* 4 - Zna)(eo— Z/ f
Cy =B T”/ dpplE,|* + L / dpplE,|*
l—‘n,O 0 1—‘n,O

_; 2%, IT M2 |:CZ();NS[A:}MdJ0(A~T~Md)J1 (Atmd)]

a*JE o) Trg" 1ATMI? oS[AZy,]

. (€0 — FO1(ATMd)I?

. e
|0 + jweo 2111 (knod) + 122D K (k0 |2

{ Slicn0ali (i) g@) 2 (kn,00) — ien0dl1 (i} od) 2 (i 0d)]
X

~r,2
ms[/cn,O]

1o (kcn,
AL (i o T2 (13 0@ K1 (1r,0@) + ke 011 (170 @) Ko (16r,0)

(Kn,O - Kn,O)

— 290

Ay Wnol2 (oK (n0d) + kol (3 o) Ka (kn0d))

(Kno—K 2)

N o (kn0a) |2\9[Kn (@Ko (Kn oK1 (knpa) — dKo (K;,od)Kl (kn,0d)]) }i| , (A.67)

Ko (kn00) 23 [k ]

1) o, 2o
n,0

_ 2fén Zi | SIAddo (Wi d) i (Avd)] | @SNy dJo(Ayd) 1 (Atmd)]
0 @It Gon) cZoS[ Ay A3Zo| Atm 23 [ ATy
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B <€0 +Ji> Vo(Atmd)[?
Lo (K,
@ ) |Io(kn0d) — e Koicn0d)

Slien0alo (ko)1 (knoa) — kn0dlo (i )1 (kn,0d)]
X
NI
2%[10(@,0@ ( alic;r o1 (i g@) Ko (i, oa)+Knolo<x:,oa)1<1(xn,oa>>

Ko(kn0a) (Kn 0= Kn )

d(xn ol1 (¢ o) Ko (icn,0d) + ke 0lo (i o) K1 (16n,0d)) ) }

(KnO — Ky, O)

|0 (icn,00) > Lkcn0 (@Ko (ic)k g @) K1 (160, 00) — dKo (it od) K1 (0, 00)) ]
1Ko (1, 00) 1231 ]
@*|J1(Atmd)[?

+
To(kp
3 Zo| Armi I (e o) + 202 K (0, 0)

Slien0ali (k, ga)2(kn0a) — kno0dli (i, od) 2 (kn,0d)]
X
SliZ,)
on Io(kn,0a) a(ic, ol2 (k@K1 (kn0a) + knol1 (k) g@) Ko (kn0a))
Ko (kn0a) (k2 0Ky )

docn o2 G oK1 (160, 0d) + 160,011 (155 o) K2 (1 0l)) )}

(K,,O—K 2)

o (kcn0a) |* Sk, @Kok, y@)Ki (kn0a) — dKo(k, od)Ki (kn,0d)])
+ o~ : , (A.68)
| Ko (kn00) [23[kc2 ol
and jj , is the nth zero of the Bessel function Jy(z).
In the above derivation, we use the following formulae [29]:
dpH, i0.00J0(A i0.00J0(A
pHy _ _J(.),n/O 02( TMP) +J(?,np 02( TM,O) O(p — d)
dp iNmatiGon)  jvma*1(on)
. lo(kn0a)
JonJ1(Atmd) pllo(kn00) — =Ko (kn,00)]
- Rt P00 - d), (A.69)

. . Lo (kn
JNT@I o) (n0d) + 220K (16,0)]

1 10pH* 11 1
= | == =0 —d) + ———O(p —d)
€*(p,0) p p €0 €0 € — 2
jo
jO,nJO(A”T“MP) jO,nJO(A"T“Mp)
ﬁa Jl(]O,n) ]ﬁa Jl(]On)
. (i @)
Joalt (N d)Uo (k5 p) — ,<°O(K °a) Ko(kt )]
+ Tt ) O(p —4d) |, (A.70)

JNmat o)l (e od) + g 5Ky 0d)]
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1 11
=———0@(p-d+ ——F=0(p—4d, (A1)
€(p.0) € € (€0 + 75)

d [ A% dTo (A d) T (ATmd

/ Az (Arpz) ) (Aeyy2) = LT Oi Iy MitAmvd)] (A.72)
0 J[ATM]
a Slxnoali (k) ga)r(kp0a) — knodl (k7 d) 1 (knod)]

/ dezly (02 (K:;OZ) _ n,04LT K, 0412 nO(\ _ n,04L1KG, 0@ )21K0,0 ’ (A73)

d J[Kn,()]

alkcn oLz (kn,0@) K1 (i ga) + ko[ (kn,0a) K2 (i, g @)
(KZ,O - "ff,%)

d (ken,012 (kn,0d) K1 (5 od) + 6 o1 (k6n,0d) K2 (icy o))

a
/ dzzl (kin,02) K1 (k6 07) =
d

— : , (A.74)
(Kn 0~ Ky, 0)
a alk* L (k* a)Ki (kpoa) + knoli (KF na) Ko (kK 0a))
f dzzl (K:,OZ)Kl (K,,,()Z) _ 1,012, 0 1\Kn,0 n,0L18¢, o 2\Kn,0
d (Kn 0~ Ky, 0)
d iy o2 () () K1 (knod) + ien001 (k) 0 d) K2 (ki 0d)
4+ = ’ ’ , (A.75)
(Kn 0 Kn 0)
a Sl o (aKo (ic* ga) Ky (knoa) — dKo(ic* od) K1 (i 0d)])
/ d2zK 1 (kn02) K1 (i g2) = 00 m 0T R g O o 0 (A76)
d ’ 35[/(,1,0]
d S[ATMATo (Afip d)J1 (ATmd
/ dzzJo(Atmz)Jo(Adyz) = Sl Oi ™ )/1(Atm )], (A.77)
0 AS[ATM]
a Slrnoalo(cy ga) i (knoa)] — Slipodlo(k) od) 1 (kn0d)]
f dpplo(nop)lo(ick gp) = — "0 —~ e, (AT8)
d &S[Kn,()] J[Kn’()]
4 . alkn,0l1 (knpa)Ko (i g@) + Ky o 1o (kn0@) K1 (i, @)
d pplo(kn00) Kok, gp) =
d (Kn 0 Kn 0)
d(Kn o1 (kn0d)Ko (ko d) + K olo(kn,0d) K1 (k) od)) AT9)
(Kn 0~ Kn, O)
a a(ky o1 (k@) Ko (kn0a) + kn0lo (k) @) K1 (kn0a))
/ dppKo(nop)lolicrgp) = ———0——
d (Kn 0~ Ky, 0)
d (ko1 (k7 o d) Ko (kn0d) + k0,000 (k)f o d) K1 (kn0d))
+ n,011¢, 0 n,0 ) ’ (A80)
(Kn 0= kn )
a . Slken0aKo (K, ga)K1 (Kn,Oa)] Slken,0dKo (i, od) K1 (kn,0d) ]
dppKo(kn00)Ko (K, 00) = — — + = ,
d \9[’(,,,0] U[Kn’()]
(A.81)
S (%) = (2), (A.82)
1,z = Ij(z), (A.83)
and
K, (z") = K¥(2). (A.84)
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Finally, we obtain the scattering matrix for the TMy,, mode by using the waveguide method as

1 c?
o~ 5
ZSO CV

S11=8n= > , (A.85)
1 + ¢ o2
2520 CIZ, CyZsqj tan F;l(\)dg
and
2C
Cy Zsqj sin l_‘;{l(\)/lg
St =8 = , (A.86)

1 G
z2 + cs + CyZsojtan T 3'g
where we assume that the resistive waveguide with longitudinal length g is sandwiched between
cables with the characteristic impedance Zso. Equations.(A.85) and (A.86) are equivalent to Egs. (9)

and (10) in the text.

Appendix B. Derivation of formulae for the transmission coefficient S}, using the
wire method
In this appendix, we derive the formulae for the transmission coefficient S}, by using the wire method.
A perfectly conductive single wire with radius p,, is stretched out at the center of the chamber with
inner radius d, and the current /j is driven through the wire. The device under test (resistive chamber)
with the length 2w(= g) is sandwiched between perfectively conductive chambers [11,33]. The
thickness of the chambers is @ — d. We assume that the perfectly conductive wall covers the outer
surface (p = a) of the chambers.

Because the longitudinal electric field £, should be zero on the surface of the wire, the solutions
in vacuum are described by the Neumann function Y, (x) in combination with the Bessel function
Ju(x). They are expressed as [47]

Yo kz—quw)
. Yo ( o qu> _ Jog kz_qu”)Jo ( - q2p>
Epo) = [ dae a0 o= , B.1)
Y() ( k2 — q2d> — m.]o < k2 - qu)
2_,2 w
A@[n(ktw%)—ﬂ§;%;%( H—f@}

k[ .
mm@agf(mwz

0J—00 2 — g2 (YO (\/ma’> — %JG (md)>

Jo k2—q
I
0 —]kZ’ (B.2)
2mp
Zo 0Hp
E,(p,z) = ————, B.3
p(,O z) k 8z (B.3)

where the factor ¢! is omitted, k = w /¢, Zy = 120 Q, and A(q) is the expansion coefficient.
Here, the poles are above the real axis for ¢ < 0 and below the real axis for ¢ > 0.

Because E, on the inner surface of the two perfectly conductive chambers sandwiching the resistive
chamber should be zero, the expansion coefficient 4(g) should satisfy the following relation [11,33]:
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o0 (m) miu (z4+w)
00 , Vi | 2m=1 Vi cos TR
/ dgA(Qe ™ = 2w + " , for—w<z<w, (B.4)
—00 0, otherwise,

where V7 is the voltage on the inner surface of the resistive chamberat p = d, and Vl(m) are the higher-
order expansion coefficients. Consequently, the original expansion coefficient 4(g) is rewritten by
using th i ffici o

g the new expansion coefficients V; and V™" as

Visingw & VM (=1)Met — eiav)g
Alg) = ;=24 3 :

(B.5)
R 2.2
2r gqw el Jaw(g? — )
Substituting Eq. (B.5) into Egs. (B.1)—(B.2), we obtain
oo .
E-(p,z) = f dge™ "
—00
. singw N Zoo Vl(m)((—l)’”e/'"w—equw)q Yo ( kz—q2p> _Yo(«/kaqpr)JO ( 2 — q2,0)
2 qw m=1 j2nw(q2_”22W7”22) J()( kz_quw)
X s
Y, k2_ 2 w
Yo (VT = %) - (Ve )Jo( 2= q2d)
JO( kz_quu)
(B.6)

k 00 2 gqw
mmnq—/cmwz
Zy

oo JE—P |:Y0 (md) _ @Jo (mdﬂ

V1 singw |:Y1 ( 72— qu) _ Yogmp’?h ( 72— qu):|

V("’) — "9 —eIaW Yo kz—quw
(Vs )"[Yl( 2 —fp) - ( >J1( kz_qu)

X poo 2rw(g?—25)
+i D / dge#
o =00 YO(\/kz_quw)
VK2 =4 | Y <\/k2 - qzd) - ﬁJo (\/k2 - qzd)
Iy

+ eIk (B.7)
2P

0o 2n  gqw
Ep(p,2) =j/ dge 7"

T () - S ()|

(m) ¢ 1ym  jgw _ ,—jqwy .2 Y k2—q2py
" (=nmet 2:2"’ )q |:Y1( kz_qu)_ °< )Jl( kz_qu)i|

s o0 2mw(g? -0

3 oI el —
+m:1/_oodq M{Yo( kz_q2d>_MJo (,/k—z_qzd)}

qﬁm |:Y1( ©2 —q2,0> _ @.ﬁ( %2 —q2,0>:|
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The voltage V' (z) at z between the wire and the outer chamber is calculated as

Vi singw

V) = _JfOO dqe_jqquﬂ qw Z/ d Vl(m)(( l)me]qw e J‘]W)q
oo (k? — 2rw(g? — ) (k2 — ¢?)

10Z .
n —; 0 logl L), (B.9)
T Pw

while the current 7, (z) at z on the wire is calculated as

vy 0 (Y — oI
k@ = 2wZy logl 4] / q9(q*> — k?)
k[ dqe—qu(eiqw — ey & Jo.(ziz)Jo(il%w)
wZy J-oa q 121 (g% — K2+ )R — T2 2))
" Vl(m)((_l)me/'qw — e 1)g
" log[ wZo logl L] Z/ (% = 25 (q> — )
Z / - Vl(m)((_l)mejqw —e)g & Jo(l'l)JO(il%w)
WZO (¢? — =22 D (@2 — K+ DGR — SR
e, (B.10)

by using the formulae (see Appendix C)

2
Jo(@2)Y1(z) —J1(2)Yo(2) = — (B.11)

1 I i wJo(in)Jo(ir %)

T2 (Yo(z) — jOg,’igf;Jo(z))_zlog[,;iW]_Z:] 2 — J2G0r%))

(B.12)

. ijJo(iDJo it %)
= (=22 + i) ) =I5 @)
where #; is the zero of the function Yo (x) — Yo(xpw/d)/Jo(xpy/d)Jo(x).
As a regularization parameter, we introduce the total length of the three chambers together as L,

where we assume L/2 >> w. By using Egs. (B.9) and (B.10), V' (L/2) and I.(FL/2) are simplified
as

V(:FL) _— Visinkw i VM (= 1)me Ik GEW _ o=k (35w
5) = *F€ "o/ 2.2 2.2
? 20 2wlor — 5
—jkk 1) A oFiE 4T
NI DR e + 1020 1og[—] (B.13)
4 2 Pw
for k = nm /2w,
V( é) _ :Fe—jk% Vl sin kw B i Vl(m)((_l)me—jk(%iw) — €_jk(%:FW))k . [OZO :I:]k2 o [_]
:FZ = iow ]m:1 2wk — mznz) o g 5
(B.14)
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for k # nm /2w, and

L V1 sin kw . k s —jk% —1ymeFkw _ Hikw
IZ(:FE) - L d e_Jkli :I:] 4 d Z Vl(m)e (( 2) em2n2 ‘ )
kwZ log[p—w] w2 1og[p—w] e Lt (k> — )
@) —jkk 1\, Fjkw +jkw .
7TV1 e 2[( 1) ed +e ] +I()e:|:jk%, (BIS)
27y log[p—w]
for (k = n/2w) N (k < i1/d) and the large-L limit,
L Visinkw ke s & _1ymeFihn _ gk .
Ly =TI gy e s o VI — )y et
2 kwZ log[p—w] w2y log[p—w] ot (k2 — rZ,M],Tz
(B.16)
for (k # nm/2w) N (k < i1/d) and the large-L limit, where 7 is an arbitrary positive integer.
Now the transmission coefficient S} is calculated as
2V (L/2
Sy = lim &/2) , (B.17)
L—oo V(—=L/2)+ ,(—L/2)Z,
where the characteristic impedance Z, is given by
Z d
Z, = 22 log —. (B.18)
277 pw

Especially when the resistive chamber (the device under test) is replaced by the perfectly conductive
chamber, the transmission coefficient is calculated as

f o
SyreD = g (B.19)

Concretely, we obtain the formulae for the ratio of the transmission coefficients S5, / S;Vl(ref) as

. (m) m jkw —jkw
V1 sin kw oo V(=) —e Mk
- Zm:l 2.2 + loZc

sy 2wkt
H = : (B.20)
S;Vl(l‘e ) Zc[()
for (k # nw/2w) N (k < i1/d), and
Visinkw _ O (1yme ety D 1yid T 4T
w 12511:‘14} B Z(r)nozl,m;éﬁ 1 7272 m2:2 + -4 7 - + IyZ,

S 2w =)
w(ref) = , (B.21)

$H1 Zcly

for (k = n/2w) N (k < i1/d), which is equivalent to formulae (24) and (25) in the text.
The expansion coefficients /; and Vl(m) in the formulae are determined using the boundary
condition of £, on p = g, which is expressed as
A" ke > kCO (7 (2
|:0 LG I S i A

©)
Ay ym _ _c , B.22
2w 277 e omwzy ! 0 (@@) (B.22)

i) 00 (m) (n)
" W, +Z{8n,m PO A

217y 2wz j| Vl(n) = _C(()m) ({la@)))ms (B.23)

n=1
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where
(@) Iy sinkw
o) = —— ,
2md  kw
(o)) Iy k((=D"e™ — et
*m == . 2.2 >
2nd Jk? — "vaz )
—Jj kz—%@w)
2 o T o (e d _ 1)
V) == =)
s=0 (k% — =) 5=0 JU2 =552
2
—j\ k2= 252w
<J(m)(z)>=inas(l-l-(—l)m)(l—e =
S0 wdy R - a2 -
00 m —j2 kz—éw
amj(1 + (=)™ (e =t 1)
(=) = — _,
s=0 wd(kz———’;‘fvfz)
2 -2 kZ—LZLw
2ray(14+(= "), 2= 5 (1— (= 1)e T ]
=0 2 - orn #m,
' o )
W) = | . s
<<J (Z)>>m - -~ dra kz—;jz(l—(—l)m 72,k a2 )
5=0 2 22
4Z(vf; A
+Zs OmZJﬂz—x) forn = m,
J2[ Luls
os = — p?[ d ]2 —, fors > 1,
Jol=7 1 = Jolis]
. 1
- 2log[LY’
and
ir=0
Here,
o .
— —jkz
@) ane ’

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)

sin gw

J() = f " e [Yl (Vi2=aa) - Eﬁ Z:;JI (mdﬂ
e \/7|:Y0(\/m d) - % <\/Hd)}
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w .
Jm (z) = f dge /%
—0

2_ 2,
x = W) . (B35)
Yol A/ k*—q”pw
- wagz)vkz_q |:YO (\/kZ_q d) J(())(z——quw)'jo< kz—qzd)j|
and the brackets in Egs. (B.24)—(B.29) are defined as
1 w
(--->Eﬁf dz -, (B.36)
w
(("'))mE/ dz COSM.... (B.37)
—w 2w

Here, A(()O), C(()O),A(()m), and Cém) with positive integer m, which are determined using the solutions
of the Maxwell equations in the case of a resistive material with conductivity o., are the transfer
coefficients that transfer the fields on the inner surface (o0 = d) to the outer surface (p = a) of the
resistive material (device under test). All expansion coefficients V; and Vl(m) are obtained by solving
Egs. (B.22)—(B.23) for any m.

Before concluding this appendix, let us derive concrete forms of the transfer coefficients [11].
Because the resistive material is sandwiched between perfectly conductive chambers, the monopole
mode fields in the material expand according to sinusoidal functions as

E = ~<°>+ Z m”(”W) E™, (B.38)
and
1 = 1 & mr(z +w) =
=(0) = (m)
Hy = —H — — = g™, B.39
0 2w ? * WmX_:lcos 2w o ( )

Substituting them into the Maxwell equations

9B oH

tE = —— = —pog— = —jkZoH, B.40
ro ” Ho— JkZo (B.40)
> - 3[3 UCZ() ~. =l
rotH =o.E + — = ( 1)— = €jwegE, (B.41)
ot jk
the solutions of Egs. (B.38) and (B.39) are given as
E™ = Tolo(imp) + ToKo(tmp), (B.42)
= ike -~
H™ = =5 (FoL(mp) + ToKG(mp), (B43)
Zom
where Iy and ' are arbitrary coefficients and
m2m?
_ 2z
Hm = 2 k<€. (B.44)
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Using these solutions, the fields on p = d are transferred to those on p = a as
7 (m) 7 (m)
E; E;7(d
H," (a) Hy ™ (d)

(m) ()
A™ ¢
Mo(a,d) = 0 0
ola,d) (13’”’ Ké"”)

where

which are given by

A = pma ) (md)Ko(pm@) — To(um@)Kj (imd)),
JZo12,allo (um@) Ko (md) — Io(1imd)Ko(1ma))
ke ’
I(m) _ ]kag(lé(ﬂmd)Ké(Mma) - [(/)(//Lma)K(/)(,umd))
0 - )
A

c” =

and

K" = pmady(uma)Ko(tma) — Io(um@)Kj(1ima)).
Especially when m = 0, they are rewritten as

A(O) _ Tk cerd (Y1 (Keerd)Jo (Kcer@) — J1 (Keerd) Yo (K cera))
0o — 5

2
0 _ aZO( Yo(kcerd)Jo(Kcer@) + Jo(kcerd) Yo (Kcera))
CO
26k
0) j@kna(Yl (Keerd)J1 (Keera) — J1(Keerd) Y1 (Keera))
Iy’ =— ,
27y
K(O) . T Keerd (— Yo (Keerd)J1 (Keera@) + Jo(kcerd) Y1 (Kcera))
0 - 5
2

where

Keer = V k2E.

Appendix C. Expansion formulae for the Bessel and Neumann functions

The Bessel and Neumann functions are related as follows:

(B.45)

(B.46)

(B.47)

(B.48)

(B.49)

(B.50)

(B.51)

(B.52)

(B.53)

(B.54)

(B.55)

1 Z[ :| 7 Jo(i1)Jo (i1
Joz2) (Yo(z) — WEED oy 2log o (—22 +z) 2 — I

=1

Jo(z5)
Yo (z 2w
(@) = it @) = 27201
- Yo(z2) 22 10g + Z (i — 22)J3 ) — 32’
z(Yo(2) — MJO(Z)) i=1
d
where i; is the /th zero of
Yo(ir %
Yo(ip) — Jo(iy) = 0.
Jo(ir%)
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We prove the above formulae as follows. Consider the following form of the integral

1 dg
2 (62 = 2Deh @ ) (0(©) = o)

(C.4)

where —m < arg(¢) < m. The integrand has no cut, because the following relationship is satisfied:

Yo(¢ Bre™m) ‘ Yo(¢21)
—L——Jo(£d") = Y, —
Jo(g e 0(ge™) = Yo(£) Jo(z %)

Thus, the integration contour is selected as a circle around the origin with infinite radius. Because

Yo(ge™™) —

Jo(8). (C.5)

the summation of all contributions to the integral from the poles tends to zero, Eq. (C.4) is rewritten

as
- 1 . B i 7 Jo(inJo (i1 %) (C.6)
2 (Y@ — e gy F2logli] S 2 HDUCE G
0z
which is identical to Eq. (C.1) (see Eq. (B.12)), where we use Eq. (C.3).
Similarly, consider the following form of the integral:
Yo (& 2w
| g (V1) — 28 11 (o))
- Jo(¢ d ) (C 7)
27j 2 S ‘ ‘
By utilizing the relationship
: Yoge™) _ Yo()
Y1(¢d") — ——= &My = e IMT [y J , C.8
€)= S N1 EET) = TN (©) = S ©)] (C.8)
we finally obtain
Yoz2)
(N(z) — mh () 1 . i 202 (i o)
=00 — 25 ey " 2logl ] S @ D@ — S )
Appendix D. Longitudinal resistive-wall impedance by a beam
General solutions (especially E,, Hy) for m = 0 are expressed as
E. = ES + A(k)e ™1y (kp), (D.1)
Hy = Hj + ] g Y dkye 71, (kp), (D.2)
in the vacuum chamber (0 < p < d) and
_ Iy (via)
E. = e Ci (k) Uy (v19) — ———Ko (v1)), (D.3)
Ko (via)
(0c +jwep) _j. Iy (via)
Hy = <=L TRy () (I (np) + K (V1)) (D4)
Vi Ko (via)

in the resistive material with the conductivity o, (d < p < a), where A(k) and Cy (k) are arbitrary
coefficients, k = k/y and v| = \/k2/y? + jkBZyo.
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The coefficients are determined by the boundary condition as

_ I ikeZolo(k -
A (Rd) + Crd) Uy ) — 20D a7y = D g g,
0 (via) 2y
(D.5)
_jgln (kd) Ak + T2 (1 ) + 2D g ancy iy = PERED) gy,
0 V| Ko (via) 2y
(D.6)

The coupling impedance Z; is defined as the average of the longitudinal electric field (normalized
by the beam current) over the beam cross-section. For a pencil beam, we obtain

iZok [ Ko(kd) — 2mA(k
7, = A2 o(kd) . (k) , D7)
2B7 \ y2lo(kd)  JjkeZo
where g is the ring circumference.
For a relativistic beam, we obtain

7 (Ko (va) Iy (vd) = Ip (va) Ko (vd)) 35 0.8)

g T _ (octjwey) (Ko wa)ly (vd)+Ho (va) K (vd)) +jkd(Ko(va)Io(vzdgflo(va)Ko(vd)) ’ ’
v 0

where v = \/jkZyo,.
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