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The mass spectra of singly charmed and bottom baryons, Λc=bð1=2�; 3=2−Þ and Ξc=bð1=2�; 3=2−Þ, are
investigated using a nonrelativistic potential model with a heavy quark and a light diquark. The masses of
the scalar and pseudoscalar diquarks are taken from a chiral effective theory. The effect of UAð1Þ anomaly
induces an inverse hierarchy between the masses of strange and nonstrange pseudoscalar diquarks, which
leads to a similar inverse mass ordering in ρ-mode excitations of singly heavy baryons.

DOI: 10.1103/PhysRevD.102.014004

I. INTRODUCTION

Diquarks, strongly correlated two-quark states, have a
long history in hadron physics since the 1960s [1–8] (see
Refs. [9,10] for reviews). It is an important concept for
understanding the various physics in quantum chromody-
namics (QCD), such as the baryon (and also exotic-hadron)
spectra as well as the color superconducting phase. The
properties of various diquarks, such as the mass and size,
have been studied by lattice QCD simulations [11–17].
A phenomenon related to diquark degrees of freedom is

the spectrum of singly heavy baryons (Qqq), where a
baryon contains two light (up, down, or strange) quarks
(q ¼ u; d; s) and one heavy (charm or bottom) quark
(Q ¼ c; b), so that the two light quarks (qq) might be
well approximated as a diquark (for model studies about
diquarks in Qqq baryons, e.g., see Refs. [18–29]). In
particular, the spectrum of singly heavy baryons is a
promising candidate visibly affected by diquark degrees
of freedom. For example, the P-wave excited states of
singly heavy baryons are classified by λ modes (the orbital
excitations between the diquark and heavy quark) and ρ
modes (the orbital excitations between two light quarks
inside the diquarks) [30,31].
The chiral symmetry and UAð1Þ symmetry are funda-

mental properties of light quarks in QCD, and in the low-
energy region of QCD they are broken by the chiral

condensates and UAð1Þ anomaly, respectively. Such sym-
metry breaking effects should be related to the properties
of diquarks [29,32,33]. In Ref. [29], a chiral effective
theory based on the SUð3ÞR × SUð3ÞL chiral symmetry
with the scalar (JP ¼ 0þ, where J and P are the total
angular momentum and parity, respectively) diquarks
belonging to the color antitriplet 3̄ and flavor antitriplet
3̄ channel and its pseudoscalar (0−) counterpart was
constructed.1 These are the following new (and interesting)
suggestions:

(i) Chiral partner structures of diquarks—A scalar
diquark and its pseudoscalar partner belong to a
chiral multiplet, which is the so-called chiral partner
structure. This structuremeans that chiral partners are
degenerate when the chiral symmetry is completely
restored. As a result, they also predicted a similar
chiral partner structure for charmed baryons such as
Λcð1=2þÞ-Λcð1=2−Þ and Ξcð1=2þÞ-Ξcð1=2−Þ (for
similar studies, see Refs. [35,36]).

(ii) Inverse hierarchy of diquark masses—The effect
of the UAð1Þ anomaly leads to an inverse hierarchy
for the masses of the pseudoscalar diquarks:
Mðus=ds; 0−Þ < Mðud; 0−Þ. This is contrary to an
intuitive ordering Mðud; 0−Þ < Mðus=ds; 0−Þ ex-
pected from the larger constituent mass of the s quark
than that of theu anddquarks.As a result of the inverse
hierarchy, they also predicted a similar ordering for the
charmed baryons: MðΞc; 1=2−Þ < MðΛcð1=2−ÞÞ.

In this paper, we investigate the spectrum of singly heavy
baryons by using a “hybrid” approach with the constituent
diquarks based on the chiral effective theory [29] and
nonrelativistic two-body potential model (sometimes
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1The diquark with the color 3̄ and flavor 3̄ is often referred to
as the “good” diquark [10,34].
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simply called quark-diquark model). Our approach has the
following advantages:

(i) It can study the singly heavy-baryon spectrum based
on the chiral partner structures of diquarks.

(ii) It can introduce the inverse hierarchy of the pseu-
doscalar diquark masses originated from the UAð1Þ
anomaly and examine its effects on the singly heavy
baryons.

(iii) It can take into account the contribution from the
confining (linear and Coulomb) potential. This is an
additional advantage missing in Ref. [29].

(iv) It can predict λ-mode excited states of singly heavy
baryons. This is more profitable than the approach in
Ref. [29], where it will be difficult to calculate
λ-mode excitations only by the effective Lagrangian
though the ρ-mode states are naively estimated.

It should be noted that the diquark-heavy-quark
approach can cover all the excitation modes that appear
in the conventional quark model. The orbital excitations of
a three-quark system consist of the λ-mode, in which the
diquark is intact, and the ρ-mode, in which the diquark is
internally excited. The latter can be represented by a new
type of diquark. In the present approach, we consider only
the scalar and pseudoscalar diquarks, but there are many
other possible diquarks [29]. Among them the vector and
axial-vector diquarks are known to be low-lying and play
major roles in the flavor 6 baryons, such as Σc and Ωc. The
chiral effective theory for the vector and axial-vector
diquarks and their couplings to the scalar and pseudoscalar
diquarks is being considered in the forthcoming paper.
This paper is organized as follows. In Sec. II, we

formulate the hybrid approach of the chiral effective theory
and the potential model. In Sec. III, we show the numerical
results. Section IV is devoted to our conclusion and
outlook.

II. FORMALISM

In this section, we summarize the mass formulas of
diquarks based on the chiral effective theory [29]. After
that, we construct a nonrelativistic potential model for
singly heavy baryons composed of a heavy quark and a
diquark.

A. Chiral effective Lagrangian

In this work, we concentrate on the scalar (0þ) and
pseudoscalar (0−) diquarks with color 3̄ and flavor 3̄. In the
chiral effective theory of diquarks [29], we consider the
right-handed and left-handed diquark fields, dR;i and dL;i,
where i is the flavor index of a diquark. The i ¼ 1 (ds) and
i ¼ 2 (su) diquarks include one strange quark, while the
i ¼ 3 (ud) diquark has no strange quark.

When the chiral symmetry and flavor SUð3Þ symmetry
are broken, the mass terms for the diquarks are given
by [29]

Lmass ¼ −m2
0ðdR;id†R;i þ dL;id

†
L;iÞ

− ðm2
1 þ Am2

2ÞðdR;1d†L;1 þ dL;1d
†
R;1

þ dR;2d
†
L;2 þ dL;2d

†
R;2Þ

− ðAm2
1 þm2

2ÞðdR;3d†L;3 þ dL;3d
†
R;3Þ; ð1Þ

where m0, m1, and m2 are the model parameters. m0 is
called the chiral invariant mass. The term with m2

0 satisfies
the chiral symmetry, while the terms with m2

1 and m
2
2 break

the chiral symmetry spontaneously and explicitly. m1 and
m2 are the coefficients of the six-point quark (or diquark-
duquark-meson) interaction motivated by the UAð1Þ
anomaly and the eight-point quark (or diquark-duquark-
meson-meson) interaction which conserves the UAð1Þ
symmetry, respectively. A ∼ 5=3 is the parameter of the
flavor SUð3Þ symmetry breaking due to the quark mass
difference, ms > mu ≃md.

B. Mass formulas of diquarks

By diagonalizing the mass matrix (1) in R=L and flavor
space, we obtain the mass formulas for the diquarks,
Mið0�Þ [29],

M1ð0þÞ ¼ M2ð0þÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
0 −m2

1 − Am2
2

q

; ð2Þ

M3ð0þÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
0 − Am2

1 −m2
2

q

; ð3Þ

M1ð0−Þ ¼ M2ð0−Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
0 þm2

1 þ Am2
2

q

; ð4Þ

M3ð0−Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
0 þ Am2

1 þm2
2

q

: ð5Þ

From Eqs. (2)–(5), we get

½M1;2ð0þÞ�2 − ½M3ð0þÞ�2 ¼ ½M3ð0−Þ�2 − ½M1;2ð0−Þ�2
¼ ðA − 1Þðm2

1 −m2
2Þ: ð6Þ

From this relation with A > 1 and m2
1 > m2

2, one finds
the inverse mass hierarchy for the pseudoscalar diquarks:
M3ð0−Þ > M1;2ð0−Þ, where the nonstrange diquark (i ¼ 3)
is heavier than the strange diquark (i ¼ 1; 2).

C. Potential quark-diquark model

In order to calculate the spectrum of singly heavy
baryons, we apply a nonrelativistic two-body potential
model with a single heavy quark and a diquark.
The nonrelativistic two-body Hamiltonian is written as

H ¼ p2
Q

2MQ
þ p2

d

2Md
þMQ þMd þ VðrÞ; ð7Þ
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where the indices Q and d denote the heavy quark and
diquark, respectively. pQ=d and MQ=d are the momentum
and mass, respectively. r ¼ rd − rQ is the relative coor-
dinate between the two particles. After subtracting
the kinetic energy of the center of mass motion, the
Hamiltonian is reduced to

H ¼ p2

2μ
þMQ þMd þ VðrÞ; ð8Þ

where p ¼ MQpd−MdpQ

MdþMQ
and μ ¼ MdMQ

MdþMQ
are the relative

momentum and reduced mass, respectively.
For the potential VðrÞ, in this work, we apply three types

of potentials constructed by Yoshida et al. [31], Silvestre-
Brac [37], and Barnes et al. [38]. These potentials consist of
the Coulomb term with the coefficient α and the linear term
with λ,

VðrÞ ¼ −
α

r
þ λrþ C; ð9Þ

where C in the last term is a “constant shift” of the
potential, which is a model parameter depending on the
specific system.
Note that, only in Ref. [31], the coefficient α of the

Coulomb term depends on 1=μ. In other word, this is a
“mass-dependent” Coulomb interaction, which is moti-
vated by the behavior of the potential obtained from lattice
QCD simulations [39]. On the other hand, the other
potentials [37,38] do not include such an effect. Such a
difference between the potentials will lead to a quantitative
difference also in singly heavy-baryon spectra.
In this work, the charm quark mass Mc, bottom quark

mass Mb, α, and λ are fixed by the values estimated in the
previous studies [31,37,38], which are summarized in
Table I. The other parameters are determined in Sec. III A.
In order to numerically solve the Schrödinger equation,

we apply the Gaussian expansion method [40,41].

III. NUMERICAL RESULTS

A. Parameter determination

In this section, we determine the unknown model
parameters such as the diquark masses Mið0�Þ and

constant shifts, Cc for charmed baryons and Cb for bottom
baryons. The procedure is as follows:

(i) Determination of Cc—By inputting the mass of the
ud scalar diquark, M3ð0þÞ, we determine the con-
stant shift Cc so as to reproduce the ground-state
mass of Λc. As M3ð0þÞ, we apply the value
measured from recent lattice QCD simulations with
2þ 1 dynamical quarks [17]: M3ð0þÞ ¼ 725 MeV.
As the mass of Λc, we use the experimental value
from PDG [42]: MðΛc; 1=2þÞ ¼ 2286.46 MeV.

(ii) Determination of M1;2ð0þÞ and M3ð0−Þ—After
fixing Cc, we next fix two diquark masses,
M1;2ð0þÞ andM3ð0−Þ. Here, we apply the following
two methods:

Model I.—The first method is to input M1;2ð0þÞ and
M3ð0−Þ measured from recent lattice QCD simula-
tions [17]: M1;2ð0þÞ ¼ 906 MeV and M3ð0−Þ ¼
1265 MeV.2 We call the choice of these parameters
Model I, which is similar to Method I in Ref. [29].

Model II.—Another method is to determine M1;2ð0þÞ
and M3ð0−Þ from the potential model and some
known baryon masses, which we call Model II. After
fixing Cc, M1;2ð0þÞ and M3ð0−Þ are determined so as
to reproduce MðΞc; 1=2þÞ and MρðΛc; 1=2−Þ, respec-
tively. As input parameters, we use the experimental
values of the ground-state Ξc from PDG [42]:
MðΞc; 1=2þÞ ¼ 2469.42 MeV. For the mass of the
ρ mode of the negative-parity Λc, we use the value
predicted by a nonrelativistic three-body calculation in
Ref. [31]: MρðΛc; 1=2−Þ ¼ 2890 MeV.3

(iii) Determination of M1;2ð0−Þ—Using the mass rela-
tion (6) and our three diquark masses, M3ð0þÞ,
M1;2ð0þÞ, andM1;2ð0−Þ, we determine the masses of
us=ds pseudoscalar diquarks, M1;2ð0−Þ. Here, we
emphasize that the estimated M1;2ð0−Þ reflects the
inverse hierarchy for the diquark masses, which has

TABLE I. Potential model parameters used in this work. We apply three types of potentials, Yoshida (Potential Y) [31], Silvestre-Brac
(Potential S) [37], and Barnes (Potential B) [38]. α, λ, Cc, Cb, Mc, and Mb are the coefficients of Coulomb and linear terms, constant
shifts for charmed and bottom baryons, and masses of constituent charm and bottom quarks, respectively. μ is reduced mass of two-body
systems. The values of Cc and Cb are fitted by our model. For Potential B, Mb is not given [38], so that we do not fit Cb.

α λðGeV2Þ CcðGeVÞ CbðGeVÞ McðGeVÞ MbðGeVÞ
Potential Y [31] ð2=3Þ × 90ðMeVÞ=μ 0.165 −0.831 −0.819 1.750 5.112
Potential S [37] 0.5069 0.1653 −0.707 −0.696 1.836 5.227
Potential B [38] ð4=3Þ × 0.5461 0.1425 −0.191 … 1.4794 …

2We use M3ð0þÞ and M1;2ð0þÞ in the chiral limit in Ref. [17].
The chiral extrapolation of M3ð0−Þ is not shown in Ref. [17], so
that we use M3ð0−Þ at the lowest quark mass (see Table 8 of
Ref. [17]).

3Note that while the known experimental value of negative-
parity Λc, MðΛc; 1=2−Þ ¼ 2592.25 MeV [42], is expected to be
that of the λ-mode excitation, the resonance corresponding to the
ρ-mode has not been observed.
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never been considered in previous studies except
for Ref. [29].

(iv) Determination of Cb—For singly bottom baryons,
we also determine the constant shift Cb by inputting
M3ð0þÞ ¼ 725 MeV and reproducing the mass of
the ground state Λb, MðΛb; 1=2þÞ ¼ 5619.60 MeV
[42]. For the diquark masses,M1;2ð0þÞ,M3ð0−Þ, and
M1;2ð0−Þ, we use the same values as the case of the
charmed baryons.

The constant shifts, Cc and Cb, estimated by us are
summarized in Table I. The diquark masses predicted
by us are shown in Table II. By definition, the diquark
masses in Model I are the same as the values fromMethod I
in Ref. [29]. Here we focus on the comparison of the
prediction from Model IIY and that from Method II in
Ref. [29]. In both the approaches, the input values of
MðΞc;1=2þÞ¼2469MeV and MρðΛc;1=2−Þ¼2890MeV
are the same. Our prediction is M1;2ð0þÞ ¼ 942 MeV,
which is larger than 906 MeV estimated in Ref. [29].
This difference is caused by the existence of the confining
potential (particularly, linear potential) which is not con-
sidered in the estimate in Ref. [29]. This tendency does not
change in the results using the other potentials. Similarly,
for M3ð0−Þ, we obtain 1406 MeV, which is significantly
larger than 1329 MeV in Ref. [29].

Next, we focus on the ordering of the pseudoscalar
diquarks. We find the inverse hierarchy M1;2ð0−Þ <
M3ð0−Þ in all the models, which is consistent with the
prediction in Ref. [29]. We emphasize that the inverse mass
hierarchy of diquarks does not suffer from the confining
potential.
Furthermore, from the diquark masses and Eqs. (2)–(5),

we can determine the unknown parameters of chiral
effective Lagrangian, m0, m1, and m2, which is also
summarized in Table II. By definition, the values in
Model I are the same as those from Method I in
Ref. [29]. Here we compare our estimate from Model II
and a naive estimate from Method II in Ref. [29]. From
Models IIY, IIS, and IIB, we conclude that these parameters
are insensitive to the choices of the quark model potential.
We also see that inclusion of the confining potential does
not alter the parameters qualitatively. Quantitatively, the
magnitude of these parameters is larger than that from
Method II in Ref. [29], which is expected to be improved by
taking into account the confining potential.

B. Spectrum of singly charmed baryons

The values of masses of singly charmed baryons are
summarized in Table II. MðΛc; 1=2þÞ, MðΞc; 1=2þÞ, and
MρðΛc; 1=2−Þ are the input values. Similarly, to the

TABLE II. List of numerical values of scalar [M3ð0þÞ, M1;2ð0þÞ] and pseudoscalar [M3ð0−Þ, M1;2ð0−Þ] diquark masses, masses of
singly-heavy baryons [MðΛQÞ, MðΞQÞ], coefficients of chiral effective Lagrangian (m2

0, m
2
1, and m2

2). We compare the results from our
approach using three potential and two parameters, Yoshida (denoted as IYand IIY), Silvestre-Brac (IS and IIS), and Barnes (BI and IIS)
with a naive estimate in the chiral EFT [29] (Method I and Method II) and the experimental values from PDG [42]. The asterisk (�)
denotes the input values.

Chiral EFT [29] Potential model (this work)

Mass (MeV) Method I Method II IY IS IB IIY IIS IIB Experiment [42]

M3ð0þÞ 725� 725� 725� 725� 725� 725� 725� 725�

M1;2ð0þÞ 906� 906 906� 906� 906� 942 977 983
M3ð0−Þ 1265� 1329 1265� 1265� 1265� 1406 1484 1496
M1;2ð0−Þ 1142 1212 1142 1142 1142 1271 1331 1341

MðΛc; 1=2þÞ 2286� 2286� 2286� 2286� 2286� 2286� 2286� 2286� 2286.46
MðΞc; 1=2þÞ 2467 2469� 2438 2415 2412 2469� 2469� 2469� 2469.42
MρðΛc; 1=2−Þ 2826 2890� 2759 2702 2694 2890� 2890� 2890� …
MρðΞc; 1=2−Þ 2704 2775 2647 2600 2594 2765 2758 2758 (2793.25)
MλðΛc; 1=2−; 3=2−Þ … … 2613 2703 2734 2613 2703 2734 (2616.16)
MλðΞc; 1=2−; 3=2−Þ … … 2748 2825 2860 2776 2878 2918 (2810.05)

MðΛb; 1=2þÞ … … 5620 5620 … 5620� 5620� … 5619.60
MðΞb; 1=2þÞ … … 5766 5735 … 5796 5785 … 5794.45
MρðΛb; 1=2−Þ … … 6079 5999 … 6207 6174 … (5912.20)
MρðΞb; 1=2−Þ … … 5970 5905 … 6084 6051 … …
MλðΛb; 1=2−; 3=2−Þ … … 5923 6028 … 5923 6028 … (5917.35)
MλðΞb; 1=2−; 3=2−Þ … … 6049 6139 … 6076 6188 … …

Parameter (MeV2)
m2

0 ð1031Þ2 ð1070Þ2 ð1031Þ2 ð1031Þ2 ð1031Þ2 ð1119Þ2 ð1168Þ2 ð1176Þ2
m2

1 ð606Þ2 ð632Þ2 ð606Þ2 ð606Þ2 ð606Þ2 ð690Þ2 ð746Þ2 ð754Þ2
m2

2
−ð274Þ2 −ð213Þ2 −ð274Þ2 −ð274Þ2 −ð274Þ2 −ð258Þ2 −ð298Þ2 −ð303Þ2
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ordering of M1;2ð0−Þ < M3ð0−Þ, we find the inverse
hierarchy for the ρ-mode excitations of the singly charmed
baryons: MρðΞc; 1=2−Þ < MρðΛc; 1=2−Þ. This is our main
conclusion: the inverse mass hierarchy between the ρmode
of Λc (without a strange quark) and that of Ξc (with a
strange quark) is realized even with the confining potential,
which is consistent with the naive estimate with the chiral
effective theory [29].

The energy spectra for Λc and Ξc from Models IY and
IIY are shown in the left panels of Figs. 1 and 2. Here we
emphasize the qualitative difference between the spectra of
the negative-parity Λc and Ξc. In the Λc spectrum, the ρ
mode is heavier than the λ mode, which is consistent with
the three-body calculation [31]. On the other hand, in the
Ξc spectrum, the ρ and λmodes are close to each other. As a
result, the mass splitting between the ρ and λ modes in the

FIG. 1. The energy spectra of singly charmed and bottom baryons from our numerical results using Model IY.

FIG. 2. The energy spectra of singly charmed and bottom baryons from our numerical results using Model IIY.
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Ξc spectrum is smaller than that in the Λc spectrum:
jMρðΞc; 1=2−Þ −MλðΞc; 1=2−; 3=2−Þj < jMρðΛc; 1=2−Þ−
MλðΛc; 1=2−; 3=2−Þj, where we note that the 1=2− and
3=2− states for λ modes in our model are degenerate as
discussed later. The significant difference between Models
IY and IIY is caused by MρðΛc; 1=2−Þ which is related to
M3ð0−Þ. From the diquark mass relation (6), a larger
M3ð0−Þ leads to a larger M1;2ð0−Þ. Then a heavier
MρðΛc; 1=2−Þ leads to a heavier MρðΞc; 1=2−Þ. As a
result, MρðΞc; 1=2−Þ from Model IIY is heavier than
MρðΞc; 1=2−Þ from Model IY.
Next, we discuss the masses of the λmodes. The λmodes

are the excited states with the orbital angular momentum
between the heavy quark and diquark, so that theirmasses are
higher than those of the ground states, which is the “P-wave”
states in our two-body potential model. Also, in singly
heavy-baryon spectra, the masses of the λmodes are usually
lower than that of the ρ modes, as shown by the three-body
calculation [31]. In Models IY and IIY, the excitation
energy from the ground state, MλðΛc; 1=2−; 1=3−Þ−
MðΛc; 1=2þÞ, is about 300 MeV. For the other potentials,
it is more than 400 MeV. This difference is caused by the
coefficients α of the Coulomb interaction. In the Yoshida
potential used in Models IYand IIY, α is relatively small, so
that its wave function is broader. As a result, the difference
between the wave functions of the ground and excited states
becomes smaller, and the excitation energy also decreases.
The known experimental values of the negative-parity Λc

and Ξc are MðΛc; 1=2−Þ ¼ 2592.25 MeV, MðΛc; 3=2−Þ ¼
2628.11 MeV, MðΞc; 1=2−Þ ¼ 2793.25 MeV, and
MðΞc; 3=2−Þ ¼ 2818.45 MeV [42]. The λ modes in our
results correspond to the spin average of 1=2− and
3=2−. The spin averages of the experimental values are
MðΛc;1=2−;3=2−Þ¼2616.16MeVandMðΞc;1=2−;3=2−Þ¼
2810.05MeV. For the negative-parity Λc, the experimental
value ofMðΛc; 1=2−; 3=2−Þ is expected to be λmodes. Then
our predictions from Models IY and IIY are in good agree-
ment with the experimental value. If the experimental value
ofMðΛc; 1=2−Þ is assigned to the ρmode, it is much smaller
than our prediction. For the negative-parity Ξc, when the
experimental value ofMðΞc; 1=2−; 3=2−Þ is assigned to the λ
modes, the value is close to our results from Models IS, IB,
and IIY within 50 MeV. When the experimental value of
MðΞc; 1=2−Þ is assigned to the ρ mode, the value is close to
our results from Models IIY, IIS, and IIB within 50 MeV.
Thus, Model IIY can reproduce the known experimental
values in any case. In addition, when these experimental
values are assigned to the λ modes, the excitation energy of
the λ modes from the ground state is estimated to be about
330–340 MeV, which is consistent with the results from
Models IY and IIY.
We comment on the possible splitting in the λ modes.

The splitting between 1=2− and 3=2− states is caused by the
spin-orbit (LS) coupling. In order to study this splitting
within our model, we need to introduce the LS coupling

between the orbital angular momentum and the heavy-
quark spin. In the heavy-quark limit (mc → ∞), the two
states are degenerate due to the suppression of the LS
coupling, so that they are called the heavy-quark spin
doublet.

C. Spectrum of singly bottom baryons

For the singly bottom baryons, the input value is only the
mass of the ground-state Λbð1=2þÞ, and here we give
predictions for the other states. For the ground state of
Ξbð1=2þÞ, our prediction with Models IYand IIY is in good
agreement with the known mass MðΞb; 1=2þÞ ¼
5794.45 MeV [42]. This indicates that the quark-diquark
picture is approximately good for Ξbð1=2þÞ.
The energy spectra for Λb and Ξb from Models IY and

IIYare shown in the right panels of Figs. 1 and 2. Similarly
to the charmed baryon spectra, we again emphasize the
difference between the Λb and Ξb spectra. For the
ρ modes, we also find the inverse mass hierarchy:
MρðΞb; 1=2−Þ < MρðΛb; 1=2−Þ. The difference between
Models IY and IIY is similar to the charmed baryons.
The known experimental values of negative-parity Λb

are MðΛb; 1=2−Þ ¼ 5912.20 MeV and MðΛb; 3=2−Þ ¼
5919.92 MeV [42], and their spin average is
MðΛb; 1=2−; 3=2−Þ ¼ 5917.35 MeV. Whether these states
are the ρ mode or λ mode is not determined yet. When the
experimental value ofMðΛb; 1=2−; 3=2−Þ is assigned to the
λ modes, the value is in agreement with the results from
Models IY and IIY. On the other hand, when the exper-
imental value of MðΛb; 1=2−Þ is assigned to the ρ mode, it
is quite smaller than our prediction. This fact indicates that
the experimental values correspond to λ modes. The
negative-parity Ξb is still not observed experimentally. In
2018, a heavier state Ξbð6227ÞwithMðΞbÞ ¼ 6226.9 MeV
was observed [42,43], but its spin and parity are not
determined so far.

D. Root-mean-square distance

We summarize the root-mean-square (rms) distance,
ffiffiffiffiffi

r̂2
p

, between the diquark and the heavy quark in
Table III. We find the rms distance of the ρ mode is
smaller than those of the ground states and the λmode. This
is because the pseudoscalar diquark is heavier than the
scalar diquark, Mð0−Þ > Mð0þÞ. Then the kinetic energy
of the system with Mð0−Þ is suppressed, and, as a result,
the wave function shrinks compared to its ground state
with Mð0þÞ. Due to the inverse hierarchy of the diquark
masses, we find also the inverse hierarchy for the rms
distance,

ffiffiffiffiffi

r̂2
p

ρðΛc; 1=2−Þ <
ffiffiffiffiffi

r̂2
p

ρðΞc; 1=2−Þ, which is dif-
ferent from the standard hierarchy seen in the ground
states,

ffiffiffiffiffi

r̂2
p

ðΛc; 1=2þÞ >
ffiffiffiffiffi

r̂2
p

ðΞc; 1=2þÞ.
The λ modes are the P-wave excitations within a two-

body quark-diquark model, so that their rms distance is
larger than those of the ground and ρ-mode states which is
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“S-wave” states within our model. The rms distances in the
bottom baryons are shorter than those of the charmed
baryons because of the heavier bottom quark mass.
We find that the rms distances from Models IY and IIY

are larger than those from the other models IS, IB, IIS, and
IIB. This difference is caused by the coefficient α of the
attractive Coulomb interaction. The Yoshida potential in
Models IY and IIY has the relatively small α, so that its
wave function and the rms distance are larger than those
from other models.
Note that the real wave function of a diquark must have a

size which is the distance between a light quark and another
light quark. In our approach, namely, the quark-diquark
model, diquarks are treated as a point particle, so that such a
size effect is neglected. To introduce such an effect would
be important for improving our model. In particular, it
would be interesting to investigate the form factors of
singly heavy baryons with the negative parity by lattice
QCD simulations and to compare it with our predictions.

IV. CONCLUSION AND OUTLOOK

In this paper, we investigated the spectrum of singly
heavy baryons using the hybrid approach of the chiral
effective theory of diquarks and nonrelativistic quark-
diquark potential model.
Our findings are as follows:
(i) We found the inverse mass hierarchy in the

ρ-mode excitations of singly heavy baryons,
MðΞQ; 1=2−Þ < MðΛQ; 1=2−Þ, which is caused by
the inverse mass hierarchy of the pseudoscalar di-
quarksMðus=ds; 0−Þ < Mðud; 0−Þ. This conclusion

is the same as the naive estimate in Ref. [29], but it is
important to note that the effect from the confining
potential between a heavy quark and a diquark does
not change this conclusion.

(ii) We found that the mass splitting between the ρ- and
λ-mode excitations in the ΞQ spectrum is smaller
than that in the ΛQ spectrum: jMρðΞQ; 1=2−Þ−
MλðΞQ; 1=2−; 3=2−Þj < jMρðΛQ; 1=2−Þ − MλðΛQ;
1=2−; 3=2−Þj.

The inverse mass hierarchy in singly heavy baryons can
be also investigated by future lattice QCD simulations, as
studied with quenched simulations [44–50], as well as with
dynamical quarks [51–61]. Although studying negative-
parity baryons from lattice QCD is more difficult than the
positive-parity states, there are a few works for singly
heavy baryons [50,58,60,61]. Our findings give a motiva-
tion to examine the excited-state spectra from lattice QCD
simulations. Here, the careful treatment of the chiral
and UAð1Þ symmetry on the lattice would be required.
Furthermore, the chiral effective Lagrangian for singly
heavy baryons, as formulated in Sec. III-F of Ref. [29], is a
useful approach for analytically studying the inverse mass
hierarchy of heavy baryons. In this Lagrangian, the assign-
ment of the chiral partners for heavy baryons is the same as
that for the diquarks in this work, so that we can obtain a
similar spectrum.
The internal structures of excited states, such as ρ and λ

modes, can significantly modify their decay properties
[62–70], and to study the decay processes taking into
account the inverse hierarchy will be important.
In this paper, we focused only on the scalar diquark and

its chiral partner. As another important channel, the chiral-
partner structure of the axial-vector (1þ) diquarks with the
color 3̄ and flavor 6 (the so-called “bad” diquarks [10,34])
could be related to the spectra of ΣQ, Σ�

Q, Ξ0
Q, Ξ�

Q, ΩQ, and
Ω�

Q baryons.
Furthermore, the diquark correlations at high temper-

ature are expected to modify the production rate of
singly heavy baryons in high-energy collision experiments
[71–73]. In extreme environments, such as high temper-
ature and/or density, chiral symmetry breaking should be
also modified, and it would strongly affect the chiral partner
structures of diquarks and the related baryon spectra.
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TABLE III. Rms distance
ffiffiffiffiffi

r̂2
p

between a heavy quark and a
diquark.

Rms distance (fm) IY IS IB IIY IIS IIB
ffiffiffiffiffi

r̂2
p

ðΛc; 1=2þÞ 0.587 0.512 0.506 0.587 0.512 0.506
ffiffiffiffiffi

r̂2
p

ðΞc; 1=2þÞ 0.559 0.476 0.469 0.555 0.466 0.457
ffiffiffiffiffi

r̂2
p

ρðΛc; 1=2−Þ 0.523 0.431 0.421 0.513 0.412 0.402
ffiffiffiffiffi

r̂2
p

ρðΞc; 1=2−Þ 0.534 0.444 0.435 0.523 0.425 0.415
ffiffiffiffiffi

r̂2
p

λðΛc; 1=2−; 3=2−Þ 0.832 0.783 0.814 0.832 0.783 0.814
ffiffiffiffiffi

r̂2
p

λðΞc; 1=2−; 3=2−Þ 0.792 0.738 0.767 0.785 0.724 0.752
ffiffiffiffiffi

r̂2
p

ðΛb; 1=2þÞ 0.548 0.466 … 0.548 0.466 …
ffiffiffiffiffi

r̂2
p

ðΞb; 1=2þÞ 0.515 0.424 … 0.510 0.412 …
ffiffiffiffiffi

r̂2
p

ρðΛb; 1=2−Þ 0.471 0.368 … 0.459 0.346 …
ffiffiffiffiffi

r̂2
p

ρðΞb; 1=2−Þ 0.484 0.384 … 0.471 0.362 …
ffiffiffiffiffi

r̂2
p

λðΛb; 1=2−; 3=2−Þ 0.776 0.724 … 0.776 0.724 …
ffiffiffiffiffi

r̂2
p

λðΞb; 1=2−; 3=2−Þ 0.728 0.671 … 0.720 0.654 …

SPECTRUM OF SINGLY HEAVY BARYONS FROM A CHIRAL … PHYS. REV. D 102, 014004 (2020)

014004-7



[1] M. Gell-Mann, A schematic model of baryons and mesons,
Phys. Lett. 8, 214 (1964).

[2] M. Ida and R. Kobayashi, Baryon resonances in a quark
model, Prog. Theor. Phys. 36, 846 (1966).

[3] D. B. Lichtenberg and L. J. Tassie, Baryon mass splitting in
a boson-fermion model, Phys. Rev. 155, 1601 (1967).

[4] D. B. Lichtenberg, Electromagnetic mass splittings of bary-
ons in a boson-fermion model, Nuovo Cimento 49, 435
(1967).

[5] P. D. De Souza and D. B. Lichtenberg, Electromagnetic
properties of hadrons in a triplet-sextet model, Phys. Rev.
161, 1513 (1967).

[6] D. B. Lichtenberg, L. J. Tassie, and P. J. Keleman, Quark-
diquark model of baryons and SUð6Þ, Phys. Rev. 167, 1535
(1968).

[7] J. Carroll, D. B. Lichtenberg, and J. Franklin, Electromag-
netic properties of baryons in a quark-diquark model with
broken SUð6Þ, Phys. Rev. 174, 1681 (1968).

[8] D. B. Lichtenberg, Baryon supermultiplets of SUð6Þ×Oð3Þ
in a quark-diquark model, Phys. Rev. 178, 2197 (1969).

[9] M. Anselmino, E. Predazzi, S. Ekelin, S. Fredriksson, and
D. B. Lichtenberg, Diquarks, Rev. Mod. Phys. 65, 1199
(1993).

[10] R. L. Jaffe, Exotica, Phys. Rep. 409, 1 (2005).
[11] M. Hess, F. Karsch, E. Laermann, and I. Wetzorke, Diquark

masses from lattice QCD, Phys. Rev. D 58, 111502 (1998).
[12] K. Orginos, Diquark properties from lattice QCD, Proc.

Sci., LAT2005 (2006) 054.
[13] C. Alexandrou, P. de Forcrand, and B. Lucini, Evidence for

Diquarks in Lattice, Phys. Rev. Lett. 97, 222002 (2006).
[14] R. Babich, N. Garron, C. Hoelbling, J. Howard, L. Lellouch,

and C. Rebbi, Diquark correlations in baryons on the lattice
with overlap quarks, Phys. Rev. D 76, 074021 (2007).

[15] T. DeGrand, Z. Liu, and S. Schaefer, Diquark effects in light
baryon correlators from lattice QCD, Phys. Rev. D 77,
034505 (2008).

[16] J. Green, J. Negele, M. Engelhardt, and P. Varilly, Spatial
diquark correlations in a hadron, Proc. Sci., LATTICE2010
(2010) 140.

[17] Y. Bi, H. Cai, Y. Chen, M. Gong, Z. Liu, H.-X. Qiao, and
Y.-B. Yang, Diquark mass differences from unquenched
lattice QCD, Chin. Phys. C 40, 073106 (2016).

[18] D. B. Lichtenberg, Charmed baryons in a quark-diquark
model, Nuovo Cimento A 28, 563 (1975).

[19] D. B. Lichtenberg, W. Namgung, E. Predazzi, and J. G.
Wills, Baryon Masses in a Relativistic Quark-Diquark
Model, Phys. Rev. Lett. 48, 1653 (1982).

[20] D. B. Lichtenberg, W. Namgung, J. G. Wills, and E.
Predazzi, Light and heavy hadron masses in a relativistic
quark potential model with diquark clustering, Z. Phys. C
19, 19 (1983).

[21] S. Fleck, B. Silvestre-Brac, and J. M. Richard, Search for
diquark clustering in baryons, Phys. Rev. D 38, 1519
(1988).

[22] D. Ebert, T. Feldmann, C. Kettner, and H. Reinhardt,
A diquark model for baryons containing one heavy quark,
Z. Phys. C 71, 329 (1996).

[23] D. Ebert, R. N. Faustov, and V. O. Galkin, Masses of excited
heavy baryons in the relativistic quark–diquark picture,
Phys. Lett. B 659, 612 (2008).

[24] K. Kim, D. Jido, and S. H. Lee, Diquarks: A QCD sum rule
perspective, Phys. Rev. C 84, 025204 (2011).

[25] D. Ebert, R. N. Faustov, and V. O. Galkin, Spectroscopy and
Regge trajectories of heavy baryons in the relativistic quark-
diquark picture, Phys. Rev. D 84, 014025 (2011).

[26] B. Chen, K.-W. Wei, and A. Zhang, Investigation of ΛQ and
ΞQ baryons in the heavy quark-light diquark picture, Eur.
Phys. J. A 51, 82 (2015).

[27] D. Jido and M. Sakashita, Quark confinement potential
examined by excitation energy of the Λc and Λb baryons
in a quark-diquark model, Prog. Theor. Exp. Phys. 2016,
083D02 (2016).

[28] K. Kumakawa and D. Jido, Excitation energy spectra of the
Λc and Λb baryons in a finite-size diquark model, Prog.
Theor. Exp. Phys. 2017, 123D01 (2017).

[29] M. Harada, Y.-R. Liu, M. Oka, and K. Suzuki, Chiral
effective theory of diquarks and the UAð1Þ anomaly, Phys.
Rev. D 101, 054038 (2020).

[30] L. A. Copley, N. Isgur, and G. Karl, Charmed baryons
in a quark model with hyperfine interactions, Phys. Rev. D
20, 768 (1979); Erratum, Phys. Rev. D 23, 817(E)
(1981).

[31] T. Yoshida, E. Hiyama, A. Hosaka, M. Oka, and K. Sadato,
Spectrum of heavy baryons in the quark model, Phys.
Rev. D 92, 114029 (2015).

[32] D. K. Hong, Y. J. Sohn, and I. Zahed, A diquark chiral
effective theory and exotic baryons, Phys. Lett. B 596, 191
(2004).

[33] D. K. Hong and C.-j. Song, Light scalar decay in a diquark
chiral effective theory, Int. J. Mod. Phys. A 27, 1250051
(2012).

[34] F. Wilczek, Diquarks as inspiration and as objects, in From
Fields to Strings: Circumnavigating Theoretical Physics.
Ian Kogan Memorial Collection (3 Volume Set) (World
Scientific, Singapore, 2005), pp. 77–93, https://doi.org/
10.1142/9789812775344_0007.

[35] Y. Kawakami and M. Harada, Analysis of Λcð2595Þ,
Λcð2625Þ, Λbð5912Þ, Λbð5920Þ based on a chiral partner
structure, Phys. Rev. D 97, 114024 (2018).

[36] Y. Kawakami and M. Harada, Singly heavy baryons with
chiral partner structure in a three-flavor chiral model, Phys.
Rev. D 99, 094016 (2019).

[37] B. Silvestre-Brac, Spectrum and static properties of heavy
baryons, Few Body Syst. 20, 1 (1996).

[38] T. Barnes, S. Godfrey, and E. S. Swanson, Higher charmo-
nia, Phys. Rev. D 72, 054026 (2005).

[39] T. Kawanai and S. Sasaki, Interquark Potential with Finite
Quark Mass from Lattice QCD, Phys. Rev. Lett. 107,
091601 (2011).

[40] M. Kamimura, Nonadiabatic coupled-rearrangement-
channel approach to muonic molecules, Phys. Rev. A 38,
621 (1988).

[41] E. Hiyama, Y. Kino, and M. Kamimura, Gaussian expansion
method for few-body systems, Prog. Part. Nucl. Phys. 51,
223 (2003).

[42] M. Tanabashi et al. (Particle Data Group), Review of
particle physics, Phys. Rev. D 98, 030001 (2018).

[43] R. Aaij et al. (LHCb Collaboration), Observation of
a New Ξ−

b Resonance, Phys. Rev. Lett. 121, 072002
(2018).

KIM, HIYAMA, OKA, and SUZUKI PHYS. REV. D 102, 014004 (2020)

014004-8

https://doi.org/10.1016/S0031-9163(64)92001-3
https://doi.org/10.1143/PTP.36.846
https://doi.org/10.1103/PhysRev.155.1601
https://doi.org/10.1007/BF02820321
https://doi.org/10.1007/BF02820321
https://doi.org/10.1103/PhysRev.161.1513
https://doi.org/10.1103/PhysRev.161.1513
https://doi.org/10.1103/PhysRev.167.1535
https://doi.org/10.1103/PhysRev.167.1535
https://doi.org/10.1103/PhysRev.174.1681
https://doi.org/10.1103/PhysRev.178.2197
https://doi.org/10.1103/RevModPhys.65.1199
https://doi.org/10.1103/RevModPhys.65.1199
https://doi.org/10.1016/j.physrep.2004.11.005
https://doi.org/10.1103/PhysRevD.58.111502
https://doi.org/10.22323/1.020.0054
https://doi.org/10.22323/1.020.0054
https://doi.org/10.1103/PhysRevLett.97.222002
https://doi.org/10.1103/PhysRevD.76.074021
https://doi.org/10.1103/PhysRevD.77.034505
https://doi.org/10.1103/PhysRevD.77.034505
https://doi.org/10.22323/1.105.0140
https://doi.org/10.22323/1.105.0140
https://doi.org/10.1088/1674-1137/40/7/073106
https://doi.org/10.1007/BF02894866
https://doi.org/10.1103/PhysRevLett.48.1653
https://doi.org/10.1007/BF01572332
https://doi.org/10.1007/BF01572332
https://doi.org/10.1103/PhysRevD.38.1519
https://doi.org/10.1103/PhysRevD.38.1519
https://doi.org/10.1007/BF02906991
https://doi.org/10.1016/j.physletb.2007.11.037
https://doi.org/10.1103/PhysRevC.84.025204
https://doi.org/10.1103/PhysRevD.84.014025
https://doi.org/10.1140/epja/i2015-15082-3
https://doi.org/10.1140/epja/i2015-15082-3
https://doi.org/10.1093/ptep/ptw113
https://doi.org/10.1093/ptep/ptw113
https://doi.org/10.1093/ptep/ptx155
https://doi.org/10.1093/ptep/ptx155
https://doi.org/10.1103/PhysRevD.101.054038
https://doi.org/10.1103/PhysRevD.101.054038
https://doi.org/10.1103/PhysRevD.20.768
https://doi.org/10.1103/PhysRevD.20.768
https://doi.org/10.1103/PhysRevD.23.817.3
https://doi.org/10.1103/PhysRevD.23.817.3
https://doi.org/10.1103/PhysRevD.92.114029
https://doi.org/10.1103/PhysRevD.92.114029
https://doi.org/10.1016/j.physletb.2004.06.073
https://doi.org/10.1016/j.physletb.2004.06.073
https://doi.org/10.1142/S0217751X12500510
https://doi.org/10.1142/S0217751X12500510
https://doi.org/10.1142/9789812775344_0007
https://doi.org/10.1142/9789812775344_0007
https://doi.org/10.1103/PhysRevD.97.114024
https://doi.org/10.1103/PhysRevD.99.094016
https://doi.org/10.1103/PhysRevD.99.094016
https://doi.org/10.1007/s006010050028
https://doi.org/10.1103/PhysRevD.72.054026
https://doi.org/10.1103/PhysRevLett.107.091601
https://doi.org/10.1103/PhysRevLett.107.091601
https://doi.org/10.1103/PhysRevA.38.621
https://doi.org/10.1103/PhysRevA.38.621
https://doi.org/10.1016/S0146-6410(03)90015-9
https://doi.org/10.1016/S0146-6410(03)90015-9
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevLett.121.072002
https://doi.org/10.1103/PhysRevLett.121.072002


[44] K. C. Bowler, R. D. Kenway, O. Oliveira, D. G. Richards, P.
Uberholz, L. Lellouch, J. Nieves, C. T. Sachrajda, N. Stella,
and H. Wittig (UKQCD Collaboration), Heavy baryon
spectroscopy from the lattice, Phys. Rev. D 54, 3619 (1996).

[45] A. A. Khan, T. Bhattacharya, S. Collins, C. T. H. Davies, R.
Gupta, C. Morningstar, J. Shigemitsu, and J. H. Sloan,
Heavy-light mesons and baryons with b quarks, Phys.
Rev. D 62, 054505 (2000).

[46] R. M. Woloshyn, Hyperfine effects in charmed baryons,
Phys. Lett. B 476, 309 (2000).

[47] R. Lewis, N. Mathur, and R. M. Woloshyn, Charmed
baryons in lattice QCD, Phys. Rev. D 64, 094509 (2001).

[48] N. Mathur, R. Lewis, and R. M. Woloshyn, Charmed and
bottom baryons from lattice nonrelativistic QCD, Phys. Rev.
D 66, 014502 (2002).

[49] J. M. Flynn, F. Mescia, and A. S. B. Tariq, Spectroscopy of
doubly-charmed baryons in lattice QCD, J. High Energy
Phys. 07 (2003) 066.

[50] T.-W. Chiu and T.-H. Hsieh, Baryon masses in lattice QCD
with exact chiral symmetry, Nucl. Phys. A755, 471 (2005).

[51] H. Na and S. A. Gottlieb, Charm and bottom heavy baryon
mass spectrum from lattice QCD with 2þ 1 flavors, Proc.
Sci., LATTICE2007 (2007) 124.

[52] H. Na and S. Gottlieb, Heavy baryon mass spectrum from
lattice QCD with 2þ 1 dynamical sea quark flavors, Proc.
Sci., LATTICE2008 (2008) 119.

[53] L. Liu, H.-W. Lin, K. Orginos, and A. Walker-Loud, Singly
and doubly charmed J ¼ 1=2 baryon spectrum from lattice
QCD, Phys. Rev. D 81, 094505 (2010).

[54] C. Alexandrou, J. Carbonell, D. Christaras, V. Drach, M.
Gravina, and M. Papinutto, Strange and charm baryon
masses with two flavors of dynamical twisted mass fer-
mions, Phys. Rev. D 86, 114501 (2012).

[55] R. A. Briceño, H.-W. Lin, and D. R. Bolton, Charmed-
baryon spectroscopy from lattice QCD with Nf¼2þ1þ1
flavors, Phys. Rev. D 86, 094504 (2012).

[56] Y. Namekawa, S. Aoki, K.-I. Ishikawa, N. Ishizuka, K.
Kanaya, Y. Kuramashi, M. Okawa, Y. Taniguchi, A. Ukawa,
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