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When the skin depth is greater than the chamber thickness for relativistic beams, the two-
dimensional longitudinal resistive-wall impedance of a cylindrical chamber with a finite
thickness decreases proportionally to the frequency. The phenomenon is commonly inter-
preted as electromagnetic fields leaking out of the chamber over a frequency range. How-
ever, the relationship between the wall current on the chamber and the leakage fields from
the chamber is unclear because the naive resistive-wall impedance formula does not dy-
namically express how the wall current converts to the leakage fields when the skin depth
exceeds the chamber thickness. A prestigious textbook [1] re-expressed the resistive-wall
impedance via a parallel circuit model with the resistive-wall and inductive terms to pro-
vide a dynamic picture of the phenomenon. However, there are some flaws in the formula.
This study highlights them from a fundamental standpoint, and provides a more appropri-
ate and rigorous picture of the longitudinal resistive-wall impedance with finite thickness.
To demonstrate their physical meaning, we re-express the longitudinal impedance for non-
relativistic beams, as well as the transverse resistive-wall impedance including space charge
impedance based on a parallel circuit model.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Subject Index G13, G15

1. Introduction
Resistive-wall impedances can be a significant source of beam instabilities [1,2]. As a result,
many researchers [3–21] have extensively studied the longitudinal and transverse resistive-wall
impedances of an infinitely long multi-layered chamber. It is fundamentally a two-dimensional
problem that can be solved using field-matching techniques [1, Chap. 9].
The longitudinal impedance [2] for a “2-dimensional” cylindrical resistive chamber with a

very thin wall at low frequencies is expressed by the equivalent circuit consisting of the par-
allel circuit of the “DC” constant resistance and the inductance caused by the displacement
current flowing outside the wall proper for relativistic beams, according to a prestigious text-
book [1, Appendix 6.A] on beam coupling impedances in accelerator physics. However, the
applicability conditions of this formula are not so clear, because the well-known conventional
resistive-wall impedance for the finite-thickness chamber monotonically approaches zero to-
ward the frequency origin [2], and there is no frequency region in which the direct current (DC)

C© The Author(s) 2022. Published by Oxford University Press on behalf of the Physical Society of Japan.
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constant resistance plays a significant role, even when the skin depth is greater than the chamber
thickness.
The beam impedance of the authors’ “2.5-dimensional” short ceramic break with titanium

nitride coating sandwiched between perfectly conductive chambers, on the other hand, success-
fully describes the impedance in terms of the electric circuit model consisting of three electric
components in parallel: the resistive-wall term, the displacement current term in the ceramic,
and the radiation term [22]. When the skin depth is greater than the thickness of the titanium
nitride, the real part of the impedance reproduces the DC resistance in the formula, except
in an extremely thin case (typically less than a nanometre) where the radiation effects become
dominant over the wall-current effects. The expression of the impedance from the perspec-
tive of the parallel electric circuit model is certainly intuitive because we can naturally under-
stand that the impedance of the ceramic break is determined to minimize the energy loss of
the beam, which is smaller when the wall current runs on the thin titanium nitride with high
resistance than when it converts to radiation out to free space (gap impedance [23]), when the
beam passes through the ceramic break except for the extremely thin titanium-nitride-coated
case.
We re-investigate in this report how the longitudinal resistive-wall impedance of a two-

dimensional cylindrical chamber for relativistic beams is described in the prestigious textbook
[1, Appendix 6.A] by the equivalent circuit consisting of the parallel circuit of the DC con-
stant resistance and the inductance caused by the displacement current flowing outside the
wall proper. Starting with the rigorous formula, we survey the mathematical structure of the
two-dimensional resistive-wall impedance including non-relativistic space charge effects. As a
result, we point out some shortcomings of the previous formula and present a more appropri-
ate physical representation of the resistive-wall impedance with finite thickness in terms of the
electric circuit model.
Similarly, we revisit the longitudinal impedance, even for non-relativistic beams, as well as

the transverse resistive-wall impedance, including space charge impedance, beginning with the
rigorous formula, to comprehend their physical meaning. Finally, it is obvious that the longi-
tudinal and transverse resistive-wall impedances are chosen to minimize the energy loss of the
beam, regardless of whether the beam is relativistic or not, as in the case of a 2.5-dimensional
short ceramic break with titanium nitride coating. In contrast to the longitudinal impedance
for relativistic beams, the DC constant resistance appears in the impedances for non-relativistic
beams to minimize the beam’s energy loss.
In Sect. 2, to properly distinguish between the 2.5-dimensional of the short ceramic break

and the 2-dimensional resistive chamber, we compare the characteristics of the ceramic break’s
impedance with those of the conventional resistive-wall impedance, and observe some unclear
features about the chamber thickness dependence on the resistive-wall impedance. In Sect. 3 we
present the rigorous formula for the longitudinal resistive-wall impedance for a finite-thickness
chamberwith an outer surface covered by a vacuum layer that is further enclosed by an infinitely
thick perfectly conductive chamber. Based on the rigorous formula, we modify some of the
shortcomings of the previous picture of the resistive-wall impedance for relativistic beams. We
generalize the scheme to the longitudinal impedance of non-relativistic beams at the end of this
section. In Sect. 4, we present the rigorous formula for transverse resistive-wall impedance and
examine the characteristic in the same way. Section 5 summarizes the research.
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Fig. 1. Schematic of a short ceramic break with a titanium nitride coating sandwiched between two
perfectly conductive chambers.

2. Longitudinal impedance of a titanium-nitride-coated short ceramic break and the
conventional formula for a resistive cylindrical chamber
Consider the situation depicted in Fig. 1, in which a cylindrical beam with radius σ

passes through a titanium-nitride-coated short ceramic break of length g (typically ∼10mm)
sandwiched by two perfectly conductive chambers of length (L1 − g)/2. In this case, the longi-
tudinal impedance of the ceramic break at low frequencies is approximated by adding in parallel
the impedances of the resistive wall caused by the titanium nitride coating, the radiation, and
the ceramic capacitor [22].
In particular, when the ceramic break’s longitudinal impedance Z(c)

L is defined as the average
of the longitudinal electric field (normalized by the beam current) over the beam’s cross-section,
including the “non-relativistic” space charge impedance Znon, sp(a) for the perfectly conductive
chamber of radius a and length L1 [21],

Znon,sp(a) = −L1

j2Z0

[
1
2 − I1(k̄σ )K1(k̄σ ) − K0(k̄a)I21 (k̄σ )

I0(k̄a)

]
k̄βγπσ 2

, (1)

the total longitudinal impedance at low frequencies (f � c/πg) is expressed as

Z(c)
L = Znon,sp(a) + Z(σ )

cerTiN,L, (2)

where

Z(σ )
cerTiN,L � F (σ ) a2

aI20 (k̄a)

sin2
(kg
2

)
(kg
2

)2
[
jkβa2(〈J(z)〉 + 〈Y (z)〉)

Z0

− j2πa2κTiN tanh κTiNt
gkβZ0

+ j2ωε1πa2(a2 − a)
cZ0g

]−1

; (3)
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F (σ ) = 4I21 (k̄σ )

k̄2σ 2
; (4)

κTiN =
√
jkβZ0σ2c; (5)

〈J(z)〉 = −
∞∑
s=1

4πa
gb2s

−
∞∑
s=1

4πa2(e− j bsa g − 1)
jg2b3s

; (6)

〈Y (z)〉 = −
∫ ∞

0
dζ

4

gπa2ζ
(
k2β2 + ζ

a22

)
H (1)

0 (e j
π
2
√

ζ )H (2)
0 (e j

π
2
√

ζ )

−
∫ ∞

0
dζ

4(e
− jg

√
k2β2+ ζ

a22 − 1)

jg2πa2ζ
(
k2β2 + ζ

a22

) 3
2
H (1)

0 (e j
π
2
√

ζ )H (2)
0 (e j

π
2
√

ζ )
; (7)

b2s = k2β2a2 − j20,s = −β2
s , and bs approaches −jβs for j0, s > kβa; js0 are the sth zeros of J0(z);

J0(z) is the Bessel function; H (1)
m and H (2)

m are the Hankel functions of the first and second
kinds [24]; Z0 = 120π [�] is the free space impedance; j is the imaginary unit; a and a2 are the
inner and the outer radii of the chamber; t is the thickness of the titanium nitride; ε1 is the
relative dielectric constant of the ceramic; μ1 is the relative permeability of the ceramic, which
is assumed to be 1; σ 2c is the conductivity of the titanium nitride; c is the velocity of light; ω is
the angular frequency; β and γ are the Lorentz β and γ ; k = ω/cβ; and k̄ = k/γ .
Except for the space charge impedance Znon, sp(a), the ceramic break impedance is described

by Eq. (3) where the effect of the radial size of the beam σ is factorized in F (σ ) approaching 1
for infinitesimal σ .
Let us focus on the ceramic break with a2 ≈ a. The first term in the denominator of Z(σ )

cerTiN,L

represents the admittance of radiation effects out to free space as well as into the chamber,
which is caused by the conversion of a portion of the wall-current as the beam passes through
the ceramic break. The second term refers to the titanium nitride’s resistive-wall admittance.
The ceramic break admittance is the third term in the denominator, because the capacitance
Ccer caused by the ceramic break is approximated as

Ccer = ε1π (a2 + a+ t)(a2 − a− t)
cZ0g

� 2ε1πa2(a2 − a)
cZ0g

. (8)

The description of the impedance is intuitively appealing because we can see that the impedance
is determined by minimizing the energy loss of the beam.
To be more specific, for the titanium nitride coating (typically larger than a few tens of

nanometres) as

t > tmin =
(

4g

π2Z3
0σ

3
2c

) 1
4

, (9)

and less than skin depth δ,

δ =
√

2
μ′μ0σ2cω

, (10)

where μ
′
is the relative permeability of titanium nitride, which is assumed to be 1, the effect of

radiation terms such as <J > and <Y > is ignored at low frequencies. That is, the real part of
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Fig. 2. Longitudinal impedance by Eq. (3) (red, blue, and black) for a relativistic pencil beam (σ =
0m), and the conventional formula of Eq. (12) (green), where γ = 1000, a = 65mm, a2 = 70mm, σ 2c =
105 Sm−1, g= 10mm, and ε1 = 11. We symbolically representZL on the vertical axis as the longitudinal
impedance. The solid and dashed lines show the real and imaginary parts of the impedances, respectively.
The red, blue, and black lines show the results with t = 1 nm, t = 10μm, and t = 100μm, respectively.

the impedance approaches the titanium nitride coating’s DC resistance,

Z(σ )
cerTiN,L = g

σ2c2πat
, (11)

for a relativistic pencil beam, as evidenced by measurements [18]. Meanwhile, Z(σ=0)
cerTiN,L for

a “thick” titanium nitride coating, where δ < t, reproduces the traditional resistive-wall
impedance formula with “infinite” thickness as [2,17]

Z(σ=0)
cerTiN,L = gZ0

(1 + j)
4πa

√
2ω

cZ0σ2c
. (12)

For an ultrathin titanium nitride coating (typically ∼ a nanometre) with

t � tmin, (13)

instead of the resistive-wall part, the radiation terms play an important role in the impedance
in most frequency regions, because the energy loss of the beam becomes smaller, thanks to the
conversion of wall-current into the radiation fields rather than staying in the ultrathin titanium
nitride.
Figure 2 depicts the longitudinal impedance Z(σ )

cerTiN,L by Eq. (3) (red, blue, and black) for
a relativistic pencil beam (σ = 0m), as well as the conventional formula of Eq. (12) (green)
with infinite thickness, where γ = 1000, a = 65mm, a2 = 70mm, σ 2c = 105 Sm−1, g = 10mm,
and ε1 = 11. The solid and dashed lines show the real and imaginary parts of the impedance,
respectively. The red, blue, and black lines represent the results obtained with t = 1 nm, t =
10μm, and t = 100μm, respectively.
Except for the case of extremely thin titanium nitride (red), the real part of the impedance is

identical with the DC resistance in the frequency range where the skin depth δ is greater than
the thickness of the titanium nitride t, as shown in the left panel. When the skin depth is greater
than the thickness of the titanium nitride, the wall-current continues to flow in the titanium ni-
tride. As a result, the middle figure depicts how the imaginary part of the impedance is more
suppressed as the titanium nitride becomes thinner as opposed to the conventional impedance
(green dashed). In both left and middle panels we can see how the impedance for t = 100μm
(black) differs from the conventional resistive-wall impedance (green) below f = 250MHz
(δ > t).
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Fig. 3. Comparisons of the longitudinal impedance as calculated by Eq. (12) with g replaced by L (red
dashed), and as calculated by Eq. (15) with t = 10mm (blue solid). We symbolically represent ZL on
the vertical axis as the longitudinal impedance. The parameters for both cases are a = 65mm and σ 2c =
105 Sm−1.

The impedance for extremely thin titanium nitride (t = 1 nm), in the right panel, is well ap-
proximated by a ceramic gap impedance [22], so that the imaginary part of the impedance
becomes capacitive and the cut-off frequency (1.76GHz) is identified (we can identify the cut-
off frequency on the blue lines in the left and middle panels, as well). Nature tries to minimize
the energy loss of the beam, so the radiation fields play an important role in this case. Indeed,
the titanium nitride’s DC resistance g/σ 2c2πat = 245� is greater than the maximum value of
the real part of the impedance, 150� (see the left panel).
The conventional resistive-wall impedance Z(con)

res of a two-dimensional cylindrical chamber
with inner radius a, “finite” thickness t, and length L, except for the conventional relativistic
space charge impedance,

Z(con)
rel,sp = − jωLZ0

4πcβ2γ 2
g f , (14)

is given by [2]

Z(con)
res = GLZ0

(1 + j)
4πa

√
2ω

cZ0σ2c
, (15)

where μ0 = Z0/c denotes the vacuum permeability,

G = tanh
[
(1 + j)

√
ωμ0σ2c

2
t
]

, (16)

is the geometric factor, and

g f = 1 + 2 log
[
a
σ

]
, (17)

is the g-factor describing the space charge impedance [2]. Here, it is clear that the factor G
approaches 1 as the thickness t approaches infinity.
Figure 3 shows a comparison of the longitudinal impedance calculated by Eq. (12) with g

replaced by L (red dashed), and Eq. (15) with t= 10mm (blue solid). In both cases, the param-
eters are a= 65mm and the chamber conductivity σ 2c = 105 Sm−1 (corresponding to titanium
nitride on the ceramic break).
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Due to the geometric factor G, the impedance Z(con)
res from Eq. (15) reproduces the conven-

tional resistive-wall impedance formula of Eq. (12) for a thick chamber δ < t, whereas Z(con)
res is

approximated for thin chambers as

Z(con)
res = jω

Z0

c
1

2πa
Lt. (18)

Because it represents the magnetic flux originating from the beam and penetrating the thin
wall, Eq. (18) has a very different physical meaning from Eq. (11). Although the conventional
formula in Eq. (15) for the resistive-wall impedance approaches zero for infinitesimal t, the
mechanism of how the resistive-wall impedance converts to leakage (radiation) fields, as well
as how the assumed space charge impedance from Eq. (14) is modified for an extremely thin
chamber after being affected by the leakage fields, remains unclear.
This confusion may be clarified by introducing an additional layer outside the resistive cham-

ber, because Ref. [22] demonstrates that the longitudinal impedance of a ceramic break whose
inner surface is coated with titanium nitride and “whose outer surface is additionally covered
over perfectly conductivewall”approaches the impedance of an infinitely long titanium-nitride-
coated ceramic chamber covered by a perfectly conductive wall (refer to Appendix B) [25],

ZL = LZ0

[
2πβa

(
Z0tσ2c − jε1

(ε1β2 − 1)ka log a2
a

)]−1

, (19)

as the length of the ceramic break (g = L) approaches infinity. It is clear that Eq. (19) returns
to zero at zero frequency, regardless of whether t is finite or not, recapturing the characteristic
of Eq. (15): conventional resistive-wall impedance.
Let us revisit the longitudinal resistive-wall impedance of a two-dimensional cylindrical

chamber in the following section by introducing a perfectly conductive wall outside the resistive
chamber.

3. Longitudinal resistive-wall impedance of a two-dimensional cylindrical chamber
3.1 Overview of the longitudinal resistive-wall impedance
Let us now concentrate on the resistive-wall impedance of a two-dimensional cylindrical cham-
ber of length L, inner radius a, and thickness t. As shown in Fig. 4, we add an infinitely thick
perfectly conductive chamber with inner radius d (>a+ t) outside the resistive chamber, where
the space between the inner wall at ρ = a+ t and the outer one at ρ = d in the radial ρ-direction
is filled with a vacuum.
To begin, we will go over the rigorous formula for the longitudinal resistive-wall impedance

obtained by solving theMaxwell equations (see Appendices A1 andA2).When the longitudinal
impedance is defined as the average of the longitudinal electric field (normalized by the beam
current) over the beam’s cross-section, the total longitudinal impedanceZR

L, including the non-
relativistic space charge impedance Znon, sp(a) (compare Eqs. (1) and (21)) is given as

ZR
L

L = Znon,sp(a)
L + ZRW,rig

L , (20)

where

Znon,sp(a)
L = −

j2Z0

[
1
2 − I1(k̄σ )K1(k̄σ ) − K0(k̄a)I21 (k̄σ )

I0(k̄a)

]
k̄βγπσ 2

; (21)
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Fig. 4. Schematic picture of a resistive chamber covered by a perfectly conductive chamber through a
vacuum layer with a thickness of d − a − t.

ZRW,rig

L = − j2Z0K0(k̄a)I21 (k̄σ )

k̄πβγσ 2I0(k̄a)
−

2I21
(
k̄σ
)
jZ0N (k)

k̄σ 2βπγD(k)
; (22)

N (k) = α(1)
[
Z0(σ2c + jωε′ε0)K0(k̄a)I1 (ν2a) + jβγ ν2K1(k̄a)I0 (ν2a)

]
− Z0(σ2c + jωε′ε0)K0(k̄a)K1 (ν2a) + jν2βγK1(k̄a)K0 (ν2a)

+
K0

(
k̄d
)

I0
(
k̄d
) [α(2)

(
−Z0(σ2c + jωε′ε0)K0(k̄a)I1 (ν2a) − jβγ ν2K1(k̄a)I0 (ν2a)

)

+ α(3)
(
Z0(σ2c + jωε′ε0)K0(k̄a)K1 (ν2a) − jν2βγK1(k̄a)K0 (ν2a)

)]
; (23)

D(k) = α(1)
[
−(σ2c + jωε′ε0)Z0I0

(
k̄a
)
I1 (ν2a) + jβγ ν2I1

(
k̄a
)
I0 (ν2a)

]
+ (σ2c + jωε′ε0)Z0I0

(
k̄a
)
K1 (ν2a) + jβγ ν2I1

(
k̄a
)
K0 (ν2a)

+
K0

(
k̄d
)

I0
(
k̄d
) [α(2)

(
Z0(σ2c + jωε′ε0)I0

(
k̄a
)
I1 (ν2a) − jβγ ν2I1

(
k̄a
)
I0 (ν2a)

)

− α(3)
(
Z0(σ2c + jωε′ε0)I0

(
k̄a
)
K1 (ν2a) + jβγ ν2I1

(
k̄a
)
K0 (ν2a)

)]
; (24)

α(1) =

[
K1 (ν2(a+ t)) − jβγ ν2K0(ν2(a+t))K1(k̄(a+t))

Z0(σ2c+ jωε′ε0 )K0(k̄(a+t))

]
[
I1 (ν2(a+ t)) + jβγ ν2I0(ν2(a+t))K1(k̄(a+t))

Z0(σ2c+ jωε′ε0 )K0(k̄(a+t))

] ; (25)
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α(2) =
K1 (ν2(a+ t)) I0

(
k̄(a+ t)

) [
1 + jβγ ν2K0(ν2(a+t))I1(k̄(a+t))

Z0(σ2c+ jωε′ε0 )K1(ν2(a+t))I0(k̄(a+t))

]

I1 (ν2(a+ t))K0

(
k̄(a+ t)

) [
1 + jβγ ν2I0(ν2(a+t))K1(k̄(a+t))

Z0(σ2c+ jωε′ε0 )I1(ν2(a+t))K0(k̄(a+t))

] ; (26)

α(3) =

[
I0
(
k̄(a+ t)

)
− jβγ ν2I0(ν2(a+t))I1(k̄(a+t))

Z0(σ2c+ jωε′ε0 )I1(ν2(a+t))

]
[
K0

(
k̄(a+ t)

)
+ jβγ ν2I0(ν2(a+t))K1(k̄(a+t))

Z0(σ2c+ jωε′ε0 )I1(ν2(a+t))

] ; (27)

ν2 =
√
k2(1 − β2ε′μ′) + jkβμ′Z0σ2c; (28)

ZRW, rig is the resistive-wall impedance except for space charge effects; ε0 = 1/cZ0 is the dielectric
constant of vacuum; σ 2c is the conductivity of the chamber; ε

′
is the relative dielectric constant

of the chamber; μ
′
is the relative permeability of the chamber; and In(z) and Kn(z) are the

modified Bessel functions [24].
We can reproduce the previous expression for the impedance ZR

L by taking d to infinity in
Eq. (22) before taking t to infinity [5,17]:

ZR
L

L = Znon,sp(a)
L + ZRW

L , (29)

where
Znon,sp(a)

L = Zdirect,sp

L + Zindirect,sp

L , (30)

Zdirect,sp

L = − j2Z0

k̄πβγσ 2

(
1
2

− I1(k̄σ )K1(k̄σ )
)

, (31)

Zindirect,sp

L = j2Z0K0(k̄a)I21 (k̄σ )

k̄πβγσ 2I0(k̄a)
, (32)

ZRW

L = − j2Z0I21 (k̄σ )

k̄πβγσ 2

⎡
⎢⎢⎣K0(k̄a)

I0(k̄a)
−
K ′
0(k̄a)

(
1 + jZ0(σ2c+ jωε′ε0 )K0(k̄a)K ′

0(ν2a)
ν2βγK ′

0(k̄a)K0(ν2a)

)
I ′
0(k̄a)

(
1 + jZ0(σ2c+ jωε′ε0 )I0(k̄a)K ′

0(ν2a)

βγ ν2I ′
0(k̄a)K0(ν2a)

)
⎤
⎥⎥⎦ . (33)

Equation (33) is rewritten as
ZRW

L = Z0ν2

2πaI0(ak̄)
[
σ2cZ0I0(k̄a) + jβγ ν2I1(k̄a)

] , (34)

for an infinitesimal cylindrical beam (σ = 0). The prime on the modified Bessel functions In(z)
and Kn(z) denotes the derivative with their argument z.
Because ZRW/L vanishes when σ 2c approaches infinity, the retained Znon,sp(a)/L represents

the space charge impedance for the chamber with radius a including non-relativistic effects [23].
As a result, Zdirect,sp/L describes the direct space charge impedance as Zindirect,sp/L approaches
zero by taking a to infinity. In this way we can divide the direct-space-charge, indirect-space-
charge, and resistive-wall impedances in Eqs. (20), (29), and (30).
The synchrotron tune is affected by the space charge impedance as well as the longitudinal

resistive-wall impedance. We can deal with the space charge impedance with the perfectly con-
ductive boundary and the resistive-wall impedance separately because the total impedance can
be divided into them [21,26]. From a simulation standpoint, the particle-in-cell scheme (see, for
example, Ref. [27]) is useful for evaluating the effect of the space charge effects with the bound-
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Fig. 5. Overall behavior of the longitudinal impedances for γ = 2 (left) and γ = 10000 (right), where a
= 65mm, σ 2c = 105 Sm−1, and ε

′ = μ
′ = 1. We symbolically represent ZL on the vertical axis as the

longitudinal impedance. The red solid and blue dashed lines denote the real and imaginary parts of the
impedances, respectively.

ary condition on the tune, whereas the effect contributed by the resistive-wall impedance may
be dealt with by implementing the impedance source along the accelerators [28].
In the case of an infinitesimal resistive chamber, the space charge impedance for a chamber

with radius d can be reproduced as

ZR
L

L = − j2Z0

k̄πβγσ 2

(
1
2

− I1(k̄σ )K1(k̄σ )
)

+
K0

(
k̄d
)

I0
(
k̄d
) 2I21

(
k̄σ
)
jZ0

k̄σ 2βπγ
, (35)

by plugging t = 0 into Eq. (20).
Figure 5 depicts the overall behavior of the impedance ZRW/L as calculated by Eq. (34). The

longitudinal impedances for γ = 2 and γ = 10 000 are shown in the left and the right panels,
respectively. It is notable that the peak appears in the impedance’s real part at [20]

fR � c

π
(

μ′a2
Z0σc

) 1
3

, (36)

for relativistic beams (right), where μ
′
is written explicitly differently from Ref. [20, Eq. (60)],

but is well approximated to 1 at high frequency. This is because Eq. (34) is approximated for
relativistic beams as

ZRW �
[

σ2c2πa√
jωμ0μ′σ2cL

+ jω
ε0πa2

L

]−1

, (37)

where the first term with μ
′ = 1 in the denominator represents the conventional resistive-wall

admittance (Eq. (12)) and the second term represents the effective capacitance created by the
chamber. Equation (36) explains the peak frequency fR as 0.2 THz in the right panel of Fig. 5.
Comparing the left and right panels in Fig. 5 shows that as the beam becomes non-relativistic

the peak frequency decreases, lowering the impedance. Because the slow beam receives more
kicks from high-frequency radio-frequency (RF) fields while passing through the wake fields,
the impedance tends to be suppressed toward high frequencies, resulting in a lower peak fre-
quency.
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However, if we focus on the lower-frequency part as k̄a � 1, Eq. (34) is approximated as

ZRW

L =
Z0ν2

(
1 + jβγ ν2

Z0σ2c

)
2πa

[
σ2cZ0 + jβν2ka

2 + jβγ ν2 − β2γ ν2
2ka

2Z0σ2c

] , (38)

which is further simplified as

ZL,non,RW

L �
√
jωμ0μ′σ2c

2aπσ2c
+ ω2μ′

4c2πσ2c
, (39)

for a highly conductive chamber, regardless of whether the beam is relativistic or not. The
conventional resistive-wall longitudinal impedance of Eq. (12) is represented by the first term
in the case of μ

′ = 1. The Lorentz-β dependence is noticeably absent at low frequency. This is
because the longitudinal wakes excited by the beam behave as a cosine-line function and are
nearly constant at low frequency during the beam passage [2,23].

3.2 Impedance at low frequency for a chamber with finite thickness
3.2.1 Approximate formula for relativistic beams. Let us now look at how the relativistic
resistive-wall impedance vanishes for an extremely thin chamber and how it relates to the space
charge impedance. We approximate Eq. (20) for relativistic beams with the parameter d kept
finite by assuming the condition

ω

cβγ
d � 1. (40)

Moreover, the Bessel functions are approximated as

In(z) � ez√
2πz

, Kn(z) �
√

π

2z
e−z, (41)

for large arguments [24] by assuming highly conductive material, such as

|ν2(a+ t)| � 1. (42)

|ν2(a+ t)| � 1.
In this case, at low frequencies the longitudinal impedance ZR

L is expressed as

ZR
L = (1 + j)R tanh[(1 + j) t

δ
]

σ2caδ
−

jωRZ0(a+ t) log
[

d
(a+t)

]
cβ2γ 2a cosh2

[
(1 + j) t

δ

] − jωRZ0

2cβ2γ 2
g f [a], (43)

after L = 2πR is plugged in, where δ is again the skin depth:

δ =
√

2
μ′μ0σ2cω

, (44)

and the g-factor, describing the space charge impedance of a cylindrical chamber with inner
radius a for a cylindrical beam with radius σ , is given by

g f [a] = 1
2

+ 2 log
[
a
σ

]
. (45)

Because we define the impedance as the average of the longitudinal electric field over the cross-
section of the beam, followingRef. [1, Appendix 6.A], the constant term 1 in Eq. (17) is replaced
by 1/2.
The final term of Eq. (43) depicts the conventional space charge impedance for a cham-

ber with inner radius a. The first term reproduces the conventional resistive-wall impedance
(Eq. (15)) for a finite-thickness t chamber in the case of μ

′ = 1 [2]. Aside from that, the second
term naturally appears, expressing the effect of fields filling the space between the inner and
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Fig. 6.Longitudinal impedances for γ = 100, where σ = 5mm, σ 2c = 105 Sm−1, a= 65mm, d= 165mm, t
= 1mm, and ε

′ = μ
′ = 1.We symbolically representZL on the vertical axis as the longitudinal impedance.

The red solid, blue dashed, and black solid lines denote the impedances by Eq. (43), (46), and (12) re-
spectively, where g is replaced by L = 2πR.

outer chamber walls. When the thickness t reaches infinity the second term disappears, leaving
only the resistive-wall impedance and the space-charge impedance for the chamber with inner
radius a. For an infinitesimal thickness t, the total impedance produces the conventional rel-
ativistic space charge impedance for a chamber with inner radius d by combining the second
and third terms as the resistive-wall impedance vanishes.
For small t, the real part of the resistive-wall impedance does not appear to produceDC resis-

tance in the two-dimensional cylindrical chamber. Instead, as is already known, the resistive-
wall impedance is vanishing. This is due to the fact that the wall-current begins to flow on
the outermost chamber wall with radius d, which is more beneficial for minimizing the beam
energy loss than continuing to flow on the inner thin chamber. In this sense, Eq. (43) for an
ultra-relativistic beam may be approximated by a parallel electric circuit as follows:

ZR
L �

⎛
⎝ 1

(1+ j)R
σ2caδ tanh[(1+ j) t

δ ]
+ jωRZ0

cβ2γ 2 log
[ d
a

] + 1
RD

⎞
⎠

−1

− jωRZ0

2cβ2γ 2

(
1
2

+ 2 log
[
d
σ

])
, (46)

with

RD = (1 + j)R sinh
[
2(1 + j) t

δ

]
σ2c2aδ

. (47)

The dynamic resistance RD, which describes the impedance of the vacuum between the inner
and outer chambers and reaches zero for infinitesimal t while diverging for infinite t, appears
in the denominator of the second term at low frequency.
The resistive-wall term and the difference in indirect space charge effects due to the inner and

outer chambers are represented by the first and second terms in the denominator of the first
term in Eq. (46). The final term represents the space charge impedance due to the chamber with
the radius d.
Figure 6 shows a comparison of the longitudinal impedances calculated byEq. (43) (red solid)

and by Eq. (46) (blue dashed) for γ = 100. For reference, the black line denotes the conventional
resistive-wall impedance with infinite thickness by Eq. (12), where g is replaced by L = 2πR.
The impedances deviate from the conventional formula for δ > t = (1mm) (f < 2.5MHz in
this case). Although the first term in the denominator of the first term in Eq. (46) produces the
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DC resistance for infinitesimal t (compare it to the second term in the admittance in Eq.(3)),
Eq. (46) based on the parallel circuit model approximates the original impedance by Eq. (43)
well. As a result, Eq. (46) generates the space charge impedance for the chamber with radius d
for infinitesimal t, while it generates the resistive-wall impedance in conjunction with the space
charge impedance for the chamber with radius a for infinite t.
Another issue appears to arise in this case, because the conventional relativistic space charge

impedance for the outermost chamber with inner radius d, expressed as

ZR
L = − jωRZ0

2cβ2γ 2

(
1
2

+ 2 log
[
d
σ

])
, (48)

becomes infinite as d approaches infinity. In principle, however, only the direct space charge
impedance (Eq. (31)) should be retained for the limit. This discrepancy can be reconciled by
understanding how the approximate formula in Eq. (43) is derived from the rigorous formula,
Eq. (20). We use the condition in Eq. (40) in the derivation. As a result, the parameter d in
Eqs. (43), (46), and (48) cannot be infinite, because they must be used under the condition in
Eq. (40).

3.2.2 Relation to the DC resistance in the previous resistive-wall impedance of a two-
dimensional cylindrical chamber. Let us examine how the impedance behaves for a very thin
wall with t� δ and whether the DC resistance of the chamber can play a significant role in the
longitudinal impedance, because Ref. [1, Appendix 6.A] explains that DC resistance is repro-
duced under a condition.
The parameter d is set to be infinite from the start in Ref. [1, Appendix 6.A]. Therefore, let

us take the limit in Eq. (20) as d approaches infinity, so that the last terms in Eqs. (23) and (24)
vanish as they are proportional to K0(k̄d )/I0(k̄d ).
We can use Eq. (41) for large arguments for the highly conductive chamber given by Eq. (42),

and the longitudinal impedance at low frequency is approximated as

ZR
L = kRZ0

⎡
⎢⎢⎢⎣− jg f [a]

2βγ 2
+ jμ′β

⎛
⎜⎜⎜⎝
t
(
1 +

(
1+�+log

[
ak
2γ

])
μ′β2γ 2

)
a

+
(
� + log

[
ka
2γ

])
μ′β2γ 2

⎞
⎟⎟⎟⎠

+ 2aβμ′t

(√
ωμ′μ0σ2c

2

)2
⎛
⎝� + log

[
ka
2γ

]
μ′β2γ 2

⎞
⎠

2
⎤
⎥⎥⎥⎦ , (49)

for ultra-relativistic beams, which is equivalent to Ref. [1, Eq. (6.113)], where � is the Euler �,
though the original Eq. (6.113) contains a typo. In the case of t = 0, Eq. (49) reproduces the
direct space charge impedance

ZR
L = − jkRZ0

2βγ 2

(
1
2

+ 2 log

[
1
k̄σ
2

]
− 2�

)
, (50)

in Ref. [1, Appendix 6.A], which is equivalent to the rigorous formula in Eq. (31) for the direct
space charge impedance after the approximation

ωσ

cβγ
� 1, (51)
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is applied.
To reproduce Ref. [1, Eq. (6.114)], describing the longitudinal impedance with the parallel

circuit model, we must first assume the condition

1 �
1 + � + log

[
ak
2γ

]
μ′β2γ 2

, (52)

so that Eq. (49) is rewritten as

ZR
L = − jkRZ0g f [a]

2βγ 2
+ 1

Re
−1 + Ie−1 , (53)

where

Re =
kRZ0μ

′β
(
t
a +

(
�+log

[
ka
2γ

])
μ′β2γ 2

)2

2at
(√

ωμ′μ0σ2c
2

)2 (
�+log

[
ka
2γ

]
μ′β2γ 2

)2

⎡
⎢⎢⎢⎣1 +

4a2t2
(√

ωμ′μ0σ2c
2

)4 (
�+log

[
ka
2γ

]
μ′β2γ 2

)4

(
t
a +

(
�+log

[
ka
2γ

])
μ′β2γ 2

)2

⎤
⎥⎥⎥⎦ , (54)

Ie = j
kRZ0μ

′β
(
t
a +

(
�+log

[
ka
2γ

])
μ′β2γ 2

)2

(
t
a +

(
�+log

[
ka
2γ

])
μ′β2γ 2

)
⎡
⎢⎢⎢⎣1 +

4a2t2
(√

ωμ′μ0σ2c
2

)4 (
�+log

[
ka
2γ

]
μ′β2γ 2

)4

(
t
a +

(
�+log

[
ka
2γ

])
μ′β2γ 2

)2

⎤
⎥⎥⎥⎦ . (55)

Here, when the conditions

t
a

�
(
� + log

[
ka
2γ

])
μ′β2γ 2

, (56)

4a2t2
(√

ωμ′μ0σ2c

2

)4
⎛
⎝� + log

[
ka
2γ

]
μ′β2γ 2

⎞
⎠

4

�
⎛
⎝ t
a

+
(
� + log

[
ka
2γ

])
μ′β2γ 2

⎞
⎠

2

, (57)

are satisfied, Eqs. (54) and (55) can be approximated as

Re � R
atσ2c

⎡
⎢⎢⎢⎣1 + 2

t

a
(

�+log
[
ka
2γ

]
μ′β2γ 2

)
⎤
⎥⎥⎥⎦ , (58)

Ie � jωRμ0

(
� + log

[
ka
2γ

])
β2γ 2

⎡
⎢⎢⎢⎣1 + t

a
(

�+log
[
ka
2γ

]
μ′β2γ 2

)
⎤
⎥⎥⎥⎦ , (59)

removing the typo of Ref. [1, Eq. (6.115)]. As a result, the resistive-wall longitudinal impedance
with relativistic beams for a very thin wall with t � δ in Ref. [1, Appendix 6.A] is summarized
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as

ZR
L

R
= − jω

μ0
( 1
2 + 2 log

[ a
σ

])
2β2γ 2

+

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

1
atσ2c

⎡
⎢⎣1 + 2 t

a

(
�+log[ ka2γ ]

μ′β2γ 2

)
⎤
⎥⎦

+ 1

jω μ0
β2γ 2

(
� + log

[
ka
2γ

])⎡⎢⎣1 + t

a

(
�+log[ ka2γ ]

μ′β2γ 2

)
⎤
⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

−1

, (60)

after Eqs. (58) and (59) are substituted into Eq. (53).
As Ref. [1, Appendix 6.A] suggests, the first term in Eq. (58) represents the DC resistance of

the chamber; however, when the DC resistance plays a significant role in Eq. (53) (or Eq. (60)),
the condition Re � Ie, which is

1
σ2cat

� ωμ0

(
� + log

[
ka
2γ

])
β2γ 2

, (61)

occurs, referring to Eqs. (58) and (59).
However, the condition in Eq. (57) is simplified as

σ2catωμ0

(
� + log

[
ka
2γ

])
β2γ 2

� 1, (62)

using Eq. (56), which contradicts the condition in Eq. (61). Consequently, the DC resistance
cannot emerge in the impedance under any circumstances, which can be easily found in the
original formula, Eq. (49).
Figure 7 shows one example calculated by Eq. (60), where γ = 1000, σ = 10mm, σ 2c =

105 Sm−1, a = 65mm, t = 1mm, and ε
′ = μ

′ = 1. Apparently, there is no region where the
real part of the impedance becomes DC resistance in t < δ (i.e. f < 2.53MHz). Moreover,

Fig. 7.Longitudinal impedance calculated by Eq. (60), where γ = 1000, σ = 10mm, σ 2c = 105 Sm−1, a=
65mm, t= 1mm, and ε

′ = μ
′ = 1. We symbolically represent ZL on the vertical axis as the longitudinal

impedance.
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the real part of the impedance is negative, being unphysical, though the imaginary part of the
impedance is inductive. Finally, we conclude that Eq. (60) (or Ref. [1, Eq. (6.114)]) is not a
suitable expression for the longitudinal impedance at low frequency for relativistic beams.

3.2.3 Approximate formula for non-relativistic beams. In this section we will look at the
resistive-wall impedance of a chamber with a finite thickness that is applicable to non-relavisitic
beams. Equation (20) is approximated well for the highly conductive chamber as

ZR
L

L � Znon,sp(a)
L + Znon,res

L , (63)

where

Znon,res

L =−

⎡
⎢⎢⎢⎢⎣
j2Z0I21 (k̄σ )

{
K0(k̄(a+ t)) − K0(k̄d )I0(k̄(a+t))

I0(k̄d )
+ jβγ ν2

[
K1(k̄(a+t))+ K0(k̄d )I1(k̄(a+t))

I0(k̄d )

]
tanh ν2t

Z0σ2c

}

k̄2σ 2aβπγ I0(k̄a)(I0(k̄a)K1(k̄(a+ t)) + I1(k̄a)K0(k̄(a+ t))) tanh ν2t

⎤
⎥⎥⎥⎥⎦

×
⎡
⎣ 1
tanh ν2t

+
σ 2
2cZ

2
0I0(k̄a)K0(k̄(a+t))−β2γ 2ν2

2 I1(k̄a)K1(k̄(a+t))
jβγ ν2Z0σ2c

(I0(k̄a)K1(k̄(a+ t)) + I1(k̄a)K0(k̄(a+ t)))

−
K0(k̄d )[Z2

0σ
2
2cI0(k̄a)I0(k̄(a+t))+β2γ 2ν2

2 I1(k̄a)I1(k̄(a+t))]
jβγ ν2Z0σ2cI0(k̄d )

(I0(k̄a)K1(k̄(a+ t)) + I1(k̄a)K0(k̄(a+ t)))

⎤
⎦

−1

, (64)

following the application of Eq. (41). Equation (63) goes to the non-relativistic space charge
impedance Znon,sp(d )/L of the chamber with radius d for infinitesimal t, while it reproduces
Eq. (34) for the resistive-wall impedance with the space charge impedance of Znon,sp(a)/L by
taking d and t to infinity. Equation (43) is thus generalized to Eq. (63), which can deal with
non-relativistic beams as well.
Figure 8 compares the rigorous result of the longitudinal resistive-wall impedances by

Eq. (22) (red), approximate results by Eq. (64) (blue dashed), and the conventional formula
in Eq. (12) (black dashed) with infinite thickness, where g is replaced by L. The upper and
lower panels show the outcomes for γ = 2 and γ = 1000, respectively. Regardless of whether
the beam is relativistic or not, the longitudinal impedance calculated by Eq. (64) is nearly iden-
tical to the rigorous result calculated using Eq. (22). Both results deviate from the conventional
formula in Eq. (12) for δ > t, i.e. f < 2.5MHz. The real part of the impedance for γ = 2 clearly
defines the frequency region where the impedance becomes DC resistance in δ > t, even though
the impedance reaches zero at the frequency origin even in this case.
The phenomenon is comprehended in the same way as in the relativistic case, as follows. At

low frequencies such as

2π f d
cβγ

� 1, (65)

16/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2022/5/053G

01/6552150 by N
SR

I, Japan Atom
ic Energy Agency user on 10 M

ay 2022



PTEP 2022, 053G01 Y. Shobuda

Fig. 8. Longitudinal resistive-wall impedances except the space charge impedance for γ = 2 (upper) and
γ = 1000 (lower), where σ = 10mm, σ 2c = 105 Sm−1, a= 65mm, d= 165mm, t= 1mm, and ε

′ = μ
′ =

1. We symbolically represent ZL on the vertical axis as the longitudinal impedance. The red solid, blue
dashed, and black dashed lines denote the impedances calculated by Eqs. (22), (64), and (12) respectively,
where g is replaced by L.

Eq. (64) is approximated as

ZR
L

L � − jkZ0
( 1
2 + 2 log

[ a
σ

])
4πβγ 2

+
ν2

(
jβγ 2ν2 tanh(ν2t) + k(a+ t)Z0σ2c log

[
d

(a+t)
])

2aπσ2c

(
jβγ 2ν2 + k(a+ t)Z0σ2c log

[
d

(a+t)
]
tanh(ν2t)

) , (66)

where the first term represents the space charge impedance for the chamber with radius a.When
t is set to zero, Eq. (66) reproduces the space charge impedance for the chamber with radius
d. When the ultra-relativistic beam passes through the resistive chamber with μ

′ = 1, Eq. (66)
is identical to the conventional formula, Eq. (15), of the resistive-wall impedance with finite
thickness including the conventional space charge impedance for the chamber with radius a,
but it becomes

ZR
L

L � − jkZ0
( 1
2 + 2 log

[ a
σ

])
4πβγ 2

+ ν2

2aπσ2c tanh(ν2t)
, (67)
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for the highly conductive chamber with non-relativistic beams in the frequency range

cβ2γ 2

2πtσ2c

√
(a+ t)Z2

0 log
[

d
(a+t)

] (
−tβ2γ 2μ′ + (a+ t) log

[
d

(a+t)
]) < f <

c
πt2Z0μ′σ2c

. (68)

The flat region from 60 kHz to 2500 kHz in the upper-left panel of Fig. 8 is well explained by
the inequality relation in Eq. (68). The second term of Eq. (67) reproduces the DC resistance
for infinitesimal t.
To investigate the characteristic, let us rewrite Eq. (66) using the parallel circuit model. In the

case of t � a, Eq. (66) is approximated as

ZR
L

L � − jωZ0
( 1
2 + 2 log

[ d
σ

])
4πcβ2γ 2

+

⎡
⎢⎣ 1(

(1+ j)
2πaσ2cδ tanh[(1+ j) t

δ ]
+ jωZ0 log[ da ]

2πcβ2γ 2

) + 1
Z2

⎤
⎥⎦

−1

, (69)

where

Z2 =
⎡
⎣ (1 + j)
4πaσ2cδ

+
jωZ0 tanh

(
(1+ j)t

δ

)
log

[ d
a

]
4πcβ2γ 2

⎤
⎦
⎡
⎣1 +

jωa(a+ t)Z0σ2c log
[

d
(a+t)

]
log

[ a
d

]
cβ4γ 4μ′

⎤
⎦

× sinh
(
2(1 + j)t

δ

)
. (70)

In this case, the dynamic resistance RD in Eq. (47), which describes the vacuum impedance
between the inner and outer chambers, is generalized to the Lorentz-γ -dependent impedance
Z2 in Eq. (70). As the beam becomes ultra-relativistic, the impedanceZ2 approaches zero faster
for a very thin chamber with t = 0, resulting in the space charge impedance of a chamber with
radius d in Eq. (69). In other words, the impedance Z2 for the non-relativistic beams could
become high, because of the high conductivity σ 2c (see the second term in the second bracket
in Eq. (70)). As a result, the DC resistance (the first term with t� δ in the first denominator of
the second term in Eq. (69)) plays a significant role in Eq. (69) for non-relativistic beams, which
is not the case for relativistic beams.
Figure 9 contrasts the longitudinal impedances calculated by Eqs. (63) and (69). The blue

dashed and red solid lines denote the impedances from Eqs. (63) and (69), respectively. The
upper and lower panels represent the results for γ = 2 and γ = 1000 respectively, including
the space charge impedance. The parameters used are identical to those in Fig. 8. Figure 9
demonstrates that Eq. (69) based on the parallel circuit model approximates well Eq. (63) in
the frequency range below 1GHz in this example.
The condition in Eq. (68) suggests that the Lorentz γ has the upper limit

γ 2 < 1 +
2(

√
2 − 1)(a+ t) log

[
d

(a+t)
]

tμ′ , (71)

to ensure the appearance of DC resistance in the impedance, indicating that increasing d ap-
pears to broaden the frequency range where DC resistance emerges, regardless of whether the
beam is relativistic or not. The condition in Eq. (65), on the other hand, imposes an upper limit
on d. Using the condition δ > t in conjunction with Eq. (65), we obtain

d � βγπt2Z0μ
′σ2c

2π
. (72)

18/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2022/5/053G

01/6552150 by N
SR

I, Japan Atom
ic Energy Agency user on 10 M

ay 2022



PTEP 2022, 053G01 Y. Shobuda

Fig. 9. Longitudinal impedances for γ = 2 (upper) and γ = 1000 (lower), including the space charge
impedance, where σ = 10mm, σ 2c = 105 Sm−1, a = 65mm, d= 165mm, t= 1mm, and ε

′ = μ
′ = 1. We

symbolically represent ZL on the vertical axis as the longitudinal impedance. The blue dashed and red
solid lines denote the impedances from Eqs. (63) and (69), respectively.

When Eqs. (71) and (72) are combined, the following conclusion is obtained:

d � πt2Z0μ
′σ2c

2π

√√√√2(
√
2 − 1)(a+ t) log

[
d

(a+t)
]

tμ′ , (73)

which can be easily broken by increasing d. Again, it becomes more difficult to create a DC
resistance region in the longitudinal impedance toward relativistic beams.
To consider the casewhere d is infinite, wemustmake d infinite while keeping t finite in Eq. (64)

from the start, rather than using Eq. (66) owing to the condition in Eq. (65). The impedance is
denoted as

ZR
L

L = Znon,sp(a)
L −

⎧⎨
⎩

j2Z0I21 (k̄σ )
[
K0(k̄(a+ t)) + jβγ ν2K1(k̄(a+t)) tanh ν2t

Z0σ2c

]
k̄2σ 2aβπγ I0(k̄a)(I0(k̄a)K1(k̄(a+ t)) + I1(k̄a)K0(k̄(a+ t)))

⎫⎬
⎭

×

⎧⎪⎨
⎪⎩1 +

[
σ 2
2cZ

2
0I0(k̄a)K0(k̄(a+t))−β2γ 2ν2

2 I1(k̄a)K1(k̄(a+t))
jβγ ν2Z0σ2c

]
tanh ν2t

(I0(k̄a)K1(k̄(a+ t)) + I1(k̄a)K0(k̄(a+ t)))

⎫⎪⎬
⎪⎭

−1

, (74)
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which is approximated at low frequency (k̄(a+ t) � 1) as

ZR
L

L � − jkZ0
( 1
2 + 2 log

[ a
σ

])
4πβγ 2

+
ν2

[
jβγ 2ν2 tanh(tν2) + k(a+ t)Z0σ2c

(
−� − log

[
k(a+t)
2γ

])]
2aπσ2c

{
jβγ 2ν2 + k(a+ t)Z0σ2c

(
−� − log

[
k(a+t)
2γ

])
tanh(tν2)

} , (75)

while Eq. (34) should be applied where the skin depth is less than the chamber thickness t at
high frequency.
Equation (75) is further approximated as

ZR
L

L � − jkZ0
( 1
2 + 2 log

[ a
σ

])
4πβγ 2

+ (1 + j) tanh
(
(1 + j) t

δ

)
2aπσ2cδ

, (76)

reproducing the simple summation of the very conventional resistive-wall impedance formula
in Eq. (15) and the space charge impedance after μ

′ = 1 is plugged into Eq. (76) for relativistic
beams, as already seen in Sect. 2.
For the highly conductive chamber with non-relativistic beams, Eq. (75) is approximated as

ZR
L

L � − jkZ0
( 1
2 + 2 log

[ a
σ

])
4πβγ 2

+ ν2

2aπσ2c tanh(ν2t)
, (77)

for

fb � f <
c

πt2Z0μ′σ2c
, (78)

and

ZR
L

L � − jkZ0
( 1
2 + 2 log

[ a
σ

])
4πβγ 2

+
kZ0

(
a� + t(� + β2γ 2μ′) + (a+ t) log

[
(k(a+t))

2γ

])
2aπ

(
− jβγ 2 + �kt(a+ t)Z0σ2c + kt(a+ t)Z0σ2c log

[
(k(a+t))

2γ

]) , (79)

for 0 ≤ f < fb, where

fb = cβ2γ 2

2πtσ2cZ0

√
(a+ t)

(
� + log

[
(a+t)

t2βγμ′Z0σ2c

]) (
tβ2γ 2μ′ + (a+ t)

(
� + log

[
(a+t)

t2βγμ′Z0σ2c

])) .

(80)

Particularly for infinitesimal t, Eqs. (75) and (79) reproduce the direct space charge impedance
as Eq. (50), while the second term in Eq. (77) represents the DC resistance.
Figure 10 compares the longitudinal impedance calculated using Eq. (74) (blue dashed) to

that by Eq. (75) (red solid), but only for the non-relativistic case (γ = 2), where the the space
charge impedance is included and the parameters are the same as in Fig. 9. Equation (75) accu-
rately approximates the results of Eq. (74) at low frequency. We can identify the DC resistance
in the left panel of Fig. 10. The frequency range estimated as fu = 9 kHz to 2.5MHz by Eq. (78)
is wider than that in the upper-left panel of Fig. 9 because the wall-current tries to continue
flowing in the resistive chamber rather than the imaginary perfectly conductive chamber at a
very far distance.
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Fig. 10. Longitudinal impedances for γ = 2 with space charge impedance, where σ = 10mm, σ 2c =
105 Sm−1, a = 65mm, t = 1mm, and ε

′ = μ
′ = 1. We symbolically represent ZL on the vertical axis as

the longitudinal impedance. The impedances calculated by Eqs. (74) and (75) are respectively denoted
by the blue dashed and red solid lines.

4. Transverse resistive-wall impedance of a two-dimensional cylindrical chamber
4.1 Overview and rigorous formula for the transverse resistive-wall impedance
As in the case of longitudinal impedance discussed in Sect. 3, consider an infinitely thick per-
fectly conductive chamber with radius d outside the resistive chamber with inner radius a and
thickness t (refer to Fig. 4). Equation (A52) in the appendix provides the rigorous formula
for the transverse impedance ZT, which includes the non-relativistic transverse space charge
impedance per unit length [23,29],

Znon,sp,T[a] = kZ0

j2πrbβγ 3

[
K1(k̄rb) − I1(k̄rb)

K1(k̄a)

I1(k̄a)

]
, (81)

for the chamber with radius a by solving Maxwell equations (refer to Sects. A1 and A3 in the
appendix).
The total transverse impedance ZT is denoted as

ZT

L = − A(k)
2cβγ

+ kZ0K1(k̄rb)
j2πrbβγ 3

, (82)

with

A(k) = S22b1 − S12b2
S11S22 − S12S21

, (83)

where the second term in Eq. (82) denotes the direct transverse space charge impedance,
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S11 =
γβkν3

2 (a+ t)a
[
jγβν2I ′

1(k̄a)F1(ν2a)
Z0(σ2c+ jωε0ε′ ) − I1

(
k̄a
)
F3(ν2a)

] [
K ′
1

(
k̄(a+ t)

)
− K1(k̄d )I ′

1(k̄(a+t))
I1(k̄d )

]

Z0(ν2
2γ

2 − k2)
[
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

] [
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

]

+
(

ν2
2γ

2

k2 − 1
)
F1(ν2a)I1(k̄a)

βZ0μ′
[
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

]

−
kν2

2a(a+ t)
[

ν2βγ I ′
1(k̄a)F2(ν2a)
Z0

+ j(σ2c + jωε0ε
′)I1

(
k̄a
)
F4(ν2a)

]
(ν2

2γ
2 − k2)

[
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

] , (84)

S22 =
βγZ0ν

3
2 (a+ t)a

[
− γ ν2F1(ν2a)I ′

1(k̄a)
μ′ + kF3(ν2a)I1

(
k̄a
)] [

K ′
1

(
k̄(a+ t)

)
− K ′

1(k̄d )I ′
1(k̄(a+t))

I ′
1(k̄d )

]

(ν2
2γ

2 − k2)
[
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

] [
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

]

−
jk
(

ν2
2γ

2

k2 − 1
)
F1(ν2a)I1(k̄a)

(σ2c + jωε0ε′)
[
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

]

+
ν2
2kβ(a+ t)aZ0

[−kμ′F4(ν2a)I1
(
k̄a
)

+ γ ν2F2(ν2a)I ′
1(k̄a)

]
(ν2

2γ
2 − k2)

[
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

] , (85)

S12 =
ν2

[
γ ν2aF1(ν2a)I ′

1(k̄a)
kμ′ − aF3(ν2a)I1

(
k̄a
)

− (a+ t)F2(ν2a)I1(k̄a)
]

[
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

]

+
jγβν2

2 (a+ t)
[
K ′
1

(
k̄(a+ t)

)
− K1(k̄d )I ′

1(k̄(a+t))
I1(k̄d )

]
I1(k̄a)F1(ν2a)

(σ2c + jωε0ε′)Z0

[
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

] [
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

] ,

(86)

S21 =
ν2

[
− a jν2βγF1(ν2a)I ′

1(k̄a)
Z0(σ2c+ jωε0ε′ ) + aF3(ν2a)I1

(
k̄a
)

+ (a+ t)I1(k̄a)F2(ν2a)
]

[
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

]

−
ν2
2 (a+ t)γ

[
K ′
1

(
k̄(a+ t)

)
− K ′

1(k̄d )I ′
1(k̄(a+t))

I ′
1(k̄d )

]
I1(k̄a)F1(ν2a)

kμ′
[
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

] [
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

] , (87)
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b1 =
βcaν3

2 (a+ t)I1(k̄rb)
[
jK1(k̄a)F3(ν2a)

γ
+ ν2βK ′

1(k̄a)F1(ν2a)
(σ2c+ jωε0ε′ )Z0

] [
K ′
1

(
k̄(a+ t)

)
− K1(k̄d )I ′

1(k̄(a+t))
I1(k̄d )

]

πrb
(

ν2
2γ

2

k2 − 1
) [

K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

] [
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

]

−
jk
(

ν22 γ 2

k2
−1
)
cI1(k̄rb)K1(k̄a)F1(ν2a)

βμ′γ

πrbγ
[
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

]

+

ν2
2a(a+t)cI1(k̄rb)[ jν2βγK ′

1(k̄a)F2(ν2a)−Z0(σ2c+ jωε0ε
′ )K1(k̄a)F4(ν2a)]

γ

(
ν22 γ 2

k2
−1
)

πrbγ
[
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

] , (88)

b2 = − jkcZ0ν2(a+ t)F2(ν2a)I1(k̄rb)K1(k̄a)

γ 2πrb

[
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

] + cν2(a+ t)I1(k̄rb)

γπrb

[
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

]

×

⎧⎪⎪⎨
⎪⎪⎩
jZ0ν2F1(ν2a)K1(k̄a)

[
K ′
1

(
k̄(a+ t)

)
− K ′

1(k̄d )I ′
1(k̄(a+t))

I ′
1(k̄d )

]

μ′
[
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

]

−
jak̄Z0F3(ν2a)K1(k̄a) + ν2akβF1(ν2a)K ′

1(k̄a)
(σ2c+ jωε0ε′ )

(a+ t)

⎫⎪⎪⎬
⎪⎪⎭ , (89)

with

F1(z) = K1(z)I1

(
z
(
1 + t

a

))
− I1(z)K1

(
z
(
1 + t

a

))
, (90)

F2(z) = I ′
1

(
z
(
1 + t

a

))
K1(z) − I1(z)K ′

1

(
z
(
1 + t

a

))
, (91)

F3(z) = K ′
1(z)I1

(
z
(
1 + t

a

))
− I ′

1(z)K1

(
z
(
1 + t

a

))
, (92)

F4(z) = I ′
1

(
z
(
1 + t

a

))
K ′
1(z) − I ′

1(z)K
′
1

(
z
(
1 + t

a

))
. (93)

In the case of a thin extreme chamber t= 0, or a transparent chamber wall with σ 2c = 0, μ
′ =

1, and ε
′ = 1, direct calculations show that Eq. (82) reproduces the transverse non-relativistic

space charge impedance per unit length Znon, sp, T[d] for the perfectly conductive chamber with
radius d after those parameters are plugged into Eq. (82), whereas the transverse non-relativistic
space charge impedance Znon, sp, T[a] with radius a is reproduced as σ 2c approaches infinity in
Eq. (82).
After the indirect space charge impedance per unit length,

Znon,spind,T[a] = − kZ0

j2πrbβγ 3
I1(k̄rb)

K1(k̄a)

I1(k̄a)
, (94)
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is introduced into Eq. (82), the transverse impedanceZT/L can be divided into the resistive-wall
part ZT, RW,

ZT,RW = − A(k)
2cβγ

+ kZ0

j2πrbβγ 3
I1(k̄rb)

K1(k̄a)

I1(k̄a)
, (95)

and the space charge impedance Znon, sp, T[a] with boundary condition per unit length.
The betatron tune is affected by the transverse impedance, which includes space charge effects.

The contribution to the tune, like the longitudinal impedance, can be treated independently
from a simulation standpoint [28,30], because the impedance can be divided into the space
charge impedance with the perfectly conductive boundary and the resistive-wall impedance
[21,26,30,31]. The particle-in-cell scheme (see, for example, Ref. [27]) is effective for evaluating
the influence of the space charge effects with the boundary condition on the tune, while the
contribution to the betatron tune shift by the resistive-wall impedance may be simulated by
implementing the impedance source along the accelerators [28]. Analytically, the contribution
from the space charge impedance with a perfectly conductive boundary can be evaluated using
the classical Laslett theory [32], whereas the contribution from the resistive-wall impedance can
be evaluated using the theory dealing with beam instabilities [2].
As d approaches infinity in Eq. (82) while keeping t constant, the formula for the transverse

impedance of the resistive chamber with finite thickness is expressed as

ZT

L = − P1
Q1

+ kZ0K1[k̄rb]
j2πrbβγ 3

, (96)

where

P1 = kZ0I1[k̄rb]
{
jkβν2

2

(
k2 − γ 2ν2

2

)2
× [

jk(a+ t)βγμ′ν2I1[ak̄]K ′
1[k̄(a+ t)]F1(aν2)

− k(a+ t)Z0μ
′(σ2c + jε0ε′ω)I1[ak̄]K1[k̄(a+ t)]F2(aν2)

+ aZ0(σ2c + jε0ε′ω)K1[k̄(a+ t)](γ ν2I ′[ak̄]F1(aν2) − kμ′I1[ak̄]F3(aν2))
]

× [
k(a+ t)Z0μ

′(σ2c + jε0ε′ω)K1[ak̄]K1[k̄(a+ t)]F2(aν2)

− γ ((a+ t)Z0ν2(σ2c + jε0ε′ω)K1[ak̄]K ′
1[k̄(a+ t)]F1(aν2)

+ jμ′K1[k̄(a+ t)](akβν2K ′
1[ak̄]F1[aν2] + jak̄Z0(σ2c + jε0ε′ω)K1[ak̄]F3[aν2]))

]
+ [( jZ0(k2 − γ 2ν2

2 )
2(σ2c + jε0ε′ω)K1[ak̄]K1[k̄(a+ t)]

− ak3(a+ t)β3γ 2μ′ν4
2K

′
1[ak̄]K

′
1[k̄(a+ t)])F1(aν2)

+ ak3(a+ t)Z0β
2γμ′ν3

2 (− jσ2c + ε0ε
′ω)K1[k̄(a+ t)]K ′

1[ak̄]F2(aν2)

+ ak3(a+ t)Z0β
2γμ′ν3

2 (− jσ2c + ε0ε
′ω)K1[ak̄]K ′

1[k̄(a+ t)]F3(aν2)

+ ak3(a+ t)Z2
0βμ′ν2

2 (σ2c + jε0ε′ω)2K1[ak̄]K1[k̄(a+ t)]F4(aν2)
]

× [
jμ′(k2 − γ 2ν2

2 )
2I1[ak̄]K1[k̄(a+ t)]F1(aν2)

+ ak(a+ t)Z0βγ 2ν3
2 (σ2c + jε0ε′ω)K ′

1[k̄(a+ t)](ν2I ′
1[ak̄]F1(aν2) − k̄μ′I1[ak̄]F3(aν2))

+ ak2(a+ t)Z0βγμ′ν2
2 (σ2c + jε0ε′ω)K1[k̄(a+ t)](−ν2I ′

1[ak̄]F2(aν2)

+ k̄μ′I1[ak̄]F4(aν2))
]}

, (97)
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Q1 = 2πrbβγ 3{kβν2
2 (k

2 − γ 2ν2
2 )

2

× [
jk(a+ t)βγμ′ν2I1[ak̄]K ′

1[k̄(a+ t)]F1(aν2)

− k(a+ t)Z0μ
′(σ2c + jε0ε′ω)I1[ak̄]K1[k̄(a+ t)]F2(aν2)

+ aZ0(σ2c + jε0ε′ω)K1[k̄(a+ t)](γ ν2I ′
1[ak̄]F1(aν2) − kμ′I1[ak̄]F3(aν2))

]
× [

(a+ t)Z0γ ν2(σ2c + jε0ε′ω)I1[ak̄]K ′
1[k̄(a+ t)]F1(aν2)

− k(a+ t)Z0μ
′(σ2c + jε0ε′ω)I1[ak̄]K1[k̄(a+ t)]F2(aν2)

+ kμ′K1[k̄(a+ t)]( jaβγ ν2I ′
1[ak̄]F1(aν2) − aZ0(σ2c + jε0ε′ω)I1[ak̄]F3(aν2))

]
− [ jμ′(k2 − γ 2ν2

2 )
2I1[ak̄]K1[k̄(a+ t)]F1(aν2)

+ ak(a+ t)Z0βγ 2ν3
2 (σ2c + jε0ε′ω)K ′

1[k̄(a+ t)](ν2I ′
1[ak̄]F1(aν2) − k̄μ′I1[ak̄]F3(aν2))

+ ak2(a+t)Z0βγμ′ν2
2 (σ2c+ jε0ε′ω)K1[k̄(a+t)](−ν2I ′

1[ak̄]F2(aν2)+k̄μ′I1[ak̄]F4(aν2))
]

× [
Z0
(
k2 − γ 2ν2

2

)2
(σ2c + jε0ε′ω)I1[ak̄]K1[k̄(a+ t)]F1(aν2)

+ ak3(a+ t)β2γμ′ν3
2K

′
1[k̄(a+ t)]( jβγ ν2I ′

1[ak̄]F1(aν2) − Z0(σ2c + jε0ε′ω)I1[ak̄]F3(aν2))

− ak3(a+ t)Z0βμ′ν2
2 (σ2c + jε0ε′ω)K1[k̄(a+ t)]

× (βγ ν2I ′
1[ak̄]F2(aν2) + jZ0(σ2c + jε0ε′ω)I1[ak̄]F4(aν2))

]}
. (98)

Figure 11 illustrates the Lorentz-γ dependence of Eq. (96). The red solid, blue solid, and
black dashed lines represent the results with γ = 10, γ = 1.2 obtained using Eq. (96) after
subtracting the non-relativistic space charge impedance Znon, sp, T[a], i.e. Eq. (81), and the tra-
ditional resistive-wall impedance results with infinite thickness for an ultra-relativistic beam (β
= 1) [2,17]:

ZT

L = 2c
ωa2

(1 + j)
2πaσ2c

√
ωμ′Z0σ2c

2c
. (99)

Because the slow beam receives more kicks from the fluctuating RF fields while passing
through the sine-like transverse wake fields [2,23], the transverse impedance for non-relativistic

Fig. 11. Lorentz-γ dependence of transverse impedance excluding the space charge impedance for a
chamber with a radius of a = 65mm and thickness t = 0.1mm, where rb = 1mm, σ 2c = 105 Sm−1, and
ε

′ = μ
′ = 1. The red solid, blue solid, and black dashed lines represent the results using Eq. (96) with γ

= 10, γ = 1.2, and the conventional resistive-wall impedance results of Eq. (99).
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beams (blue) tends to be lower than that for relativistic beams (red). In Sects. 4.2 and 4.3 we
demonstrate that the transverse impedance of the relativistic beams is roughly proportional to
the Lorentz β.
As shown in the left panel of Fig. 11, the real part of the impedance for relativistic beams,

such as γ = 10 (red), deviates from the traditional formula (black dashed) for the impedance
in the frequency region where the skin depth δ is greater than the thickness of the chamber t
(250MHz in this example). Despite the fact that the real part of the impedance increases as the
frequency decreases, the impedance reaches zero at the origin of the frequency (f = 0) after the
peak is formed, due to the property of the transverse impedance [2].

4.2 The case of an infinitely thick resistive chamber
Equation (96) can be further simplified as the chamber thickness t approaches infinity, and the
total transverse impedance for a thick resistive chamber with infinite t is expressed as

ZT

L =

⎧⎪⎨
⎪⎩

ν2βγ 2kZ0aν2
2I1(k̄rb)K1 (ν2a)

[
−k̄K ′

1 (ν2a) I1
(
k̄a
)

+ ν2K1(ν2a)I ′
1(k̄a)

μ′

]
2γπrb(ν2

2γ
2 − k2)2(σ2c + jωε0ε′)I1

(
k̄a
)

⎫⎪⎬
⎪⎭

×

⎧⎪⎨
⎪⎩
Z0βγ 2kν2

2a
2
[
−k̄K ′

1 (ν2a) I1
(
k̄a
)

+ ν2K1(ν2a)I ′
1(k̄a)

μ′

] [
jν2βγ I ′

1(k̄a)K1(ν2a)
(σ2c+ jωε0ε′ )Z0

− I1
(
k̄a
)
K ′
1 (ν2a)

]
(
ν2
2γ

2 − k2
)2

− jγK2
1 (ν2a) I

2
1 (k̄a)

kμ′(σ2c + jωε0ε′)

⎫⎪⎬
⎪⎭

−1

+ Znon,sp,T[a], (100)

which is identical to the formula obtained following the procedure in Appendix A3 by assuming
infinite d and t at the inception.
Equation (100) is approximated for a highly conductive chamber as

ZT

L � −
⎧⎨
⎩ ν2βγ 2kZ0aν2

2I1(k̄rb)

2γπrb(ν2
2γ

2 − k2)2(σ2c + jωε0ε′)I1
(
k̄a
)
[
k̄I1

(
k̄a
)

+ ν2I ′
1(k̄a)
μ′

]⎫⎬
⎭

×

⎧⎪⎨
⎪⎩−

Z0βγ 2kν2
2a

2
[
k̄I1

(
k̄a
)

+ ν2I ′
1(k̄a)
μ′

] [
jν2βγ I ′

1(k̄a)
(σ2c+ jωε0ε′ )Z0

+ I1
(
k̄a
)]

(ν2
2γ

2 − k2)2
+ jγ I21 (k̄a)
kμ′ (σ2c + jωε0ε′)

⎫⎪⎬
⎪⎭

−1

+ Znon,sp,T[a], (101)

for non-relativistic beams, applying Eq. (41) for Eq. (100), and

ZT

L �
β

μ′
πa2

(
Z0σ2c + jω(−1+β2ε′μ′ )

cβ2μ′

)
[
− jμ′σ2c +

(
− jσ2c + ωε′

cZ0

)
a
√

ω2(1−β2ε′μ′ )
c2β2 + jωμ′Z0σ2c

c

] + Znon,sp,T[a], (102)

for relativistic beams, after approximating Eq. (101) for larger Lorentz γ , where

Zrel,T,sp[a] = Z0

j2πβγ 2

(
1
r2b

− 1
a2

)
. (103)
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Fig. 12. Lorentz-γ dependence of the transverse impedance ZT excluding the space charge impedance
Znon, sp, T[a] for a thick chamber with radius a = 65mm, where rb = 1mm, σ 2c = 105 Sm−1, and ε

′ = μ
′

= 1. The red solid, blue solid, and black dashed lines represent the results of Eq. (101) with γ = 10, γ =
1.2, and the traditional resistive-wall impedance results from Eq. (99).

In this case,Zrel, T, sp[a] is defined as the relativistic space charge impedance per unit length for a
chamber with radius a [29]. Note that the Lorentz β is clearly expressed inZrel, T, sp[a] (compare
Ref. [2, Eq. (2.79)]).
When we focus in particular on the frequency range in

cμ′

a2Z0σ2c
� ω � min

[
cZ0σ2c

ε′ ,
cβ2μ′Z0σ2c

|β2ε′μ′ − 1|
]

, (104)

Eq. (102) becomes

ZT

L � cβ

√
μ′ωZ0σ2c

2c
(1 + j)
πa3σ2cω

+ Zrel,T,sp[a], (105)

reproducing the conventional formula in Eq. (99) after β = 1 is plugged into Eq. (105). Hence,
we find that the resistive-wall impedance (the first term) with infinite thickness is roughly pro-
portional to the Lorentz β for relativistic beams.
Figure 12 illustrates the Lorentz-γ dependence of the transverse impedance, with the excep-

tion of the space charge impedance, for an infinitely thick chamber with radius a = 65mm,
where rb = 1mm, σ 2c = 105 Sm−1, and ε

′ = μ
′ = 1. The red solid, blue solid, and black dashed

lines represent the results of Eq. (101) with γ = 10, γ = 1.2, and the conventional resistive-wall
impedance results with Eq. (99). In this case, the frequency at the peak of the real part of the
impedance is evaluated as

f � cμ′

2πa2Z0σ2c
= 0.3 kHz, (106)

as found by the lower limit of the inequality in Eq. (104), which is consistent with the left panel
of Fig. 12, regardless of the Lorentz γ .

4.3 The case of a finite-thickness chamber
For a chamber satisfying |ν2a| � 1 while keeping the thickness t and the outer chamber’s radius
d finite, the transverse impedance for relativistic beams is approximated as

ZT

L � Zres + Zsp + Zsp,d − j
Z0

2πr2bβγ 2
, (107)
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where the final term represents the relativistic transverse direct space charge impedance, Zres is
defined as the resistive-wall contribution to the impedance, Zsp and Zsp, d are the indirect space
charge contributions due to the chamber with radius a and the outer chamber with radius d,
respectively. They are clearly stated as

Zres = β
2c
ωa2

1(
1
Rin

+ 1
jωLin

+ jωCin

)

−

⎧⎪⎨
⎪⎩

jZ0

2πβγ 2

⎡
⎢⎣a[ν2 + jka(σ2c + jωε0ε

′)βZ0 tanh ν2t] tanh ν2t

d2μ′
(

1
(a+t) + (a+t)

d2

)2

+
ν2

(
1 + a2

d2

)
tanh ν2t

(a+ t)μ′
(

1
(a+t)2 − (a+t)2

d4

) +
4k2β2

(
1
d2 − 1

(a+t)2 − a2

d2(a+t)2
)

(
1

(a+t)2 − (a+t)2
d4

)2
⎤
⎥⎦
⎫⎪⎬
⎪⎭

×

⎧⎪⎨
⎪⎩
a[ν2 + jka(σ2c + jωε0ε

′)βZ0 tanh ν2t] tanh ν2t

μ′
(

1
(a+t) + (a+t)

d2

)2 + ν2a2 tanh ν2t

(a+ t)μ′
(

1
(a+t)2 − (a+t)2

d4

)

− 4k2β2a2(
1

(a+t)2 − (a+t)2
d4

)2
(a+ t)2

⎫⎪⎬
⎪⎭

−1

, (108)

Zsp = j
Z0

2πa2βγ 2
, (109)

Zsp,d = j
Z0

2πd2βγ 2
, (110)

Rin = ν2

2πa(σ2c + jωε0ε′) tanh ν2t
, (111)

Lin = Z0

c

(
1 − (a+t)2

d2

)
2π
(
(2a+t)
(a+t) − t(a+t)

d2

) , (112)

Cin = ε08πμ′a

ν2

(
1 − (a+t)2

d2

)2
tanh ν2t

, (113)

after applying Eq. (41) and very large Lorentz γ to Eq. (82), i.e. the original formula for the total
transverse impedance. As the second term of Eq. (108), proportional to γ −2, compensatesZsp, d

in Eq. (107) for a highly conductive “thick” inner chamber, Eq. (107) gives the resistive-wall
impedance with the relativistic space charge impedance Zrel, sp, T[a] for this case. Meanwhile, it
compensates Zsp in Eq. (107), and the first term of Eq. (108) vanishes for a thin extreme inner
chamber, making Eq. (107) identical to the relativistic space charge impedance Zrel, sp, T[d] with
radius d.
We can successfully define the resistive-wall term Zres as in Eq. (108), defining the inductance

Lin, the frequency-dependent dynamic resistance Rin, and the capacitance Cin per meter pro-
duced by the chamber as in Eqs. (111), (112), and (113). Hence, we find that the resistive-wall
impedance with finite thickness is roughly proportional to the Lorentz β for relativistic beams.
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Using the Panofsky–Wenzel theorem [33], we discover that Rin in Eq. (108) can generate DC
resistance for this resistive chamber even in the relativistic transverse impedance.
For most highly conductive thick chambers with finite t, Eq. (107) can be simplified as

ZT

L � β
2c
ωa2

1(
1
Rin

+ 1
jωLin

) + Zrel,sp,T[a], (114)

by neglecting the capacitive component. The conditions are expressed as

4k2(
1

(a+t) − (a+t)
d2

) (
1 − (a+t)4

d4

)
tanh t

δ

�
1
δ

+ kaσ2cZ0 tanh t
δ

μ′
(

a
(a+t) + a(a+t)

d2

) + 1

δμ′
(
1 − (a+t)2

d2

) , (115)

1

δ
(
1 − (a+t)2

d2

) �
1
δ

+ kaσ2cZ0 tanh t
δ(

a
(a+t) + a(a+t)

d2

) , (116)

1
δ

� kaσ2cZ0 tanh
t
δ
, (117)

ω � σ2c

ε0ε′ . (118)

When we focus on the frequency range denoted by

1 � |ν2t|, cμ′

a2β2σ2cZ0

⎡
⎣1 +

a
(

1
(a+t) + (a+t)

d2

)
(a+ t)

(
1

(a+t) − (a+t)
d2

)
⎤
⎦

2

� ω <
σ2c

ε0ε′ , (119)

for ultra-relativistic beams (β = 1), the first term of Eq. (114) reproduces the conventional
resistive-wall impedance (Eq. (99)).
At low frequency, especially when

1
aσ2cZ0t

+
(

1
(a+t) + (a+t)

d2

)
σ2cZ0t(a+ t)

(
1

(a+t) − (a+t)
d2

) � ω

c
<

2
t2Z0μ′σ2c

, (120)

the impedance with Eq. (114) differs from the standard formula (Eq. (99)), resulting in
ZT

L � β
2c
ωa2

1[
σ2c2πat + 1

jωLin

] + Zrel,sp,T[a]. (121)

The first term in the denominator of Eq. (121) represents the admittance of the DC resistance.
The upper bound of the inequality in Eq. (120) comes from δ > t. Although the skin depth δ is
greater than the thickness of the chamber t in the frequency region, the DC dipole wall-current
continues to flow in the chamber wall, and the real part of the impedance is increased when
compared to the conventional transverse impedance (Eq. (99)).
At the low frequency extreme given by

0 ≤ ω

c
� 1
aσ2cZ0t

+
(

1
(a+t) + (a+t)

d2

)
σ2cZ0t(a+ t)

(
1

(a+t) − (a+t)
d2

) , (122)

the formula is approximated as
ZT

L � β
2c
ωa2

(
2πσ2cω

2atL2
in + jωLin

)+ Zrel,sp,T[a]. (123)

Consequently, the real part of the impedance approaches zero toward the origin of frequency,
while the imaginary part approaches a constant, which is consistent with the property of the
transverse impedance as stated in Sect. 4.1 [2].
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Fig. 13. Comparison of the transverse impedance calculated by Eq. (82), minus the space charge
impedance of Eq. (81), and that calculated by Eq. (107) minus Eq. (103), where t = 1mm, a = 65mm, d
= 165mm, rb = 1mm, σ 2c = 105 Sm−1, and ε

′ = μ
′ = 1. The brown doted lines denote the traditional

resistive-wall impedance results obtained by Eq. (99). The solid lines denote the approximate results of
Eq. (107) without Eq. (103), while the dashed lines are the rigorous results of Eq. (82) without Eq. (81).
The red and black lines represent the outcome for γ = 10, while the green and blue lines represent the
outcome for γ = 2.

Fig. 14. Comparison of the transverse impedance calculated by Eq. (82), minus the space charge
impedance of Eq. (81), and that calculated by Eq. (107) minus Eq. (103), where t = 0.1mm, a = 65mm,
d= 165mm, rb = 1mm, σ 2c = 105 Sm−1, and ε

′ = μ
′ = 1. The brown dotted lines denote the traditional

resistive-wall impedance results obtained by Eq. (99). The solid lines denote the approximate results of
Eq. (107) without Eq. (103), while the dashed lines represent the rigorous results obtained by Eq. (82)
without Eq. (81). The red and black lines represent the outcome for γ = 10, while the green and blue
lines represent the outcome for γ = 2.

Figures 13 and 14 show a comparison of the rigorous transverse impedance calculated by
Eq. (82), minus the non-relativistic space charge impedance calculated by Eq. (81), and the ap-
proximate relativistic transverse impedance from Eq. (107) minus the relativistic space charge
impedance calculated by Eq. (103), where a= 65mm, d= 165mm, rb = 1mm, σ 2c = 105 Sm−1,
and ε

′ = μ
′ = 1. The results for t = 1mm and t= 0.1mm are shown in Figs. 13 and 14, respec-

tively.
The brown dotted lines in both figures represent the conventional resistive-wall impedance

results fromEq. (99). The solid lines provide the approximate results of Eq. (107) in the absence
of Eq. (103), while the dashed lines denote the rigorous results of Eq. (82) in the absence of
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Eq. (81). The red and black lines represent the result for γ = 10, while the green and blue lines
represent the result for γ = 2.
Figures 13 and 14 demonstrate that Eq. (107) accurately reproduces the impedance for rel-

ativistic beams (γ = 10) because the red and black lines are almost identical, while the green
and blue lines (γ = 2) differ, indicating a limit of the large Lorentz-γ approximation. All the
results deviate from the conventional resistive-wall impedance (brown) at the frequency where
the skin depth δ is greater than the thickness of the chamber t, which is given by f � 2.5MHz
and f � 250MHz in Figs. 13 and 14, respectively. According to the lower limit of the condition
in Eq. (120), the frequency at which the real part of the impedance reaches its maximum is
evaluated by

f = c
2πaσ2cZ0t

+
c
(

1
(a+t) + (a+t)

d2

)
2πσ2cZ0t(a+ t)

(
1

(a+t) − (a+t)
d2

) � 0.039MHz for t = 1mm,

� 0.39MHz for t = 0.1mm, (124)

which adequately explains the results of both Figs. 13 and 14. Figures 13 and 14 demonstrate
that the resistive chamber at the low frequency extreme produces the pure inductance Lin given
by Eq. (112), which is the origin of the imaginary part of the impedance.
The question here is why the dipole wall-current can continue to flow in the resistive cham-

ber wall in the frequency range specified by Eq. (120) where the skin depth δ is greater than
the thickness of the resistive chamber t, though the monopole current begins to flow on the
perfectly conductive chamber at ρ = d in the frequency range.
Equation (121) suggests that the pure inductanceLin produced by the chamber in conjunction

with the frequency-dependent dynamic resistance Rin plays a significant role in causing the
phenomenon. Moreover, by introducing the dynamic capacitance Cin, we can deal with the
resistive-wall impedance as well as the space charge impedance at the same time, because it is
infinite for an infinitesimal chamber (see Eq. (113)).
In particular, the transverse impedance of relativistic beams at low frequencies is approxi-

mated as

ZT

L �

⎧⎪⎨
⎪⎩
⎡
⎣ 1

ωa2
2cβ

(
1

jωLin
+ 1

Rin

) + j
Z0
( 1
a2 − 1

d2
)

2πβγ 2

⎤
⎦

−1

+ j
ω2a2Cin

2cβ

⎫⎪⎬
⎪⎭

−1

+ j
Z0

(
1
d2 − 1

r2b

)
2πβγ 2

, (125)

based on the model of a parallel electric circuit. The inductance, resistance, and capacitance
due to the chamber are represented by the first and third terms in the first term of Eq. (125).
The second term there refers to the difference in indirect space charge impedances due to the
inner and outer chambers. The final term represents the relativistic space charge impedance for a
chamber with radius d. For infinitesimal t, the impedance produces the space charge impedance
Zrel, sp, T[d] in Eq. (125) because the dynamic capacitance Cin becomes infinite.
The corresponding description based on the parallel circuit model is given by Eq. (69)

for the longitudinal impedance. Comparing these expressions leads to the conclusion that
the monopole and dipole currents perceive the surrounding environment, which consists of
the resistive chamber, vacuum layer, and perfectly conductive chamber, as having different
impedances.
Figure 15 compares the transverse impedance calculated by Eq. (107) and that calculated by

Eq. (125), where γ = 10, t = 1mm, a = 65mm, d = 1065mm, rb = 1mm, σ 2c = 105 Sm−1,
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Fig. 15.Comparison of the transverse impedance calculated byEq. (107) and that calculated byEq. (125),
where γ = 10, t = 1mm, a = 65mm, d = 1065mm, rb = 1mm, σ 2c = 105 Sm−1, and ε

′ = μ
′ = 1. The

space charge impedance given by Eq. (103) is subtracted in both cases. The red dashed lines denote the
results of Eq. (107) in the absence of Eq. (103), and the solid black lines are the results of Eq. (125) in
the absence of Eq. (103).

and ε
′ = μ

′ = 1. The relativistic space charge impedance given by Eq. (103) is subtracted in
both results. The red dashed lines represent the results of Eq. (107) without Zrel, sp, T[a] from
Eq. (103), and the solid black lines represent the results of Eq. (125) without Zrel, sp, T[a] as
calculated byEq. (103). This example shows that, up to 1GHz, Eq. (125)with the parallel circuit
model accurately approximates the relativistic transverse impedance calculated by Eq. (107).
Here, we hypothetically disregard the inductance Lin in Eq. (125), resulting in

ZT

L �

⎧⎪⎨
⎪⎩
⎡
⎣ 1

ωa2
2cβ

(
2πσ2caδ tanh(1+ j) t

δ

(1+ j)

) + j
Z0
( 1
a2 − 1

d2
)

2πβγ 2

⎤
⎦

−1

+ j
ω2a2Cin

2cβ

⎫⎪⎬
⎪⎭

−1

+ j
Z0

(
1
d2 − 1

r2b

)
2πβγ 2

.

(126)

Figure 16 compares the real part of the rigorous transverse impedance calculated by Eq. (107)
(red dashed) to the hypothetical impedance calculated by Eq. (126) (black solid). The results
show that the energy loss of the beam would be greater at low frequencies if the dipole wall-
current continued to flow in the resistive chamber wall rather than converting to the displace-
ment current.
Because Rin, Lin, and Cin do not effectively depend on the Lorentz γ , and have significant

values for any value of d, the transverse impedance can create the frequency region where the
DC resistance appears. In this sense, the dipole current always perceives the resistive chamber
as the LRC circuit impedance, regardless of whether the beams are relativistic or not.
As a result, description of the transverse impedance based on the parallel circuit model helps

us understand that the transverse impedance is determined to minimize the energy loss of the
beam. The dipole wall-current continues to flow in the resistive chamber wall in the frequency
region where the skin depth is greater than the thickness of the chamber until the energy loss of
the beam can be minimized by converting the wall-current to the displacement current flowing
outside the wall proper.
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Fig. 16.Comparison of the transverse impedance calculated byEq. (107) (red dashed) and that calculated
by Eq. (126) (solid black), where γ = 10, t= 1mm, a= 65mm, d= 1065mm, rb = 1mm, σ 2c = 105 Sm−1,
and ε

′ = μ
′ = 1. The space charge impedance given by Eq. (103) is subtracted in both cases.

When we focus on the case of far extreme d, the transverse impedance for a highly conductive
chamber is simplified as

ZT

L �
⎧⎨
⎩
Z0

{[
4k2a(a+ t)β2 − k2t2

γ 2

]
μ′ + 2γ 2β2ν2(a+ t) tanh(ν2t) + (1 + β2)γ 2μ′ tanh2(ν2t)

}
j2a2πβγ 2

⎫⎬
⎭

×
{[

4k2a(a+ t)β2 − k2t2

γ 2

]
μ′ − (2a+ t)ν2 tanh(ν2t) − jak(a+ t)Z0βσ2c tanh

2(ν2t)
}−1

+
[

Z0

j2πr2bβγ 2
− Z0

j2πa2βγ 2

]
, (127)

at low frequency by using Eq. (82), regardless of whether the beam is relativistic or not, where
the final term represents the space charge impedanceZrel, sp, T[a]. Note that Eq. (127) produces

ZT

L � β · c
√

μ′ωZ0σ2c

2c
(1 + j)
πa3σ2cω

+ Zrel,sp,T[a], (128)

by increasing σ 2c, while it produces the space charge impedance Zrel, sp, T[d] for infinitesimal t.
When focusing on the high frequency regionwhere the skin depth is much less than the chamber
thickness t, it is preferable to use Eq. (100) to evaluate the transverse impedance.
Figure 17 illustrates a comparison of the rigorous results of Eq. (96) (solid) with the exception

of the space charge impedanceZnon, sp, T[a] and the approximate results fromEq. (127) (dashed)
minus Zrel, sp, T[a]. The parameters are as follows: a = 65mm, t = 1mm, rb = 1mm, σ 2c =
105 Sm−1, and ε

′ = μ
′ = 1. The results with γ = 10 and γ = 1.2 are represented by the red

solid, blue dashed, and black solid, green dashed lines, respectively. The purple dotted lines
represent the traditional resistive-wall impedance results obtained byEq. (99). The approximate
results, regardless of whether the beam is relativistic or not, explain well the rigorous ones below
100MHz in this example.
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Fig. 17. Comparison of Eq. (96) (solid) with the exception of the space charge impedance Znon, sp, T[a]
and Eq. (127) (dashed) minus Zrel, sp, T[a], where a = 65mm, t = 1mm, rb = 1mm, σ 2c = 105 Sm−1,
and ε

′ = μ
′ = 1. The results with γ = 10 and γ = 1.2 are represented by the red solid, blue dashed and

black solid, green dashed lines, respectively. The purple dotted lines denote the traditional resistive-wall
impedance results obtained by Eq. (99).

5. Conclusions
In this report we have presented a comprehensive picture of the two-dimensional resistive-wall
impedance with a finite thickness in combination with the space charge impedance obtained by
introducing a perfectly conductive chamber through a vacuum layer outside the original resis-
tive chamber. We can simulate the conventional situation in which only the resistive chamber
exists in space by increasing the distance between the outer surface of the resistive chamber
and the inner surface of the perfectly conductive chamber. The method corrects the longitu-
dinal resistive-wall impedance described in Ref. [1] for relativistic beams, compromising the
picture based on the parallel circuit model and the description in Ref. [2].
Equation (75) approximates well the longitudinal impedance at low frequency, whereas

Eq. (127) does so for the transverse impedance at low frequency, regardless of whether the
beam is relativistic or not. However, if we focus on the high frequency region where the skin
depth is less than the chamber thickness twe should use Eqs. (34) and (100) for the longitudinal
and transverse impedances, respectively.
Even if the skin depth is more than the chamber thickness, the longitudinal resistive-wall

impedance with finite thickness does not produce DC resistance for relativistic beams. On the
other hand, the longitudinal impedance for a non-relativistic beam, as well as the transverse
impedance, can create a DC resistance dominant region when the skin depth is greater than the
chamber thickness. The electric parallel circuit model can be used to understand the character-
istics.
When the skin depth is greater than the chamber thickness, the monopole wall current flows

dominantly on the imaginary chamber wall at infinity (which corresponds to the introduced
perfectly conductive chamber outside the resistive chamber), rather than continuing to flow on
the inner thin real chamber wall, explaining the rapid decrease of the longitudinal resistive-wall
impedance for relativistic beams while retaining the direct space charge force. Meanwhile, the
space between the resistive and perfectly conductive chamber functions as a high impedance
region for non-relativistic beams. Therefore, in the case of non-relativistic beams, the monopole
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wall current can continue to flow on the resistive chamber when the skin depth exceeds the
chamber thickness.
The dipole current always perceives the resistive chamber as the LRC circuit impedance

whose resistance produces DC resistance for the infinitesimal thick chamber. After all, re-
gardless of whether the beam is relativistic or not, the transverse impedance produces a DC
resistance dominant region when the skin depth exceeds the chamber thickness. However, be-
cause the impedance is chosen to minimize the energy loss of the beam, the real part of the
impedance creates a peak at a very low frequency before descending to zero at the frequency
origin, whereas the imaginary part of the impedance converges to be pure inductive with space
charge impedance for the inner chamber. In other words, even when the skin depth is greater
than the chamber thickness, the dipole wall-current continues to flow in the resistive chamber
wall until the energy loss of the beam can be minimized by converting the wall-current to the
displacement current flowing outside the wall proper.
This picture leads us to the conclusion that monopole and dipole currents perceive the sur-

rounding environment, which consists of the resistive chamber, vacuum layer, and perfectly
conductive chamber, as having different impedances.
Hence, not only the longitudinal but also the transverse resistive-wall impedances, including

the space charge impedance, are determined tominimize the energy loss of the beam, even in the
two-dimensional resistive-wall chamber with finite thickness, as in the case of a 2.5-dimensional
short ceramic break with titanium nitride coating.
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Appendix A. Derivation of the resistive-wall impedance
A.1 Particular solutions of the Maxwell equations with beam charge and current
densities
Assume that a particle moves along a beam pipe with velocity βc in the longitudinal direction,
where β is the Lorentz β and c is the velocity of light. The Maxwell equations can be written
as wave equations. If we assume that electromagnetic fields have a time dependency of ejωt, the
Maxwell equations become the Helmholtz equations:

(� + k2β2)�E = jkβZ0�j + �∇(cZ0ρ̄ ), (A1)

(� + k2β2) �H = −�∇ × �j, (A2)

where j is the imaginary unit; ρ̄ and �j are the charge and current densities of the beam, respec-
tively; k = ω/βc; and Z0 = 120π [�] is the impedance of free space. The wave equations for
the longitudinal component of the electric and magnetic field contain no transverse field com-
ponent in the cylindrical coordinates (ρ, θ , z) for an axially symmetric structure. They are no
longer linked. There is a source term cZ0∂ρ̄/∂z+ jkβZ0 jz for the longitudinal field, whereas
the z-component of �∇ × �j vanishes for particles with only longitudinal velocity.
When a beam with charge q travels along the pipe at the constant radial offset position ρ =

rb, θ = θb, the charge density is expressed as
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ρ̄ = imδ(ρ − rb)δp(θ − θb)δ(z− βct)

r1+mb

=
∞∑
m=0

∫
dk
2π

imρm, (A3)

ρm = δ(ρ − rb) cosm(θ − θb)e− jk(z−βct)

πr1+mb (1 + δm,0)
, (A4)

im = qrmb , (A5)

where δ(x) is the δ-function; δp(θ ) is the periodic δ-function; and δm, n is the Kronecker δ. Be-
cause the general solution of theMaxwell equations is obtained by superposing those for imρm,
we select imρm as the source term. Let us define the source field specified with superscript S as
the solution that satisfies the Maxwell equations with ρm, �jm = (0, 0, cβρm) and vanishes at ρ

→ ∞. It is provided by

HS
ρ = ES

θ = HS
z = 0; (A6)

ES
z =

{
jkcZ0I0(k̄rb)

2πγ 2 K0(k̄ρ )e− jkz for ρ > rb,
jkcZ0K0(k̄rb)

2πγ 2 I0(k̄ρ )e− jkz for rb > ρ; (A7)

β

Z0
ES

ρ = HS
θ =

{
βkcI0(k̄rb)

2πγ
K1(k̄ρ )e− jkz for ρ > rb,

−βkcK0(k̄rb)
2πγ

I1(k̄ρ )e− jkz for rb > ρ; (A8)

for m = 0, and

HS
z = 0; (A9)

ES
z =

⎧⎨
⎩

jkcZ0Im(k̄rb)
πrmb γ 2 Km(k̄ρ ) cosm(θ − θb)e− jkz for ρ > rb,

jkcZ0Km(k̄rb)
πrmb γ 2 Im(k̄ρ ) cosm(θ − θb)e− jkz for rb > ρ; (A10)

−Z0

β
HS

ρ = ES
θ =

⎧⎨
⎩

mcZ0Im(k̄rb)
ρπrmb

Km(k̄ρ ) sinm(θ − θb)e− jkz for ρ > rb,
mcZ0Km(k̄rb)

ρπrmb
Im(k̄ρ ) sinm(θ − θb)e− jkz for rb > ρ; (A11)

β

Z0
ES

ρ = HS
θ =

⎧⎨
⎩

βkcIm(k̄rb)
2πrmb γ

(Km−1(k̄ρ ) + Km+1(k̄ρ )) cosm(θ − θb)e− jkz for ρ > rb,

−βkcKm(k̄rb)
2πrmb γ

(Im−1(k̄ρ ) + Im+1(k̄ρ )) cosm(θ − θb)e− jkz for rb > ρ; (A12)

for m > 0, where γ is the Lorentz γ , k̄ = k/γ , and Km(z) and Im(z) are the modified Bessel
functions [24].
When a cylindrical beam with the current density jz = βc(1 − �(ρ − σ ))e−jkz/(πσ 2), where

�(x) is the step function, passes through the chamber, the source fields (E (S)
z and H (S)

θ ) for the
beam are calculated as

E (S)
z = jkcZ0e− jkz

πσ 2γ 2

[∫ ρ

0
drbrbI0(k̄rb)K0(k̄ρ ) +

∫ σ

ρ

drbrbK0(k̄rb)I0(k̄ρ )
]

= jcZ0

πγσ 2

(
1

k̄
− σ I0(k̄ρ )K1(k̄σ )

)
e− jkz for ρ ≤ σ, (A13)

E (S)
z = jkcZ0e− jkz

πσ 2γ 2

∫ σ

0
drbrbI0(k̄rb)K0(k̄ρ ) = jcZ0

πσγ
I1(k̄σ )K0(k̄ρ )e− jkz for ρ ≥ σ, (A14)
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H (S)
θ =

∫ ρ

0
drbrb

βkcI0(k̄rb)
πγσ 2

K1(k̄ρ )e− jkz −
∫ ρ

ρ

drbrb
βkcK0(k̄rb)

πγσ 2
I1(k̄ρ )e− jkz

= βcI1(k̄ρ )K1(k̄σ )
πσ

e− jkz for ρ ≤ σ, (A15)

H (S)
θ =

∫ σ

0
drbrb

βkcI0(k̄rb)
πγσ 2

K1(k̄ρ )e− jkz = βcI1(k̄σ )
πσ

K1(k̄ρ )e− jkz for ρ ≥ σ. (A16)

A.2 Longitudinal impedance
Let us solve the Maxwell equations in this section such that the solution satisfies the boundary
conditions due to the chamber walls (ρ = a, ρ = a+ t, and ρ = d), and obtain the longitudinal
resistive-wall impedance of the beam.
The general Maxwell equation solutions for m = 0 are expressed as

Ez = jcZ0

πγσ 2

[
1

k̄
− σ I0(k̄ρ )K1(k̄σ )

]
e− jkz + Ã(k)e− jkzI0

(
k̄ρ
)

for ρ ≤ σ, (A17)

Ez = jcZ0I1(k̄σ )K0(k̄ρ )
πσγ

e− jkz + Ã(k)e− jkzI0
(
k̄ρ
)

for ρ ≥ σ, (A18)

Hθ = βcI1(k̄ρ )K1(k̄σ )
πσ

e− jkz + jβγ

Z0
Ã(k)e− jkzI1

(
k̄ρ
)

for ρ ≤ σ, (A19)

Hθ = βcI1(k̄σ )K1(k̄ρ )
πσ

e− jkz + jβγ

Z0
Ã(k)e− jkzI1

(
k̄ρ
)

for ρ ≥ σ, (A20)

in the vacuum chamber (ρ ≤ a),

Ez = e− jkz(C̃1(k)I0 (ν2ρ ) + C̃2(k)K0 (ν2ρ )), (A21)

Hθ = (σ2c + jωε′ε0)e− jkz(C̃1(k)I1 (ν2ρ ) − C̃2(k)K1 (ν2ρ ))
ν2

, (A22)

in the conductive material with conductivity σ 2c, relative dielectric constant ε
′
, and relative

permeability μ
′
(a < ρ ≤ a + t), and

Ez = D̃1(k)e− jkzI0
(
k̄ρ
)

+ D̃2(k)e− jkzK0

(
k̄ρ
)

, (A23)

Hθ = jβγ

Z0
D̃1(k)e− jkzI1

(
k̄ρ
)

− jβγ

Z0
D̃2(k)e− jkzK1

(
k̄ρ
)

, (A24)

in the vacuum chamber (a+ t < ρ ≤ d), where ν2 =
√
k2(1 − β2ε′μ′) + jkβμ′Z0σ2c, and Ã(k),

C̃1(k), C̃2(k), D̃1(k), and D̃2(k) are arbitrary coefficients.
The matching conditions [1, Chap. 9] on each surface are specified by ρ = a, ρ = a + t, and

ρ = d:

jcZ0I1(k̄σ )K0(k̄a)
πσγ

+ Ã(k)I0
(
k̄a
)

= C̃1(k)I0 (ν2a) + C̃2(k)K0 (ν2a) , (A25)

βcI1(k̄σ )K1(k̄a)
πσ

+ jβγ

Z0
Ã(k)I1

(
k̄a
)

= (σ2c + jωε′ε0)
ν2

(C̃1(k)I1 (ν2a) − C̃2(k)K1 (ν2a)), (A26)
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C̃1(k)I0 (ν2(a+ t)) + C̃2(k)K0 (ν2(a+ t))

= D̃1(k)I0
(
k̄(a+ t)

)
+ D̃2(k)K0

(
k̄(a+ t)

)
, (A27)

(σ2c + jωε′ε0)
ν2

C̃1(k)I1 (ν2(a+ t)) − (σ2c + jωε′ε0)
ν2

C̃2(k)K1 (ν2(a+ t))

= jβγ

Z0
D̃1(k)I1

(
k̄(a+ t)

)
− jβγ

Z0
D̃2(k)K1

(
k̄(a+ t)

)
, (A28)

D̃1(k)I0
(
k̄d
)

+ D̃2(k)K0

(
k̄d
)

= 0. (A29)

These equations comprise five linear equations with five unknown coefficients Ã, C̃1, C̃2, D̃1,
and D̃2. Consequently, they give the unique solution of the coefficient Ã(k) in a straightforward
manner.
When the longitudinal impedance ZL is defined as the average of the longitudinal electric

field (normalized by the beam current) over the cross-section of the beam,

ZL

L ≡ − 2
cβσ 2

∫ σ

0
dρρEz(ρ )e jkz = − j2Z0

k̄βσ 2πγ

[
1
2

− I1(k̄σ )K1(k̄σ )
]

−
2Ã(k)I1

(
k̄σ
)

cβσ k̄
,

(A30)

it is written as

ZL

L = − j2Z0

k̄πβγσ 2

[
1
2

− I1(k̄σ )K1(k̄σ )
]

−
2I1

(
k̄σ
)

k̄σcβ

cI1(k̄σ ) jZ0N (k)
πσγD(k)

, (A31)

after the solved Ã(k) is substituted into Eq. (A30), where L is the chamber length; N (k) and
D(k) are calculated using Eqs. (23)–(28).

A.3 Transverse impedance
General solutions (in particular Ez, Eθ , Hz, and Hθ ) for m = 1 are expressed as

Ez = i1(ES
z + A(k)I1

(
k̄ρ
)
cos(θ − θb)e− jkz), (A32)

Hθ = i1

(
HS

θ + jγ

k̄

(
B(k)I1(k̄ρ )

ρ
+ βk̄A(k)

Z0
I ′
1(k̄ρ )

)
cos(θ − θb)e− jkz

)
, (A33)

Hz = i1B(k)I1
(
k̄ρ
)
sin(θ − θb)e− jkz, (A34)

Eθ = i1

(
ES

θ − jβγZ0

k̄

(
k̄B(k)I ′

1(k̄ρ ) + A(k)
Z0βρ

I1(k̄ρ )
)
sin(θ − θb)e− jkz

)
, (A35)

inside the vacuum chamber (ρ < a),

Ez = i1(C3(k)I1 (ν2ρ ) +C4(k)K1 (ν2ρ )) cos(θ − θb)e− jkz, (A36)

Hθ = i1
jk

ν2
2

[
(C1(k)I1 (ν2ρ ) +C2(k)K1 (ν2ρ ))

ρ

+ (σ2c + jωε0ε
′)ν2(C3(k)I ′

1 (ν2ρ ) +C4(k)K ′
1 (ν2ρ ))

jk

]
cos(θ − θb)e− jkz, (A37)

Hz = i1(C1(k)I1 (ν2ρ ) +C2(k)K1 (ν2ρ )) sin(θ − θb)e− jkz, (A38)
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Eθ = −i1 jk
ν2
2

[
(C3(k)I1 (ν2ρ ) +C4(k)K1 (ν2ρ ))

ρ

+ βZ0μ
′ν2(C1(k)I ′

1 (ν2ρ ) +C2(k)K ′
1 (ν2ρ ))

]
sin(θ − θb)e− jkz, (A39)

in the conductive material (a < ρ < a + t), and

Ez = i1

⎡
⎣−E4(k)

K1

(
k̄d
)

I1
(
k̄d
) I1 (k̄ρ)+ E4(k)K1

(
k̄ρ
)⎤⎦ cos(θ − θb)e− jkz, (A40)

Hθ = i1
jγ

k̄

⎡
⎣−E2(k)

K ′
1

(
k̄d
)

I ′
1

(
k̄d
) I1

(
k̄ρ
)

ρ
+ E2(k)

K1

(
k̄ρ
)

ρ

− E4(k)
K1

(
k̄d
)

I1
(
k̄d
) βk̄I ′

1

(
k̄ρ
)

Z0
+ E4(k)

βk̄K ′
1

(
k̄ρ
)

Z0

⎤
⎦ cos(θ − θb)e− jkz, (A41)

Hz = i1

⎡
⎣−E2(k)

K ′
1

(
k̄d
)

I ′
1

(
k̄d
) I1 (k̄ρ)+ E2(k)K1

(
k̄ρ
)⎤⎦ sin(θ − θb)e− jkz, (A42)

Eθ = −i1 jγ
k̄

⎡
⎣E4(k)

ρ

⎛
⎝K1

(
k̄ρ
)

−
K1

(
k̄d
)
I1
(
k̄ρ
)

I1
(
k̄d
)

⎞
⎠

+ βZ0k̄E2(k)

⎛
⎝K ′

1

(
k̄ρ
)

−
K ′
1

(
k̄d
)
I ′
1

(
k̄ρ
)

I ′
1

(
k̄d
)

⎞
⎠
⎤
⎦ sin(θ − θb)e− jkz, (A43)

outside the chamber (a + t < ρ < d), where A(k), B(k), C1(k), C2(k), C3(k), C4(k), E2(k), and
E4(k) are arbitrary coefficients that are determined by the boundary conditions on ρ = a,

C1(k)I1 (ν2a) +C2(k)K1 (ν2a) = B(k)I1
(
k̄a
)

, (A44)

C1(k)I ′
1 (ν2a) +C2(k)K ′

1 (ν2a) =
jk
(

ν2
2γ

2

k2 − 1
)
cZ0I1(k̄rb)K1(k̄a)

βZ0μ′ν2γ 2aπrb

+
(

ν2
2γ

2

k2 − 1
)
I1(k̄a)

aβZ0μ′ν2
A(k) + ν2γ I ′

1(k̄a)
kμ′ B(k), (A45)

C3(k)I1 (ν2a) +C4(k)K1 (ν2a) = jkcZ0I1(k̄rb)
πrbγ 2

K1(k̄a) + A(k)I1
(
k̄a
)

, (A46)

C3(k)I ′
1 (ν2a) +C4(k)K ′

1 (ν2a) = −kν2βcI1(k̄rb)K ′
1(k̄a)

πrbγ (σ2c + jωε0ε′)
+ jν2βγ I ′

1(k̄a)
Z0(σ2c + jωε0ε′)

A(k)

+
jk
(

ν2
2γ

2

k2 − 1
)
I1(k̄a)

a(σ2c + jωε0ε′)ν2
B(k), (A47)

and on ρ = a + t,

39/44

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2022/5/053G

01/6552150 by N
SR

I, Japan Atom
ic Energy Agency user on 10 M

ay 2022



PTEP 2022, 053G01 Y. Shobuda

C1(k)I1 (ν2(a+ t)) +C2(k)K1 (ν2(a+ t)) = E2(k)

⎡
⎣K1

(
k̄(a+ t)

)
−
K ′
1

(
k̄d
)
I1
(
k̄(a+ t)

)
I ′
1

(
k̄d
)

⎤
⎦ ,

(A48)

C1(k)I ′
1 (ν2(a+ t)) +C2(k)K ′

1 (ν2(a+ t))

= E2(k)
ν2γ

[
K ′
1

(
k̄(a+ t)

)
− K ′

1(k̄d )I ′
1(k̄(a+t))

I ′
1(k̄d )

]
kμ′

+ E4(k)
ν2γ

2
(
1 − k2

ν2
2γ

2

) [
K1

(
k̄(a+ t)

)
− K1(k̄d )I1(k̄(a+t))

I1(k̄d )

]
k2βZ0μ′(a+ t)

, (A49)

C3(k)I1 (ν2(a+ t)) +C4(k)K1 (ν2(a+ t)) = E4(k)

⎡
⎣K1

(
k̄(a+ t)

)
−
K1

(
k̄d
)
I1
(
k̄(a+ t)

)
I1
(
k̄d
)

⎤
⎦ ,

(A50)

C3(k)I ′
1 (ν2(a+ t)) +C4(k)K ′

1 (ν2(a+ t))

=
E2(k) jν2γ 2

(
1 − k2

ν2
2γ

2

) [
K1

(
k̄(a+ t)

)
− K ′

1(k̄d )I1(k̄(a+t))
I ′
1(k̄d )

]
k(σ2c + jωε0ε′)(a+ t)

+
E4(k) jν2γβ

[
K ′
1

(
k̄(a+ t)

)
− K1(k̄d )I ′

1(k̄(a+t))
I1(k̄d )

]
(σ2c + jωε0ε′)Z0

. (A51)

Note that Eqs. (A40)–(A43) already satisfy the boundary conditions Ez(d) = Eθ (d) = 0
on ρ = d.
Using the Panofsky–Wenzel theorem [2,33], we obtain the expression for the transverse

impedance including a well-defined space charge impedance as

ZT

L = − A(k)
2cβγ

+ kZ0K1(k̄rb)
j2πrbβγ 3

, (A52)

where rb is finite.

Appendix B. Longitudinal impedances of the ceramic chambers with thin titanium
nitride coating, covered by a perfectly conductive wall
In this section we derive Eq. (19) for the longitudinal impedances of ceramic chambers with
translation symmetry, where the inner surface is coated with thin titanium nitride and the outer
surface is surrounded by a perfectly conductive wall.
When a beam with current density jz = βc(1 − �(ρ − σ ))e−jkz/(πσ 2) passes through the

chamber, Ez and Hθ in a vacuum are expressed as

Ez = jk
γ 2

cZ0

πσ 2

(
1

k̄2
− σ I0(k̄ρ )K1(k̄σ )

k̄

)
+ Ā0(k)I0(k̄ρ ), (B1)
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Hθ = βc
πσ

K1(k̄σ )I1(k̄ρ ) + jβγ

Z0
Ā0(k)I1

(
k̄ρ
)

, (B2)

for ρ < σ , and

Ez = jcZ0

πσγ
I1(k̄σ )K0(k̄ρ ) + Ā0(k)I0(k̄ρ ), (B3)

Hθ = βc
πσ

I1(k̄σ )K1(k̄ρ ) + jβγ

Z0
Ā0(k)I1

(
k̄ρ
)

, (B4)

for σ < ρ < a, where Ā0(k) is an expansion coefficient, σ is the radius of the beam, and �(x)
is the step function.
Inside the thin titanium nitride (for a < ρ < a + t) with high conductivity σ 2c, the fields are

approximated as

Ez � B̄0I0(κTiNρ ) + C̄0K0(κTiNρ ), (B5)

Hθ � κTiN

jkβZ0
(B̄0I1(κTiNρ ) − C̄0K1(κTiNρ )), (B6)

where κTiN is given by Eq. (5). In this case, B̄0 and C̄0 are the expansion coefficients.
Inside the ceramic (for a+ t< ρ < a2) with relative dielectric constant ε1, they are expanded

as

Ez = D̄0I0(μkρ ) + Ē0K0(μkρ ), (B7)

Hθ = − kβε1

jμkZ0
[D̄0I1(μkρ ) − Ē0K1(μkρ )], (B8)

using the expansion coefficients D̄0 and Ē0, where μk =
√
k2 − k2β2ε1.

When we assume the case of thin titanium nitride, the fields on ρ = a and those on ρ = a2
are referred to as

Ez(a2) = A0(a2, a)Ez(a) +C0(a2, a)Hθ (a), (B9)

Hθ (a2) = I0(a2, a)Ez(a) + K0(a2, a)Hθ (a), (B10)

based on the field-matching techniques [1, Chap. 9], where the transfer coefficients A0(a2, a),
C0(a2, a), I0(a2, a), and K0(a2, a) are approximated as

A0(a2, a) � μka(I ′
0(μ

ka)K0(μka2) − I0(μka2)K ′
0(μ

ka)) cosh κTiNt

− jZ0(μk)2aσ2c(I0(μka2)K0(μka) − I0(μka)K0(μka2)) sinh κTiNt
kβε1κTiN

, (B11)

C0(a2, a) � μka(I ′
0(μ

ka)K0(μka2) − I0(μka2)K ′
0(μ

ka))κTiN sinh κTiNt
σ2c

− jZ0(μk)2a(I0(μka2)K0(μka) − I0(μka)K0(μka2)) cosh κTiNt
kβε1

, (B12)

I0(a2, a) � jkβaε1(I ′
0(μ

ka)K ′
0(μ

ka2) − I ′
0(μ

ka2)K ′
0(μ

ka)) cosh κTiNt
Z0

+ μkaσ2c(I ′
0(μ

ka2)K0(μka) − I0(μka)K ′
0(μ

ka2)) sinh κTiNt
κTiN

, (B13)
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K0(a2, a) � jkβaε1(I ′
0(μ

ka)K ′
0(μ

ka2) − I ′
0(μ

ka2)K ′
0(μ

ka))κTiN sinh κTiNt
σ2cZ0

+ μka(I ′
0(μ

ka2)K0(μka) − I0(μka)K ′
0(μ

ka2)) cosh κTiNt. (B14)

The coefficient Ā0(k) in Eq. (B1) is obtained by solving Eq. (B9) after substituting Eqs. (B3),
(B4), and the condition Ez(a2) = 0 into Eq. (B9).
Equation (A30) provides the longitudinal impedance including space charge impedance,

where Ã(k) is replaced by Ā0(k). To subtract the contribution due to space charge impedance
from the final expression of the impedance of the ceramic chamber, the coefficient Āperf

0 (k),
corresponding to the case that perfectly conductive walls exist on ρ = a, would be calculated
in advance, and it is given by

Āperf
0 (k) = − jcZ0

πσγ I0(k̄a)
I1(k̄σ )K0(k̄a). (B15)

Finally, the longitudinal impedance is expressed as

ZL = Znon,sp(a) + ZL,ceramic, (B16)

where

Znon,sp(a) = − jZ0

βπkσ 2

(
1 − 2I1(k̄σ )K1(k̄σ ) − 2I21 (k̄σ )K0(k̄a)

I0(k̄a)

)
L, (B17)

ZL,ceramic = 2LC0(a2, a)I21 (k̄σ )

πσ 2k̄2aI20 (k̄a)
[
A0(a2, a) +C0(a2, a)

jβγ I1(k̄a)
Z0I0(k̄a)

] , (B18)

Znon, sp(a) is the space charge impedance, ZL, ceramic is the impedance of a ceramic chamber
covered by a perfectly conductive wall with a titanium nitride coating, and L is the length of
the chamber.
In the case of a1 � a2, after substituting Eqs. (B11) and (B12) into Eq. (B18), Eq. (B18) is

expressed as

ZL,ceramic = L
2πa

⎡
⎣
[

κTiN
σ2c

jβka
2Z0

− jZ0k(1−β2ε1 )σ2c(a2−a)
βε1κTiN

]
tanh κTiNt + 1 + k2(1−β2ε1 )a(a2−a)

2ε1

κTiN tanh κTiNt
σ2c

− jZ0k(1−β2ε1 )(a2−a)
βε1

⎤
⎦

−1

,

(B19)

for relativistic beams. Furthermore, if we focus on the frequency range where the skin depth δ

is greater than the thickness of the titanium nitride t,

f <
1

πt2μ0σ2c
, (B20)

typically satisfying the conditions

f � cZ0σ2ct
πa

, (B21)

f � cβ
2π

√
2ε1

(β2ε1 − 1)a(a2 − a)
, (B22)

t � (1 − β2ε1)(a2 − a)
β2ε1

, (B23)
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the impedance of the ceramic chamber is approximated as

ZL,ceramic = Z0L
2πa

[
Z0σ2ct − jε1

(β2ε1−1)ka log[ a2a ]

] , (B24)

which is the same as Eq. (19), when (a2 − a)/a is approximated as
a2 − a
a

� log
[
1 + a2 − a

a

]
, (B25)

for a1 � a2.
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