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Abstract. 29 Si nuclear magnetic resonance (NMR) has been measured in a 29 Si–enriched
single crystal sample of YbRh2 Si2 . The spin-echo decay for applied field H k, ⊥ the c-axes has
been measured at 100 K. A clear spin-echo decay oscillation is observed for both cases, possibly
reflecting the Ruderman-Kittel (RK) interaction. Since the observed oscillation frequency
depends on the direction of applied magnetic field, anisotropic RK coupling and pseudo-dipolar
(PD) interactions may not be negligible in this compound. The origin of spin-echo decay
oscillations is discussed.

1. Introduction
The quantum critical phase transition (QCPT) is one of the important aspects of Kondo lattices
at low temperatures. In YbRh2 Si2 [1], the QCPT is not a case of the ordinary spin density wave
(SDW) instability observed in Ce-based Kondo-lattices [2], but a candidate for a novel case
of local criticality [3]. In YbRh2 Si2 , the weak antiferromagnetic transition below TN ∼70 mK
is easily tuned to T = 0 with a small applied magnetic ﬁeld H [1]. At the critical magnetic
ﬁeld Hcr for TN ∼ 0 K, the T -dependence of the physical properties shows non-Fermi liquid
(NFL) behavior owing to quantum critical ﬂuctuations that occur on approaching the QCPT
[4]. Having a tetragonal crystal structure (Fig. 1), YbRh2 Si2 exhibits an anisotropic electronic
state [5]. Thus, for applied ﬁeld H ⊥ and k the c-axis, the critical ﬁeld is Hcr ∼ 0.06 T and
∼ 0.66 T, respectively, indicating that the eﬀective energy scale for quantum criticality is ∼ 10
times larger for H k the c-axis. In a previous study of the spin-lattice relaxation time T1 as a
function of temperature and ﬁeld, we reported that coexisting, degenerate Fermi and non-Fermi
liquid states appeared around the QCPT [6]. In a fashion similar to Hcr , the coexisting states
showed rather anisotropic behavior [7, 8].
In the present study, we report data for the 29 Si nuclear spin-echo decay in YbRh2 Si2 . Here,
we have chosen to apply H parallel and perpendicular to the c-axes in order to investigate the
anisotropy of the electronic state. The observed spin-echo decay curves show a clear oscillation,
which may be due to the Ruderman-Kittel (RK) interaction [9]. The anisotropic oscillation
frequency indicates that the contribution of the pseudo-dipolar (PD) interaction [10] is not
negligible, an eﬀect that may also reﬂect the anisotropy of the electronic state.
The low natural abundance (∼ 4.7%) of 29 Si (I = 1/2; γn /(2π)=845.77 Hz/Oe; γn :
gyromagnetic ratio; ωn = γn H corresponds to the NMR measurement frequency) has prevented
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Figure 1. Tetragonal crystal structure (I4/mmm) of YbRh2 Si2 . The local symmetry of the Si
site is tetragonal 4mm.

highly accurate 29 Si NMR measurements on YbRh2 Si2 up to now. For the present study a single
crystal sample has been prepared with the 29 Si isotope enriched to 52 %, improving the NMR
sensitivity by a factor ∼ 11.
2. Experimental
Single crystals of YbRh2 Si2 were grown by the In-ﬂux method. The starting materials were Yb,
Rh, natural Si, 99.3 % enriched 29 Si and In. These materials were put in an alumina crucible
and sealed in a quartz tube with the stoichiometric composition of Yb:Rh:Si:29 Si:In = 1:2:1:1:65.
The ampoule was heated up to 1200 ◦ C, maintained at this temperature for one day, and cooled
to 900 ◦ C at a rate of 1 ◦ C/h, taking about 14 days in total. The excess ﬂux was removed from
the crystals by spinning the ampoule in a centrifuge.
High sample purity was conﬁrmed by the small residual resistivity ρ0 ∼ 0.99 µΩcm and the
large RRR value =ρ(300K)/ρ(2K) = 104. No magnetic impurity phase was detected in magnetic
susceptibility measurements. The antiferromagnetic phase transition was observed near 80 mK
at zero ﬁeld.
A single crystal specimen (6 × 3 × 0.1 mm3 ) was mounted in a 4 He cryostat with an NMR
pickup coil. Using a standard π/2−π pulse sequence, the spin-echo intensity m(2τ ) so generated
was measured as a function of the time τ between the pulses for the measurement of the spinecho decay (see Fig. 2 a)). Here, a typical π/2 pulse width is 4 ∼ 5 µsec. Since the resonance
linewidth is quite narrow (e.g. ∼ 9 kHz at 7.2 T), all nuclear spins in the spectrum were quite
uniformly excited by the radio-frequency pulses used. The pulse repetition time trep was taken
to be much longer than the previously determined T1 [6, 7, 8]. Figure 2b) shows a calculated
typical spin-echo decay curve without the oscillation term. (See below: This case is from Eqs.
2 and 4 with J = 0, i.e. W (2τ )/W (0) = 1). Here we have adopted the values 1/T1L = 15
sec−1 and 1/T2G = 470 sec−1 , which are similar values to those in the H k c case shown below.
2
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Figure 2. a) Schematic description of NMR spin-echo formation. In the present case, typical τ
is considerably larger than the π-pulse width (∼ 10−5 sec). b) Calculated spin-echo decay curve
without oscillation term (J = 0 case for Eqs. 2 and 4). We adopt similar 1/T1L = 15 sec−1 and
1/T2G = 470 sec−1 values to these in the H k c case (see Table 1). In the real case for H k c
with J > 0, the calculated curve is modulated with the W (2τ )/W (0) term as shown in Fig. 3
b).

In the actual case with J > 0, the spin-echo decay curve is modiﬁed by the oscillation factor
W (2τ )/W (0).
3. Spin-echo oscillation due to RK interactions
It is well known that the RK interaction can induce oscillations in the spin-echo decay curve
[9]. In the present analysis, the question of PD interaction eﬀects is set aside, though it will
be mentioned below. In metals the indirect RK interaction between nuclear spins Ii , Ij occurs
through second–order scattering of conduction electrons [11], taking the scalar form
Jij Ii · Ij .

(1)

The magnitude of Jij can be estimated from the oscillation frequency of the spin–echo envelope
[9]. In fact, this type of oscillation has been observed in Pt alloys [9]. Spin-echo oscillations due
to RK interactions are predominant if the following conditions are satisﬁed: a) dipolar and PD
3
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Table 1. Values of 1/T2G and J obtained from ﬁts, along with previously determined 1/T1
values [6, 7, 8], which are adopted as 1/T1L .
Hkc
H⊥c

1/T1L (sec−1 )
15
12.9

1/T2G (sec−1 )
470 ± 10
522 ± 10

J/2π(kHz)
1.07 ± 0.02
0.50 ± 0.01

interactions can be neglected; and b) local inhomogeneous broadening is larger than the indirect
RK interaction [9]. Condition a) is considered to be satisﬁed in the present case. The lattice sum
of nuclear dipolar ﬁeld at the Si site in YbRh2 Si2 is estimated as ∼ 0.1 Oe, which corresponds to
∼ 0.1 × γn /(2π) ∼
= 85 Hz. This is much smaller than the estimated RK interaction (see below).
The PD interaction is not negligible, a point to be discussed later. Condition b) is satisﬁed,
since the observed inhomogeneous linewidth ∼9 kHz at 7.2 T is much larger than the estimated
RK interaction.
An RK oscillation factor W (2τ ) for the spin echo (I = 1/2 nuclei, π/2 − π pulses) is analyzed
here considering only the nearest–neighbor (nn) nuclear spins, i.e. Jij = J. Then, we adopt the
expression [12]

W (2τ ) =

N
∑

Ar cosr (Jτ ),

(2)

r=0

where Ar is the probability that a 29 Si nucleus has r nn 29 Si, and N = 4 is the total number of
nn Si sites in YbRh2 Si2 .
29
If conditions a) and b) are satisﬁed,
randomly, Ar may be
(N ) with Si nuclei distributed
expressed by the binomial coeﬃcient r with concentration p of 29 Si nuclear species,

Ar = Arbn

( )
N r
≡
p (1 − p)N −r .
r

(3)

If in addition to the oscillation factor W (2τ ) there is a spin-lattice relaxation time T1L ≈ T1
and a Gaussian component of spin-spin relaxation time T2G , then the observed 2τ dependence
of spin-echo intensity m(2τ ) may be expressed,
{ 2τ
m(2τ )
1
= exp −
−
m(0)
T1L 2

(

2τ
T2G

)2

} W (2τ )
.
W (0)

(4)

In the present study data for spin-echo decay curves has been analyzed based on this equation.
4. Results and discussion
Figure 3 shows spin-echo decay data for H = 7.2 T k, ⊥ c-axis at 100 K. Since the local site
symmetry for Si is tetragonal 4mm, no anisotropy is observed for applied ﬁeld in the (001) plane.
At this temperature Yb magnetic moments are considered to have strongly localized character
[6, 7, 8], since the spin–lattice relaxation time T1 is almost independent of T . Figure 4 shows
spin-echo decay with diﬀerent second–pulse widths for H = 7.2 T k c-axis at 100 K. As the
second pulse width decreases, the spin-echo decay becomes slower, indicating that the spin-echo
4
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Figure 3. Spin-echo decay curves for a π/2 − π pulse sequence at H = 7.2T k, ⊥ the c-axis at
100 K. Solid lines were obtained using least square ﬁts based on Eqs. 2 and 4.
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Figure 4. Spin-echo decay curves with diﬀerent pulse sequences for H = 7.2 T k, ⊥ c-axis at
100 K. As the second pulse width decreases, the spin-echo decay becomes substantially slower,
indicating that the spin-echo decay is static, i.e. driven by the π pulse, aside from the T1L
process.

decay process is dominated by pulse modulation of static couplings, except for the (weak) T1L
relaxation process. In this situation, the echo is relaxed by the reorientation of neighbor spins
by the refocusing second pulse. As is clearly seen in Fig. 3, the oscillation frequency is larger
for H k c than H ⊥ c. The echo-decay curves are ﬁtted using Eq. 4. Here the previously
determined 1/T1 values [6, 7, 8] have been adopted as 1/T1L . Parameters J, Ar and 1/T2G
have been optimized with least–squares ﬁts. Values of 1/T2G and J so obtained are presented in
5
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Figure 5. Normalized oscillation factor for spin-echo decay W (2τ )/W (0). Solid line corresponds
to the ideal RK case expressed by Eq. 2 with N = 4 and p = 0.52. Dashed and broken lines are
obtained by ﬁtting to the results presented in Fig. 3 using Eqs. 2 and 4. Deviations from the
solid line indicate either that the RK interaction is anisotropic in tetragonal symmetry or that
the PD interaction is not negligible.

Table. 1. Since the value deduced for Ar is somewhat diﬀerent from Arbn , the value obtained for
W (2τ ) is slightly diﬀerent from the ideal RK case as shown in Fig. 5. These deviations indicate
that either RK coupling is anisotropic or PD contributions are appreciable. Such eﬀects have
been observed in previous studies [12].
In contrast to the scalar RK interaction (Eq. 1), the PD interaction is a tensor quantity [12],
Bij (Ii · Ij − 3Ijz Ikz ),
1
Bij = bij (3cos2 θij − 1),
2

(5)
(6)

where rij is the distance between the ith and the jth nuclei, θij is the angle between rij and
the applied magnetic ﬁeld, and bij is the eﬀective coeﬃcient for dipolar–type interaction Bij
between the ith and jth nuclei. Thus, the PD interaction depends on the direction of applied
ﬁeld. If the PD interaction is included, the observed τ -dependence of W (2τ ) can be accounted
for better. However, the observed oscillation frequency may not correspond to J exactly, and
the real J value may be somewhat larger than the one given here [12].
In the present study, the anisotropic response of J against applied ﬁeld is suggested. However,
in the present RK and PD models (Eqs. 1 and 6), the crystal i.e. tetragonal anisotropy is not
included explicitly. It is necessary to consider a relevant model for tetragonal system such as
YbRh2 Si2 in order to estimate J and Bij more precisely. Principally, the anisotropy of J reﬂects
the anisotropy of the Fermi-surface shape. Further analysis based on an improved model will
be presented elsewhere.
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and Coleman P 2003 Nature (London) 424 524.
[6] Kambe S, Sakai H, Tokunaga Y, Lapertot G, Matsuda T D, Knebel G, Flouquet J and Walstedt R.E. 2014
Nature Physics 10 840.
[7] Kambe S, Sakai H, Tokunaga Y, Lapertot G, Matsuda T D, Knebel G, Flouquet J and Walstedt R.E. 2015
Phys. Rev. B 91 161110(R).
[8] Kambe S, Sakai H, Tokunaga Y, Lapertot G, Matsuda T D, Knebel G, Flouquet J and Walstedt R.E. 2015
J. Phys. Conf. Series 592 012085.
[9] Froidevaux C. and Weger M. 1964 Phys. Rev. Lett. 12 123.
[10] Bloembergen N. and Rowland T. J. 1955 Phys. Rev. 97 1679.
[11] Ruderman M. A. and Kittel C. 1954 Phys. Rev. 96 99.
[12] Alloul H. and Froidevaux C. 1967 Phys. Rev. 163 324.

7

