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Abstract 

 

  A new nuclear data processing code FRENDY has been developed in order to process the 

evaluated nuclear data library JENDL. Development of FRENDY helps to disseminate JENDL and 

various nuclear calculation codes. 

  FRENDY is developed not only to process the evaluated nuclear data file but also to implement 

the FRENDY functions to other calculation codes. Users can easily use many functions e.g., read, 

write, and process the evaluated nuclear data file, in their own codes when they implement the 

classes of FRENDY to their codes.  FRENDY is coded by considering maintainability, modularity, 

portability and flexibility. 

  The processing method of FRENDY is similar to that of NJOY. The current version of FRENDY 

treats the ENDF-6 format and generates the ACE file which is used for the continuous energy Monte 

Carlo codes such as PHITS and MCNP. 

  This report describes the nuclear data processing methods and input instructions for FRENDY. 

 

Keywords: FRENDY, JENDL, Nuclear Data Processing, User’s Manual 
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要旨 

 

評価済み核データライブラリーJENDL を適切に処理するため、日本原子力研究開発機構

において、核データ処理システム FRENDY を開発した。FRENDY の開発は、JENDL や日

本原子力研究開発機構が提供する粒子輸送計算コードの普及に役立つことが期待される。 

FRENDY 開発では、評価済み核データファイルを処理するだけでなく、他の計算コード

に FRENDY の機能を実装することも念頭に置いた。利用者は FRENDY の読み書きや各処

理機能について、他のコードに容易に取り込むことができる。FRENDY は保守性、簡潔性、

移植性、拡張性などを考慮して作られた。 

FRENDY の核データ処理手法は米国ロスアラモス国立研究所が開発した NJOY と同様で

ある。現バージョンの FRENDY は ENDF-6 形式の評価済み核データから連続エネルギーモ

ンテカルロ輸送計算コード PHITS や MCNP が利用する断面積ライブラリ形式である ACE

ファイルを生成することができる。 

本報告書では FRENDY で用いられている核データ処理手法と FRENDY の入力について

説明する。 
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1 Introduction 

1.1 Background 
  The Japan Atomic Energy Agency (JAEA) has developed the evaluated nuclear data library 

JENDL1) and many nuclear calculation codes including a general purpose Monte Carlo code MVP2), 

a versatile reactor analysis code system MARBLE23), and a particle and heavy-ion transport code 

system PHITS4). Though JAEA developed some nuclear data processing codes a few decades ago5,6), 

these codes cannot treat the current nuclear data format. The current nuclear data processing code in 

JAEA uses the foreign processing codes, i.e., NJOY7,8) and PREPRO9), and an in-house nuclear data 

processing code to prepare cross-section data libraries for these nuclear calculation codes. It is very 

difficult for users to create cross-section data libraries for these nuclear calculation codes. The users 

have to wait for the release of the new or the revised cross-section data library if an evaluated 

nuclear data library is newly released or revised. 

  Modification of the nuclear data processing code is required if a new nuclear data representation, 

e.g., a new resonance format, cannot be treated by the code. The foreign processing codes are 

developed to process their own evaluated nuclear data libraries. If the new nuclear data 

representation is adopted in ENDF10) or JEFF11), a high priority is assigned to modify NJOY and 

PREPRO. However, if the new nuclear data representation was used only by JENDL, the priority of 

modification would be low and these codes might be modified by ourselves. 

Recently, the introduction of the Generalized Nuclear Data Structure (GNDS) has been 

considered12) as a new nuclear data format. The current processing codes cannot treat the GNDS 

format without extremely large revision of the processing codes since the format uses eXtensible 

Markup Language (XML) and it is quite different from the current nuclear data format, i.e., the 

ENDF-6 format13). 

  JAEA has developed a new nuclear data processing code FRENDY (FRom Evaluated Nuclear 

Data librarY to any application) to overcome such problems14). The processing method of FRENDY 

is similar to that of NJOY. The current version of FRENDY treats only the ENDF-6 format and 

generates A Compact ENDF (ACE) file which is used for the continuous energy Monte Carlo codes 

including PHITS, MCNP15), and Serpent16). Treatment of the GNDS format and generation of the 

other cross-section data library for the JAEA’s nuclear calculation codes including multi-group 

cross-section data library will be implemented in the future. 

  This report describes an overview of the nuclear data processing methods and input instructions. 

As described before, the processing method of FRENDY is similar to that of NJOY. The difference 

of the processing method is mainly described in this report. 
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1.2 Overview of FRENDY 
  FRENDY is developed by considering maintainability, modularity, portability and flexibility. 

FRENDY is written in the object-oriented language C++ to achieve these requirements. The 

maintainability and modularity are better than the conventional codes written in FORTRAN since all 

classes in FRENDY were encapsulated. Each class is designed to be compact and independent for 

portability and flexibility. FRENDY is developed not only to process the evaluated nuclear data file 

but also to implement the FRENDY functions to other calculation codes. Users can easily employ 

many functions e.g., read, write, and process the evaluated nuclear data file, in their own codes when 

they implement the classes of FRENDY to their codes. 

  The version control system Git17) is used to ensure traceability and quality assurance. The version 

control system enables us to easily create and manage the sources. The Boost test library18) is used 

for the test program of FRENDY. The test programs are prepared to confirm the verification of 

capabilities. It would be helpful to confirm each capability and avoid possible problems. For 

example, when a developer modifies class A and this modification affects class B, the test program 

of class B will alert the developer. 

  The system structure of FRENDY is shown in Fig. 1.2.1. The modules with solid-lined shapes 

have been already implemented, while the ones with dashed-lined shapes have not been developed 

yet. FRENDY can treat not only the ENDF-6 format but also other nuclear data formats. FRENDY 

converts the nuclear data from each nuclear data format to NuclearDataObject. FRENDY can treat 

the other nuclear data formats when parser, writer and converter modules are implemented. Each 

module can be easily improved, extended and modified to satisfy future needs since each module is 

encapsulated and is not affected by other modules. FRENDY keeps all data on NuclearDataObject 

and uses NuclearDataObject for the data transfer between different processing modules, e.g., the 

resonance reconstruction and Doppler broadening, to reduce the effect of rounding errors and 

overhead by file access. NJOY uses an intermediate file, which is called the Point-wise Evaluated 

Nuclear Data Format (PENDF) file or Group-wise Evaluated Nuclear Data Format (GENDF) file, 

for the data transfer. Because the memory capacity of old computers was limited, the intermediate 

file was required to reduce the memory size. This limitation is not so meaningful from the view point 

of the current computational resources. 

  FRENDY has parser and writer modules to handle ACE file. These modules are useful for 

generation and modification of the ACE file. There are some cases where users want to modify a 

cross-section data library by themselves in order to estimate the impact of the modification of the 

cross-section data library on the nuclear calculation results. The ACE file uses random access with 

pointers to the various parts of the data. If the number of energy grid points is modified, 

modification of the pointer data is also required. To modify the pointer data is difficult for the 

nuclear calculation code users who do not know well about the ACE format. FRENDY automatically 

- 2 -
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adjusts the pointer data by the ACE data writer module. Users can modify the ACE file when they 

write a main (control) program with the ACE data parser and writer modules in FRENDY. 

 

 
Figure 1.2.1 The system structure of FRENDY 

 

  Some modules have not been implemented yet in the current version of FRENDY. The main 

purpose of the first version is generation of ACE files for neutronics calculation codes which 

calculate multiplication factors and neutron flux distributions. Though the heating cross-section 

generator module is very important to calculate radiation damage, it is not so important for the 

neutronics calculation codes. The development priority of the GNDS treatment modules, i.e., parser, 

writer and converter modules of the GNDS format, is not so high since the evaluated nuclear data 

library which is only prepared in the GNDS format has not been released yet. These modules will be 

developed in the near future. 

  FRENDY can treat the input file for NJOY and the PENDF file. NJOY is widely used in many 

laboratories and companies to generate the cross-section data library for their nuclear calculation 

codes. The NJOY users can easily use FRENDY without modification of their processing 
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environment, e.g., running shell scripts, input files, and post processing programs. Though the 

current version of FRENDY processes only the ACE files, users can generate the other cross-section 

data libraries such as a multi-group one when they couple the NJOY modules, e.g., GROUPR. 
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2 Resonance Reconstruction 

2.1 Tasks of Resonance Reconstruction 
2.1.1. Unionization of Energy Grid 
  Generally, the evaluated nuclear data file contains cross sections for many reactions, such as total, 

elastic scattering, first chance fission, second chance fission, and radiative capture cross-sections. 

The energy grid of cross sections is not necessarily the same for the different reactions in the 

evaluated nuclear data file. Considering the post process for the Doppler broadening and the 

cross-section data library generation, the energy grid should be unified for all the reactions. 

  As shown in Fig. 2.1.1, the cross-section data given in the evaluated nuclear data file is divided 

into three energy-regions, i.e., resolved resonance, unresolved resonance, and smooth regions. In the 

ENDF-6 format13), File 2 contains resonance parameters which are used to reconstruct point-wise 

cross sections (exceptional cases may be found for the typical light-nuclei where only File 3 is used 

to give the excitation functions1)). In many cases, the evaluated nuclear data file contains the 

resonance parameters for the total, elastic scattering, fission, and radiative capture reaction. The 

cross sections of other reactions and cross sections in smooth region are given in File 3, together 

with background cross sections which are used to supplement the cross sections in resonance region. 

 

 

Figure 2.1.1 Example of resolved, unresolved, and smooth regions 

 

2.1.2. Linearization of All Cross-Sections Given in File 3 
  The interpolation scheme is not necessarily the same for the different reactions and energy regions 
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example, the radiative capture cross-section obeys the 1/v law in the low energy region where it 

could be described with a few energy grid points by the log-log interpolation rather than the 

linear-linear interpolation. In contrast, the elastic scattering cross-sections are constant due to 

potential scattering at the low energy region. In such a case, the linear-linear interpolation is 

appropriate. Different interpolation schemes are usually used for each reaction in order to reduce the 

data size of the evaluated nuclear data file, which is inconvenient for nuclear calculation codes. 

Therefore, unification of the interpolation scheme is desirable for easy handling by nuclear 

calculation codes. 

 

2.1.3. Reconstruction of Resolved and Unresolved Resonance Cross-Sections 
  A significant number of energy grid points are required to describe a resonance cross-section 

curve especially for heavier nuclei due to many resonance peaks. The evaluated nuclear data file 

provides the parameters of the cross-section formulae, e.g., the Single- and Multi-Level 

Breit-Wigner19), Adler-Adler20,21), Reich-Moore22,23), and R-matrix limited13). The explanation of 

these formulae is described in Sec. 2.3. 

  As shown in Fig. 2.1.2, the resonance region is divided into two regions, i.e., the resolved and 

unresolved resonance regions24). The resonance peaks correspond to the excited levels of a 

compound nucleus. As the excitation energy increases, the level spacing becomes so narrow that 

each excitation level cannot be separated. The region where each excited level can be resolved is 

called a “resolved” resonance region, whereas the region where each excited level cannot be 

resolved is called an “unresolved” resonance region. At the higher energy, the resonance cannot be 

observed. This region is called a smooth region. 
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Figure 2.1.2 Difference of resolved and unresolved resonance regions 

 

2.2 Calculation Flow of Linearization and Resonance 
Reconstruction 

  A calculation flow of the cross-section linearization and resonance reconstruction is shown in 

Fig. 2.2.1. The evaluated nuclear data file uses the table data for all cross-sections without resonance 

cross-section and the parameter of the cross-section formulae in the resonance region to describe the 

cross section of these regions. Therefore, the linearization process is divided into two processes, i.e., 

the linearization of all cross-sections given in File 3 and that of the resolved and unresolved 

resonance cross-sections given in File 2. The evaluated nuclear data file might contain background 

cross-sections in the resolved and unresolved resonance regions in File 3. The background 

cross-sections are also linearized in the former process. 
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Figure 2.2.1 Calculation flow of linearization and resonance reconstruction 

 

2.2.1 Algorithm of Linearization 
  An algorithm of the linearization is shown in Fig. 2.2.2. The linearization flow is as follows: 

 

    1. If the distance of energy grid points is large, a middle energy grid point is added. 

    2. Calculate the cross sections 𝜎𝜎𝑖𝑖+1 2⁄  and 𝜎𝜎′𝑖𝑖+1 2⁄  at the middle point xi+1/2. 

    3. If 𝜎𝜎′𝑖𝑖+1 2⁄  does not satisfy Eqs. (2.2.2) and (2.2.3), the middle energy grid point is added. 

    4. If 𝜎𝜎′𝑖𝑖+1 2⁄  satisfies Eqs. (2.2.2) and (2.2.3), go to next energy grid point (i=i+1). 

 

Here, 𝜎𝜎 is a cross section in the original interpolation, 𝜎𝜎′ a cross section interpolated by the 

linear-linear interpolation, i an index of energy grid point, and x an incident particle energy. They are 

shown in Fig. 2.2.3. FRENDY uses three criteria for linearizing the cross section, i.e., the distance of 

energy grid points (𝑑𝑑𝑑𝑑𝑑𝑑1), relative difference of 𝜎𝜎𝑖𝑖+1 2⁄  and 𝜎𝜎′𝑖𝑖+1 2⁄  (𝑑𝑑𝑑𝑑𝑑𝑑2), and integral difference 

of 𝜎𝜎𝑖𝑖+1 2⁄  and 𝜎𝜎′𝑖𝑖+1 2⁄  (𝑑𝑑𝑑𝑑𝑑𝑑3), where 

𝑑𝑑𝑑𝑑𝑑𝑑1 = 𝑥𝑥𝑖𝑖+1
𝑥𝑥𝑖𝑖

> 1.0 + √5.3 × 𝑒𝑒𝑒𝑒𝑒𝑒, (2.2.1) 
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𝑑𝑑𝑑𝑑𝑑𝑑2 =
|𝜎𝜎′𝑖𝑖+1 2⁄ − 𝜎𝜎𝑖𝑖+1 2⁄ |

𝜎𝜎𝑖𝑖+1 2⁄
≤ 𝑒𝑒𝑒𝑒𝑒𝑒, (2.2.2) 

𝑑𝑑𝑑𝑑𝑑𝑑3 = (𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖
2 ) |𝜎𝜎′𝑖𝑖+1 2⁄ − 𝜎𝜎𝑖𝑖+1 2⁄ | ≤ 𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 × 𝑥𝑥𝑖𝑖+12

, (2.2.3) 

𝑒𝑒𝑒𝑒𝑒𝑒 and 𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 are the tolerance value and maximum integral error for linearization. These values 

are input for nuclear data processing codes. 

 

 
Figure 2.2.2 Example of the linearization flow 

 
Figure 2.2.3 Example of the middle point addition and the relation of 𝝈𝝈 and 𝝈𝝈′, and x 
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2.2.2 Linearization of All Cross-Sections without Resonance Cross-Section 
  FRENDY adds the specified energy grid points to all the reaction types before linearization. 

FRENDY automatically adds energy grid points, i.e., 1.0 × 10±𝑛𝑛, 2.0 × 10±𝑛𝑛, and 5.0 × 10±𝑛𝑛 eV, 

where, n is an integer. Cross sections are measured at 293.6 K in most cases. At 293.6 K, the most 

probable neutron energy E is 

𝐸𝐸 = 𝑘𝑘𝐵𝐵𝑇𝑇 = 1.3806488 × 10−23[J/K]
1.6021766 × 10−19[J/eV] × 293.6[K] = 0.0253[eV], (2.2.4) 

where, kB is the Boltzmann constant. The most probable neutron energy E = 0.0253 eV is 

automatically added in the grid points. FRENDY is also able to add the arbitrary energy grid points 

specified in the input file by users. 

  As shown in Fig. 2.2.4, FRENDY modifies discontinuity points. In the evaluated nuclear data file, 

the discontinuities are often found at the energy where two different values are given. For instance, 

the discontinuities are found at the boundary of the resonance region. When the discontinuity is 

found, FRENDY deletes the energy grid point 𝐸𝐸0, and adds the energy grid points 𝐸𝐸0 ± ∆𝐸𝐸 to 

obtain a continuous curve of the cross section. ∆𝐸𝐸 is determined so that 

∆𝐸𝐸 = 𝐸𝐸0 × 10−7

Significand of 𝐸𝐸0 . (2.2.5) 

 

 

Figure 2.2.4 Example of the discontinuity treatment 

 

  The energy grid points in each reaction are unionized as shown in Fig. 2.2.5. In the unionized 

energy grid, a cross section is calculated by the interpolation when the corresponding energy grid is 

not found in the original energy grid. If the relative difference of the energy grid point is less than 

1.0 × 10−10 eV, FRENDY assumes that both energy grid points are identical. 

 

Evaluated nuclear data Nuclear data of FRENDY
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Figure 2.2.5 Example of the unionization of the energy grid 

 

2.2.3 Resonance Reconstruction and Linearization in Resonance Region 
  FRENDY uses the energy grid points obtained in Sec. 2.2.2 as initial grid points. FRENDY adds 

energy grid points before linearization, i.e., 1.0 × 10±𝑛𝑛, 2.0 × 10±𝑛𝑛, 5.0 × 10±𝑛𝑛, and 0.0253 eV, 

in the resolved resonance region, and also adds 13 energy grid points per decade, i.e., 1.0 × 10±𝑛𝑛, 

 1.25 × 10±𝑛𝑛 , 1.5 × 10±𝑛𝑛 , 1.7 × 10±𝑛𝑛 , 2.0 × 10±𝑛𝑛 , 2.5 × 10±𝑛𝑛 , 3.0 × 10±𝑛𝑛 , 3.5 × 10±𝑛𝑛 , 

4.0 × 10±𝑛𝑛 , 5.0 × 10±𝑛𝑛 , 6.0 × 10±𝑛𝑛 , 7.2 × 10±𝑛𝑛 , and 8.5 × 10±𝑛𝑛  eV, in the unresolved 

resonance region. 

  The boundary of the resolved and unresolved resonance regions is the discontinuity point. As 

shown in Fig. 2.2.4, FRENDY splits the energy grid at the boundaries of the resonance regions, i.e., 
𝐸𝐸𝑙𝑙𝑙𝑙𝑙𝑙

𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 → 𝐸𝐸𝑙𝑙𝑙𝑙𝑙𝑙
𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 + ∆𝐸𝐸 , 𝐸𝐸ℎ𝑖𝑖𝑖𝑖ℎ

𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 → 𝐸𝐸ℎ𝑖𝑖𝑖𝑖ℎ
𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 − ∆𝐸𝐸 , 𝐸𝐸𝑙𝑙𝑙𝑙𝑙𝑙

𝑢𝑢𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 → 𝐸𝐸𝑙𝑙𝑙𝑙𝑙𝑙
𝑢𝑢𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 + ∆𝐸𝐸 , and 𝐸𝐸ℎ𝑖𝑖𝑖𝑖ℎ

𝑢𝑢𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 → 𝐸𝐸ℎ𝑖𝑖𝑖𝑖ℎ
𝑢𝑢𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 −

∆𝐸𝐸 to modify the discontinuities at the boundary of the resolved and the unresolved resonance 
regions. 𝐸𝐸𝑙𝑙𝑙𝑙𝑙𝑙

𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 and 𝐸𝐸ℎ𝑖𝑖𝑖𝑖ℎ
𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙 are the lower and upper limit energies of the resolved resonance region, 

respectively. 𝐸𝐸𝑙𝑙𝑙𝑙𝑙𝑙
𝑢𝑢𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙  and 𝐸𝐸ℎ𝑖𝑖𝑖𝑖ℎ

𝑢𝑢𝑛𝑛𝑟𝑟𝑟𝑟𝑟𝑟𝑙𝑙  are the lower and upper limit energies of the unresolved 

resonance region, respectively. 

  In the unresolved resonance region, the ENDF-6 format contains the interpolation scheme to 

represent the cross section13). NJOY calculates the unresolved resonance cross-section using the 

cross-section formulae on the fixed energy grid points and the other energy grid points between the 

fixed energy grid points are calculated by the log-log interpolation. FRENDY does not use the 

interpolation and calculates the unresolved resonance cross-sections on all energy grid points using 

the cross-section formulae to rigorously reproduce the unresolved resonance cross-sections. 

  The resonance cross-sections are also linearized using the similar method which is described in 

Sec. 2.2.1. If σ′𝑟𝑟,𝑖𝑖+1 2⁄  does not satisfy Eq. (2.2.6), a middle energy grid point is added so that 

𝐸𝐸 × [𝑑𝑑𝑑𝑑𝑑𝑑1,𝑟𝑟]𝑚𝑚𝑚𝑚𝑚𝑚 < 𝑒𝑒𝑒𝑒𝑒𝑒  ∪  (𝑑𝑑𝑑𝑑𝑑𝑑1,𝑟𝑟 ≤ 𝑒𝑒𝑒𝑒𝑒𝑒𝑚𝑚𝑚𝑚𝑚𝑚   ∩  𝑑𝑑𝑑𝑑𝑑𝑑2,𝑟𝑟 ≤ 𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑛𝑛𝑖𝑖 × 𝑥𝑥𝑖𝑖+1
2

)
𝑟𝑟∈𝐴𝐴𝑙𝑙𝑙𝑙

, (2.2.6) 

where r is the type of a reaction and 𝑒𝑒𝑒𝑒𝑒𝑒 and 𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝑛𝑛𝑖𝑖 are the tolerance value and maximum integral 

error for linearization, and 

Reaction type A

Reaction type B

Unionized grid
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𝑑𝑑𝑑𝑑𝑑𝑑1,𝑟𝑟 =
|σ′𝑟𝑟,𝑖𝑖+1 2⁄ − σ𝑟𝑟,𝑖𝑖+1 2⁄ |

σ𝑟𝑟,𝑖𝑖+1 2⁄
, (2.2.7) 

𝑑𝑑𝑑𝑑𝑑𝑑2,𝑟𝑟 =
1
2 (𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖)|σ′𝑟𝑟,𝑖𝑖+1 2⁄ − σ𝑟𝑟,𝑖𝑖+1 2⁄ |. (2.2.8) 

In the ENDF-6 format file (MT 151 section of File 2 except for LRF=3 and 7), the resonance 

parameters for the total, elastic scattering, fission and radiative capture cross-sections are stored. The 
symbol [𝑑𝑑𝑑𝑑𝑑𝑑1,𝑟𝑟]𝑚𝑚𝑚𝑚𝑚𝑚 indicates the maximum relative difference in each reaction. 

 

2.2.4 Merge and Output Cross Sections 
  The linearized cross sections in the smooth and resonance regions are merged. FRENDY checks 

the consistency of the cross sections and corrects the total and total inelastic scattering cross-sections 

when the cross sections are merged. The total (MT 1) and total inelastic scattering cross-sections 

(MT 4) obtained by evaluated nuclear data file may be different from the sum of each component 

cross-section. Thus, FRENDY makes the total and total inelastic scattering cross-sections from the 

sum of each component cross-section. 

  Though the reconstruction of the resonance cross-sections is appropriately carried out, the 

resonance cross-sections occasionally become negative due to a limitation of resonance formulae. In 

such a case, FRENDY sets the cross section as 1.0 × 10−15 b. 

  As described in Sec. 1.3, FRENDY can treat and write PENDF file. The PENDF file contains the 

self-shielded cross-sections in the unresolved resonance region in MT 152 section of File 2. 

 

2.3 Cross-Section Formulae in Resolved Resonance Region 
  This section describes the cross-section formulae in the resolved resonance region8,13). The 

derivation of the cross-section formulae is written in References 25 and 26. 

  The ENDF-6 format adopts the Single- and Multi-Level Breit-Wigner, Adler-Adler, Reich-Moore, 

and R-matrix limited and FRENDY can treat all resonance formulae. FRENDY uses the AMUR 

code27) to calculate the R-matrix limited. 

 

2.3.1 Single-Level Breit-Wigner Resonance Formula 
  The Single-Level Breit-Wigner (SLBW) resonance formula is as follows: 

σ𝑛𝑛,𝑛𝑛(𝐸𝐸) = 𝜎𝜎𝑝𝑝 +
4𝜋𝜋
𝑘𝑘2∑𝑔𝑔𝐽𝐽

𝐽𝐽
∑∑Γ𝑛𝑛,𝑟𝑟(𝐸𝐸)

Γ𝑟𝑟
{[cos 2𝜙𝜙𝑙𝑙 − (1 − Γ𝑛𝑛,𝑟𝑟(𝐸𝐸)

Γ𝑟𝑟
)]𝜓𝜓(𝑥𝑥)

+[sin 2𝜙𝜙𝑙𝑙]𝜒𝜒(𝑥𝑥)
}

𝑟𝑟𝑙𝑙
, (2.3.1) 

σ𝑓𝑓(𝐸𝐸) =
4𝜋𝜋
𝑘𝑘2∑𝑔𝑔𝐽𝐽

𝐽𝐽
∑

Γ𝑛𝑛,𝑟𝑟(𝐸𝐸)Γ𝑓𝑓,𝑟𝑟
Γ𝑟𝑟2

𝜓𝜓(𝑥𝑥)
𝑟𝑟

, (2.3.2) 
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σ𝛾𝛾(𝐸𝐸) =
4𝜋𝜋
𝑘𝑘2∑𝑔𝑔𝐽𝐽

𝐽𝐽
∑

Γ𝑛𝑛,𝑟𝑟(𝐸𝐸)Γ𝛾𝛾,𝑟𝑟
Γ𝑟𝑟2

𝜓𝜓(𝑥𝑥)
𝑟𝑟

, (2.3.3) 

σ𝑡𝑡(𝐸𝐸) = σ𝑛𝑛,𝑛𝑛(𝐸𝐸) + σ𝑓𝑓(𝐸𝐸) + σ𝛾𝛾(𝐸𝐸), (2.3.4) 

𝜎𝜎𝑝𝑝 =
4𝜋𝜋
𝑘𝑘2∑(2𝑙𝑙 + 1) sin2 𝜙𝜙𝑙𝑙

𝑙𝑙
, (2.3.5) 

where σ𝑛𝑛,𝑛𝑛 is the elastic scattering cross-section, 𝜎𝜎𝑝𝑝 the potential scattering cross-section, σ𝑓𝑓 the 

fission cross-section, σ𝛾𝛾 the radiative capture cross-section, 𝐸𝐸 the incident neutron energy [eV], 

𝑔𝑔𝐽𝐽 the spin statistical factor, 𝑘𝑘 the neutron wave number, 𝛤𝛤 the total width, 𝛤𝛤𝑛𝑛 the neutron width, 

𝛤𝛤𝑓𝑓 the total width, 𝛤𝛤𝛾𝛾 the capture width, 𝜙𝜙𝑙𝑙 the phase shift, and 

𝑘𝑘 = 2𝜋𝜋
ℎ √2𝑚𝑚𝑛𝑛𝐸𝐸

𝐴𝐴
𝐴𝐴 + 1 = (2.196771 × 10−3) 𝐴𝐴

𝐴𝐴 + 1√𝐸𝐸, (2.3.6) 

𝑔𝑔𝐽𝐽 =
2𝐽𝐽 + 1

2(2𝐼𝐼 + 1) =
2𝐽𝐽 + 1
4𝐼𝐼 + 2, (2.3.7) 

𝛤𝛤𝑛𝑛,𝑟𝑟(𝐸𝐸) =
𝑃𝑃𝑙𝑙(𝐸𝐸)𝛤𝛤𝑛𝑛,𝑟𝑟
𝑃𝑃𝑙𝑙(|𝐸𝐸𝑟𝑟|)

, (2.3.8) 

𝜓𝜓(𝑥𝑥) = 1
1 + 𝑥𝑥2, (2.3.9) 

𝜒𝜒(𝑥𝑥) = 𝑥𝑥
1 + 𝑥𝑥2, (2.3.10) 

𝑥𝑥 = 2(E − 𝐸𝐸𝑟𝑟′)
𝛤𝛤𝑟𝑟

, (2.3.11) 

𝐸𝐸𝑟𝑟′ = 𝐸𝐸𝑟𝑟 +
𝑆𝑆𝑙𝑙(|𝐸𝐸𝑟𝑟|) − 𝑆𝑆𝑙𝑙(𝐸𝐸)

2𝑃𝑃𝑙𝑙(|𝐸𝐸𝑟𝑟|)
𝛤𝛤𝑛𝑛,𝑟𝑟(|𝐸𝐸𝑟𝑟|). (2.3.12) 

Here ℎ is Planck’s constant, mn the mass of the neutron, A the ratio of the mass of the isotope to that 

of the neutron, 𝐼𝐼  the target spin, 𝑃𝑃𝑙𝑙  the penetration factor, 𝑆𝑆𝑙𝑙  the shift factor, and 𝐸𝐸𝑟𝑟  the 

resonance energy [eV]. The phase shift 𝜙𝜙𝑙𝑙 is given by13,25,28,29) 

𝜙𝜙𝑙𝑙 = 𝜙𝜙𝑙𝑙−1 − tan−1 ( 𝑃𝑃𝑙𝑙−1
𝑙𝑙 − 𝑆𝑆𝑙𝑙−1

), (2.3.13) 

𝜙𝜙 = �̂�𝜌, (2.3.14) 

𝜙𝜙1 = �̂�𝜌 − tan−1 �̂�𝜌, (2.3.15) 

𝜙𝜙2 = �̂�𝜌 − tan−1 3�̂�𝜌
3 − �̂�𝜌2, (2.3.16) 

𝜙𝜙3 = �̂�𝜌 − tan−1 �̂�𝜌
(15 − �̂�𝜌2)
15 − 6�̂�𝜌2 , (2.3.17) 

𝜙𝜙4 = �̂�𝜌 − tan−1 �̂�𝜌(105 − 10�̂�𝜌2)
105 − 45�̂�𝜌2 + �̂�𝜌4. (2.3.18) 
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The penetration factor 𝑃𝑃𝑙𝑙 is given by13,25,28,29) 

𝑃𝑃𝑙𝑙 = 𝜌𝜌2𝑃𝑃𝑙𝑙−1
(𝑙𝑙 − 𝑆𝑆𝑙𝑙−1)2 + 𝑃𝑃𝑙𝑙−1

2, (2.3.19) 

𝑃𝑃0 = 𝜌𝜌, (2.3.20) 

𝑃𝑃1 = 𝜌𝜌3

𝜌𝜌2 + 1, (2.3.21) 

𝑃𝑃2 = 𝜌𝜌5

𝜌𝜌4 + 3𝜌𝜌2 + 9, (2.3.22) 

𝑃𝑃3 = 𝜌𝜌7

𝜌𝜌6 + 6𝜌𝜌4 + 45𝜌𝜌2 + 225, (2.3.23) 

𝑃𝑃4 = 𝜌𝜌9

𝜌𝜌8 + 10𝜌𝜌6 + 135𝜌𝜌4 + 1575𝜌𝜌2 + 11025. (2.3.24) 

The shift factor 𝑆𝑆𝑙𝑙 is given by13,25,28,29) 

𝑆𝑆𝑙𝑙 = 𝜌𝜌2(𝑙𝑙 − 𝑆𝑆𝑙𝑙−1)
(𝑙𝑙 − 𝑆𝑆𝑙𝑙−1)2 + 𝑃𝑃𝑙𝑙−1

2 − 𝑙𝑙, (2.3.25) 

𝑆𝑆0 = 0, (2.3.26) 

𝑆𝑆1 = − 1
𝜌𝜌2 + 1, (2.3.27) 

𝑆𝑆2 = − 3𝜌𝜌2 + 18
𝜌𝜌4 + 3𝜌𝜌2 + 9, (2.3.28) 

𝑆𝑆3 = − 6𝜌𝜌4 + 90𝜌𝜌2 + 675
𝜌𝜌6 + 6𝜌𝜌4 + 45𝜌𝜌2 + 225, (2.3.29) 

𝑆𝑆4 = − 10𝜌𝜌6 + 270𝜌𝜌4 + 4725𝜌𝜌2 + 44100
𝜌𝜌8 + 10𝜌𝜌6 + 135𝜌𝜌4 + 1575𝜌𝜌2 + 11025, (2.3.30) 

where 

𝜌𝜌 = 𝑘𝑘𝑘𝑘, (2.3.31) 

�̂�𝜌 = 𝑘𝑘�̂�𝑘. (2.3.32) 

Here 𝑘𝑘 and �̂�𝑘 are the channel radii in units of 10-12 cm. In the ENDF-6 format, the meaning of 𝑘𝑘 

and �̂�𝑘 varies with the value of NRO and NAPS in MT 151 section of File 2 as follows: 

𝑘𝑘 = {
0.123𝐴𝐴

1
3 + 0.08          (𝑁𝑁𝐴𝐴𝑃𝑃𝑆𝑆 = 0)

�̂�𝑘                                     (𝑁𝑁𝐴𝐴𝑃𝑃𝑆𝑆 = 1)
𝐴𝐴𝑃𝑃                                  (𝑁𝑁𝐴𝐴𝑃𝑃𝑆𝑆 = 2)

, (2.3.33) 

�̂�𝑘 = {𝐴𝐴𝑃𝑃        (𝑁𝑁𝑁𝑁𝑁𝑁 = 0)
𝐴𝐴𝑃𝑃(𝐸𝐸)  (𝑁𝑁𝑁𝑁𝑁𝑁 = 1).                             (2.3.34) 

The quantities AP and AP(E) are given in File 2 if required. 

  The SLBW resonance formulae can represent the Doppler broadened cross-section using the ψ-χ 
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method30). In the ψ-χ method, the cross-section at T K is calculated as follows8,26,29): 

σ𝑛𝑛,𝑛𝑛(𝐸𝐸) = 𝜎𝜎𝑝𝑝 +
4𝜋𝜋
𝑘𝑘2∑𝑔𝑔𝐽𝐽

𝐽𝐽
∑∑𝛤𝛤𝑛𝑛,𝑟𝑟(𝐸𝐸)

𝛤𝛤𝑟𝑟
{[cos 2𝜙𝜙𝑙𝑙 − (1 −

𝛤𝛤𝑛𝑛,𝑟𝑟(𝐸𝐸)
𝛤𝛤𝑟𝑟

)]𝜓𝜓(𝜃𝜃, 𝑥𝑥)

+[sin2𝜙𝜙𝑙𝑙]𝜒𝜒(𝜃𝜃, 𝑥𝑥)
}

𝑟𝑟𝑙𝑙
, (2.3.35) 

σ𝑓𝑓(𝐸𝐸) =
4𝜋𝜋
𝑘𝑘2∑𝑔𝑔𝐽𝐽

𝐽𝐽
∑

𝛤𝛤𝑛𝑛,𝑟𝑟(𝐸𝐸)𝛤𝛤𝑓𝑓,𝑟𝑟
𝛤𝛤𝑟𝑟2

𝜓𝜓(𝜃𝜃, 𝑥𝑥)
𝑟𝑟

, (2.3.36) 

σ𝛾𝛾(𝐸𝐸) =
4𝜋𝜋
𝑘𝑘2∑𝑔𝑔𝐽𝐽

𝐽𝐽
∑

𝛤𝛤𝑛𝑛,𝑟𝑟(𝐸𝐸)𝛤𝛤𝛾𝛾,𝑟𝑟
𝛤𝛤𝑟𝑟2

𝜓𝜓(𝜃𝜃, 𝑥𝑥)
𝑟𝑟

, (2.3.37) 

where 

𝜓𝜓(𝜃𝜃, 𝑥𝑥) = √𝜋𝜋2 𝜃𝜃 × Re [𝑊𝑊 (𝜃𝜃𝑥𝑥2 ,
𝜃𝜃
2)], 

(2.3.38) 

𝜒𝜒(𝜃𝜃, 𝑥𝑥) = √𝜋𝜋2 𝜃𝜃 × Im [𝑊𝑊 (𝜃𝜃𝑥𝑥2 ,
𝜃𝜃
2)], 

(2.3.39) 

𝜃𝜃 = 𝛤𝛤

√4𝑘𝑘𝐵𝐵𝑇𝑇𝐸𝐸𝐴𝐴

. (2.3.40) 

The symbol W(𝑥𝑥, 𝑦𝑦) is the complex error function. The complex error function is defined by 

𝑊𝑊(𝑥𝑥, 𝑦𝑦) = 𝑊𝑊(𝑧𝑧) = 𝑒𝑒−𝑧𝑧2erfc(−𝑖𝑖𝑧𝑧) = 2𝑒𝑒
−𝑧𝑧2

√𝜋𝜋
∫ 𝑒𝑒−𝑡𝑡2
∞

−𝑖𝑖𝑧𝑧
d𝑡𝑡 = 𝑖𝑖

𝜋𝜋∫
𝑒𝑒−𝑡𝑡2

𝑧𝑧 − 𝑡𝑡
∞

−∞
d𝑡𝑡, (2.3.41) 

𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑦𝑦, (2.3.42) 

where erfc(𝑧𝑧) is the complementary error function. 

 

2.3.2 Multi-Level Breit-Wigner Resonance Formula 
  The Multi-Level Breit-Wigner (MLBW) resonance formula is the same as the SLBW resonance 

formula, except for the elastic scattering cross-section. The elastic scattering cross-section is as 

follows: 

σ𝑛𝑛,𝑛𝑛(𝐸𝐸) =
4𝜋𝜋
𝑘𝑘2∑∑𝑔𝑔𝐽𝐽

𝐽𝐽

{
 
 

 
 (1 − cos2𝜙𝜙𝑙𝑙 −∑

𝛤𝛤𝑛𝑛,𝑟𝑟(𝐸𝐸)
𝛤𝛤𝑟𝑟

2
1 + 𝑥𝑥𝑟𝑟2𝑟𝑟

)
2

+(sin 2𝜙𝜙𝑙𝑙 +∑
𝛤𝛤𝑛𝑛,𝑟𝑟(𝐸𝐸)
𝛤𝛤𝑟𝑟

2𝑥𝑥𝑟𝑟
1 + 𝑥𝑥𝑟𝑟2𝑟𝑟

)
2

+ 2𝐷𝐷𝑙𝑙(1 − cos 2𝜙𝜙𝑙𝑙)
}
 
 

 
 

𝑙𝑙
, (2.3.43) 

where 

𝐷𝐷𝑙𝑙 = (2𝑙𝑙 + 1) − ∑ 𝑔𝑔𝐽𝐽

𝐼𝐼+𝑙𝑙+12

𝐽𝐽=||𝐼𝐼−𝑙𝑙|−12|

. (2.3.44) 
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2.3.3 Adler-Adler Resonance Formula 
  The Adler-Adler resonance formula is as follows: 

σ𝑡𝑡(𝐸𝐸) = 𝜎𝜎𝑝𝑝 +
𝜋𝜋√𝐸𝐸
𝑘𝑘2

{ 
 
  ∑

1
𝑣𝑣𝑡𝑡,𝑟𝑟

[ (𝐺𝐺𝑡𝑡,𝑟𝑟 cos 2𝜙𝜙0 + 𝐻𝐻𝑡𝑡,𝑟𝑟 sin 2𝜙𝜙0) × 𝜓𝜓(𝑥𝑥𝑡𝑡,𝑟𝑟)+(𝐻𝐻𝑡𝑡,𝑟𝑟 cos 2𝜙𝜙0 − 𝐺𝐺𝑡𝑡,𝑟𝑟 sin 2𝜙𝜙0) × 𝜒𝜒(𝑥𝑥𝑡𝑡,𝑟𝑟)
]

𝑟𝑟

+𝐴𝐴𝑡𝑡,1 +
𝐴𝐴𝑡𝑡,2
𝐸𝐸 + 𝐴𝐴𝑡𝑡,3𝐸𝐸2 +

𝐴𝐴𝑡𝑡,4
𝐸𝐸3 + 𝐵𝐵𝑡𝑡,1𝐸𝐸 + 𝐵𝐵𝑡𝑡,2𝐸𝐸

2
} 
 
  
, (2.3.45) 

σ𝑓𝑓(𝐸𝐸) =
𝜋𝜋√𝐸𝐸
𝑘𝑘2 ∑

{ 
 
  ∑ 1

𝑣𝑣𝑟𝑟
(𝐺𝐺𝑓𝑓,𝑟𝑟𝜓𝜓(𝑥𝑥𝑓𝑓,𝑟𝑟) + 𝐻𝐻𝑓𝑓,𝑟𝑟χ(𝑥𝑥𝑓𝑓,𝑟𝑟))

𝑟𝑟

+𝐴𝐴𝑓𝑓,1 +
𝐴𝐴𝑓𝑓,2
𝐸𝐸 +

𝐴𝐴𝑓𝑓,3
𝐸𝐸2 +

𝐴𝐴𝑓𝑓,4
𝐸𝐸3 + 𝐵𝐵𝑓𝑓,1𝐸𝐸 + 𝐵𝐵𝑓𝑓,2𝐸𝐸

2
} 
 
  

𝑟𝑟
, (2.3.46) 

σ𝛾𝛾(𝐸𝐸) =
𝜋𝜋√𝐸𝐸
𝑘𝑘2 ∑

{ 
 
  ∑ 1

𝑣𝑣𝑟𝑟
(𝐺𝐺𝛾𝛾,𝑟𝑟𝜓𝜓(𝑥𝑥𝛾𝛾,𝑟𝑟) + 𝐻𝐻𝛾𝛾,𝑟𝑟χ(𝑥𝑥𝛾𝛾,𝑟𝑟))

𝑟𝑟

+𝐴𝐴𝛾𝛾,1 +
𝐴𝐴𝛾𝛾,2
𝐸𝐸 +

𝐴𝐴𝛾𝛾,3
𝐸𝐸2 +

𝐴𝐴𝛾𝛾,4
𝐸𝐸3 + 𝐵𝐵𝛾𝛾,1𝐸𝐸 + 𝐵𝐵𝛾𝛾,2𝐸𝐸

2
} 
 
  

𝑟𝑟
, (2.3.47) 

σ𝑛𝑛,𝑛𝑛(𝐸𝐸) = σ𝑡𝑡(𝐸𝐸) − σ𝛾𝛾(𝐸𝐸) − σ𝑓𝑓(𝐸𝐸), (2.3.48) 

𝜎𝜎𝑝𝑝 =
4𝜋𝜋
𝑘𝑘2 sin

2 𝜙𝜙0, (2.3.49) 

where 

𝜓𝜓(𝑥𝑥𝑐𝑐,𝑟𝑟) =
1

𝑥𝑥𝑐𝑐,𝑟𝑟2 + 1
, (2.3.50) 

𝜒𝜒(𝑥𝑥𝑐𝑐,𝑟𝑟) =
𝑥𝑥𝑐𝑐,𝑟𝑟

𝑥𝑥𝑐𝑐,𝑟𝑟2 + 1
, (2.3.51) 

𝑥𝑥𝑐𝑐,𝑟𝑟 =
𝜇𝜇𝑐𝑐,𝑟𝑟 − 𝐸𝐸
𝜈𝜈𝑐𝑐,𝑟𝑟

. (2.3.52) 

Here 𝑣𝑣𝑐𝑐,𝑟𝑟  is the resonance half-width Γ𝑐𝑐,𝑟𝑟 2⁄  for the reaction type c, 𝐺𝐺𝑐𝑐,𝑟𝑟  the symmetrical 

parameter for the reaction type c, 𝐻𝐻𝑐𝑐,𝑟𝑟 the asymmetrical parameter for reaction type c, and 𝐴𝐴𝑐𝑐,𝑖𝑖 and 

𝐵𝐵𝑐𝑐,𝑗𝑗 the background constants for the reaction type c, and 𝜇𝜇𝑐𝑐,𝑟𝑟 the resonance energy for the reaction 

type c. These values are obtained from the evaluated nuclear data file. 

 

2.3.4 Reich-Moore Resonance Formula 
  The Reich-Moore resonance formula is as follows: 

σ𝑡𝑡(𝐸𝐸) =
2𝜋𝜋
𝑘𝑘2∑∑𝑔𝑔𝐽𝐽{(1 − Re[𝑈𝑈𝑛𝑛,𝑛𝑛𝑙𝑙,𝐽𝐽 ]) + 2𝑑𝑑𝑙𝑙,𝐽𝐽(1 − cos2𝜙𝜙𝑙𝑙)}

𝐽𝐽𝑙𝑙
, (2.3.53) 

σ𝑛𝑛,𝑛𝑛(𝐸𝐸) =
𝜋𝜋
𝑘𝑘2∑∑𝑔𝑔𝐽𝐽 {|1 − 𝑈𝑈𝑛𝑛,𝑛𝑛𝑙𝑙,𝐽𝐽 |

2 + 2𝑑𝑑𝑙𝑙,𝐽𝐽(1 − cos 2𝜙𝜙𝑙𝑙)}
𝐽𝐽𝑙𝑙

, (2.3.54) 
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σ𝑓𝑓(𝐸𝐸) =
4𝜋𝜋
𝑘𝑘2∑∑𝑔𝑔𝐽𝐽∑|𝐿𝐿𝑛𝑛,𝑐𝑐𝑙𝑙,𝐽𝐽 |2

𝑐𝑐𝐽𝐽𝑙𝑙
, (2.3.55) 

σ𝛾𝛾(𝐸𝐸) = σ𝑡𝑡(𝐸𝐸) − σ𝑛𝑛,𝑛𝑛(𝐸𝐸) − σ𝑓𝑓(𝐸𝐸). (2.3.56) 

Here 𝑈𝑈𝑛𝑛,𝑛𝑛𝑙𝑙,𝐽𝐽  is an element of the collision matrix and 𝐿𝐿𝑛𝑛,𝑐𝑐𝑙𝑙,𝐽𝐽  is an element of the R-matrix 𝑹𝑹𝑙𝑙,𝐽𝐽 which 

are given by 

𝑈𝑈𝑛𝑛,𝑛𝑛𝑙𝑙,𝐽𝐽 = e2𝑖𝑖𝜙𝜙𝑙𝑙(2𝐿𝐿𝑛𝑛,𝑛𝑛𝑙𝑙,𝐽𝐽 − 1), (2.3.57) 

𝐿𝐿𝑛𝑛,𝑐𝑐𝑙𝑙,𝐽𝐽 = (𝑹𝑹𝑙𝑙,𝐽𝐽)𝑛𝑛,𝑐𝑐−1 , (2.3.58) 

𝑅𝑅𝑛𝑛,𝑐𝑐𝑙𝑙,𝐽𝐽 = 𝛿𝛿𝑛𝑛,𝑐𝑐 −
𝑖𝑖
2∑

𝛤𝛤𝑛𝑛,𝑟𝑟
1
2𝛤𝛤𝑐𝑐,𝑟𝑟

1
2

𝐸𝐸𝑟𝑟 − 𝐸𝐸 − 𝑖𝑖
2𝛤𝛤𝛾𝛾,𝑟𝑟𝑟𝑟

. (2.3.59) 

The term 𝑑𝑑𝑙𝑙𝐽𝐽 is used to account for the possibility of an additional contribution to the potential 

scattering cross-section from the second channel spin. It is unity when there is a second J value equal 

to J , and zero otherwise8,13). 

  It is difficult to calculate the inverse matrix (𝑹𝑹𝑙𝑙,𝐽𝐽)𝑛𝑛,𝑐𝑐−1  directly since the R-matrix is the complex 

matrix. In the ENDF-6 format, the maximum number of channels is 3, i.e., 1 channel for elastic 

scattering and 2 channels for fission. Therefore, the maximum matrix size of the R-matrix 𝑹𝑹𝑙𝑙,𝐽𝐽 in 

Eq. (2.3.59) is 3 × 3. The inverse of 3 × 3 complex matrix can be analytically calculated without 

using the iteration method. FRENDY directly calculates the inverse of 3 × 3 complex matrix as 

follows:  

𝑹𝑹−1 = 1
det𝑹𝑹(

𝑅𝑅2,2𝑅𝑅3,3 − 𝑅𝑅2,3𝑅𝑅3,2 𝑅𝑅1,3𝑅𝑅3,2 − 𝑅𝑅1,2𝑅𝑅3,3 𝑅𝑅1,2𝑅𝑅2,3 − 𝑅𝑅1,3𝑅𝑅2,2
𝑅𝑅2,3𝑅𝑅3,1 − 𝑅𝑅2,1𝑅𝑅3,3 𝑅𝑅1,1𝑅𝑅3,3 − 𝑅𝑅1,3𝑅𝑅3,1 𝑅𝑅1,3𝑅𝑅2,1 − 𝑅𝑅1,1𝑅𝑅2,3
𝑅𝑅2,1𝑅𝑅3,2 − 𝑅𝑅2,2𝑅𝑅3,1 𝑅𝑅1,2𝑅𝑅3,1 − 𝑅𝑅1,1𝑅𝑅3,2 𝑅𝑅1,1𝑅𝑅2,2 − 𝑅𝑅1,2𝑅𝑅2,1

), (2.3.60) 

where 

𝑹𝑹 = (
𝑅𝑅1,1 𝑅𝑅1,2 𝑅𝑅1,3
𝑅𝑅2,1 𝑅𝑅2,2 𝑅𝑅2,3
𝑅𝑅3,1 𝑅𝑅3,2 𝑅𝑅3,3

), (2.3.61) 

det𝑹𝑹 = 𝑅𝑅1,1𝑅𝑅2,2𝑅𝑅3,3 + 𝑅𝑅2,1𝑅𝑅3,2𝑅𝑅1,3 + 𝑅𝑅3,1𝑅𝑅1,2𝑅𝑅2,3
−𝑅𝑅1,1𝑅𝑅3,2𝑅𝑅2,3 − 𝑅𝑅3,1𝑅𝑅2,2𝑅𝑅1,3 − 𝑅𝑅2,1𝑅𝑅1,2𝑅𝑅3,3. (2.3.62) 

 

2.4 Cross-Section Formulae in Unresolved Resonance Region 
  In the ENDF-6 format, only the Single-Level Breit-Wigner representation is available for the 

unresolved resonance region13). 

  Each resonance parameter cannot be determined in the unresolved resonance region. The average 

value and the distribution are used to represent the unresolved resonance cross-sections. Porter and 

Thomas revealed that the reaction width distribution is described by the chi-square distribution31): 
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𝑃𝑃𝜇𝜇(𝑥𝑥) = 𝜇𝜇
2

1
𝛤𝛤 (𝜇𝜇

2)
(𝜇𝜇𝑥𝑥

2 )
𝜇𝜇
2−1

𝑒𝑒−𝜇𝜇𝜇𝜇
2 , (2.4.1) 

where 𝑃𝑃𝜇𝜇(𝑥𝑥) is the chi-square distribution for 𝜇𝜇 degrees of freedom, x the ratio of 𝛤𝛤(𝐸𝐸) to 𝛤𝛤: 

𝑥𝑥 = 𝛤𝛤(𝐸𝐸)
𝛤𝛤 . (2.4.2) 

𝛤𝛤(𝐸𝐸) is the reaction width at energy 𝐸𝐸, and 𝛤𝛤 the average reaction width. It should be noted that 

𝛤𝛤(𝜇𝜇/2) in Eq. (2.4.1) is the gamma function. The unresolved resonance cross-sections are obtained 

using the chi-square distribution and the average reaction width which are obtained from the 

evaluated nuclear data file. 

  Infinitely dilute cross-sections in the unresolved resonance region are defined based on the SLBW 

approximation as follows8,13): 

σ𝑡𝑡 = σ𝑛𝑛,𝑛𝑛 + σ𝛾𝛾 + σ𝑓𝑓, (2.4.3) 

σ𝛾𝛾 = 2𝜋𝜋2

𝑘𝑘2 ∑ 𝑔𝑔𝐽𝐽
�̅�𝐷 〈𝛤𝛤𝑛𝑛𝛤𝛤𝛾𝛾

𝛤𝛤 〉
𝑙𝑙

, (2.4.4) 

σ𝑓𝑓 = 2𝜋𝜋2

𝑘𝑘2 ∑ 𝑔𝑔𝐽𝐽
�̅�𝐷 〈𝛤𝛤𝑛𝑛𝛤𝛤𝑓𝑓

𝛤𝛤 〉
𝑙𝑙

, (2.4.5) 

σ𝑛𝑛,𝑛𝑛 = σ𝑝𝑝 + 2𝜋𝜋2

𝑘𝑘2 ∑ 𝑔𝑔𝐽𝐽
�̅�𝐷 (〈𝛤𝛤𝑛𝑛𝛤𝛤𝑛𝑛

𝛤𝛤 〉 − 2Γ�̅�𝑛 sin2 𝜑𝜑𝑙𝑙)
𝑙𝑙

, (2.4.6) 

where 

〈𝛤𝛤𝑛𝑛,𝑙𝑙𝛤𝛤𝑓𝑓,𝑙𝑙
𝛤𝛤 〉 = ∫ 𝑃𝑃𝜇𝜇(𝑥𝑥𝑛𝑛,𝑙𝑙)

∞

0
d𝑥𝑥𝑛𝑛,𝑙𝑙 ∫ 𝑃𝑃𝜈𝜈(𝑥𝑥𝑓𝑓,𝑙𝑙)

∞

0
d𝑥𝑥𝑓𝑓 ∫ 𝑃𝑃𝜆𝜆(𝑥𝑥𝑐𝑐,𝑙𝑙)

∞

0
d𝑥𝑥𝑐𝑐

𝛤𝛤𝑛𝑛,𝑙𝑙𝛤𝛤𝑓𝑓,𝑙𝑙
𝛤𝛤𝑛𝑛,𝑙𝑙 + 𝛤𝛤𝑓𝑓,𝑙𝑙 + 𝛤𝛤𝛾𝛾,𝑙𝑙 + 𝛤𝛤𝑐𝑐,𝑙𝑙

 

= ∫ 𝑃𝑃𝜇𝜇(𝑥𝑥𝑛𝑛,𝑙𝑙)
∞

0
d𝑥𝑥𝑛𝑛 ∫ 𝑃𝑃𝜈𝜈(𝑥𝑥𝑓𝑓,𝑙𝑙)

∞

0
d𝑥𝑥𝑓𝑓 ∫ 𝑃𝑃𝜆𝜆(𝑥𝑥𝑐𝑐,𝑙𝑙)

∞

0
d𝑥𝑥𝑐𝑐

𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑛𝑛,𝑙𝑙𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑓𝑓,𝑙𝑙
𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑛𝑛,𝑙𝑙 + 𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑓𝑓,𝑙𝑙 + 𝛤𝛤𝛾𝛾,𝑙𝑙̅̅ ̅̅ + 𝛤𝛤𝑐𝑐,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑐𝑐,𝑙𝑙

, 
(2.4.7) 

�̅�𝐷 is the average level spacing, 𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅  average neutron width, 𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅  average fission width, 𝛤𝛤𝛾𝛾,𝑙𝑙̅̅ ̅̅  average 

radiation width, and 𝛤𝛤𝑐𝑐,𝑙𝑙̅̅ ̅̅  average competitive reaction width. It should be noted that Eq. (2.4.7) 

assumes that the radiation width is constant. 

  In the ENDF-6 format, the average reduced neutron width at the angular momentum quantum 

number l is given instead of the average neutron width. The average neutron width is written by the 

average reduced neutron width as 

𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ = 𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 0√𝐸𝐸𝜇𝜇𝑛𝑛,𝑙𝑙𝑉𝑉𝑙𝑙(𝐸𝐸), (2.4.8) 

where 𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 0 is the average reduced neutron width, 𝜇𝜇𝑛𝑛,𝑙𝑙 the number of degrees of freedom in the 
neutron width, and 𝑉𝑉𝑙𝑙(𝐸𝐸) penetrabilities for the unresolved region. Penetabilities 𝑉𝑉𝑙𝑙(𝐸𝐸) are given 

by8,13) 

𝑉𝑉0 = 1, (2.4.9) 
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𝑉𝑉1 = 𝜌𝜌2

𝜌𝜌2 + 1, (2.4.10) 

𝑉𝑉2 = 𝜌𝜌4

𝜌𝜌4 + 3𝜌𝜌2 + 𝜌𝜌. (2.4.11) 

  As shown in Eq. (2.4.7), integrals of the form 

〈𝑓𝑓(𝑥𝑥, 𝑦𝑦)〉 = ∫ 𝑃𝑃𝜇𝜇(𝑥𝑥)
∞

0
dx ∫ 𝑃𝑃𝜈𝜈(𝑦𝑦)

∞

0
𝑓𝑓(𝑥𝑥, 𝑦𝑦)dy, (2.4.12) 

are required30) to calculate the unresolved resonance cross-sections. Equation (2.4.12) is evaluated 

using the method proposed by Hwang32) as 

〈𝑓𝑓(𝑥𝑥, 𝑦𝑦)〉 = ∑ ∑ 𝐴𝐴𝑗𝑗
𝜇𝜇𝐴𝐴𝑘𝑘

𝜈𝜈 × 𝑓𝑓(𝑥𝑥𝑗𝑗
𝜇𝜇, 𝑦𝑦𝑘𝑘

𝜈𝜈)
10

𝑘𝑘=1

10

𝑗𝑗=1
, (2.4.13) 

where 𝐴𝐴𝑗𝑗
𝜇𝜇 is the quadrature weight and 𝑥𝑥𝑗𝑗

𝜇𝜇 is the abscissa. The 𝐴𝐴𝑗𝑗
𝜇𝜇 and 𝑥𝑥𝑗𝑗

𝜇𝜇 have been calculated 

for 𝜇𝜇=1, 2, 3, and 4. The ten-point quadrature is used for both the neutron and the fission width 

distributions. For odd 𝜇𝜇 

𝐴𝐴𝑗𝑗
𝜇𝜇 =

2𝑤𝑤𝑗𝑗
𝑠𝑠𝑧𝑧𝑗𝑗

𝜇𝜇−1

𝛤𝛤 (𝜇𝜇
2)

, (2.4.14) 

𝑥𝑥𝑗𝑗
𝜇𝜇 =

2𝑧𝑧𝑗𝑗
2

𝜇𝜇 , (2.4.15) 

while for even 𝜇𝜇 

𝐴𝐴𝑗𝑗
𝜇𝜇 =

𝜇𝜇𝑤𝑤𝑗𝑗
𝐿𝐿 (𝜇𝜇𝑥𝑥𝑗𝑗

2 )
𝜇𝜇
2−1

𝑒𝑒(−𝜇𝜇𝑥𝑥𝑗𝑗
2 )

𝛤𝛤 (𝜇𝜇
2) (1 + 𝑠𝑠𝑗𝑗)

, (2.4.16) 

𝑥𝑥𝑗𝑗
𝜇𝜇 =

(1 − 𝑠𝑠𝑗𝑗)
(1 + 𝑠𝑠𝑗𝑗). (2.4.17) 

𝑤𝑤𝑗𝑗
𝑠𝑠 and 𝑧𝑧𝑗𝑗 in Eqs. (2.4.14) and (2.4.15) are respectively the ordinates and the weights of the 

half-range Gauss-Hermite quadrature derived by Steen, et al33). On the other hand, 𝑤𝑤𝑗𝑗
𝐿𝐿 and 𝑠𝑠𝑗𝑗 in 

Eqs. (2.4.16) and (2.4.17) are the usual Gauss-Legendre ordinates and the weights, respectively. The 
same relationship holds for 𝐴𝐴𝑘𝑘

𝜈𝜈  and 𝑦𝑦𝑘𝑘
𝜈𝜈. The 𝐴𝐴𝑗𝑗

𝜇𝜇 and 𝑥𝑥𝑗𝑗
𝜇𝜇 for 𝜇𝜇=1, 2, 3, and 4 and j=1, 2, …, 10 

are shown in Tables 2.4.1 and 2.4.229,32). 

  Substituting Eq. (2.4.13) into Eq. (2.4.7), the latter equation is 

〈𝛤𝛤𝑛𝑛,𝑙𝑙𝛤𝛤𝑓𝑓,𝑙𝑙
𝛤𝛤 〉 = ∑ 𝐴𝐴𝑖𝑖

𝜇𝜇𝑛𝑛,𝑙𝑙 ∑ 𝐴𝐴𝑗𝑗
𝜈𝜈𝑓𝑓,𝑙𝑙 ∑ 𝐴𝐴𝑘𝑘

𝜆𝜆𝑐𝑐,𝑙𝑙
𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑖𝑖

𝜇𝜇𝑛𝑛,𝑙𝑙𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑗𝑗
𝜈𝜈𝑓𝑓,𝑙𝑙

𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑖𝑖
𝜇𝜇𝑛𝑛,𝑙𝑙 + 𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑗𝑗

𝜈𝜈𝑓𝑓,𝑙𝑙 + 𝛤𝛤𝛾𝛾,𝑙𝑙̅̅ ̅̅ + 𝛤𝛤𝑐𝑐,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑘𝑘
𝜆𝜆𝑐𝑐,𝑙𝑙

10

𝑘𝑘

10

𝑗𝑗

10

𝑖𝑖
 

                            = 𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅ 𝑅𝑅𝑓𝑓,𝑙𝑙, 

(2.4.18) 

where 
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𝑅𝑅𝑓𝑓,𝑙𝑙 =∑𝐴𝐴𝑖𝑖
𝜇𝜇𝑛𝑛,𝑙𝑙 ∑𝐴𝐴𝑗𝑗

𝜈𝜈𝑓𝑓,𝑙𝑙 ∑𝐴𝐴𝑘𝑘
𝜆𝜆𝑐𝑐,𝑙𝑙 𝑥𝑥𝑖𝑖

𝜇𝜇𝑛𝑛,𝑙𝑙𝑥𝑥𝑗𝑗
𝜈𝜈𝑓𝑓,𝑙𝑙

𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑖𝑖
𝜇𝜇𝑛𝑛,𝑙𝑙 + 𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑗𝑗

𝜈𝜈𝑓𝑓,𝑙𝑙 + 𝛤𝛤𝛾𝛾,𝑙𝑙̅̅ ̅̅ + 𝛤𝛤𝑐𝑐,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑘𝑘
𝜆𝜆𝑐𝑐,𝑙𝑙

10

𝑘𝑘

10

𝑗𝑗

10

𝑖𝑖
. (2.4.19) 

𝜈𝜈𝑓𝑓,𝑙𝑙 is the number of degrees of freedom in the fission width, and 𝜆𝜆𝑐𝑐,𝑙𝑙 the number of degrees of 

freedom in the competitive reaction width. Using Eq. (2.4.19), Eqs. (2.4.3) - (2.4.6) are rearranged as 

σ𝑡𝑡 = σ𝑛𝑛,𝑛𝑛 + σ𝛾𝛾 + σ𝑓𝑓, (2.4.20) 

σ𝛾𝛾 =
2𝜋𝜋2
𝑘𝑘2 ∑𝑔𝑔𝐽𝐽

�̅�𝐷 𝛤𝛤𝑛𝑛,𝑙𝑙𝛤𝛤𝛾𝛾,𝑙𝑙𝑅𝑅𝛾𝛾,𝑙𝑙
𝑙𝑙

, (2.4.21) 

σ𝑓𝑓 =
2𝜋𝜋2
𝑘𝑘2 ∑𝑔𝑔𝐽𝐽

�̅�𝐷 𝛤𝛤𝑛𝑛,𝑙𝑙𝛤𝛤𝑓𝑓,𝑙𝑙𝑅𝑅𝑓𝑓,𝑙𝑙
𝑙𝑙

, (2.4.22) 

σ𝑛𝑛,𝑛𝑛 = σ𝑝𝑝 +
2𝜋𝜋2
𝑘𝑘2 ∑𝑔𝑔𝐽𝐽

�̅�𝐷 (𝛤𝛤𝑛𝑛,𝑙𝑙2𝑅𝑅𝑛𝑛,𝑙𝑙 − 2𝛤𝛤�̅�𝑛 sin2 𝜑𝜑𝑙𝑙)
𝑙𝑙

, (2.4.23) 

where 

𝑅𝑅𝛾𝛾,𝑙𝑙 =∑𝐴𝐴𝑖𝑖
𝜇𝜇𝑛𝑛,𝑙𝑙 ∑𝐴𝐴𝑗𝑗

𝜈𝜈𝑓𝑓,𝑙𝑙 ∑𝐴𝐴𝑘𝑘
𝜆𝜆𝑐𝑐,𝑙𝑙 𝑥𝑥𝑖𝑖

𝜇𝜇𝑛𝑛,𝑙𝑙

𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑖𝑖
𝜇𝜇𝑛𝑛,𝑙𝑙 + 𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑗𝑗

𝜈𝜈𝑓𝑓,𝑙𝑙 + 𝛤𝛤𝛾𝛾,𝑙𝑙̅̅ ̅̅ + 𝛤𝛤𝑐𝑐,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑘𝑘
𝜆𝜆𝑐𝑐,𝑙𝑙

10

𝑘𝑘

10

𝑗𝑗

10

𝑖𝑖
, (2.4.24) 

𝑅𝑅𝑛𝑛,𝑙𝑙 =∑𝐴𝐴𝑖𝑖
𝜇𝜇𝑛𝑛,𝑙𝑙 ∑𝐴𝐴𝑗𝑗

𝜈𝜈𝑓𝑓,𝑙𝑙 ∑𝐴𝐴𝑘𝑘
𝜆𝜆𝑐𝑐,𝑙𝑙 (𝑥𝑥𝑖𝑖

𝜇𝜇𝑛𝑛,𝑙𝑙)2

𝛤𝛤𝑛𝑛,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑖𝑖
𝜇𝜇𝑛𝑛,𝑙𝑙 + 𝛤𝛤𝑓𝑓,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑗𝑗

𝜈𝜈𝑓𝑓,𝑙𝑙 + 𝛤𝛤𝛾𝛾,𝑙𝑙̅̅ ̅̅ + 𝛤𝛤𝑐𝑐,𝑙𝑙̅̅ ̅̅ 𝑥𝑥𝑘𝑘
𝜆𝜆𝑐𝑐,𝑙𝑙

10

𝑘𝑘

10

𝑗𝑗

10

𝑖𝑖
. (2.4.25) 

Infinitely dilute cross-sections in the unresolved resonance region are calculated using Eqs. (2.4.20) - 

(2.4.23). 

 

Table 2.4.1 Ten Point Quadrature Weights and Abscissa for Statistical Integration (μ=1, 2) 

 

 

 

Abscissa x j Weight A j Abscissa x j Weight A j

1 3.0013465E-03 1.1120413E-01 1.3219203E-02 3.3773418E-02
2 7.8592886E-02 2.3546798E-01 7.2349624E-02 7.9932171E-02
3 4.3282415E-01 2.8440987E-01 1.9089473E-01 1.2835937E-01
4 1.3345267E+00 2.2419127E-01 3.9528842E-01 1.7652616E-01
5 3.0481846E+00 1.0967668E-01 7.4083443E-01 2.1347043E-01
6 5.8263198E+00 3.0493789E-02 1.3498293E+00 2.1154965E-01
7 9.9452656E+00 4.2930874E-03 2.5297983E+00 1.3365186E-01
8 1.5782128E+01 2.5827047E-04 5.2384894E+00 2.2630659E-02
9 2.3996824E+01 4.9031965E-06 1.3821772E+01 1.6313638E-05

10 3.6216208E+01 1.4079206E-08 7.5647525E+01 2.7453830E-31

One Degree of Freedom (μ=1)

j

Two Degree of Freedom (μ=2)
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Table 2.4.2 Ten Point Quadrature Weights and Abscissa for Statistical Integration (μ=3, 4) 

 

  

Abscissa x j Weight A j Abscissa x j Weight A j

1 1.0004488E-03 3.3376214E-04 1.3219203E-02 1.7623788E-03
2 2.6197629E-02 1.8506108E-02 7.2349624E-02 2.1517749E-02
3 1.4427472E-01 1.2309946E-01 1.9089473E-01 8.0979849E-02
4 4.4484223E-01 2.9918923E-01 3.9528842E-01 1.8797998E-01
5 1.0160615E+00 3.3431475E-01 7.4083443E-01 3.0156335E-01
6 1.9421066E+00 1.7766657E-01 1.3498293E+00 2.9616091E-01
7 3.3150885E+00 4.2695894E-02 2.5297983E+00 1.0775649E-01
8 5.2607092E+00 4.0760575E-03 5.2384894E+00 2.5171914E-03
9 7.9989414E+00 1.1766115E-04 1.3821772E+01 8.9630388E-10

10 1.2072069E+01 5.0989546E-07 7.5647525E+01 0.0000000E+00

Four Degree of Freedom (μ=4)Three Degree of Freedom (μ=3)

j
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3 Doppler Broadening 

3.1 Task of Doppler Broadening 
  The task of the Doppler broadening is to calculate the cross sections at TB K when cross sections 

are given at TA K (where 𝑇𝑇𝐴𝐴 < 𝑇𝑇𝐵𝐵)34). Most of the evaluated nuclear data files contain the cross 

sections at 0 K. The Doppler broadening is required when the cross sections at T K are required. 

  At 0 K, a target nucleus is at rest in the laboratory system and the relative velocity between an 

incident particle and the nucleus is uniquely determined. At an arbitrary temperature of T K, the 

nucleus vibrates with an average energy 3𝑘𝑘𝐵𝐵𝑇𝑇 2⁄ , where kB is the Boltzmann constant. In a such 

case, the relative velocity between the incident particle and nucleus varies with the velocity of the 

nucleus, 𝑣𝑣, in the laboratory system. For example, when the velocity of the incident particle is 𝑣𝑣𝑛𝑛, 

the energy range of the incident channel E is 

1
2 (𝑚𝑚𝑣𝑣𝑛𝑛

2 −𝑀𝑀𝑣𝑣2) ≤ 𝐸𝐸 ≤ 1
2 (𝑚𝑚𝑣𝑣𝑛𝑛

2 +𝑀𝑀𝑣𝑣2), (3.1.1) 

where m and M are the masses of the incident particle and nucleus, respectively. 

  An example of Doppler broadened cross-sections is shown in Fig. 3.1.1. The resonance width 

becomes wider as the temperature increases, whereas a peak value of the Doppler broadened 

cross-section becomes lower as the nuclear temperature increases. It should be noted that the integral 

value of the cross section remains unchanged even if the temperature is changed. 

 
Figure 3.1.1 Example of Doppler broadened cross-sections 
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3.2 Calculation Flow of Doppler Broadening 
  A calculation flow of the Doppler broadening is shown in Fig. 3.2.1. First, coefficients used for 

the Doppler broadening are calculated to reduce the calculation time since these coefficients are 

independent of the incident particle energies. Next, FRENDY calculates the Doppler broadened 

cross-sections. Figure 3.2.2 shows an example of the difference of energy grid points at each 

temperature. Additional energy grid points are required from 8.40 to 8.50 eV to reduce the 

linearization error. The linearization flow of the Doppler broadening is similar to that of the 

resonance reconstruction described in Sec. 2.2.1. It should be noted that FRENDY sets an upper 

limit of the Doppler broadening as the upper limit of the resolved resonance region or 106 eV. 

  As the temperature becomes higher, the cross sections may be linearized with less number of 

energy grid points as shown in Fig. 3.2.2. In such a case, NJOY eliminates redundant energy grid 

points. However, FRENDY does not eliminate the redundant energy grid points. The current 

computational platform accepts a large memory size and a large data size. The elimination of the 

energy grid points is not necessary from the view point of utilizing the computational resources. 

Keeping the unionized base energy grid i.e., keeping the original energy grid at 0 K, will be useful 

for the generation of the cross-section data library and the comparison of the cross sections. 

  NJOY outputs thermal quantities when the temperature is equal to 293.6 K, i.e., the most probable 

nucleus energy kBT is equal to 0.0253 eV7,8). Though these quantities may not be used in the current 

reactor analysis, users might know them for their applications. FRENDY calculates the thermal 

quantities for the users. The thermal quantities consist of the fission and radiative capture 

cross-sections at the standard thermal value of 0.0253 eV, the integrals of these cross sections against 

a Maxwellian distribution at 0.0253 eV, the g-factors, 𝜂𝜂, α, and K1. Here the g-factor is the ratio 

between a Maxwellian integral and a corresponding thermal cross-section, η Maxwellian-weighted 

average of (�̅�𝜈𝜎𝜎𝑓𝑓) (𝜎𝜎𝑓𝑓 + 𝜎𝜎𝑐𝑐)⁄ , α average of 𝜎𝜎𝑓𝑓 𝜎𝜎𝑐𝑐⁄ , and K1 average of (�̅�𝜈 − 1)𝜎𝜎𝑓𝑓 − 𝜎𝜎𝑐𝑐, where �̅�𝜈, 

𝜎𝜎𝑓𝑓, and 𝜎𝜎𝑐𝑐 are the average number of neutrons per fission, fission cross-section, radiation capture 

cross-section, respectively. 
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Figure 3.2.1 Calculation flow of the Doppler broadening 

 

 
Figure 3.2.2 Example of the difference of energy grids in each temperature 

(235U(n, total) cross-section in JENDL-4.0) 

It should be noted that the actual FRENDY calculation does not delete the energy grid points 

and keeps the original energy grid points. 
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3.3 Doppler Broadening Formula 
3.3.1 Doppler Broadening Theory 
3.3.1.1 Derivation of Doppler Broadening Formula 
  The neutron flux 𝜙𝜙 is written with the velocity vector of a neutron in the laboratory system 𝒗𝒗𝑛𝑛 

and the neutron density n as 

𝜙𝜙 = 𝑛𝑛|𝒗𝒗𝑛𝑛|. (3.3.1) 

Considering the velocity distribution of the target nucleus at temperature T K in the laboratory 

system as 𝑃𝑃(𝒗𝒗𝑡𝑡, 𝑇𝑇), the number of reactions between the neutron and target nucleus is 

∫ 𝑛𝑛|𝒗𝒗𝑟𝑟|𝜎𝜎(|𝒗𝒗𝑟𝑟|) 𝑁𝑁 𝑃𝑃(𝒗𝒗𝑡𝑡, 𝑇𝑇)
∞

0
d𝒗𝒗𝑡𝑡. (3.3.2) 

Here 𝒗𝒗𝑡𝑡 is the velocity vector of the target nucleus, N the number density of the target nucleus and 

𝒗𝒗𝑟𝑟 the relative velocity vector between the neutron and target nucleus 

𝒗𝒗𝑟𝑟 = 𝒗𝒗𝑛𝑛 − 𝒗𝒗𝑡𝑡. (3.3.3) 

Here the effective cross-section σ(|𝒗𝒗𝑛𝑛|, 𝑇𝑇) at T K is defined as follows: 

𝜙𝜙 𝑁𝑁 σ(|𝒗𝒗𝑛𝑛|, 𝑇𝑇) = ∫ 𝑛𝑛|𝒗𝒗𝑟𝑟|𝜎𝜎(|𝒗𝒗𝑟𝑟|) 𝑁𝑁 𝑃𝑃(𝒗𝒗𝑡𝑡, 𝑇𝑇)
∞

−∞
d𝒗𝒗𝑡𝑡, (3.3.4) 

σ(|𝒗𝒗𝑛𝑛|, 𝑇𝑇) ≡ 1
|𝒗𝒗𝑛𝑛| ∫ |𝒗𝒗𝑟𝑟|𝜎𝜎(|𝒗𝒗𝑟𝑟|)𝑃𝑃(𝒗𝒗𝑡𝑡, 𝑇𝑇)

∞

−∞
d𝒗𝒗𝑡𝑡. (3.3.5) 

Let us approximate the velocity distribution of the target nucleus 𝑷𝑷(𝒗𝒗𝑡𝑡, 𝑇𝑇)  as the 

Maxwell-Boltzmann distribution as follows: 

𝑃𝑃(𝒗𝒗𝑡𝑡, 𝑇𝑇) = ( 𝑀𝑀
2𝜋𝜋𝑘𝑘𝐵𝐵𝑇𝑇)

3
2

𝑒𝑒− 𝑀𝑀
2𝑘𝑘𝐵𝐵𝑇𝑇|𝒗𝒗𝑡𝑡|2

. (3.3.6) 

Substituting Eq. (3.3.6) into Eq. (3.3.5), the effective cross-section is expressed by 

σ(𝑣𝑣𝑛𝑛, 𝑇𝑇) = 1
𝑣𝑣𝑛𝑛

∫ 𝑣𝑣𝑟𝑟𝜎𝜎(𝑣𝑣𝑟𝑟) ( 𝑀𝑀
2𝜋𝜋𝑘𝑘𝐵𝐵𝑇𝑇)

3
2

𝑒𝑒− 𝑀𝑀
2𝑘𝑘𝐵𝐵𝑇𝑇|𝒗𝒗𝑡𝑡|2∞

−∞
d𝒗𝒗𝒕𝒕, (3.3.7) 

where 

𝑣𝑣𝑛𝑛 = |𝒗𝒗𝑛𝑛|, (3.3.8) 

𝑣𝑣𝑟𝑟 = |𝒗𝒗𝑟𝑟|. (3.3.9) 

  The relation between the velocity vector of the neutron 𝒗𝒗𝑛𝑛 and that of the target nucleus 𝒗𝒗𝑡𝑡 is 

shown in Fig. 3.3.1. 𝒗𝒗𝑡𝑡 is written by xy- and z-components of the target nucleus velocity vectors 

𝒗𝒗𝑡𝑡,𝑥𝑥𝑥𝑥 and 𝒗𝒗𝑡𝑡,𝑧𝑧 as 

𝒗𝒗𝑡𝑡 = 𝒗𝒗𝑡𝑡,𝑥𝑥𝑥𝑥 + 𝒗𝒗𝑡𝑡,𝑧𝑧 = (𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥 cos 𝜑𝜑 , 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥 sin 𝜑𝜑 , 𝑣𝑣𝑡𝑡,𝑧𝑧), (3.3.10) 

where 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥 cos 𝜑𝜑 and 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥 sin 𝜑𝜑 are the x- and y-components of the target nucleus velocity. Using 

Eq. (3.3.10), Eq. (3.3.7) becomes 

σ(𝑣𝑣𝑛𝑛, 𝑇𝑇) = 1
𝑣𝑣𝑛𝑛

∫ 𝑣𝑣𝑟𝑟𝜎𝜎(𝑣𝑣𝑟𝑟) ( 𝑀𝑀
2𝜋𝜋𝑘𝑘𝐵𝐵𝑇𝑇)

3
2

𝑒𝑒− 𝑀𝑀
2𝑘𝑘𝐵𝐵𝑇𝑇(𝑣𝑣𝑟𝑟2−𝑣𝑣𝑛𝑛2+2𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧)∞

−∞
d𝒗𝒗                     (3.3.11) 
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                        = (𝛽𝛽
𝜋𝜋)

3
2 1

𝑣𝑣𝑛𝑛
∫ ∫ 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥𝑣𝑣𝑟𝑟𝜎𝜎(𝑣𝑣𝑟𝑟)𝑒𝑒−𝛽𝛽(𝑣𝑣𝑟𝑟2−𝑣𝑣𝑛𝑛2+2𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧)

∞

0

∞

−∞
d𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥d𝑣𝑣𝑡𝑡,𝑧𝑧 ∫ d𝜑𝜑

2𝜋𝜋

0
 

           = 2𝛽𝛽
3
2

𝜋𝜋
1
2𝑣𝑣𝑛𝑛

∫ 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥𝑣𝑣𝑟𝑟𝜎𝜎(𝑣𝑣𝑟𝑟)𝑒𝑒−𝛽𝛽(𝑣𝑣𝑟𝑟2−𝑣𝑣𝑛𝑛2) ∫ 𝑒𝑒−2𝛽𝛽𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧d𝑣𝑣𝑡𝑡,𝑧𝑧
∞

−∞
d𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥

∞

0
. 

Here the following relations are used: 

𝛽𝛽 = 𝑀𝑀
2𝑘𝑘𝐵𝐵𝑇𝑇, (3.3.12) 

𝑣𝑣𝑡𝑡,𝑧𝑧 = |𝒗𝒗𝑡𝑡,𝑧𝑧|, (3.3.13) 

𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥 = |𝒗𝒗𝑡𝑡,𝑥𝑥𝑥𝑥|, (3.3.14) 

𝑣𝑣𝑟𝑟
2 = |𝒗𝒗𝑛𝑛 − 𝒗𝒗𝑡𝑡|2 = |𝒗𝒗𝑛𝑛 − 𝒗𝒗𝑡𝑡,𝑧𝑧|2 + |𝒗𝒗𝑡𝑡,𝑥𝑥𝑥𝑥|2 = 𝑣𝑣𝑛𝑛

2 − 2𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧 + 𝑣𝑣𝑡𝑡,𝑧𝑧
2 + 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥

2 
= 𝑣𝑣𝑛𝑛

2 + 𝑣𝑣𝑡𝑡
2 − 2𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧, 

(3.3.15) 

∫ d𝒗𝒗
∞

−∞
= ∫ 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥d𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥

∞

0
∫ d𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥

∞

−∞
∫ d𝜑𝜑

2𝜋𝜋

0
. (3.3.16) 

Using Eq. (3.3.15), the following relation is obtained: 

                  d𝑣𝑣𝑟𝑟
d𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥

= d
d𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥

√𝑣𝑣𝑛𝑛2 − 2𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧 + 𝑣𝑣𝑡𝑡,𝑧𝑧2 + 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥2

= 1
2 (𝑣𝑣𝑛𝑛

2 − 2𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧 + 𝑣𝑣𝑡𝑡,𝑧𝑧
2 + 𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥

2)−1
2 × 2𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥 =

𝑣𝑣𝑡𝑡,𝑥𝑥𝑥𝑥
𝑣𝑣𝑟𝑟

. 
(3.3.17) 

Substituting Eq. (3.3.17) into Eq. (3.3.11), the effective cross-section is calculated from 

σ(𝑣𝑣𝑛𝑛, 𝑇𝑇) = 2𝛽𝛽
3
2

𝜋𝜋
1
2𝑣𝑣𝑛𝑛

∫ 𝑣𝑣𝑟𝑟
2𝜎𝜎(𝑣𝑣𝑟𝑟)𝑒𝑒−𝛽𝛽(𝑣𝑣𝑟𝑟2−𝑣𝑣𝑛𝑛2) ∫ 𝑒𝑒−2𝛽𝛽𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧d𝑣𝑣𝑡𝑡,𝑧𝑧

∞

−∞
d𝑣𝑣𝑟𝑟

∞

0
. (3.3.18) 

As shown in Fig. 3.3.1, the range of 𝑣𝑣𝑧𝑧 is 

𝑣𝑣𝑛𝑛 − 𝑣𝑣𝑟𝑟 ≤ 𝑣𝑣𝑧𝑧 ≤ 𝑣𝑣𝑛𝑛 + 𝑣𝑣𝑟𝑟. (3.3.19) 

Using the range of 𝑣𝑣𝑧𝑧, the integral range in Eq. (3.3.18) is 

          σ(𝑣𝑣𝑛𝑛, 𝑇𝑇) = 2𝛽𝛽
3
2

𝜋𝜋
1
2𝑣𝑣𝑛𝑛

∫ 𝑣𝑣𝑟𝑟
2𝜎𝜎(𝑣𝑣𝑟𝑟)𝑒𝑒−𝛽𝛽(𝑣𝑣𝑟𝑟2−𝑣𝑣𝑛𝑛2) ∫ 𝑒𝑒−2𝛽𝛽𝑣𝑣𝑛𝑛𝑣𝑣𝑡𝑡,𝑧𝑧

𝑣𝑣𝑛𝑛+𝑣𝑣𝑟𝑟

𝑣𝑣𝑛𝑛−𝑣𝑣𝑟𝑟

∞

0
d𝑣𝑣𝑡𝑡,𝑧𝑧d𝑣𝑣𝑟𝑟 

                           = 𝛽𝛽
1
2

𝜋𝜋
1
2𝑣𝑣𝑛𝑛2

∫ 𝑣𝑣𝑟𝑟
2𝜎𝜎(𝑣𝑣𝑟𝑟)𝑒𝑒−𝛽𝛽(𝑣𝑣𝑟𝑟2−𝑣𝑣𝑛𝑛2){𝑒𝑒−2𝛽𝛽𝑣𝑣𝑛𝑛(𝑣𝑣𝑛𝑛−𝑣𝑣𝑟𝑟) − 𝑒𝑒−2𝛽𝛽𝑣𝑣𝑛𝑛(𝑣𝑣𝑛𝑛+𝑣𝑣𝑟𝑟)}d𝑣𝑣𝑟𝑟

∞

0
 

                           = 𝛽𝛽
1
2

𝜋𝜋
1
2𝑣𝑣𝑛𝑛2

∫ 𝑣𝑣𝑟𝑟
2𝜎𝜎(𝑣𝑣𝑟𝑟){𝑒𝑒−𝛽𝛽(𝑣𝑣𝑟𝑟−𝑣𝑣𝑛𝑛)2 − 𝑒𝑒−𝛽𝛽(𝑣𝑣𝑟𝑟+𝑣𝑣𝑛𝑛)2}d𝑣𝑣𝑟𝑟

∞

0
 

(3.3.20) 
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                           = √𝛽𝛽
𝜋𝜋

1
𝑣𝑣𝑛𝑛2 ∫ 𝑣𝑣𝑟𝑟

2𝜎𝜎(𝑣𝑣𝑟𝑟) {𝑒𝑒−(√𝛽𝛽𝑣𝑣𝑟𝑟−√𝛽𝛽𝑣𝑣𝑛𝑛)2
− 𝑒𝑒−(√𝛽𝛽𝑣𝑣𝑟𝑟+√𝛽𝛽𝑣𝑣𝑛𝑛)2

} d𝑣𝑣𝑟𝑟
∞

0
. 

  The Doppler broadened cross-section is finally expressed by Eq. (3.3.20). Eq. (3.3.20) is given by 

a simple form as follows: 

σ(𝑣𝑣𝑛𝑛, 𝑇𝑇) = σ∗(𝑣𝑣𝑛𝑛, 𝑇𝑇) − σ∗(−𝑣𝑣𝑛𝑛, 𝑇𝑇), (3.3.21) 

where 

σ∗(𝑣𝑣𝑛𝑛, 𝑇𝑇) = √𝛽𝛽
𝜋𝜋

1
𝑣𝑣𝑛𝑛2 ∫ 𝑣𝑣𝑟𝑟

2𝜎𝜎(𝑣𝑣𝑟𝑟)𝑒𝑒−(√𝛽𝛽𝑣𝑣𝑟𝑟−√𝛽𝛽𝑣𝑣𝑛𝑛)2
d𝑣𝑣𝑟𝑟

∞

0
. (3.3.22) 

Though the integral range in Eq. (3.3.22) is from zero to infinity, it is practically limited from 𝑣𝑣𝑚𝑚𝑚𝑚𝑛𝑛 

to 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚. Using 𝑣𝑣𝑚𝑚𝑚𝑚𝑛𝑛 and 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚, Eq. (3.3.22) is 

σ∗(𝑣𝑣𝑛𝑛, 𝑇𝑇) = √𝛽𝛽
𝜋𝜋

1
𝑣𝑣𝑛𝑛2 ∫ 𝑣𝑣𝑟𝑟

2𝜎𝜎(𝑣𝑣𝑟𝑟)𝑒𝑒−(√𝛽𝛽𝑣𝑣𝑟𝑟−√𝛽𝛽𝑣𝑣𝑛𝑛)2
d𝑣𝑣𝑟𝑟

𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚

𝑣𝑣𝑚𝑚𝑚𝑚𝑛𝑛
. (3.3.23) 

The number of energy grid points from 𝑣𝑣𝑚𝑚𝑚𝑚𝑛𝑛 to 𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 is very large. For example, 238U has more 

than one million energy grid points. In such a case, a long computing time is required to calculate 

Eq. (3.3.23). 

  In the equations described above, the distribution of the relative speed 𝑣𝑣𝑟𝑟 is considered. As 

shown in Eqs. (3.3.3) and (3.3.15), the relative speed is given by the sum of the target nucleus and 

incident particle velocities. Because the neutron speed in Eq. (3.3.23) is constant, only the target 

nucleus speed distribution affects the relative speed distribution. As shown in Eq. (3.3.6), the target 

nucleus speed distribution is approximated by the Maxwell-Boltzmann distribution. The relation of 

√𝛽𝛽𝑣𝑣𝑡𝑡 and the Maxwell-Boltzmann distribution 𝑃𝑃(𝑣𝑣𝑡𝑡, 𝑇𝑇) is shown in Fig. 3.3.2 and Table 3.3.1. It 

should be noted that 𝑃𝑃(𝑣𝑣𝑡𝑡, 𝑇𝑇) in Fig. 3.3.2 and Table 3.3.1 is normalized by a maximal value of 

𝑃𝑃(𝑣𝑣𝑡𝑡, 𝑇𝑇). As shown in Fig. 3.3.2 and Table 3.3.1, 𝑃𝑃(𝑣𝑣𝑡𝑡, 𝑇𝑇) is extremely reduced with increasing 

√𝛽𝛽𝑣𝑣𝑡𝑡. 

  The target nucleus speed range of FRENDY is set as follows7,8): 

√𝛽𝛽𝑣𝑣𝑡𝑡 ≤ 4.0. (3.3.24) 

As shown in Table 3.3.1, P(𝑣𝑣𝑡𝑡, 𝑇𝑇) is 1.1×10-7 when √𝛽𝛽𝑣𝑣𝑡𝑡 = 4.0. This speed range would not 

cause any problems practically. Using Eq. (3.3.24), the integral range in Eq. (3.3.23) is 

𝑣𝑣𝑛𝑛 − 4
√𝛽𝛽

≤ 𝑣𝑣𝑟𝑟 ≤ 𝑣𝑣𝑛𝑛 + 4
√𝛽𝛽

. (3.3.25) 

The integral range for σ∗(−𝑣𝑣𝑛𝑛, 𝑇𝑇) is also given by Eq. (3.3.24) 

0 ≤ 𝑣𝑣𝑟𝑟 ≤ 4
√𝛽𝛽

. (3.3.26) 
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Figure 3.3.1 The relation between the neutron velocity vector 𝒗𝒗𝒏𝒏 and the target nucleus 

velocity vector 𝒗𝒗𝒕𝒕 
 

 

Figure 3.3.2 The relation of √𝜷𝜷𝒗𝒗𝒕𝒕 and the Maxwell-Boltzmann distribution 𝑷𝑷(𝒗𝒗𝒕𝒕, 𝑻𝑻) 
(𝑷𝑷(𝒗𝒗𝒕𝒕, 𝑻𝑻) is normalized by a maximal value of 𝑷𝑷(𝒗𝒗𝒕𝒕, 𝑻𝑻)) 

1.0E-16
1.0E-15
1.0E-14
1.0E-13
1.0E-12
1.0E-11
1.0E-10
1.0E-09
1.0E-08
1.0E-07
1.0E-06
1.0E-05
1.0E-04
1.0E-03
1.0E-02
1.0E-01
1.0E+00

0.0 1.0 2.0 3.0 4.0 5.0 6.0
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Table 3.3.1 The relation of √𝜷𝜷𝒗𝒗𝒕𝒕 and the Maxwell-Boltzmann distribution 𝑷𝑷(𝒗𝒗𝒕𝒕, 𝑻𝑻) 

(𝑷𝑷(𝒗𝒗𝒕𝒕, 𝑻𝑻) is normalized by a maximal value of 𝑷𝑷(𝒗𝒗𝒕𝒕, 𝑻𝑻)) 

 

 

  To rewrite Eq. (3.3.23) with a simpler form, x and y are defined as follows: 

𝑥𝑥 = √𝛽𝛽𝑣𝑣𝑟𝑟 = √ 𝑀𝑀
2𝑘𝑘𝐵𝐵𝑇𝑇

√2𝐸𝐸𝑟𝑟
𝑚𝑚 = √ 𝐴𝐴

𝑘𝑘𝐵𝐵𝑇𝑇 𝐸𝐸𝑟𝑟 = √𝛼𝛼𝐸𝐸𝑟𝑟, (3.3.27) 

𝑦𝑦 = √𝛽𝛽𝑣𝑣𝑛𝑛 = √ 𝑀𝑀
2𝑘𝑘𝐵𝐵𝑇𝑇

√2𝐸𝐸𝑛𝑛
𝑚𝑚 = √ 𝐴𝐴

𝑘𝑘𝐵𝐵𝑇𝑇 𝐸𝐸𝑛𝑛 = √𝛼𝛼𝐸𝐸𝑛𝑛. (3.3.28) 

Here 𝐸𝐸𝑟𝑟 is the relative energy of the neutron given by 1
2 𝑚𝑚𝑣𝑣𝑟𝑟

2, 𝐸𝐸𝑛𝑛 the neutron energy in the 

laboratory system, A the ratio of the mass of the nucleus to that of a neutron and 

𝛼𝛼 = 𝐴𝐴
𝑘𝑘𝐵𝐵𝑇𝑇 =  2

𝑚𝑚 𝛽𝛽. (3.3.29) 

Substituting Eqs. (3.3.25) - (3.3.29) into Eq. (3.3.23), the latter equation leads to 

σ∗(𝑦𝑦, 𝑇𝑇) = 1
√𝜋𝜋

1
𝑦𝑦2 ∫ 𝑥𝑥2𝜎𝜎(𝑥𝑥)𝑒𝑒−(𝑥𝑥−𝑦𝑦)2d𝑥𝑥

𝑦𝑦+4

𝑦𝑦−4
. (3.3.30) 

where 

d𝑣𝑣𝑟𝑟 = 1
√𝛽𝛽

d𝑥𝑥. (3.3.31) 

  To calculate Eq. (3.3.30), 𝜎𝜎(𝑥𝑥) is linearized as35) 

𝜎𝜎(𝑥𝑥) = 𝐸𝐸 − 𝐸𝐸𝑖𝑖
𝐸𝐸𝑖𝑖+1 − 𝐸𝐸𝑖𝑖

𝜎𝜎(𝐸𝐸𝑖𝑖+1) + 𝐸𝐸𝑖𝑖+1 − 𝐸𝐸
𝐸𝐸𝑖𝑖+1 − 𝐸𝐸𝑖𝑖

𝜎𝜎(𝐸𝐸𝑖𝑖) 

                                               = 𝑥𝑥2 − 𝑥𝑥𝑖𝑖
2

𝑥𝑥𝑖𝑖+1
2 − 𝑥𝑥𝑖𝑖

2 𝜎𝜎(𝑥𝑥𝑖𝑖+1
2 ) + 𝑥𝑥𝑖𝑖+1

2 − 𝑥𝑥2

𝑥𝑥𝑖𝑖+1
2 − 𝑥𝑥𝑖𝑖

2 𝜎𝜎(𝑥𝑥𝑖𝑖
2) 

                                               = 𝐴𝐴𝑖𝑖 + 𝐵𝐵𝑖𝑖𝑥𝑥2, 

(3.3.32) 

where 

0.0 1.00E+00 4.0 1.12E-07
0.5 7.79E-01 4.5 1.61E-09
1.0 3.68E-01 5.0 1.38E-11
1.5 1.05E-01 5.5 7.29E-14
2.0 1.83E-02 6.0 2.31E-16
2.5 1.93E-03 6.5 4.46E-19
3.0 1.23E-04 7.0 5.24E-22
3.5 4.79E-06 7.5 3.72E-25

𝛽𝛽𝑣𝑣𝑡𝑡 𝛽𝛽𝑣𝑣𝑡𝑡𝑃𝑃 𝑣𝑣𝑡𝑡, 𝑇𝑇 𝑃𝑃 𝑣𝑣𝑡𝑡, 𝑇𝑇
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𝐴𝐴𝑖𝑖 =
𝑥𝑥𝑖𝑖+12 𝜎𝜎(𝑥𝑥𝑖𝑖2) − 𝐸𝐸𝑖𝑖𝜎𝜎(𝑥𝑥𝑖𝑖+12 )

𝑥𝑥𝑖𝑖+12 − 𝑥𝑥𝑖𝑖2
 (3.3.33) 

𝐵𝐵𝑖𝑖 =
𝜎𝜎(𝑥𝑥𝑖𝑖+12 ) − 𝜎𝜎(𝑥𝑥𝑖𝑖2)

𝑥𝑥𝑖𝑖+12 − 𝑥𝑥𝑖𝑖2
. (3.3.34) 

Substituting Eq. (3.3.32) into Eq. (3.3.30), the latter equation turns out to be 

σ∗(𝑦𝑦, 𝑇𝑇) = 1
√𝜋𝜋

1
𝑦𝑦2∑∫ {𝐴𝐴𝑖𝑖𝑥𝑥2 + 𝐵𝐵𝑖𝑖𝑥𝑥4}𝑒𝑒−(𝑥𝑥−𝑦𝑦)

2d𝑥𝑥
𝑥𝑥𝑖𝑖+1

𝑥𝑥𝑖𝑖

𝑁𝑁

𝑖𝑖=0
. (3.3.35) 

To calculate Eq. (3.3.35), 𝑧𝑧 is defined as 

𝑧𝑧 = 𝑥𝑥 − 𝑦𝑦. (3.3.36) 

Using Eq. (3.3.36), Eq. (3.3.35) is given by 

σ∗(𝑦𝑦, 𝑇𝑇) = 1
√𝜋𝜋

1
𝑦𝑦2∑∫ 𝐶𝐶𝑖𝑖(𝑧𝑧)𝑒𝑒−𝑧𝑧

2d𝑧𝑧
𝑥𝑥𝑖𝑖+1−𝑦𝑦

𝑥𝑥𝑖𝑖−𝑦𝑦

𝑁𝑁

𝑖𝑖=0
, (3.3.37) 

where 

𝐶𝐶𝑖𝑖(𝑧𝑧) = 𝐵𝐵𝑖𝑖𝑧𝑧4 + 4𝐵𝐵𝑖𝑖𝑦𝑦𝑧𝑧3 + (𝐴𝐴𝑖𝑖 + 6𝐵𝐵𝑖𝑖𝑦𝑦2)𝑧𝑧2 + (2𝐴𝐴𝑖𝑖𝑦𝑦 + 4𝐵𝐵𝑖𝑖𝑦𝑦3)𝑧𝑧 + (𝐴𝐴𝑖𝑖𝑦𝑦2 + 𝐵𝐵𝑖𝑖𝑦𝑦4). (3.3.38) 

To calculate Eq. (3.3.37), 𝐺𝐺𝑛𝑛(𝑎𝑎, 𝑏𝑏) is introduced as 

𝐺𝐺𝑛𝑛(𝑎𝑎, 𝑏𝑏) =
1
√𝜋𝜋

∫ 𝑧𝑧𝑛𝑛𝑒𝑒−𝑧𝑧2
𝑏𝑏

𝑎𝑎
d𝑧𝑧. (3.3.39) 

Here, Eq. (3.3.39) is rewritten as 

𝐺𝐺𝑛𝑛(𝑎𝑎, 𝑏𝑏) =
1
2 (𝐷𝐷𝑛𝑛(𝑏𝑏) − 𝐷𝐷𝑛𝑛(𝑎𝑎)), (3.3.40) 

where 

𝐷𝐷𝑛𝑛(𝑎𝑎) =
2
√𝜋𝜋

∫ 𝑧𝑧𝑛𝑛𝑒𝑒−𝑧𝑧2
𝑎𝑎

0
d𝑧𝑧. (3.3.41) 

Equation (3.3.41) satisfies the following recursive relations36): 

𝐷𝐷0(𝑎𝑎) = erf(𝑎𝑎), (3.3.42) 

𝐷𝐷1(𝑎𝑎) =
1
√𝜋𝜋

(1 − 𝑒𝑒−𝑎𝑎2), (3.3.43) 

𝐷𝐷𝑛𝑛(𝑎𝑎) =
𝑛𝑛 − 1
2 𝐹𝐹𝑛𝑛−2(𝑎𝑎) −

1
√𝜋𝜋

𝑎𝑎𝑛𝑛−1𝑒𝑒−𝑎𝑎2 + 1
√𝜋𝜋

𝛿𝛿𝑛𝑛,1. (3.3.44) 

Here 𝛿𝛿𝑛𝑛,1 is the Kronecker delta and erf(𝑎𝑎) the error function. The error function is defined by 

erf(𝑎𝑎) = 1
√𝜋𝜋

∫ 𝑒𝑒−𝑧𝑧2
𝑎𝑎

0
d𝑧𝑧. (3.3.45) 

Using Eq. (3.3.39), Eq. (3.3.35) is written by 
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σ∗(𝑦𝑦, 𝑇𝑇) = 1

𝜋𝜋
1
2𝑦𝑦2

∑ 𝐶𝐶𝑖𝑖

𝑁𝑁

𝑖𝑖=0
, (3.3.46) 

where 

𝐶𝐶𝑖𝑖 = 𝐵𝐵𝑖𝑖𝐺𝐺4 + 4𝐵𝐵𝑖𝑖𝑦𝑦𝐺𝐺3 + (𝐴𝐴𝑖𝑖 + 6𝐵𝐵𝑖𝑖𝑦𝑦2)𝐺𝐺2 + (2𝐴𝐴𝑖𝑖𝑦𝑦 + 4𝐵𝐵𝑖𝑖𝑦𝑦3)𝐺𝐺1 + (𝐴𝐴𝑖𝑖𝑦𝑦2 + 𝐵𝐵𝑖𝑖𝑦𝑦4)𝐺𝐺0, (3.3.47) 

𝐺𝐺𝑛𝑛 = 𝐺𝐺𝑛𝑛(𝑥𝑥𝑖𝑖 − 𝑦𝑦, 𝑥𝑥𝑖𝑖+1 − 𝑦𝑦). (3.3.48) 

 

3.3.1.2 Treatment of cross section at 0 eV 
  Treatment of cross section is required from 0 eV to the lowest energy (𝐸𝐸𝐿𝐿) given in an evaluated 

nuclear data file. Normally, a cross section at 0 eV is not included in the evaluated nuclear data file. 

The cross section at 0 eV is required to calculate the Doppler broadened cross-section in low energy 

region. 

  NJOY and SIGMA1 approximate that the cross section obeys the 1/v law. Eq. (3.3.30) is given by 

𝜎𝜎∗(𝑣𝑣) = 1
√𝜋𝜋𝑦𝑦2 ∫ 𝜎𝜎1𝑥𝑥1

𝑥𝑥 𝑥𝑥2𝑒𝑒−(𝑥𝑥−𝑦𝑦)2
𝑥𝑥1

0
𝑑𝑑𝑥𝑥 = 𝜎𝜎1𝑥𝑥1

√𝜋𝜋𝑦𝑦2 ∫ (𝑧𝑧 − 𝑦𝑦)𝑒𝑒−𝑧𝑧2
𝑥𝑥1−𝑦𝑦

0
𝑑𝑑𝑧𝑧 

                          = − 𝜎𝜎1𝑥𝑥1

√𝜋𝜋
(𝐻𝐻1(0, 𝑥𝑥1 − 𝑦𝑦)

𝑦𝑦2 + 𝐻𝐻0(0, 𝑥𝑥1 − 𝑦𝑦)
𝑦𝑦2 ). 

(3.3.49) 

𝐻𝐻𝑛𝑛(𝑎𝑎, 𝑏𝑏) = 1
√𝜋𝜋

∫ 𝑧𝑧𝑛𝑛𝑒𝑒−𝑧𝑧2
𝑏𝑏

𝑎𝑎
𝑑𝑑𝑧𝑧 (3.3.50) 

Here 𝜎𝜎1 and 𝑥𝑥1 are the cross section and the x value at 𝐸𝐸𝐿𝐿, respectively. Equation (3.3.49) is valid 

below 𝐸𝐸𝐿𝐿 as far as since the cross section obeys the 1/v law. However, the cross sections which do 

not exhibit the 1/v behavior, e.g., the elastic scattering cross-section, are not expressed, 

appropriately. 

  FRENDY determines the cross sections at 0 eV by the linear extrapolation with the cross sections 

at the lowest and next-to-the-lowest energy grid points. Our study37) has revealed that the difference 

of the cross sections of the linear extrapolation is so small, even if the capture cross-section, which 

obeys the 1/v law, is concerned. Therefore, the linear extrapolation is appropriate for the treatment of 

the cross section at 0 eV. 

 

3.3.2 Speed-Up of Doppler Broadening 
  The Doppler broadening process requires a relatively long computational time for the calculation 

of the error function of Eq. (3.3.45). As shown in Eq. (3.3.46), 𝐺𝐺𝑛𝑛(𝑎𝑎, 𝑏𝑏) is dependent only on the x 

value, i.e., the relative neutron energy 𝐸𝐸𝑟𝑟. The 𝐺𝐺𝑛𝑛(𝑎𝑎, 𝑏𝑏) values for each cross section at energy grid 

point E are identical since the energy grids of many cross sections are unionized by the previous 

process. FRENDY calculates all cross-sections at energy grid point E simultaneously to reduce the 

number of the error function calculation. 
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  Consequently, the actual calculation formula is as follows: 

σ𝑐𝑐∗(𝑦𝑦, 𝑇𝑇) =
1

𝜋𝜋
1
2𝑦𝑦2

∑𝐶𝐶𝑖𝑖,𝑐𝑐
𝑁𝑁

𝑖𝑖=0
, (3.3.51) 

where 

𝐶𝐶𝑖𝑖,𝑐𝑐 =
𝐵𝐵𝑖𝑖,𝑐𝑐𝐺𝐺4 + 4𝐵𝐵𝑖𝑖,𝑐𝑐𝑦𝑦𝐺𝐺3 + (𝐴𝐴𝑖𝑖,𝑐𝑐 + 6𝐵𝐵𝑖𝑖,𝑐𝑐𝑦𝑦2)𝐺𝐺2

+(2𝐴𝐴𝑖𝑖,𝑐𝑐𝑦𝑦 + 4𝐵𝐵𝑖𝑖,𝑐𝑐𝑦𝑦3)𝐺𝐺1 + (𝐴𝐴𝑖𝑖,𝑐𝑐𝑦𝑦2 + 𝐵𝐵𝑖𝑖,𝑐𝑐𝑦𝑦4)𝐺𝐺0
, (3.3.52) 

𝐴𝐴𝑖𝑖,𝑐𝑐 =
𝐸𝐸𝑖𝑖+1𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖) − 𝐸𝐸𝑖𝑖𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖+1)

𝑥𝑥𝑖𝑖+12 − 𝑥𝑥𝑖𝑖2
, (3.3.53) 

𝐵𝐵𝑖𝑖,𝑐𝑐 =
𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖+1) − 𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖)

𝑥𝑥𝑖𝑖+12 − 𝑥𝑥𝑖𝑖2
. (3.3.54) 

  Many reactions have a threshold and their cross sections are zero below the threshold. FRENDY 

eliminates the energy grid points below the threshold because these energy grid points are not used 

in the nuclear data processing and the nuclear calculations. Therefore, the number of energy grid 

becomes lower when the reaction has a higher threshold energy. The Doppler broadening below the 

threshold is not required since the Doppler broadened cross-sections are also zero below the 

threshold. To skip the Doppler broadening below the threshold, FRENDY divides all reactions into 

six groups, i.e, the number of energy grid points is less than 100, 500, 1000, 5000, 10000, and more 

than 10000, and the Doppler broadening is carried out in each group. 

 

3.4 Calculation of Thermal Quantities 
  The evaluated thermal quantities are as follows: 

 

・Fission cross-section at 0.0253 eV    𝜎𝜎𝑓𝑓,𝑡𝑡ℎ 

・Average neutron production at 0.0253 eV   �̅�𝜈𝑡𝑡ℎ 

・Capture cross-section at 0.0253 eV   𝜎𝜎𝑐𝑐,𝑡𝑡ℎ 

・Integral of fission cross-section against a Maxwell-Boltzmann  
distribution in thermal region     𝐼𝐼𝑓𝑓,𝑡𝑡ℎ 

・Integral of radiative capture cross-section against a Maxwell-Boltzmann 

distribution in thermal region    𝐼𝐼𝑐𝑐,𝑡𝑡ℎ 

・g-factor of fission reaction    𝑔𝑔𝑓𝑓 

・g-factor of radiative capture reaction   𝑔𝑔𝑐𝑐 

・Average value of α at thermal region   𝛼𝛼 

・Average value of η at thermal region   𝜂𝜂 

・Average value of K1 at thermal region   𝐾𝐾1 

・Integral of fission cross-section against a Maxwell-Boltzmann  
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distribution in resonance region    𝐼𝐼𝑓𝑓,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 

・Integral of radiative capture cross-section against a Maxwell-Boltzmann  

distribution in resonance region    𝐼𝐼𝑐𝑐,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 

 

𝜎𝜎𝑓𝑓,𝑡𝑡ℎ, �̅�𝜈𝑡𝑡ℎ and 𝜎𝜎𝑐𝑐,𝑡𝑡ℎ are values at 0.0253 eV. Other values are defined as follows8,38): 

𝐼𝐼𝑟𝑟,𝑡𝑡ℎ = ∫ 𝜎𝜎𝑟𝑟(𝐸𝐸) 𝐸𝐸
(𝑘𝑘𝐵𝐵𝑇𝑇)2 𝑒𝑒− 𝐸𝐸

𝑘𝑘𝐵𝐵𝑇𝑇d𝐸𝐸
𝐸𝐸∈𝑡𝑡ℎ

, (3.4.1) 

𝑔𝑔𝑟𝑟 = 2
√𝜋𝜋 

1
√𝑘𝑘𝐵𝐵𝑇𝑇σ𝑟𝑟,𝑡𝑡ℎ

∫ √𝐸𝐸𝜎𝜎𝑟𝑟(𝐸𝐸)√ 𝐸𝐸
(𝑘𝑘𝐵𝐵𝑇𝑇)3 𝑒𝑒− 𝐸𝐸

𝑘𝑘𝐵𝐵𝑇𝑇d𝐸𝐸
𝐸𝐸∈𝑡𝑡ℎ

= 2
√𝜋𝜋

I𝑟𝑟,𝑡𝑡ℎ
σ𝑟𝑟,𝑡𝑡ℎ

, (3.4.2) 

α = ∫ 𝜎𝜎𝑐𝑐(𝐸𝐸)
𝜎𝜎𝑓𝑓(𝐸𝐸)

𝐸𝐸
(𝑘𝑘𝐵𝐵𝑇𝑇)2 𝑒𝑒− 𝐸𝐸

𝑘𝑘𝐵𝐵𝑇𝑇d𝐸𝐸
𝐸𝐸∈𝑡𝑡ℎ

, (3.4.3) 

𝜂𝜂 = ∫
𝜎𝜎𝑓𝑓(𝐸𝐸)

𝜎𝜎𝑓𝑓(𝐸𝐸) + 𝜎𝜎𝑐𝑐(𝐸𝐸)
𝐸𝐸

(𝑘𝑘𝐵𝐵𝑇𝑇)2 𝑒𝑒− 𝐸𝐸
𝑘𝑘𝐵𝐵𝑇𝑇d𝐸𝐸

𝐸𝐸∈𝑡𝑡ℎ
, (3.4.4) 

𝐾𝐾1 = ∫ {(𝜈𝜈(𝐸𝐸) − 1)𝜎𝜎𝑓𝑓(𝐸𝐸) − 𝜎𝜎𝑐𝑐(𝐸𝐸)} 𝐸𝐸
(𝑘𝑘𝐵𝐵𝑇𝑇)2 𝑒𝑒− 𝐸𝐸

𝑘𝑘𝐵𝐵𝑇𝑇d𝐸𝐸
𝐸𝐸∈𝑡𝑡ℎ

, (3.4.5) 

𝐼𝐼𝑟𝑟,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = ∫ 𝜎𝜎𝑟𝑟(𝐸𝐸) 𝐸𝐸
(𝑘𝑘𝐵𝐵𝑇𝑇)2 𝑒𝑒− 𝐸𝐸

𝑘𝑘𝐵𝐵𝑇𝑇d𝐸𝐸
𝐸𝐸∈𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

, (3.4.6) 

where r indicates the reaction, i.e., r=f for the fission reaction and r=c for the radiative capture 

reaction. The integral range in Eqs. (3.4.1) - (3.4.6) is from the lowest energy grid point to 1.0 eV for 

the thermal region and from 0.5 eV to the highest energy grid point for the resonance region, 

respectively. The trapezoidal integration is used to calculate the integration in Eqs. (3.4.1) - (3.4.6) 

𝐼𝐼𝑟𝑟,𝑡𝑡ℎ = ∑ 𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑖𝑖−1
2(𝑘𝑘𝐵𝐵𝑇𝑇)2 (𝜎𝜎𝑟𝑟(𝐸𝐸𝑖𝑖)𝐸𝐸𝑖𝑖𝑒𝑒− 𝐸𝐸𝑖𝑖

𝑘𝑘𝐵𝐵𝑇𝑇 − 𝜎𝜎𝑟𝑟(𝐸𝐸𝑖𝑖−1)𝐸𝐸𝑖𝑖−1𝑒𝑒−𝐸𝐸𝑖𝑖−1
𝑘𝑘𝐵𝐵𝑇𝑇 )

𝐸𝐸𝑖𝑖<1.0

𝐸𝐸𝑚𝑚𝑖𝑖𝑚𝑚

, (3.4.7) 

α = ∑ 𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑖𝑖−1
2(𝑘𝑘𝐵𝐵𝑇𝑇)2 (𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖)

𝜎𝜎𝑓𝑓(𝐸𝐸𝑖𝑖) 𝐸𝐸𝑖𝑖𝑒𝑒− 𝐸𝐸𝑖𝑖
𝑘𝑘𝐵𝐵𝑇𝑇 − 𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖−1)

𝜎𝜎𝑓𝑓(𝐸𝐸𝑖𝑖−1) 𝐸𝐸𝑖𝑖−1𝑒𝑒−𝐸𝐸𝑖𝑖−1
𝑘𝑘𝐵𝐵𝑇𝑇 )

𝐸𝐸𝑖𝑖<1.0

𝐸𝐸𝑚𝑚𝑖𝑖𝑚𝑚

, (3.4.8) 

𝜂𝜂 = ∑ 𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑖𝑖−1
2(𝑘𝑘𝐵𝐵𝑇𝑇)2 ( 𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖)

𝜎𝜎𝑓𝑓(𝐸𝐸𝑖𝑖) + 𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖) 𝐸𝐸𝑖𝑖𝑒𝑒− 𝐸𝐸𝑖𝑖
𝑘𝑘𝐵𝐵𝑇𝑇 − 𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖−1)

𝜎𝜎𝑓𝑓(𝐸𝐸𝑖𝑖−1) + 𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖−1) 𝐸𝐸𝑖𝑖−1𝑒𝑒−𝐸𝐸𝑖𝑖−1
𝑘𝑘𝐵𝐵𝑇𝑇 )

𝐸𝐸𝑖𝑖<1.0

𝐸𝐸𝑚𝑚𝑖𝑖𝑚𝑚

, (3.4.9) 

𝐾𝐾1 = ∑ 𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑖𝑖−1
2(𝑘𝑘𝐵𝐵𝑇𝑇)2 (

{(𝜈𝜈(𝐸𝐸𝑖𝑖) − 1)𝜎𝜎𝑓𝑓(𝐸𝐸𝑖𝑖) + 𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖)}𝐸𝐸𝑖𝑖𝑒𝑒− 𝐸𝐸𝑖𝑖
𝑘𝑘𝐵𝐵𝑇𝑇

−{(𝜈𝜈(𝐸𝐸𝑖𝑖−1) − 1)𝜎𝜎𝑓𝑓(𝐸𝐸𝑖𝑖−1) + 𝜎𝜎𝑐𝑐(𝐸𝐸𝑖𝑖−1)}𝐸𝐸𝑖𝑖−1𝑒𝑒−𝐸𝐸𝑖𝑖−1
𝑘𝑘𝐵𝐵𝑇𝑇

)
𝐸𝐸𝑖𝑖<1.0

𝐸𝐸𝑚𝑚𝑖𝑖𝑚𝑚

, (3.4.10) 
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𝐼𝐼𝑟𝑟,𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = ∑ 𝐸𝐸𝑖𝑖 − 𝐸𝐸𝑖𝑖−1
2(𝑘𝑘𝐵𝐵𝑇𝑇)2

(𝜎𝜎𝑟𝑟(𝐸𝐸𝑖𝑖)𝐸𝐸𝑖𝑖𝑒𝑒
− 𝐸𝐸𝑖𝑖
𝑘𝑘𝐵𝐵𝑇𝑇 − 𝜎𝜎𝑟𝑟(𝐸𝐸𝑖𝑖−1)𝐸𝐸𝑖𝑖−1𝑒𝑒

−𝐸𝐸𝑖𝑖−1𝑘𝑘𝐵𝐵𝑇𝑇)
𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚

𝐸𝐸𝑖𝑖=0.5
. (3.4.11) 
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4 Thermal Scattering Cross-section Calculation 

4.1 Thermal Scattering Law Data 
  At high energies, the wavelengths of neutrons are small, and it is reasonable to treat scattering as 

classical collisions between particles. At thermal energies, the wavelengths of neutrons are similar to 

the size of molecules and the spacing of crystalline lattice and the theory of classical collisions 

cannot be adopted, directly34). In such energy regions, consideration of thermal scattering caused by 

crystalline and chemical binding is important for many materials, e.g., H2O, ZrH, and graphite, to 

improve the prediction accuracy of neutron calculations. The evaluated nuclear data file gives the 

Thermal Scattering Law (TSL) data to consider the scattering by crystalline and chemical binding. In 

the ENDF-6 format13), the following scattering cross-sections are defined: 

 

 coherent elastic scattering for crystalline materials, 

 incoherent elastic scattering for partially ordered materials, 

 incoherent inelastic scattering for non-crystalline materials. 

 

The evaluated nuclear data file contains only parameters to calculate the thermal scattering 

cross-sections. Reconstruction and linearization of the thermal scattering cross-sections, secondary 

neutron energy, and scattering angle are required. 

 

4.2 Calculation Flow of Thermal Scattering Cross-Sections 
  A calculation flow of the thermal scattering cross-sections is shown in Fig. 4.2.1. The thermal 

scattering cross-sections, secondary neutron energy, and scattering angle are calculated when the 

evaluated nuclear data file contains the parameters of these cross-sections. FRENDY also calculates 

the incoherent inelastic thermal scattering cross-sections with the free monatomic gas model8) when 

the evaluated nuclear data file does not contain the parameters or users want to calculate them. 

  As shown in Fig. 4.2.1, FRENDY skips the calculation of the incoherent elastic scattering 

cross-section using the Debye-Waller factor when the Bragg edge data is included in the evaluated 

nuclear data file. The ENDF-6 format cannot contain the parameters of both the coherent and 

incoherent elastic scattering cross-sections in the evaluated nuclear data file. If a new nuclear data 

format contains both parameters, the calculation flow can be changed and FRENDY will be able to 

calculate both the coherent and incoherent elastic scattering cross-sections. 
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Figure 4.2.1 Calculation flow of the thermal scattering cross-sections 

 

4.2.1 Coherent Elastic Scattering 
  The coherent elastic scattering is observed in crystalline materials such as graphite. As shown in 

Fig. 4.2.2, the crystalline atoms cause neutrons to scatter into many specific directions and it is 

called “Bragg diffraction”. 

 
Figure 4.2.2 Example of Bragg diffraction 
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  The Bragg diffraction is observed in the specified energy. In the Bragg’s law, the interference is 

strongest when the wavelength 𝜆𝜆 is satisfied with Eq. (4.2.1)39) 

2𝑑𝑑 sin 𝜃𝜃 = 𝑛𝑛𝜆𝜆 = ℎ
√2𝑚𝑚𝐸𝐸𝑖𝑖

, (4.2.1) 

where 𝑑𝑑 is the distance between atomic layers in a crystal, 𝜃𝜃 the scattering angle, n a positive 

integer, h Planck’s constant, and 𝐸𝐸𝑖𝑖 the energy of the i-th Bragg edge. 

  Figure 4.2.3 shows the coherent elastic scattering cross-section for graphite at 296 K taken from 

JENDL-4.01). As shown in Fig. 4.2.3, the very strong peaks which are known as Bragg edges are 

observed in the coherent elastic scattering cross-section. It should be noted that the cross section is 

zero below the first Bragg edge. 

 

 
Figure 4.2.3 Example of coherent elastic scattering cross-section for a crystalline material 

(Graphite, 296 K, JENDL-4.0) 

 

  The evaluated nuclear data file provides the number of the Bragg edges, the energy of the Bragg 

edges, and the crystallographic structure factor. The coherent elastic scattering cross-section σ𝑐𝑐𝑐𝑐ℎ is 

represented as follows40): 

σ𝑐𝑐𝑐𝑐ℎ(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇) = 1
𝐸𝐸 ∑ 𝜎𝜎𝑐𝑐𝑓𝑓𝑖𝑖e−2𝑊𝑊𝐸𝐸𝑖𝑖𝛿𝛿(𝜇𝜇 − 𝜇𝜇𝑖𝑖)𝛿𝛿(𝐸𝐸 − 𝐸𝐸′)

𝐸𝐸𝑖𝑖<𝐸𝐸

𝑖𝑖
, (4.2.2) 

where 

𝜇𝜇𝑖𝑖 = 1 − 2𝐸𝐸𝑖𝑖
𝐸𝐸 , (4.2.3) 

𝐸𝐸𝑖𝑖 =
ℏ2𝜏𝜏𝑖𝑖2
8𝑚𝑚 , (4.2.4) 

0.1
1.0×10-4 1.0×1001.0×10-2

1.0

10.0

Incident neutron energy [eV]
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n
[b

]

- 37 -

JAEA-Data/Code 2018-014



𝑓𝑓𝑖𝑖 = 𝜋𝜋2ℏ2

2𝑚𝑚𝑚𝑚𝑚𝑚 ∑|𝐹𝐹(𝜏𝜏𝑖𝑖)|
𝜏𝜏𝑖𝑖

, (4.2.5) 

ℏ = ℎ
2𝜋𝜋. (4.2.6) 

In the above equations, 𝐸𝐸 is the incident neutron energy, 𝐸𝐸′ the secondary neutron energy, 𝜇𝜇 the 

scattering cosine in the laboratory system, 𝜎𝜎𝑐𝑐 the characteristics coherent scattering cross-section, 

𝑊𝑊 the Debye-Waller factor, 𝐸𝐸𝑖𝑖 the energy of the Bragg edge, 𝛿𝛿(𝑥𝑥) the delta function, 𝜏𝜏𝑖𝑖 the 

vectors of one particular “shell” of the reciprocal lattice, 𝑚𝑚 the neutron mass, 𝑚𝑚 the number of 

atoms in the unit shell, 𝑚𝑚 the volume in the unit shell, and  𝐹𝐹(𝜏𝜏𝑖𝑖) the crystallographic structure 

factors. The evaluated nuclear data file contains 𝑠𝑠𝑖𝑖 which is the proportional to the structure factor. 

Using 𝑠𝑠𝑖𝑖, Eq. (4.2.2) is 

σ𝑐𝑐𝑐𝑐ℎ(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇) = 1
𝐸𝐸 ∑ 𝑠𝑠𝑖𝑖𝛿𝛿(𝜇𝜇 − 𝜇𝜇𝑖𝑖)𝛿𝛿(𝐸𝐸 − 𝐸𝐸′)

𝐸𝐸𝑖𝑖<𝐸𝐸

𝑖𝑖
. (4.2.7) 

  The coherent elastic scattering cross-section is linearized in this module using the similar method 

which is used in the resonance reconstruction. As described in Eq. (4.2.7), the secondary neutron 

energy is equal to the incident neutron energy and the scattering cosine is fixed. The linearization of 

the secondary energy and scattering angle is not required for the coherent elastic scattering. 

  For the incident neutron energy, FRENDY adds a middle energy grid point when the following 

conditions are satisfied: 

𝜎𝜎𝑖𝑖𝑖𝑖𝑐𝑐 (𝐸𝐸𝑖𝑖+1
2

, 𝐸𝐸′, 𝜇𝜇) − 𝜎𝜎𝑖𝑖𝑖𝑖𝑐𝑐(𝐸𝐸𝑖𝑖+1, 𝐸𝐸′, 𝜇𝜇) + 𝜎𝜎𝑖𝑖𝑖𝑖𝑐𝑐(𝐸𝐸𝑖𝑖, 𝐸𝐸′, 𝜇𝜇)
2 ≥ 𝑒𝑒𝑒𝑒𝑒𝑒 × 𝜎𝜎𝑖𝑖𝑖𝑖𝑐𝑐 (𝐸𝐸𝑖𝑖+1

2
, 𝐸𝐸′, 𝜇𝜇), (4.2.8) 

𝜎𝜎𝑖𝑖𝑖𝑖𝑐𝑐 (𝐸𝐸𝑖𝑖+1
2

, 𝐸𝐸′, 𝜇𝜇) − 𝜎𝜎𝑖𝑖𝑖𝑖𝑐𝑐(𝐸𝐸𝑖𝑖+1, 𝐸𝐸′, 𝜇𝜇) + 𝜎𝜎𝑖𝑖𝑖𝑖𝑐𝑐(𝐸𝐸𝑖𝑖, 𝐸𝐸′, 𝜇𝜇)
2 ≥ 1.0 × 10−6, (4.2.9) 

 where 𝑒𝑒𝑒𝑒𝑒𝑒 is the tolerance value for the linearization. FRENDY terminates the linearization when 

energy interval satisfies the following criterion: 

𝐸𝐸𝑖𝑖+1 − 𝐸𝐸𝑖𝑖 ≥ 𝐸𝐸𝑖𝑖+1
2

× 3.0 × 10−5. (4.2.10) 

 

4.2.2 Incoherent Elastic Scattering 
  The incoherent elastic scattering is observed in partially ordered materials such as ZrH and 

polyethylene. The incoherent elastic scattering is isotropic and contains no structural information 

since the intensity of this type of scattering is independent of the scattering angle.41) The incoherent 

inelastic scattering cross-section σ𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇) is given by 

σ𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇) = 𝜎𝜎𝑏𝑏
2 𝑒𝑒−2𝑊𝑊𝐸𝐸(1−𝜇𝜇)𝛿𝛿(𝐸𝐸 − 𝐸𝐸′), (4.2.11) 
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where 𝜎𝜎𝑏𝑏 is the characteristic bound scattering cross-section40). 

  The angle-integrated cross-section σ𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸), which is divided into equally probable cosine bins, 

and the cumulative distribution are output in the PENDF file. Because the incoherent elastic 

scattering is isotropic, the integrated cross-section σ𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸) is calculated by 

σ𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸) = ∫ 𝜎𝜎𝑏𝑏
2 𝑒𝑒−2𝑊𝑊𝑊𝑊(1−𝜇𝜇)

1

−1
d𝜇𝜇 = 𝜎𝜎𝑏𝑏

2 {1 − 𝑒𝑒−4𝑊𝑊𝑊𝑊

2𝑊𝑊𝐸𝐸 }. (4.2.12) 

The equally probable angle �̅�𝜇𝑖𝑖 is also calculated by 

 �̅�𝜇𝑖𝑖 = 𝑛𝑛𝑏𝑏𝑖𝑖𝑏𝑏
2𝑊𝑊𝐸𝐸

𝑒𝑒−2𝑊𝑊𝑊𝑊(1−𝜇𝜇𝑖𝑖)(2𝑊𝑊𝐸𝐸𝜇𝜇𝑖𝑖 − 1) − 𝑒𝑒−2𝑊𝑊𝑊𝑊(1−𝜇𝜇𝑖𝑖−1)(2𝑊𝑊𝐸𝐸𝜇𝜇𝑖𝑖−1 − 1)
1 − 𝑒𝑒−4𝑊𝑊𝑊𝑊 , (4.2.13) 

where 𝑛𝑛𝑏𝑏𝑖𝑖𝑏𝑏 is the number of cosine bins and 𝜇𝜇𝑖𝑖 is the upper limit of cosine bin which is given by 

 𝜇𝜇𝑖𝑖 = 1 + 1
2𝑊𝑊𝐸𝐸 ln (1 − 𝑒𝑒−4𝑊𝑊𝑊𝑊

𝑛𝑛𝑏𝑏𝑖𝑖𝑏𝑏
+ 𝑒𝑒−2𝑊𝑊𝑊𝑊(1−𝜇𝜇𝑖𝑖−1)), (4.2.14) 

 𝜇𝜇0 = −1. (4.2.15) 

  Figure 4.2.4 shows the incoherent elastic scattering cross-section for H in ZrH at 296 K taken 

from JENDL-4.0. Comparing to the other reactions, the incoherent elastic scattering cross-section 

can be represented with a slowly varying function. Therefore, the linearization of the incoherent 

elastic scattering cross-section is not performed and the energy grid of the total cross-section is used 

for the incident neutron energy grid. 

 
Figure 4.2.4 Example of incoherent elastic scattering cross-section 

(H in ZrH, 296 K, JENDL-4.0) 

 

4.2.3 Incoherent Inelastic Scattering 
  The incoherent inelastic scattering is observed in non-crystalline materials such as H2O and ZrH34). 

The thermal scattering law data is used to consider the effect of chemical binding of a molecule on 

neutron scattering. Using the thermal scattering law data 𝑆𝑆(𝛼𝛼, 𝛽𝛽), the double differential scattering 
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cross-section d2𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸,𝐸𝐸′,𝜇𝜇)
d𝐸𝐸dΩ  is written as follows42): 

 d
2𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇)

d𝐸𝐸dΩ = 𝜎𝜎𝑏𝑏
4𝜋𝜋𝑘𝑘𝐵𝐵𝑇𝑇

√𝐸𝐸′

𝐸𝐸 𝑆𝑆(𝛼𝛼, 𝛽𝛽), (4.2.16) 

where 

 𝛼𝛼 = 𝐸𝐸′ + 𝐸𝐸 − 2𝜇𝜇√𝐸𝐸𝐸𝐸′

𝐴𝐴𝑘𝑘𝐵𝐵𝑇𝑇 , (4.2.17) 

 𝛽𝛽 = 𝐸𝐸′ − 𝐸𝐸
𝑘𝑘𝐵𝐵𝑇𝑇 , (4.2.18) 

𝛼𝛼 the dimensionless momentum transfer, 𝛽𝛽 the dimensionless energy transfer, 𝐴𝐴 the ratio of the 

target mass to the neutron mass, and 𝑘𝑘𝐵𝐵 the Boltzmann constant. 

  The evaluated nuclear data file provides the thermal scattering law data of n-th type atom because 

molecule consists of many elements. FRENDY uses the following equations to calculate the inelastic 

incoherent scattering cross-section at T K in each energy grid point13): 

 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇) = ∑ 𝑀𝑀𝑖𝑖𝜎𝜎𝑏𝑏𝑖𝑖
2𝑘𝑘𝐵𝐵𝑇𝑇

√𝐸𝐸′

𝐸𝐸 𝑒𝑒−𝛽𝛽
2 𝑆𝑆𝑖𝑖(𝛼𝛼𝑖𝑖, 𝛽𝛽)

𝑁𝑁𝑠𝑠

𝑖𝑖=0
, (4.2.19) 

𝜎𝜎𝑏𝑏𝑖𝑖 = 𝜎𝜎𝑓𝑓𝑖𝑖 (𝐴𝐴𝑖𝑖 + 1
𝐴𝐴𝑖𝑖

)
2

, (4.2.20) 

 𝜎𝜎𝑓𝑓𝑖𝑖 = 4𝜋𝜋𝛼𝛼𝑖𝑖
2, (4.2.21) 

𝛼𝛼𝑖𝑖 = 𝐸𝐸′ + 𝐸𝐸 − 2𝜇𝜇√𝐸𝐸𝐸𝐸′

𝐴𝐴𝑖𝑖𝑘𝑘𝐵𝐵𝑇𝑇 , (4.2.22) 

where 𝑁𝑁𝑠𝑠 is the number of non-principal scattering atom types, 𝑀𝑀𝑖𝑖 the number of n-th type atoms 

in the molecule or unit cell, 𝜎𝜎𝑏𝑏𝑖𝑖 the characteristic bound incoherent scattering cross-section,  and 

𝜎𝜎𝑓𝑓𝑖𝑖 the characteristic free atom scattering cross-section. 

  The thermal scattering law data describes the thermal neutron scattering cross section of the atom 

for which the chemical binding is considered40). For a free gas of scatterers with no internal structure, 

the thermal scattering law data 𝑆𝑆𝑖𝑖(𝛼𝛼𝑖𝑖, 𝛽𝛽) is 

 𝑆𝑆𝑖𝑖(𝛼𝛼𝑖𝑖, 𝛽𝛽) = 1
√4𝜋𝜋𝛼𝛼𝑖𝑖

exp {− 𝛼𝛼𝑖𝑖
2 + 𝛽𝛽2

4𝛼𝛼𝑖𝑖
}. (4.2.23) 

When the evaluated nuclear data file does not include the thermal scattering law data or users want 

to calculate the incoherent inelastic scattering cross-section as a free gas, FRENDY assumes that the 

nucleus is a free particle with no internal structure and the thermal scattering law data is calculated 

using Eq. (4.2.23). 

  When 𝛼𝛼 or 𝛽𝛽 value is outside the range of the table, the differential scattering cross-section can 
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be computed using the short collision time (SCT) approximation40): 

 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖,𝑆𝑆𝑆𝑆𝑆𝑆(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇) = ∑ 𝜎𝜎𝑏𝑏𝑖𝑖
2𝑘𝑘𝐵𝐵𝑇𝑇 √

𝐸𝐸′

𝐸𝐸
𝑇𝑇

𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒

1
√4𝜋𝜋𝛼𝛼𝑖𝑖

exp {−
(𝛼𝛼𝑖𝑖 − |𝛽𝛽|)2

4𝛼𝛼𝑖𝑖

𝑇𝑇
𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒

− 𝛽𝛽 + |𝛽𝛽|
2 }

𝑁𝑁𝑠𝑠

𝑖𝑖=0
, (4.2.24) 

where 𝑇𝑇𝑒𝑒𝑒𝑒𝑒𝑒 is the effective temperature for the SCT approximation which is given in the evaluated 

nuclear data file. 

  Figures 4.2.5 and 4.2.6 show the incoherent inelastic scattering cross-section for H in H2O and H 

in ZrH at 296 K taken from JENDL-4.0. The THERMR module of NJOY7,8) uses the fixed incident 

neutron energy grid, which consists of 117 energy grid points from 1.0 × 10−5 to 10 eV, to 

calculate the incoherent inelastic scattering cross section and secondary energy and angular 

distributions. The incoherent inelastic scattering cross section at the other energy grid points are 

interpolated using the fifth order Lagrange interpolation and secondary energy and angular 

distributions are not calculated to reduce calculation time and data size. As shown in Fig. 4.2.5, the 

incoherent inelastic scattering cross-section for many materials can be represented with a slowly 

varying function. In such a case, the fixed incident neutron energy grid is appropriate. However, the 

fixed incident neutron energy grid is inappropriate for some materials, e.g., H in ZrH for which the 

incoherent inelastic scattering cross-section is oscillated as shown in Fig. 4.2.6. The adoption of the 

finer energy grid is required to adequately reproduce the incoherent inelastic scattering cross-section 

distribution in such materials43). 

  FRENDY calculates the incoherent inelastic scattering cross-section in all energy grid points of 

the total cross-section to appropriately treat such materials when the thermal scattering law data is 

given. FRENDY uses the fixed energy grid points to calculate the incoherent inelastic scattering 

cross-section when the thermal scattering law data is not given. Similar to NJOY, the fixed incident 

neutron energy grid, which consists of 117 energy grid points from 1.0 × 10−5 to 10 eV, is used to 

calculate the incoherent inelastic scattering and other energy grid points are interpolated using the 

fifth order Lagrange interpolation. This is because the number of energy grid points of heavy 

nuclides is very large. The incoherent inelastic scattering cross-section for a free gas is not so 

important for neutronics calculation and it can be represented with a slowly varying function of the 

incident neutron energy. A large amount of data size is required to show the secondary energy and 

angular distributions. The secondary energy and angular distributions are output only in the fixed 

incident neutron energy grid points to reduce calculation time and data size. 
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Figure 4.2.5 Example of incoherent inelastic scattering cross-section 

(H in H2O, 296 K, JENDL-4.0) 

 

 
Figure 4.2.6 Example of incoherent inelastic scattering cross-section 

(H in ZrH, 296 K, JENDL-4.0) 

 

  Linearization of the secondary energy and angular distributions for the incoherent inelastic 

scattering is required. For the secondary energy, FRENDY adds a middle energy grid point when the 

following condition is satisfied: 

 |𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 (𝐸𝐸, 𝐸𝐸′
𝑖𝑖+1

2
) − 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′

𝑖𝑖+1) + 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′
𝑖𝑖)

2 |

≥ 𝑒𝑒𝑒𝑒𝑒𝑒 × |𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 (𝐸𝐸, 𝐸𝐸′
𝑖𝑖+1

2
) + 1.0 × 10−3|, 

(4.2.25) 

 where 𝑒𝑒𝑒𝑒𝑒𝑒 is the tolerance value for the linearization and 
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 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′) = ∫ 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇)
1

−1
d𝜇𝜇. (4.2.26) 

When the integrated incoherent inelastic scattering cross-section satisfies the following equation, the 

linearization at this energy grid point is finished and moves to the next energy grid point 

 12 (𝐸𝐸′
𝑖𝑖+1 − 𝐸𝐸′

𝑖𝑖) (𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′
𝑖𝑖+1) + 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′

𝑖𝑖)) < 1.0 × 10−6. (4.2.27) 

For the angular distribution, FRENDY adds a middle angular point when either of the following 

conditions is satisfied: 

 |𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 (𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1
2

) − 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖) + 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1)
2 |

> 𝑒𝑒𝑒𝑒𝑒𝑒 × |𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 (𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1
2

)|, 
(4.2.28) 

|𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖) − 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1)| ≥ |𝜎𝜎
𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖) + 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1)

2 |. (4.2.29) 

The linearization is finished and moves to the next angular point when the distance of the angular 

points is so small, i.e., it satisfies following equation: 

 𝜇𝜇𝑖𝑖 − 𝜇𝜇𝑖𝑖+1 < 1.0 × 10−5. (4.2.30) 

The integrated cross-section 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸), which is divided into equally probable cosine bins, and the 

cumulative distribution are written in the PENDF file. Because the incoherent inelastic scattering 

cross-sections are linearized, 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸)  is easily calculated with the trapezoidal integration as 

follows: 

𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸) = ∫ 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′)d𝐸𝐸′
∞

0
                  

                                                          = ∑ 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′
𝑖𝑖) + 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′

𝑖𝑖−1)
2 × (𝐸𝐸′

𝑖𝑖 − 𝐸𝐸′
𝑖𝑖−1)

𝑖𝑖
, 

(4.2.31) 

where 

         𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′) = ∫ 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇)d𝜇𝜇
1

−1

= ∑
𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′𝜇𝜇𝑗𝑗) + 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′𝜇𝜇𝑗𝑗−1)

2 × (𝜇𝜇𝑗𝑗 − 𝜇𝜇𝑗𝑗−1)
𝑗𝑗

. 
(4.2.32) 

To calculate the cumulative distribution, FRENDY searches for the j-th cosine bin 𝜇𝜇𝑗𝑗 that satisfies 

the following equation: 

∫ 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇)
𝜇𝜇𝑗𝑗

𝜇𝜇𝑗𝑗−1
d𝜇𝜇 = 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′)

𝑛𝑛𝑏𝑏𝑖𝑖𝑖𝑖
, (4.2.33) 

where 𝑛𝑛𝑏𝑏𝑖𝑖𝑖𝑖 is the number of bins. The cumulative 𝜎𝜎𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
𝑖𝑖𝑖𝑖𝑖𝑖 (𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑗𝑗) value, which is calculated by 

the following equation, is written in the PENDF file 
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𝜎𝜎𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
𝑖𝑖𝑖𝑖𝑖𝑖 (𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑗𝑗) = ∫ 𝜇𝜇 × 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇)

𝜇𝜇𝑗𝑗

1
d𝜇𝜇 

                               = ∑
1
3 (𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1) − 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖)) (𝜇𝜇𝑖𝑖+1

2 + 𝜇𝜇𝑖𝑖+1𝜇𝜇𝑖𝑖 + 𝜇𝜇𝑖𝑖
2)

+ 1
2 (𝜇𝜇𝑖𝑖+1𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖) − 𝜇𝜇𝑖𝑖𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1)) (𝜇𝜇𝑖𝑖+1 + 𝜇𝜇𝑖𝑖)𝑖𝑖

 

                              = ∑ ∫ 𝜇𝜇(𝑎𝑎𝜇𝜇 + 𝑏𝑏)
𝜇𝜇𝑖𝑖+1

𝜇𝜇𝑖𝑖
𝑑𝑑𝜇𝜇

𝑖𝑖
, 

(4.2.34) 

where 

𝑎𝑎 = 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1) − 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖)
𝜇𝜇𝑖𝑖+1 − 𝜇𝜇𝑖𝑖

, (4.2.35) 

𝑏𝑏 = 𝜇𝜇𝑖𝑖𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖+1) − 𝜇𝜇𝑖𝑖+1𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖(𝐸𝐸, 𝐸𝐸′, 𝜇𝜇𝑖𝑖)
𝜇𝜇𝑖𝑖+1 − 𝜇𝜇𝑖𝑖

. (4.2.36) 
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5 Probability Table Generation 

5.1 Treatment of Self-Shielding Effect in Unresolved Resonance 
Region 

  In the unresolved resonance region, each resonance cannot be separated and the evaluated nuclear 

data file provides mean values of resonance spacing and resonance partial width13). The 

self-shielding effect in the unresolved resonance region also has a large impact on the fast reactor44). 

The probability table method is widely used in order to appropriately treat the self-shielding effect in 

the unresolved resonance region for continuous energy Monte Carlo codes40,45). In this method, a 

table provides the probability distribution of the cross section in a given energy grid point which 

corresponds to the resonance structure. Consideration of the self-shielding effect in the unresolved 

resonance region is also used for the multi-group transport calculation. The Bondarenko-style 

self-shielded cross-section46) is used to treat this effect and it is generated using the probability table. 

Though some nuclear data processing codes generate the Bondarenko-style self-shielded 

cross-section by the deterministic method, e.g., the UNRESR module in NJOY7,8). According to the 

manual of NJOY, the Bondarenko-style self-shielded cross-section generated by the probability table 

is more appropriate than that by the deterministic method40). Actually, the self-shielding factor 

generated by the deterministic method sometimes shows inappropriate values, e.g., negative or larger 

than 1.0. Therefore, FRENDY uses only the probability method to calculate it. 

 

5.2 Calculation Flow of Probability Table Generation 
  The evaluated nuclear data file provides only mean values of the resonance parameters in the 

unresolved resonance region. In the unresolved resonance region, the ladder method40) is used to 

generate a lot of pseudo resonance structures using random numbers based on the averaged 

resonance parameters. A resonance structure generated by random numbers is called “ladder” and an 

example is shown in Fig. 5.2.1. The pseudo resonance structure is generated as follows: 

 

  (1) Determination of the i-th resonance energy 𝐸𝐸𝑟𝑟,𝑖𝑖 by multiplying the average level spacing 

�̅�𝐷 by the random number 𝑅𝑅𝑊𝑊 conforming to the Wigner distribution function, 

  (2) Determination of the resonance width 𝛤𝛤𝑟𝑟,𝑖𝑖 by multiplying the average resonance width 𝛤𝛤�̅�𝑟 

by the chi-squared random numbers with 𝑘𝑘 degrees of freedom 𝑅𝑅𝜒𝜒2(𝑘𝑘), 
  (3) Determination of the energy grid point 𝐸𝐸𝑗𝑗 at which the cross section is calculated using 

the uniform random number 𝑅𝑅𝑢𝑢, 

  (4) Calculation of the cross-section 𝜎𝜎𝑟𝑟,𝑗𝑗(𝐸𝐸𝑗𝑗, 𝑇𝑇) of the energy grid point 𝐸𝐸𝑗𝑗 at T K with the 

ψ-χ method47), and 

  (5) Calculation of the probability 𝑃𝑃n(𝑇𝑇) of 𝜎𝜎𝑛𝑛−1 ≤ 𝜎𝜎𝑡𝑡,𝑗𝑗(𝐸𝐸𝑗𝑗, 𝑇𝑇) < 𝜎𝜎𝑛𝑛, 
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where 𝑟𝑟 is a reaction type, 𝜎𝜎𝑛𝑛  the upper limit cross-section of the n-th probability bin, and 

𝜎𝜎𝑡𝑡,𝑗𝑗(𝐸𝐸𝑗𝑗, 𝑇𝑇) the total cross-section of the energy grid point 𝐸𝐸𝑗𝑗 at T K. 

  To calculate probability table 𝑃𝑃n(𝑇𝑇), we generate a lot of ladders. The evaluated nuclear data 

library contains the energy-dependent average resonance parameters. Therefore, the probability table 

is calculated in each energy point which corresponds to the energy-dependent parameters. Generally, 

the number of sampling energy grid point 𝐸𝐸𝑗𝑗 is 10,000 and the number of ladders is 20-100. When 

the number of energy points is 30, the cross section should be calculated 6-30 million times. Since 

the number of the energy grid points of the linearized cross section is less than a few million, the 

calculation of probability tables in all energy points requires a long calculation time. 

 

 
Figure 5.2.1 Example of pseudo resonance structure generation for the ladder method 

 

5.2.1 Determination of resonance energy 
  The average level spacing �̅�𝐷 is the mean value of the distribution of resonance spacing and it 

obeys the Wigner distribution. The resonance spacing is determined by multiplying the average level 

spacing �̅�𝐷 by the random number 𝑅𝑅𝑊𝑊 conforming to the Wigner distribution function. 𝑅𝑅𝑊𝑊 is 

calculated using the inverse transform sampling. The Wigner distribution function 𝑃𝑃𝑤𝑤(𝑦𝑦) is given 

as follows: 

𝑃𝑃𝑤𝑤(𝑦𝑦) =
𝜋𝜋
2 𝑦𝑦𝑒𝑒

−𝜋𝜋4𝑦𝑦
2. (5.2.1) 

The cumulative distribution function 𝐹𝐹𝑤𝑤(𝜁𝜁) of the Wigner distribution is 

𝐹𝐹𝑤𝑤(𝜁𝜁) = ∫ 𝑃𝑃𝑤𝑤(𝑦𝑦)
𝜁𝜁

0
d𝑦𝑦 = 1 − 𝑒𝑒−

𝜋𝜋
4𝜁𝜁

2. (5.2.2) 

The inverse function of 𝐹𝐹𝑤𝑤(𝜁𝜁) is 

P1

P2

P3

P4

E

σ

P5

(2)

(1)

(3)

(5)
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𝜁𝜁 = ±√4
𝜋𝜋 ln ( 1

1 − 𝐹𝐹𝑤𝑤(𝜁𝜁)). (5.2.3) 

Using Eq. (5.2.3), 𝑅𝑅𝑊𝑊 is calculated using the uniform random number 𝑅𝑅𝑢𝑢 as follows: 

𝑅𝑅𝑊𝑊 = 2
√𝜋𝜋

√ln ( 1
1 − 𝑅𝑅𝑢𝑢

) = 2
√𝜋𝜋

√ln ( 1
𝑅𝑅𝑢𝑢

). (5.2.4) 

 

5.2.2 Determination of resonance width 
  The resonance width 𝛤𝛤𝑟𝑟  distributes according to the chi-squared distribution with a certain 

number of degrees of freedom13). The resonance width is determined by multiplying the average 

resonance width 𝛤𝛤�̅�𝑟 by the chi-squared random numbers with 𝑘𝑘 degrees of freedom 𝑅𝑅𝜒𝜒2(𝑘𝑘). To 

calculate 𝑅𝑅𝜒𝜒2(𝑘𝑘), the PURR module in NJOY and the U3R code48) use discrete random numbers. 

Table 5.2.1 shows the chi-squared random numbers 𝑅𝑅𝜒𝜒2(𝑘𝑘) in PURR. For example, if 𝑅𝑅𝑢𝑢 is 0.03 

and the number of degrees of freedom is 1, the chi-squared random number is 0.0013100 from 

Table 5.2.1. The discrete random numbers are inappropriate because the resonance structure depends 

on the chi-squared random numbers. 

  To appropriately calculate the chi-squared random numbers, FRENDY uses49) 

𝑅𝑅𝜒𝜒2(𝑘𝑘) = {
𝑅𝑅Γ (𝑘𝑘

2 , 2)            (𝑘𝑘 > 1)

(𝑅𝑅𝑢𝑢)2𝑅𝑅Γ (3
2 , 2) (𝑘𝑘 = 1)

, (5.2.5) 

where 𝑅𝑅Γ(𝛼𝛼, 𝛽𝛽) is the gamma random number, 𝛼𝛼 a shape parameter, and 𝛽𝛽 a scale parameter. 

Marsaglina’s method50) is used to calculate the gamma random number. 
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Table 5.2.1 Chi-squared random numbers 𝑹𝑹𝝌𝝌𝟐𝟐(𝒌𝒌) in PURR 

 

 

5.2.3 Determination of Energy Grid Points 
  To calculate the probability 𝑃𝑃𝑛𝑛(𝑇𝑇) of 𝜎𝜎𝑛𝑛−1 ≤ 𝜎𝜎𝑟𝑟(𝐸𝐸, 𝑇𝑇) ≤ 𝜎𝜎𝑛𝑛, FRENDY sets 10,000 energy 
grid points in each ladder and calculates only the Doppler broadened cross-section on these 

energy grid points. The energy grid point is determined by the uniform random number 𝑅𝑅𝑢𝑢 as 
follows: 

𝐸𝐸𝑗𝑗 = 𝐸𝐸𝑚𝑚𝑚𝑚𝑛𝑛 + (𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐸𝐸𝑚𝑚𝑚𝑚𝑛𝑛) × 𝑅𝑅𝑢𝑢, (5.2.6) 

where 𝐸𝐸𝑗𝑗 is j-th energy grid point, 𝐸𝐸𝑚𝑚𝑚𝑚𝑛𝑛 the lower energy limit of a resonance range in the 

unresolved resonance region, and 𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚  the upper energy limit of the resonance range in the 

unresolved resonance region. 
 

5.2.4 Calculation of Cross Sections 
  In general, the kernel broadening method35), which is adopted in Doppler broadening of FRENDY, 

0.00~0.05 0.0013100 0.0508548 0.2068320 0.4594620
0.05~0.10 0.0091950 0.1561670 0.4707190 0.8937350
0.10~0.15 0.0250905 0.2673350 0.6919330 1.2175300
0.15~0.20 0.0492540 0.3850500 0.9016740 1.5087200
0.20~0.25 0.0820892 0.5101310 1.1086800 1.7860500
0.25~0.30 0.1241690 0.6435640 1.3176500 2.0585400
0.30~0.35 0.1762680 0.7865430 1.5319300 2.3319400
0.35~0.40 0.2394170 0.9405410 1.7544400 2.6106900
0.40~0.45 0.3149770 1.1074000 1.9881200 2.8987800
0.45~0.50 0.4047490 1.2894700 2.2362100 3.2003200
0.50~0.55 0.5111450 1.4898100 2.5025700 3.5199500
0.55~0.60 0.6374610 1.7124900 2.7921300 3.8633100
0.60~0.65 0.7883150 1.9631400 3.1114300 4.2377600
0.65~0.70 0.9704190 2.2498400 3.4696700 4.6534500
0.70~0.75 1.1940000 2.5847300 3.8805300 5.1253300
0.75~0.80 1.4757300 2.9874400 4.3658600 5.6771200

0.80~0.85 1.8454700 3.4927800 4.9641700 6.3504400
0.85~0.90 2.3652200 4.1723800 5.7542300 7.2299600

0.90~0.95 3.2037100 5.2188800 6.9464600 8.5410000
0.95~1.00 5.5820100 7.9914600 10.0048000 11.8359000

Ru Rχ2(1) Rχ2(2) Rχ2(3) Rχ2(4)

- 48 -

JAEA-Data/Code 2018-014



the BROADR module in NJOY, and SIGMA1 module in PREPRO9), is used to more accurately 

calculate the Doppler broadened cross-sections in the resolved resonance region than the other 

calculation methods. This method requires a long calculation time to calculate the Doppler 

broadened cross-sections. The ladder method generates a lot of resonance structures and calculates 

the Doppler broadened cross-sections. Thus, the kernel broadening method for the ladder method is 

not accepted in the unresolved resonance region from the view point of calculation time. 

  In the ENDF-6 format, only the Single-Level Breit-Wigner (SLBW) representation is available for 

the unresolved resonance region13). The SLBW approximation allows the use of the ψ-χ method47) 

which approximately calculates the Doppler broadened cross-sections in short calculation time. 

  In the ψ-χ method, the cross sections at T K are calculated as follows40): 

σ𝛾𝛾(𝐸𝐸, 𝑇𝑇) ≅
𝜎𝜎1𝛤𝛤𝛾𝛾𝛾𝛾

𝛤𝛤𝛾𝛾
𝜓𝜓(𝜁𝜁, 𝑥𝑥), (5.2.7) 

σ𝑓𝑓(𝐸𝐸, 𝑇𝑇) ≅
𝜎𝜎1𝛤𝛤𝑓𝑓𝛾𝛾

𝛤𝛤𝛾𝛾
𝜓𝜓(𝜁𝜁, 𝑥𝑥), (5.2.8) 

σ𝑠𝑠(𝐸𝐸, 𝑇𝑇) = 𝜎𝜎1 (𝜓𝜓(𝜁𝜁, 𝑥𝑥) (cos 2𝜙𝜙𝑙𝑙 − 1 + 𝛤𝛤𝑛𝑛𝛾𝛾
𝛤𝛤𝛾𝛾

) + χ(𝜁𝜁, 𝑥𝑥) sin 2𝜙𝜙𝑙𝑙) + σ𝑝𝑝, (5.2.9) 

where 

𝜎𝜎1 = 4𝜋𝜋
𝑘𝑘𝛾𝛾

2 𝑔𝑔𝐽𝐽
𝛤𝛤𝑛𝑛𝛾𝛾
𝛤𝛤𝛾𝛾

, (5.2.10) 

𝜓𝜓(𝜁𝜁, 𝑥𝑥) = ζ
2√𝜋𝜋

∫ 1
1 + 𝑦𝑦2 𝑒𝑒− ζ

2
4 (𝑥𝑥−𝑦𝑦)2∞

−∞
d𝑦𝑦, (5.2.11) 

χ(𝜁𝜁, 𝑥𝑥) = ζ
2√𝜋𝜋

∫ 𝑦𝑦
1 + 𝑦𝑦2 𝑒𝑒−ζ2

4 (𝑥𝑥−𝑦𝑦)2∞

−∞
d𝑦𝑦, (5.2.12) 

𝑥𝑥 = 2
𝛤𝛤𝛾𝛾

(𝐸𝐸 − 𝐸𝐸1), (5.2.13) 

𝑦𝑦 = 2
𝛤𝛤𝛾𝛾

(𝐸𝐸𝛾𝛾 − 𝐸𝐸1), (5.2.14) 

ζ = 𝛤𝛤𝛾𝛾

√4𝐸𝐸𝑘𝑘𝐵𝐵𝑇𝑇 𝑚𝑚
𝑀𝑀

, (5.2.15) 

𝐸𝐸1 = 𝐸𝐸𝛾𝛾 + 𝑆𝑆𝑙𝑙(|𝐸𝐸𝛾𝛾|) − 𝑆𝑆𝑙𝑙(𝐸𝐸)
2(𝑃𝑃𝑙𝑙(|𝐸𝐸𝛾𝛾|))

𝑃𝑃𝑙𝑙(𝐸𝐸)
𝑃𝑃𝑙𝑙(|𝐸𝐸𝛾𝛾|) 𝛤𝛤𝑛𝑛𝛾𝛾, (5.2.16) 

σ𝛾𝛾  the radiative capture cross-section, σ𝑓𝑓  the fission cross-section, σ𝑠𝑠 the elastic scattering 

cross-section, σ𝑝𝑝  the potential scattering cross-section, 𝛤𝛤𝛾𝛾  the total width, 𝛤𝛤𝛾𝛾𝛾𝛾  the radiative 

capture width, 𝛤𝛤𝑓𝑓𝛾𝛾  the fission width, 𝛤𝛤𝑛𝑛𝛾𝛾  the neutron widths, 𝑘𝑘𝛾𝛾  a wave number, 𝑔𝑔𝐽𝐽  a spin 

statistical factor, 𝐸𝐸 an incident neutron energy, 𝐸𝐸𝛾𝛾 a relative kinetic energy, 𝜙𝜙𝑙𝑙 a hard sphere 
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phase shift, 𝑆𝑆𝑙𝑙 a shift factor, 𝑃𝑃𝑙𝑙 a penetration factor, m the mass of neutron, M the mass of target 

nucleus, and 𝑘𝑘𝐵𝐵 the Boltzmann constant. 

  Equations (5.2.11) and (5.2.12) are rewritten as 

𝜓𝜓(𝑠𝑠, 𝑥𝑥) = 1
√𝜋𝜋

∫ 1

1 + (𝑥𝑥 − 2
ζ 𝑠𝑠)

2 𝑒𝑒− 𝑠𝑠2
∞

−∞
d𝑠𝑠 

                                = 𝜁𝜁
2√𝜋𝜋

∫
𝜁𝜁
2

𝑠𝑠2 − ζ𝑠𝑠𝑥𝑥 + 𝜁𝜁2
4 𝑥𝑥2 + 𝜁𝜁2

4
𝑒𝑒− 𝑠𝑠2

∞

−∞
d𝑠𝑠, 

(5.2.17) 

χ(𝑠𝑠, 𝑥𝑥) = 1
√𝜋𝜋

∫
𝑥𝑥 − 2

ζ 𝑠𝑠

1 + (𝑥𝑥 − 2
ζ 𝑠𝑠)

2 𝑒𝑒−𝑠𝑠2
∞

−∞
d𝑠𝑠 

                              = 𝜁𝜁
2√𝜋𝜋

∫
𝜁𝜁
2 𝑥𝑥 − 𝑠𝑠

𝑠𝑠2 − ζ𝑠𝑠𝑥𝑥 + 𝜁𝜁2
4 𝑥𝑥2 + 𝜁𝜁2

4
𝑒𝑒−𝑠𝑠2

∞

−∞
d𝑠𝑠, 

(5.2.18) 

where 

𝑠𝑠 = ζ
2 (𝑥𝑥 − 𝑦𝑦), (5.2.19) 

𝑦𝑦 = 𝑥𝑥 − 2
ζ 𝑠𝑠, (5.2.20) 

d𝑦𝑦
d𝑠𝑠 = − 2

𝜁𝜁. (5.2.21) 

We re-introduce the complex error function 𝑤𝑤(𝑧𝑧) mentioned in Eq. (2.3.41) as follows: 

𝑤𝑤(𝑧𝑧) = 𝑒𝑒−𝑧𝑧2erfc(−𝑖𝑖𝑧𝑧)  = 𝑒𝑒−𝑧𝑧2(1 − erf(−𝑖𝑖𝑧𝑧)) = 𝑖𝑖
𝜋𝜋 ∫ 𝑒𝑒−𝑠𝑠2

𝑧𝑧 − 𝑠𝑠 d𝑠𝑠
∞

−∞
. (5.2.22) 

Here erfc(𝛼𝛼) is the complimentary error function of complex argument 𝛼𝛼 , erf(𝛼𝛼) the error 

function of complex argument 𝛼𝛼, and 

𝑧𝑧 = (𝑥𝑥 + 𝑖𝑖) 𝜁𝜁
2 = 𝑢𝑢 + 𝑖𝑖ℎ, (5.2.23) 

where 

𝑢𝑢 = 𝜁𝜁
2 𝑥𝑥, (5.2.24) 

ℎ = 𝜁𝜁
2. (5.2.25) 

Substituting Eq. (5.2.23) into Eq. (5.2.22), the latter equation is rearranged as 
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                    𝑤𝑤(𝑧𝑧) = 𝑖𝑖
𝜋𝜋 ∫ 1

𝑠𝑠 − (𝑥𝑥 + 𝑖𝑖) 𝜁𝜁
2

𝑒𝑒−𝑠𝑠2
∞

−∞
d𝑠𝑠

= 𝑖𝑖
𝜋𝜋 ∫ (𝑠𝑠 − 𝜁𝜁

2 𝑥𝑥 + 𝑖𝑖 𝜁𝜁
2) 1

𝑠𝑠2 − 𝜁𝜁𝑠𝑠𝑥𝑥 + 𝜁𝜁2
4 𝑥𝑥2 + 𝜁𝜁2

4
𝑒𝑒−𝑠𝑠2

∞

−∞
d𝑠𝑠. 

(5.2.26) 

From the above equation, we obtain 

Re[𝑤𝑤(𝑧𝑧)] = 1
𝜋𝜋 ∫

𝜁𝜁
2

𝑠𝑠2 − 𝜁𝜁𝑠𝑠𝑥𝑥 + 𝜁𝜁2
4 𝑥𝑥2 + 𝜁𝜁2

4
𝑒𝑒−𝑠𝑠2

∞

−∞
d𝑠𝑠, (5.2.27) 

and 

Im[𝑤𝑤(𝑧𝑧)] = 1
𝜋𝜋 ∫

𝜁𝜁
2 𝑥𝑥 − 𝑠𝑠

𝑠𝑠2 − 𝜁𝜁𝑠𝑠𝑥𝑥 + 𝜁𝜁2
4 𝑥𝑥2 + 𝜁𝜁2

4
𝑒𝑒−𝑠𝑠2

∞

−∞
d𝑠𝑠. (5.2.28) 

Using Eqs. (5.2.27) and (5.2.28), Eqs. (5.2.17) and (5.2.18) are expressed as 

𝜓𝜓(𝑠𝑠, 𝑥𝑥) = 𝜁𝜁√𝜋𝜋
2 Re[𝑤𝑤(𝑧𝑧)], (5.2.29) 

𝜒𝜒(𝑠𝑠, 𝑥𝑥) = 𝜁𝜁√𝜋𝜋
2 Im[𝑤𝑤(𝑧𝑧)]. (5.2.30) 

As shown in Eqs. (5.2.29) and (5.2.30), 𝜓𝜓(𝑠𝑠, 𝑥𝑥) and χ(𝑠𝑠, 𝑥𝑥) are calculated using the real and 

imaginary parts of the complex error function 𝑤𝑤(𝑧𝑧). 

  To estimate the complex error function, some calculation methods are proposed51,52). We adopted 

the 4-pole Padé approximation53-55) to reduce the calculation time while keeping the enough accuracy. 

This is one of the most efficient methods to reduce the calculation time with the ψ-χ method. 

  The complex error function using the 4-pole Padé approximation is written as 

𝑤𝑤(𝑢𝑢 + 𝑖𝑖ℎ) ≈ 𝑖𝑖
√𝜋𝜋

𝑝𝑝0 + 𝑝𝑝1(𝑢𝑢 + 𝑖𝑖ℎ) + 𝑝𝑝2(𝑢𝑢 + 𝑖𝑖ℎ)2 + 𝑝𝑝3(𝑢𝑢 + 𝑖𝑖ℎ)3

1 + 𝑞𝑞1(𝑢𝑢 + 𝑖𝑖ℎ) + 𝑞𝑞2(𝑢𝑢 + 𝑖𝑖ℎ)2 + 𝑞𝑞3(𝑢𝑢 + 𝑖𝑖ℎ)3 + 𝑞𝑞4(𝑢𝑢 + 𝑖𝑖ℎ)4 

= 𝑖𝑖
√𝜋𝜋

𝐴𝐴1𝑢𝑢 + 𝐴𝐴2𝑢𝑢3 + 𝑖𝑖(𝐴𝐴3 + 𝐴𝐴4𝑢𝑢2)
𝐵𝐵1 + 𝐵𝐵2𝑢𝑢2 + 𝐵𝐵3𝑢𝑢4 + 𝑖𝑖(𝐵𝐵4𝑢𝑢 + 𝐵𝐵5𝑢𝑢3),                      

(5.2.31) 

where 

𝐴𝐴1 = 𝑝𝑝1 − 2𝑝𝑝2ℎ − 3𝑝𝑝3ℎ2, (5.2.32) 

𝐴𝐴2 = 𝑝𝑝3, (5.2.33) 

𝐴𝐴3 = 𝑝𝑝0 + 𝑝𝑝1ℎ − 𝑝𝑝2ℎ2 − 𝑝𝑝3ℎ3, (5.2.34) 

𝐴𝐴4 = 𝑝𝑝2 + 3𝑝𝑝3ℎ, (5.2.35) 

𝐵𝐵1 = 1 − 𝑞𝑞1ℎ − 𝑞𝑞2ℎ2 + 𝑞𝑞3ℎ3+𝑞𝑞4ℎ4, (5.2.36) 

𝐵𝐵2 = 𝑞𝑞2 − 3𝑞𝑞3ℎ − 6𝑞𝑞4ℎ2, (5.2.37) 

𝐵𝐵3 = 𝑞𝑞4, (5.2.38) 

𝐵𝐵4 = 𝑞𝑞1 + 2𝑞𝑞2ℎ − 3𝑞𝑞3ℎ2 − 4𝑞𝑞4ℎ3, (5.2.39) 
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𝐵𝐵5 = 𝑞𝑞3 + 4𝑞𝑞4ℎ, (5.2.40) 

𝑝𝑝0 = 𝑖𝑖√𝜋𝜋, (5.2.41) 

𝑝𝑝1 =
−15𝜋𝜋2 + 88𝜋𝜋 − 128
2(6𝜋𝜋2 − 29𝜋𝜋 + 32) , (5.2.42) 

𝑝𝑝2 = −𝑖𝑖 −33𝜋𝜋 + 104
6(6𝜋𝜋2 − 29𝜋𝜋 + 32)√𝜋𝜋, (5.2.43) 

𝑝𝑝3 = − 9𝜋𝜋2 − 69𝜋𝜋 + 128
3(6𝜋𝜋2 − 29𝜋𝜋 + 32), (5.2.44) 

𝑞𝑞1 = −𝑖𝑖 9𝜋𝜋 − 28
2(6𝜋𝜋2 − 29𝜋𝜋 + 32)√𝜋𝜋, (5.2.45) 

𝑞𝑞2 = −−36𝜋𝜋2 + 195𝜋𝜋 − 256
6(6𝜋𝜋2 − 29𝜋𝜋 + 32) , (5.2.46) 

𝑞𝑞3 = 𝑖𝑖 −33𝜋𝜋 + 104
6(6𝜋𝜋2 − 29𝜋𝜋 + 32)√𝜋𝜋, (5.2.47) 

𝑞𝑞4 =
9𝜋𝜋2 − 69𝜋𝜋 + 128
3(6𝜋𝜋2 − 29𝜋𝜋 + 32). (5.2.48) 

  

5.2.5 Calculation of the probability 
  To calculate the probability of the n-th bin 𝑃𝑃𝑛𝑛(𝑇𝑇), we count the number of energy grid points 
that the total cross-section 𝜎𝜎𝑡𝑡,𝑗𝑗(𝐸𝐸𝑗𝑗, 𝑇𝑇) satisfies the following equation 

𝜎𝜎𝑛𝑛−1 ≤ 𝜎𝜎𝑡𝑡,𝑗𝑗(𝐸𝐸𝑗𝑗, 𝑇𝑇) ≤ 𝜎𝜎𝑛𝑛. (5.2.49) 

  The PENDF file contains 𝑃𝑃𝑛𝑛(𝑇𝑇), average cross-section �̅�𝜎𝑟𝑟(𝑇𝑇), and cross section of the n-th bin 

𝜎𝜎𝑟𝑟,𝑛𝑛(𝑇𝑇). �̅�𝜎𝑟𝑟(𝑇𝑇) and 𝜎𝜎𝑟𝑟,𝑛𝑛(𝑇𝑇) are obtained by 

�̅�𝜎𝑟𝑟(𝑇𝑇) =
∑ 𝜎𝜎𝑟𝑟,𝑗𝑗(𝐸𝐸𝑗𝑗, 𝑇𝑇)𝑗𝑗

𝑁𝑁𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑟𝑟 × 𝑁𝑁𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠𝑙𝑙𝑙𝑙
, (5.2.50) 

𝜎𝜎𝑟𝑟,𝑛𝑛(𝑇𝑇) =
�̅�𝜎𝑟𝑟,𝑛𝑛(𝑇𝑇)
�̅�𝜎𝑟𝑟(𝑇𝑇)

, (5.2.51) 

where, �̅�𝜎𝑥𝑥,𝑛𝑛 is an average cross-section of 𝜎𝜎𝑛𝑛−1 ≤ 𝜎𝜎𝑡𝑡,𝑗𝑗(𝐸𝐸𝑗𝑗, 𝑇𝑇) < 𝜎𝜎𝑛𝑛 , 𝑁𝑁𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑟𝑟  the number of 
ladders, and 𝑁𝑁𝑠𝑠𝑙𝑙𝑠𝑠𝑠𝑠𝑙𝑙𝑙𝑙 the number of sampling energy grid points. 

  The Bondarenko-style self-shielded cross-section 𝜎𝜎𝑏𝑏,𝑟𝑟(𝑇𝑇) is also calculated using 𝜎𝜎𝑟𝑟,𝑛𝑛(𝑇𝑇) and 

�̅�𝜎𝑡𝑡,𝑛𝑛(𝑇𝑇) as follows: 

𝜎𝜎𝑏𝑏,𝑟𝑟(𝑇𝑇) =
∑ 𝜎𝜎0�̅�𝜎𝑟𝑟,𝑛𝑛(𝑇𝑇)

𝜎𝜎0 + �̅�𝜎𝑡𝑡,𝑛𝑛(𝑇𝑇)𝑛𝑛

∑ 𝜎𝜎0
𝜎𝜎0 + �̅�𝜎𝑡𝑡,𝑛𝑛(𝑇𝑇)𝑛𝑛

, (5.2.52) 

where 𝑟𝑟 is the reaction type, i.e., the total, elastic scattering, fission, and radiative capture. 
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5.3 Investigation of Appropriate Number of Ladders 
  The ladder method generates a lot of pseudo resonance structures to produce a probability table. 

Investigation of the appropriate number of ladders, i.e., the number of pseudo resonance structures, 

is important to reduce nuclear data processing time while keeping the accuracy of neutronics 

calculations55). 

  To determine the appropriate number of ladders, we address major heavy nuclides, i.e., 232Th, 233U, 
234U, 235U, 238U, 237Np, 238Pu, 239Pu, 240Pu, 241Pu, 242Pu, 241Am, and 242Cm, from JENDL-4.01) as 

target nuclides. The number of probability bins is 20 and the number of ladders is 10, 50, 100, 200, 

300, and 500. The number of ladders for the reference case is 1,000. The calculation time of 235U and 
238U are 10 hours and 4 hours, respectively, using Intel Core i7-3960X processor (3.30GHz) without 

parallel computation when the number of ladders is 1,000. From the view point of calculation time, 

the larger number of ladders is not acceptable. 

  As described in Sec. 5.2, the probability table is calculated in each energy point which 

corresponds to the energy-dependent average resonance parameter. In this study, we compared the 

RMS value of the all energy points and probability bins. The RMS value 𝑅𝑅𝑅𝑅𝑅𝑅𝑙𝑙,𝑟𝑟(𝑇𝑇) is calculated 

as follows: 

𝑅𝑅𝑅𝑅𝑅𝑅𝑙𝑙,𝑟𝑟(𝑇𝑇) = √∑ ∑ {𝑃𝑃𝑙𝑙𝑟𝑟𝑟𝑟𝑟𝑟,𝑔𝑔,𝑛𝑛(𝑇𝑇) × 𝜎𝜎𝑙𝑙𝑟𝑟𝑟𝑟𝑟𝑟,𝑟𝑟,𝑔𝑔,𝑛𝑛(𝑇𝑇) − 𝑃𝑃𝑙𝑙,𝑔𝑔,𝑛𝑛(𝑇𝑇) × 𝜎𝜎𝑙𝑙,𝑟𝑟,𝑔𝑔,𝑛𝑛(𝑇𝑇)}
2𝐵𝐵𝑛𝑛

𝐺𝐺
𝑔𝑔

𝐺𝐺 × 𝐵𝐵 , (5.3.1) 

where 𝑙𝑙 is an index of the ladder number, 𝑥𝑥 a reaction type, 𝐺𝐺 the number of energy points, 𝐵𝐵 
the number of probability bin, and 𝑙𝑙𝑟𝑟𝑟𝑟𝑟𝑟 a reference ladder number. Tables 5.3.1 - 5.3.3 show the 

RMS value of each ladder number. As shown in Tables 5.3.1 - 5.3.3, the RMS values are enough 

small when the number of ladders is 100. The generation time of the probability table for each 

nuclide (number of ladders: 100, number of temperatures: 1) was usually 1-2 hours. This generation 

time is acceptable from the view point of the current computational performance. 
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Table 5.3.1 RMS value of probability table difference in each number of ladders (293.6 K) (1/3) 

 

10 0.20% 0.20% 0.18% 0.22%
20 0.15% 0.15% 0.14% 0.16%
30 0.12% 0.12% 0.11% 0.12%
50 0.08% 0.08% 0.08% 0.09%

100 0.06% 0.06% 0.06% 0.07%
200 0.05% 0.05% 0.04% 0.05%
300 0.04% 0.04% 0.03% 0.04%
500 0.03% 0.03% 0.03% 0.03%
10 0.31% 0.31% 0.33% 0.35%
20 0.24% 0.23% 0.26% 0.27%
30 0.18% 0.18% 0.20% 0.22%
50 0.16% 0.16% 0.17% 0.19%

100 0.11% 0.10% 0.12% 0.12%
200 0.08% 0.08% 0.08% 0.09%
300 0.06% 0.06% 0.06% 0.07%
500 0.05% 0.05% 0.05% 0.05%
10 0.23% 0.23% 0.33% 0.26%
20 0.15% 0.15% 0.23% 0.17%
30 0.14% 0.14% 0.21% 0.16%
50 0.09% 0.09% 0.13% 0.11%

100 0.07% 0.07% 0.09% 0.08%
200 0.05% 0.05% 0.06% 0.05%
300 0.04% 0.04% 0.05% 0.05%
500 0.03% 0.03% 0.05% 0.04%
10 0.31% 0.30% 0.33% 0.34%
20 0.23% 0.22% 0.24% 0.25%
30 0.18% 0.18% 0.19% 0.20%
50 0.14% 0.13% 0.15% 0.15%

100 0.10% 0.10% 0.11% 0.11%
200 0.07% 0.07% 0.08% 0.08%
300 0.06% 0.06% 0.07% 0.07%
500 0.05% 0.05% 0.05% 0.05%
10 0.22% 0.22% 0.20% 0.23%
20 0.14% 0.14% 0.13% 0.15%
30 0.11% 0.12% 0.11% 0.12%
50 0.09% 0.09% 0.08% 0.09%

100 0.07% 0.07% 0.06% 0.08%
200 0.05% 0.05% 0.05% 0.05%
300 0.04% 0.04% 0.04% 0.04%
500 0.03% 0.03% 0.03% 0.03%

232Th

233U

234U

235U

236U

RadiationNuclide Ladder
No.

Total Scatter Fission
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Table 5.3.1 RMS value of probability table difference in each number of ladders (293.6 K) (2/3) 

 

10 0.23% 0.23% 0.22% 0.23%
20 0.15% 0.15% 0.15% 0.17%
30 0.12% 0.12% 0.12% 0.13%
50 0.10% 0.10% 0.10% 0.11%

100 0.08% 0.08% 0.07% 0.08%
200 0.06% 0.06% 0.06% 0.06%
300 0.04% 0.04% 0.04% 0.05%
500 0.03% 0.03% 0.03% 0.03%
10 0.31% 0.30% 0.36% 0.32%
20 0.22% 0.22% 0.25% 0.24%
30 0.18% 0.18% 0.20% 0.19%
50 0.15% 0.14% 0.17% 0.15%

100 0.11% 0.11% 0.11% 0.11%
200 0.07% 0.07% 0.08% 0.07%
300 0.07% 0.07% 0.07% 0.07%
500 0.05% 0.05% 0.05% 0.05%
10 0.24% 0.24% 0.34% 0.27%
20 0.16% 0.16% 0.25% 0.18%
30 0.13% 0.13% 0.20% 0.15%
50 0.11% 0.11% 0.16% 0.12%

100 0.09% 0.09% 0.12% 0.10%
200 0.05% 0.05% 0.07% 0.06%
300 0.04% 0.05% 0.06% 0.05%
500 0.04% 0.04% 0.05% 0.04%
10 0.26% 0.26% 0.30% 0.30%
20 0.19% 0.18% 0.22% 0.22%
30 0.14% 0.14% 0.16% 0.16%
50 0.12% 0.12% 0.15% 0.14%

100 0.08% 0.08% 0.09% 0.10%
200 0.06% 0.06% 0.06% 0.07%
300 0.05% 0.05% 0.05% 0.06%
500 0.04% 0.04% 0.05% 0.05%
10 0.23% 0.23% 0.28% 0.24%
20 0.16% 0.16% 0.22% 0.18%
30 0.12% 0.12% 0.18% 0.14%
50 0.10% 0.10% 0.13% 0.11%

100 0.06% 0.06% 0.08% 0.07%
200 0.05% 0.05% 0.06% 0.05%
300 0.04% 0.04% 0.05% 0.04%
500 0.03% 0.03% 0.04% 0.04%

Nuclide

238Pu

239Pu

240Pu

238U

Ladder
No.

Total Scatter Fission Radiation

237Np
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Table 5.3.1 RMS value of probability table difference in each number of ladders (293.6 K) (3/3) 

 

  

10 0.19% 0.18% 0.23% 0.24%
20 0.14% 0.13% 0.16% 0.17%
30 0.11% 0.10% 0.12% 0.13%
50 0.09% 0.08% 0.10% 0.11%

100 0.06% 0.06% 0.07% 0.08%
200 0.05% 0.05% 0.05% 0.06%
300 0.04% 0.04% 0.04% 0.05%
500 0.03% 0.03% 0.04% 0.04%
10 0.21% 0.21% 0.33% 0.23%
20 0.14% 0.14% 0.22% 0.15%
30 0.12% 0.12% 0.19% 0.13%
50 0.09% 0.09% 0.14% 0.11%

100 0.06% 0.06% 0.10% 0.07%
200 0.05% 0.05% 0.07% 0.05%
300 0.04% 0.04% 0.05% 0.04%
500 0.03% 0.03% 0.05% 0.04%
10 0.30% 0.29% 0.36% 0.31%
20 0.22% 0.21% 0.26% 0.23%
30 0.17% 0.16% 0.20% 0.18%
50 0.14% 0.14% 0.17% 0.15%

100 0.10% 0.10% 0.11% 0.10%
200 0.07% 0.07% 0.08% 0.08%
300 0.06% 0.06% 0.07% 0.07%
500 0.04% 0.04% 0.05% 0.05%
10 0.25% 0.25% 0.39% 0.28%
20 0.19% 0.18% 0.28% 0.21%
30 0.14% 0.14% 0.20% 0.16%
50 0.11% 0.10% 0.17% 0.13%

100 0.08% 0.08% 0.12% 0.09%
200 0.06% 0.06% 0.07% 0.06%
300 0.05% 0.05% 0.07% 0.05%
500 0.04% 0.04% 0.05% 0.04%

241Pu

Nuclide Ladder
No.

Total Scatter Fission Radiation

242Cm

242Pu

241Am
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Table 5.3.2 RMS value of probability table difference in each number of ladders (1000 K) (1/3) 

 

10 0.25% 0.25% 0.23% 0.26%
20 0.15% 0.15% 0.14% 0.16%
30 0.14% 0.14% 0.13% 0.15%
50 0.10% 0.10% 0.10% 0.11%

100 0.08% 0.08% 0.08% 0.08%
200 0.06% 0.06% 0.05% 0.06%
300 0.04% 0.04% 0.04% 0.05%
500 0.03% 0.03% 0.03% 0.04%
10 0.41% 0.40% 0.42% 0.44%
20 0.31% 0.31% 0.33% 0.34%
30 0.23% 0.23% 0.25% 0.25%
50 0.19% 0.19% 0.21% 0.22%

100 0.14% 0.14% 0.15% 0.16%
200 0.09% 0.09% 0.10% 0.11%
300 0.08% 0.08% 0.09% 0.09%
500 0.06% 0.06% 0.07% 0.07%
10 0.27% 0.27% 0.34% 0.28%
20 0.18% 0.18% 0.24% 0.19%
30 0.16% 0.16% 0.21% 0.18%
50 0.11% 0.11% 0.15% 0.12%

100 0.08% 0.08% 0.10% 0.09%
200 0.05% 0.05% 0.06% 0.06%
300 0.05% 0.05% 0.06% 0.05%
500 0.04% 0.04% 0.05% 0.04%
10 0.42% 0.42% 0.44% 0.45%
20 0.30% 0.30% 0.31% 0.32%
30 0.25% 0.25% 0.27% 0.27%
50 0.18% 0.18% 0.19% 0.19%

100 0.13% 0.13% 0.14% 0.13%
200 0.09% 0.09% 0.10% 0.09%
300 0.08% 0.08% 0.08% 0.08%
500 0.07% 0.06% 0.07% 0.07%
10 0.28% 0.28% 0.26% 0.30%
20 0.17% 0.17% 0.16% 0.18%
30 0.14% 0.14% 0.13% 0.14%
50 0.10% 0.10% 0.10% 0.11%

100 0.09% 0.09% 0.08% 0.09%
200 0.06% 0.06% 0.06% 0.06%
300 0.05% 0.05% 0.05% 0.05%
500 0.04% 0.04% 0.03% 0.04%

232Th

Nuclide Ladder
No.

Total Scatter Fission Radiation

233U

234U

235U

236U
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Table 5.3.2 RMS value of probability table difference in each number of ladders (1000 K) (2/3) 

 

10 0.28% 0.28% 0.27% 0.29%
20 0.20% 0.20% 0.19% 0.20%
30 0.15% 0.15% 0.15% 0.16%
50 0.13% 0.13% 0.13% 0.14%

100 0.09% 0.09% 0.09% 0.09%
200 0.07% 0.07% 0.07% 0.07%
300 0.05% 0.05% 0.05% 0.06%
500 0.04% 0.04% 0.04% 0.04%
10 0.40% 0.40% 0.43% 0.41%
20 0.32% 0.32% 0.34% 0.33%
30 0.25% 0.25% 0.26% 0.26%
50 0.19% 0.18% 0.20% 0.19%

100 0.14% 0.14% 0.14% 0.14%
200 0.10% 0.10% 0.10% 0.10%
300 0.08% 0.08% 0.09% 0.09%
500 0.07% 0.07% 0.07% 0.07%
10 0.29% 0.29% 0.36% 0.31%
20 0.19% 0.19% 0.26% 0.21%
30 0.14% 0.14% 0.19% 0.16%
50 0.13% 0.13% 0.16% 0.14%

100 0.09% 0.09% 0.11% 0.10%
200 0.06% 0.06% 0.07% 0.06%
300 0.05% 0.05% 0.06% 0.05%
500 0.04% 0.04% 0.05% 0.04%
10 0.32% 0.31% 0.36% 0.35%
20 0.24% 0.24% 0.26% 0.27%
30 0.19% 0.19% 0.20% 0.20%
50 0.15% 0.15% 0.17% 0.16%

100 0.10% 0.10% 0.11% 0.11%
200 0.08% 0.07% 0.08% 0.08%
300 0.06% 0.06% 0.07% 0.07%
500 0.05% 0.05% 0.06% 0.06%
10 0.27% 0.27% 0.32% 0.27%
20 0.18% 0.18% 0.23% 0.19%
30 0.15% 0.15% 0.18% 0.16%
50 0.12% 0.12% 0.14% 0.12%

100 0.07% 0.07% 0.09% 0.08%
200 0.06% 0.06% 0.07% 0.06%
300 0.05% 0.05% 0.06% 0.05%
500 0.04% 0.04% 0.05% 0.04%

238U

238Pu

239Pu

240Pu

Nuclide Ladder
No.

Total Scatter Fission Radiation

237Np
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Table 5.3.2 RMS value of probability table difference in each number of ladders (1000 K) (3/3) 

 

 

  

10 0.22% 0.21% 0.25% 0.24%
20 0.16% 0.15% 0.18% 0.18%
30 0.13% 0.13% 0.14% 0.14%
50 0.11% 0.11% 0.12% 0.13%

100 0.07% 0.07% 0.08% 0.08%
200 0.06% 0.06% 0.06% 0.06%
300 0.05% 0.04% 0.05% 0.05%
500 0.04% 0.04% 0.04% 0.04%
10 0.26% 0.26% 0.33% 0.26%
20 0.17% 0.17% 0.24% 0.19%
30 0.13% 0.13% 0.17% 0.15%
50 0.10% 0.10% 0.14% 0.12%

100 0.08% 0.08% 0.09% 0.09%
200 0.05% 0.05% 0.07% 0.06%
300 0.04% 0.04% 0.06% 0.05%
500 0.04% 0.04% 0.05% 0.04%
10 0.43% 0.42% 0.46% 0.43%
20 0.29% 0.29% 0.32% 0.30%
30 0.24% 0.24% 0.26% 0.24%
50 0.18% 0.18% 0.21% 0.19%

100 0.13% 0.13% 0.14% 0.13%
200 0.10% 0.09% 0.10% 0.10%
300 0.08% 0.08% 0.09% 0.08%
500 0.07% 0.07% 0.07% 0.07%
10 0.30% 0.30% 0.40% 0.32%
20 0.22% 0.21% 0.30% 0.24%
30 0.17% 0.17% 0.23% 0.19%
50 0.13% 0.12% 0.16% 0.14%

100 0.09% 0.09% 0.12% 0.10%
200 0.06% 0.06% 0.08% 0.07%
300 0.06% 0.06% 0.07% 0.06%
500 0.05% 0.04% 0.06% 0.05%

241Pu

Nuclide Ladder
No.

Total Scatter Fission Radiation

242Cm

242Pu

241Am
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Table 5.3.3 RMS value of probability table difference in each number of ladders (2000 K) (1/3) 

 

10 0.28% 0.28% 0.26% 0.30%
20 0.17% 0.18% 0.16% 0.18%
30 0.16% 0.16% 0.15% 0.16%
50 0.11% 0.11% 0.10% 0.11%

100 0.09% 0.09% 0.09% 0.09%
200 0.06% 0.06% 0.06% 0.07%
300 0.05% 0.05% 0.05% 0.05%
500 0.04% 0.04% 0.04% 0.04%
10 0.45% 0.44% 0.46% 0.48%
20 0.36% 0.36% 0.37% 0.38%
30 0.28% 0.28% 0.28% 0.29%
50 0.23% 0.23% 0.24% 0.25%

100 0.17% 0.16% 0.17% 0.18%
200 0.11% 0.11% 0.11% 0.12%
300 0.10% 0.09% 0.10% 0.10%
500 0.08% 0.08% 0.08% 0.08%
10 0.32% 0.32% 0.37% 0.33%
20 0.22% 0.22% 0.28% 0.23%
30 0.17% 0.17% 0.22% 0.18%
50 0.12% 0.12% 0.15% 0.13%

100 0.09% 0.09% 0.10% 0.09%
200 0.07% 0.07% 0.08% 0.07%
300 0.05% 0.05% 0.06% 0.06%
500 0.04% 0.04% 0.05% 0.05%
10 0.48% 0.48% 0.49% 0.51%
20 0.36% 0.36% 0.37% 0.37%
30 0.30% 0.30% 0.31% 0.31%
50 0.24% 0.24% 0.24% 0.25%

100 0.15% 0.15% 0.16% 0.16%
200 0.12% 0.12% 0.12% 0.11%
300 0.09% 0.09% 0.09% 0.10%
500 0.08% 0.08% 0.08% 0.08%
10 0.32% 0.32% 0.31% 0.33%
20 0.20% 0.20% 0.19% 0.21%
30 0.16% 0.16% 0.15% 0.16%
50 0.13% 0.13% 0.12% 0.13%

100 0.10% 0.10% 0.10% 0.10%
200 0.07% 0.07% 0.07% 0.07%
300 0.06% 0.06% 0.05% 0.06%
500 0.04% 0.04% 0.04% 0.04%

232Th

233U

234U

235U

236U

Fission RadiationNuclide Ladder
No.

Total Scatter
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Table 5.3.3 RMS value of probability table difference in each number of ladders (2000 K) (2/3) 

 

10 0.31% 0.31% 0.30% 0.32%
20 0.22% 0.22% 0.22% 0.23%
30 0.17% 0.17% 0.17% 0.18%
50 0.15% 0.15% 0.15% 0.16%

100 0.10% 0.10% 0.10% 0.10%
200 0.09% 0.09% 0.08% 0.09%
300 0.06% 0.06% 0.06% 0.06%
500 0.05% 0.05% 0.05% 0.05%
10 0.48% 0.48% 0.51% 0.49%
20 0.38% 0.38% 0.40% 0.39%
30 0.29% 0.29% 0.30% 0.29%
50 0.23% 0.23% 0.24% 0.23%

100 0.15% 0.15% 0.15% 0.15%
200 0.12% 0.12% 0.13% 0.12%
300 0.10% 0.10% 0.11% 0.10%
500 0.08% 0.08% 0.08% 0.08%
10 0.32% 0.32% 0.38% 0.34%
20 0.22% 0.22% 0.28% 0.23%
30 0.15% 0.15% 0.20% 0.17%
50 0.13% 0.13% 0.16% 0.14%

100 0.10% 0.10% 0.12% 0.11%
200 0.06% 0.06% 0.07% 0.07%
300 0.06% 0.06% 0.06% 0.06%
500 0.04% 0.04% 0.05% 0.05%
10 0.36% 0.36% 0.39% 0.39%
20 0.27% 0.27% 0.30% 0.29%
30 0.20% 0.20% 0.22% 0.22%
50 0.18% 0.17% 0.20% 0.19%

100 0.13% 0.13% 0.13% 0.14%
200 0.08% 0.08% 0.09% 0.09%
300 0.08% 0.08% 0.08% 0.08%
500 0.06% 0.06% 0.07% 0.07%
10 0.31% 0.31% 0.35% 0.31%
20 0.21% 0.21% 0.25% 0.22%
30 0.17% 0.18% 0.20% 0.18%
50 0.13% 0.13% 0.15% 0.13%

100 0.08% 0.08% 0.09% 0.08%
200 0.06% 0.06% 0.07% 0.07%
300 0.06% 0.06% 0.06% 0.06%
500 0.05% 0.05% 0.05% 0.05%

238Pu

239Pu

240Pu

238U

237Np

Nuclide Ladder
No.

Total Scatter Fission Radiation
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Table 5.3.3 RMS value of probability table difference in each number of ladders (2000 K) (3/3) 

 

 

  

10 0.25% 0.25% 0.28% 0.27%
20 0.18% 0.17% 0.20% 0.19%
30 0.15% 0.14% 0.16% 0.16%
50 0.12% 0.12% 0.13% 0.14%

100 0.08% 0.08% 0.09% 0.09%
200 0.06% 0.06% 0.06% 0.07%
300 0.05% 0.05% 0.06% 0.06%
500 0.04% 0.04% 0.04% 0.04%
10 0.29% 0.30% 0.35% 0.29%
20 0.20% 0.20% 0.25% 0.21%
30 0.15% 0.15% 0.20% 0.16%
50 0.11% 0.11% 0.14% 0.12%

100 0.09% 0.09% 0.11% 0.10%
200 0.06% 0.06% 0.07% 0.06%
300 0.05% 0.05% 0.06% 0.05%
500 0.04% 0.04% 0.05% 0.04%
10 0.50% 0.49% 0.52% 0.50%
20 0.37% 0.36% 0.39% 0.37%
30 0.29% 0.29% 0.31% 0.30%
50 0.21% 0.21% 0.23% 0.22%

100 0.16% 0.16% 0.17% 0.17%
200 0.11% 0.11% 0.11% 0.11%
300 0.10% 0.10% 0.10% 0.10%
500 0.08% 0.08% 0.09% 0.08%
10 0.34% 0.34% 0.44% 0.36%
20 0.25% 0.25% 0.32% 0.26%
30 0.19% 0.19% 0.24% 0.21%
50 0.15% 0.14% 0.18% 0.15%

100 0.11% 0.11% 0.13% 0.11%
200 0.07% 0.07% 0.08% 0.07%
300 0.06% 0.06% 0.08% 0.06%
500 0.05% 0.05% 0.06% 0.05%

241Pu

Fission Radiation

242Cm

Nuclide

242Pu

241Am

Ladder
No.

Total Scatter
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6 Gas Production Cross-Section Calculation 

  When the incident particle energy is large, the induced nuclear reactions yield such the light 

particles as proton (1H), deuteron (2H), triton (3H), 3He, and alpha particle (4He). These light 

particles accumulate as gases in a nuclear system. The estimation of the gas generation is important 

since the gas generation affects the embrittlement of material and the internal gas pressure in a fuel 

pin. 

  Though the ENDF-6 format defines the total gas production cross-sections, i.e., (z, Xp), (z, Xd), 

(z, Xt), (z, X3He), and (z, Xα) in MT 203-207 sections of File 3, these production cross-sections are 

mainly used for derived libraries13). Here, z is the incident particle and X is the number of emitted 

light particles. FRENDY sums all the gas production reactions to calculate the total gas production 

cross-sections. For example, when a nucleus has only (n, p) and (n, 2p) reactions for gas production 

cross-section, the total proton production cross-section σ(𝑛𝑛,𝑋𝑋𝑋𝑋)(𝐸𝐸) is calculated as follows:  

σ(𝑛𝑛,𝑋𝑋𝑋𝑋)(𝐸𝐸) = σ(𝑛𝑛,𝑋𝑋)(𝐸𝐸) + 2 × σ(𝑛𝑛,2𝑋𝑋)(𝐸𝐸), (6.1) 

where 𝐸𝐸 is the incident particle energy. 

  FRENDY also considers the residual nucleus for the calculation of the total gas production 

cross-section. For example, 2H(n, γ)3H or 6Li(n, α)3H reactions yield tritium as the residual nucleus. 

In such cases, FRENDY adds tritium to the total gas production cross-section. 

  FRENDY overwrites the total gas production cross-sections even if the total gas production 

cross-sections are already defined in the evaluated nuclear data file. 
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7 ACE File Generation 

  Continuous-energy Monte Carlo calculation codes do not use either the evaluated nuclear data file 

or the PENDF file which is the intermediate file of NJOY7,8), directly. The ACE (A Compact ENDF) 

file is one of the cross-section data library formats and it is employed in many continuous-energy 

Monte Carlo calculation codes including PHITS4), MCNP15), and Serpent16). Users can consult the 

MCNP manual15) for the ACE format. The ACE format is designed to include all the details of the 

ENDF-6 representations for neutron and photon data40). The ACE format adopts the unionized 

energy grid and the cumulative probability distribution for the Monte Carlo calculation codes to 

handle the data conveniently. The unit of energy is changed from eV to MeV. The detail of the 

transformation is explained in Reference 40. 

  The ACE file generation module transforms the original nuclear data format, e.g., the ENDF-6 

format13), to the ACE format. The ACE file generation module transforms the original angular and 

energy distributions to the specific representation suitable for Monte Carlo sampling procedures.  

  The ACE format provides for several different “data classes8)” as shown in Table 7.1. Each class is 

distinguished by the suffix. For example, “92235.50c” represents the continuous-energy neutron data. 

It should be noted that the current version of FRENDY does not generate the photo-atomic and the 

photo-nuclear data. Though the processing modules for the continuous-energy neutron data, the 

thermal scattering law data, and the dosimetry data are well verified, those for the other data, i.e., the 

continuous-energy photon, deuteron, triton, 3He, and alpha data, are not verified. Users must 

carefully check the processing results when they process these incident particles data. 

  As described in Sec. 1.2, FRENDY prepares the ACE data parser and writer modules to easily 

handle the ACE file. There are some cases where users want to modify the cross-section data library 

to estimate the impact of the modification of cross-section data library on the nuclear calculation 

results. The modification of the ACE file is so difficult for the users who do not know well about the 

ACE format. The ACE file uses random access with pointers to the various parts of the data. If the 

users want to modify the parameters of the ACE files, they also have to modify the pointers. The 

users can easily modify the ACE file using the ACE data parser and writer modules of FRENDY 

since FRENDY automatically adjust the pointers in the writer module. 
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Table 7.1 ACE data classes and suffixes 

 

 

  

Suffix ACE data class Implementation of FRENDY
c continuous-energy neutron data Yes
t thermal scattering law data Yes
y dosimetry data Yes
p photo-atomic data No
u photonuclear data No
h continuous-energy proton data Yes but not verified
o continuous-energy deuteron data Yes but not verified
r continuous-energy triton data Yes but not verified
s continuous-energy 3He data Yes but not verified
a continuous-energy alpha data Yes but not verified
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8 Input Instructions 

8.1 Input Format 
  FRENDY accepts two types of input formats: 

 

 FRENDY original input format, 

 NJOY997) compatible format. 

 

  The original input format requires only the processing mode name and evaluated nuclear data file 

name at minimum. FRENDY has default values in the source code for the processing. Users can give 

the parameters in the input file if they want to change the parameters. The original input format is 

simple and it does not require the expertise of the nuclear data processing. 

  FRENDY can also treat the NJOY99 input files. Many users process the evaluated nuclear data 

file with NJOY. They can easily use FRENDY without changing the input files for NJOY. They can 

therefore replace NJOY modules with FRENDY ones as they need. In addition, the modules of 

FRENDY and NJOY can be used in combination. For example, users can generate the multi-group 

cross-section data library using the GROUPR module of NJOY with the PENDF file generated by 

FRENDY. 

 

8.2 FRENDY Original Input Format 
  In the conventional processing code including NJOY and PREPRO9), users have to select the 

running modules and prepare the input parameters for these modules to generate the cross-section 

data library. FRENDY automatically generates the cross-section data library with the recommended 

processing flow as shown in Fig. 8.2.1 when users select an appropriate processing mode at least. 

They do not need to worry about what modules are required to generate the cross-section data library 

when they use FRENDY original input format. FRENDY also prepares the skip option to manually 

select the modules to be executed. Using this option, users can skip some modules in the 

recommended processing flow. 

 

- 66 -

JAEA-Data/Code 2018-014



 
Figure 8.2.1 Processing flow to generate ACE files 

 

8.2.1 Processing Mode 
  The order of the input data is free except the first parameter. Users have to set the processing 

mode as the first parameter. The available processing modes are listed in Table 8.2.1. The notation of 

the ACE file processing mode is identical to NJOY. The first parameter is also used to check the 

input file format. When the first parameter is the NJOY module name, e.g., MODER, RECONR, 

BROADR, THERMR, PURR, and ACER, FRENDY interprets the input as the NJOY99 compatible 

format. 

  

Resonance reconstruction

Nuclear data

Read and convert nuclear data

Doppler broadening

Calculation of gas production 
cross-sections

Generation of probability table

Generation of dosimetry ACE file

Processing thermal scattering law 
data

Generation of fast ACE file Generation of thermal ACE file

Fast ACE file Thermal ACE file

Dosimetry ACE file
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Table 8.2.1 Available processing mode 

Processing mode name Description 

ace_file_generation_fast_mode 

or 

ace_fast_mode 

or 

ace_fast 

or 

ace_file_generation_normal_mode 

or 

ace_normal_mode 

or 

ace_normal 

Generation of the particle incident ACE file 

ace_file_generation_thermal_scattering_mode 

or 

ace_file_generation_thermal_scatter_mode 

or 

ace_therm_mode 

or 

ace_therm 

or 

ace_file_generation_tsl_mode 

or 

ace_tsl_mode 

or 

ace_tsl 

Generation of ACE file of the thermal 

scattering law data 

ace_file_generation_dosimetry_mode 

or 

ace_dosi_mode 

or 

ace_dosi 

Generation of ACE file of the dosimetry 

data 
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8.2.2 Input Parameters 
  The input data except the processing mode consists of “parameter name” and “parameter value”. 

Users need to set the parameters if they want to modify the default values. FRENDY original input 

format accepts comment lines. The C++ style comments are available, i.e., “//” for a single line 

comment and “/* … */” for multi-line comments. FRENDY can read four types of data, i.e., integer, 

real, string, and text, and the vector data of integer and real. The available types are as follows: 

 

  integer : integer number, e.g., -2, -1, 0, 1, 2, 

  real : real number, e.g., -1.0, 0.0, 1.0, 1.0E-1, 1.0E+1, 1.0D-1, 1.0D+1, 1.0-1, 1.0+1, 

   string : character data without space, e.g., nuclide_name, calculation-type, 

  text   : multiple lines character data. 

 

Users have to set the vector data in a bracket when they want to set the vector data of integer and 

real value. If users want to set three values, i.e., 1.0, 2.0, and 3.0, users write as follows: 

 

  (1.0  2.0  3.0). 
 

Since FRENDY can read data specified in multiple lines, the following input style is also acceptable 

 

  ( 1.0 
  2.0 
  3.0 ), 
 

or 

 

  ( 
  1.0 
  2.0 
  3.0 
   ). 
 

If users want to set the text data, they need to enclose single or double quotation marks. The text data 

allows multiple lines as follows: 

 

“92-U-238 from JENDL-4.0 
Processed with FRENDY 
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Processed day: 2017/10/13” 
 

or 

 

‘92-U-238 from JENDL-4.0 
Processed with FRENDY 
Processed day: 2017/10/13’ 
 

If users want to use double quotation marks in the comment line, single quotation marks are used to 

enclose the text data as follows: 

 

‘This is the comment line for the PENDF file. 
Users can use the “double quotation marks” when the comment line is enclosed by 
the single quotation marks.’ 
 

If users want to use single quotation marks in the comment line, double quotation marks are used to 

enclose the text data as follows: 

 

“This is the comment line for the PENDF file. 
Users can use the ‘single quotation marks’ when the comment line is enclosed by the 
double quotation marks.” 
 

  The input parameter name and its recommended value for the FRENDY original input format are 

listed in Tables 8.2.2 - 8.2.9. The parameters shaded in Tables 8.2.2 - 8.2.9 always need input. In the 

default option, FRENDY does not output the PENDF file and users do not need to select the 

modules to be executed. Users have to set the print and process flags as listed in Tables 8.2.4 - 8.2.9 

when they want to write the PENDF file or skip the modules. FRENDY can recognize synonymous 

words. For example, FRENDY prepares “ene_grid_no_per_ladder”, “ene_grid_per_ladder”, and 

“ene_no_per_ladder” as the parameter name to change the number of ladders to generate the 

probability table and “on”, “yes”, “print”, “write”, and “output” to write the PENDF file. 

  The examples of the input files for the FRENDY original input format are shown in Figs. 8.2.2 - 

8.2.4. As shown in Fig. 8.2.3, the “parameter name” and “parameter value” do not need to be placed 

in the same line. Comment lines can be put among the “parameter name” and the “parameter value”.  

As shown in Fig. 8.2.4, the minimum input parameters are the processing mode and the evaluated 

nuclear data file name. FRENDY prepares the recommended values for the other parameters as listed 

in Tables 8.2.2 - 8.2.9.  
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//Input file of FRENDY for continuous-energy neutron data 

ace_fast_mode  //processing mode (generate fast ACE file) 

 

  //Nuclear data file name 

    nucl_file_name U235.dat 
  /* ace file name */ 

    ace_file_name U235.ace 
    temp         296.0  // temperature [K]  

    add_grid_data (0.625  4.0) //Additional energy grid point 

    sigima_zero_data  //sigma-infinity is 1.0E10 [b] 

      (1.0E10  1.0E06  1.0E05  1.0E04  1.0E03  1.0E02 
       3.5E02  1.0E02  1.0E01  1.0E-1) 

Figure 8.2.2 Example of input file for continuous-energy neutron data 

 

//Input file of FRENDY for thermal scattering law data 

ace_therm_mode  //process mode (generate thermal ACE file) 

 

  //Nuclear data file name 

    nucl_file_name 
        H001.dat 
  //Nuclear data file name for TSL 

    nucl_file_name_tsl 
        H_in_H2O.txt 
  /* ace file name */ 

    ace_file_name 
        H_in_H2O.ace 
    temp  /* temperature */  296.0 //[K] 

Figure 8.2.3 Example of input file for thermal scattering law data 

 

//Input file of FRENDY for continuous-energy neutron data 

ace_dosi_mode  //processing mode (generate dosimetry ACE file) 

 

  //Nuclear data file name 

    nucl_file_name U235.dat 

Figure 8.2.4 Example of input file for dosimetry data 
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8.3 NJOY99 Compatible Format 
  The input format of NJOY99 is explained in the source code and manuals of the NJOY code 

system7,8). Users can consult them for the details of the format. FRENDY can process the evaluated 

nuclear data file with the input file of the following modules: 

     RECONR, BROADR, GASPR, PURR, UNRESR, THERMR, ACER, and MODER. 

Though FRENDY processes the evaluated nuclear data file using the NJOY99 compatible format, 

users should pay attention to the following points. 

 

 FRENDY reads and writes the PENDF file only in the text format. 

 FRENDY does not calculate the self-shielding factor in the unresolved resonance region 

using the deterministic method and the input file of UNRESR is automatically converted to 

that of PURR. 

 The fast, thermal, and dosimetry ACE file generation functions are only implemented and 

other functions in ACER are not currently implemented. 

 

  NJOY reads and writes PENDF files in the binary format when the input tape number is negative. 

The PENDF file in the binary format is used to efficiently access the evaluated nuclear data file. It is 

difficult to perfectly treat the binary file produced by FORTRAN since FRENDY is written in C++. 

Furthermore, the PENDF file in the binary format is mainly used as the temporary file. FRENDY 

changes the negative tape number (binary file) to a positive one (text file) when users set a negative 

tape number. 

  FRENDY calculates probability tables to treat the self-shielding effect in the unresolved resonance 

region with the ladder method. NJOY implements the deterministic method to calculate it with 

UNRESR. According to the manual of NJOY, it is not recommended to use the deterministic 

method40). Actually, the self-shielding factor generated by the deterministic method sometimes 

shows inappropriate values, e.g., negative or larger than 1.0. We believe that the calculation time of 

the ladder method is acceptable on the current computational platforms. Therefore, we do not 

implement the deterministic method and FRENDY calculates the self-shielding effect in the 

unresolved resonance region using the ladder method even if users select UNRESR. The input 

parameters for the ladder method, e.g., the numbers of bins and ladders, are obtained from the 

recommended value of the FRENDY original input as shown in Table 8.2.2. 

  As described in Chapter 7, the ACE file generation for the photo-atomic and the photo-nuclear 

data is not currently implemented. FRENDY terminates with an error message if users select these 

calculation modes. 
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8.4 Sample Input Data 
8.4.1 Simplest Input Data 
8.4.1.1 Fast ACE file generation 
  The simplest input format to generate the neutron incident ACE file requires only the processing 

mode name and evaluated nuclear data file name. 

 
ace_file_generation_fast_mode   // Processing mode name 
 nucl_file_name  U235.fast.dat // Nuclear data file name 
 

The above input data generates the ACE file at a temperature of 293.6 K named “U235.fast.dat.ace” 

and directory information file named “U235.fast.dat.ace.dir”. For the other calculation conditions, 

the default input parameters listed in Tables 8.2.4 - 8.2.9 are used. 

 

8.4.1.2 Thermal ACE file generation 
  The simplest input format to generate the ACE file of the thermal scattering law data requires only 

the processing mode name, evaluated nuclear data file name, and thermal scattering law data file 

name. 

 

ace_file_generation_thermal_scatter_mode // Processing mode name 
 nucl_file_name  H001.dat // Nuclear data file name 
 nucl_file_name_tsl  HinH2O.dat // Thermal scattering law data 
      // file name 
 

The above input data generates the ACE file at a temperature of 293.6 K named “HinH2O.dat.ace”, 

and directory information file named “HinH2O.dat.ace.dir”. For the other calculation conditions, the 

default input parameters listed in Tables 8.2.4 - 8.2.9 are used. 

 

8.4.1.3 Dosimetry ACE file generation 
  The simplest input format to generate the ACE file for the dosimetry data requires only the 

processing mode name and evaluated nuclear data file name. 

 

ace_file_generation_dosimetry_mode  // Processing mode name 
 nucl_file_name  U235.dosi.dat // Nuclear data file name 
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The above input data generates the ACE file at a temperature of 293.6 K named “U235.dosi.dat.ace”, 

and directory information file named “U235.dosi.dat.ace.dir”. For the other calculation conditions, 

the default input parameters listed in Tables 8.2.4 - 8.2.9 are used. 

 

8.4.2 Input Data to Modify Default Input Parameters 
  As shown in Tables 8.2.4 - 8.2.9, many input parameters are prepared in the FRENDY original 

format. However, in conventional applications users usually change only 5 parameters, i.e., the 

temperature, the number of equi-probable angle bins for thermal scattering law data, ACE file name, 

directory information for the ACE file, and a suffix ID for the ACE file. This section illustrates 

examples of the input files to change these input parameters. 

 

8.4.2.1 Fast ACE file generation 
ace_file_generation_fast_mode   // Processing mode name 
 nucl_file_name  U235.fast.dat // Nuclear data file name 
 temp   600.0  // Temperature [K] 
 suffix_id  .50  // Suffix ID for ACE file 
 ace_file_name  U235.fast.ace // ACE file name 
 ace_dir_file_name U235.fast.ace.dir // MCNP directory information 
 

The above input data generates the ACE file at a temperature of 600.0 K named “U235.fast.ace”, and 

directory information file named “U235.fast.ace.dir”. In this input file, the suffix ID of the ACE file 

is changed from 0.00 to 0.50. 

 

8.4.2.2 Thermal ACE file generation 
ace_file_generation_thermal_scatter_mode // Processing mode name 
 nucl_file_name  H001.dat // Nuclear data file name 
 nucl_file_name_tsl  HinH2O.dat // TSL data name 
 temp   600.0  // Temperature [K] 
 equi_probable_angle_no 30  // Number of equi-probable angles 
 suffix_id  .50  // Suffix ID for ACE file 
 ace_file_name  HinH2O.tsl.ace // ACE file name 
 ace_dir_file_name HinH2O.tsl.ace.dir 
      // MCNP directory information 
 

The above input data generates the ACE file at a temperature of 600.0 K named “HinH2O.tsl.ace”, 

and directory information file named “HinH2O.tsl.ace.dir”. In this input file, the number of 
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equi-probable angles is changed from 10 to 30 and the suffix ID of the ACE file is changed from 

0.00 to 0.50. 

 

8.4.2.3 Dosimetry ACE file generation 
ace_file_generation_dosimetry_mode    // Processing mode name 
 nucl_file_name  U235.dosi.dat   // Nuclear data file name 
 temp   600.0    // Temperature [K]  
 suffix_id  .50    // Suffix ID for ACE file 
 ace_file_name  U235.dosi.ace   // ACE file name 
 ace_dir_file_name U235.dosi.ace.dir  // MCNP directory information 
 

The above input data generates the ACE file at a temperature of 600.0 K named “U235.dosi.ace”, 

and directory information file named “U235.dosi.ace.dir”. In this input file, the suffix ID of the ACE 

file is changed from 0.00 to 0.50.  

 

8.4.3 Input Data to Reproduce NJOY99 Input 
  This section illustrates how to make FRENDY input files which is identical to NJOY input files. 

The details of the input parameters of the NJOY input files are explained in References 7 and 8. All 

the input parameters in the NJOY input files are explicitly set in the FRENDY input files. The 

processing conditions, PENDF file name, ACE file name, and so on of the FRENDY input files are 

identical to those of the NJOY input files. 

 

8.4.3.1 Fast ACE file generation 
  The following input files are typical for the fast ACE file generation. These input files process the 

evaluated nuclear data file of 238U at 300.0 K. 

 

< NJOY99 compatible format > 
reconr    / command 
 20  21                  / input(tape20), output(tape21) 
'pendf tape for JENDL-4.0 U-238' / identifier for PENDF 
 9237  3  3         / mat, ncards, ngrid 
 1.00e-03  0.00            / err, temp 
 '92-U-238 from JENDL-4.0' / cards (1) 
 'Processed with FRENDY' / cards (2) 
 'Processed day: 2017/10/13' / cards (3) 
 0.625  4.0  100.0    / enode 
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 0     / 
broadr                    / command 
 20  21  22               / input(tape20), pendf(tape21), output(tape22) 
 9237  1  0  1  0            / mat, temp_no, restart_opt, bootstrap, temp_initial 
 1.00E-03  100000           / err, max_energy 
 300.0                     / temp 
 0                       / 
gaspr                       / command 
 20  22   23              / input(tape20), output(tape23) 
 0                         / 
purr                        / command 
 20  23  25                / input(tape20), pendf(tape23), output(tape25) 
 9237  1  7  20  100  1       / mat, temp_no, sig0_no, bin_no, ladder_no, 
print_opt 
 300.0                       / temp 
 1.0E10  1.0E4  1.0E3  300.0  100.0  30.0  10.0 / sig0 
 0                            / 
acer                          / command 
 20  25   0  30  31          / nendf, npend, ngend, nace, ndir 
 1   1   1  0.30             / iopt(fast), iprint(max), itype, suffix 
 'ACE file for JENDL-4 U238'  / descriptive character 
 9237  300.0                 / mat, temp 
 1  1                        / newfor(yes), iopp(yes) 
 1  1  1                     / thin(1), thin(2), thin(3) 
stop                          / 
 

 

< FRENDY original input format > 
ace_file_generation_fast_mode // Processing mode name 
 nucl_file_name  tape20 
 
 pendf_label_data "pendf tape for JENDL-4.0 U238" 
 error   1.0E-3 
 temp   300.0 
 add_grid_data  (0.625  4.0  100.0) 
 max_broadening_ene 100000 // 1 MeV 
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 sigma_zero_data (1.0E10  1.0E4  1.0E3  300.0  100.0  30.0  10.0) 
 probability_bin_no 20 
 ladder_no  100 
 ace_file_name  tape30 
 mcnp_dir_file_name tape31 
 ace_label_data  "ACE file for JENDL-4 U238" 
 suffix_id  0.30 
 comment_data 
“92-U-238 from JENDL-4.0 
Processed with FRENDY 
Processed day: 2017/10/13” 
 
 // Write PENDF file option for RECONR 
  write_pendf_resonance_reconstruction tape21 
 // Write PENDF file option for BROADR 
  write_pendf_doppler_broadening  tape22 
 // Write PENDF file option for GASPR 
  write_pendf_gas_prod_xs  tape23 
 // Write PENDF file option for PURR 
  write_pendf_prob_table_generator tape25 
 
 // Skip or running RECONR option 
  process_resonance_reconstruction on 
 // Skip or running BROADR option 
  process_doppler_broadening  on 
 // Skip or running GASPR option 
  process_gas_production_cross_section on 
 // Skip or running PURR option 
  process_probability_table_generator on 
 // Skip or running ACER option 
  process_ace_data_generator  on 
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8.4.3.2 Thermal ACE file generation 
  The following input files are typical for the thermal ACE file generation. These input files process 

the evaluated nuclear data file of 9Be in BeO at 300.0 K. 

 

< NJOY99 compatible format > 
reconr    / command 
 20  21    / input(tape20), output(tape21) 
'pendf tape for JENDL-4.0 Be-009' / identifier for PENDF 
  425    / mat 
 1.00e-03  0.00   / err, temp 
 0                           / 
broadr                        / command 
 20  21  22                  / input(tape20), pendf(tape21), output(tape22) 
  425  1  0  1  0              / mat, temp_no, restart_opt, bootstrap, temp_initial 
 1.00E-03 100000.0            / err, max_energy 
 400.0                         / temp 
 0                            / 
gaspr                          / command 
 20  22  23                    / input(tape20), pendf(tape22), output(tape23) 
 0                             / 
thermr                         / command 
 60  23  25                    / input(tape60), pendf(tape23), output(tape25) 
 27  425 10 1 4 1 1 221         / natde, matdp, nbin, ntemp, iinc, icof 
 400.0                         / temp 
 1.00E-2  4.0                   / tolerance, max energy 
purr                            / command 
 20  25  26                    / input(tape20), pendf(tape25), output(tape26) 
  425  1  7  20  200  1        / mat, temp_no, sig0_no, bin_no, lad_no, print_opt 
 400.0                         / temp 
 1.0E10  1.0E4  1.0E3  300.0  100.0  30.0  10.0 / sig0 
 0                             / 
acer                            / command 
 20  26   0  30  31            / nendf, npend, ngend, nace, ndir 
 2   1   1  0.30               / iopt(fast), iprint(max), itype, suffix 
 'ACE file for JENDL-4 BeinBeO' / descriptive character 
 425  400.0 'bebeo'           / mat, temp 
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 4009 8016                      / iza01, iza02 
 221  10  222  0  2  4.0  0   / mti, nbint, mte, ielas, nmix, emax, iwt 
stop                            / 
 

 

< FRENDY original input format > 
ace_file_generation_thermal_scatter_mode // Processing mode name 
 nucl_file_name  tape20 
 nucl_file_name_tsl  tape60 
 
 pendf_label_data   "pendf tape for JENDL-4.0 Be-009" 
 error                1.0E-3 
 temp                 400.0 
 max_broadening_ene   100000.0 // 1 MeV 
 sigma_zero_data      (1.0E10  1.0E4  1.0E3  300.0  100.0  30.0  10.0) 
 probability_bin_no   20 
 ladder_no             200 
 ace_file_name        tape30_frendy 
 mcnp_dir_file_name   tape31_frendy 
 ace_label_data       "ACE file for JENDL-4 BeinBeO" 
 thermal_za_id_name   "bebeo" 
 suffix_id            0.30 
 
 //Thermal scattering law data only 
 equi_probable_angle_no  10 
 principal_atom_no  1  //Be 
 inelastic_reaction_type_no 221 
 max_thermal_ene  4.0 
 thermal_za_id_name  “bebeo” 
 moderator_za_data  4009 
 atom_type_no   2  //Be and O 
 weight_option   0  //0 = variable 
 
 // Write PENDF file option for RECONR 
  write_pendf_resonance_reconstruction tape21 
 // Write PENDF file option for BROADR 
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  write_pendf_doppler_broadening  tape22 
 // Write PENDF file option for GASPR 
  write_pendf_gas_prod_xs         tape23 
 // Write PENDF file option for THERMR 
  write_pendf_thermal_scattering     tape25 
 // Write PENDF file option for PURR 
  write_pendf_prob_table_generator      tape26 
 
 // Skip or running RECONR option 
  process_resonance_reconstruction on 
 // Skip or running BROADR option 
  process_doppler_broadening  on 
 // Skip or running GASPR option 
  process_gas_production_cross_section on 
 // Skip or running THERMR option 
  process_thermal_scattering_law  on 
 // Skip or running PURR option 
  process_probability_table_generator on 
 // Skip or running ACER option 
  process_ace_data_generator  on 
 

8.4.3.3 Dosimetry ACE file generation 
  The following input files are typical for the dosimetry ACE file generation. These input files 

process the evaluated nuclear data file of 238U at 300.0 K. 

 

< NJOY99 compatible format > 
reconr    / command 
 20  21    / input(tape20), output(tape21) 
'pendf tape for JENDL-4 U238' / identifier for PENDF 
 9237    / mat 
 1.00e-03  0.0   / err, temp 
 0    /  
broadr                    / command 
 20  21  22              / input(tape20), pendf(tape21), output(tape22) 
 9237 1 0  1  0            / mat, temp_no, restart_opt, bootstrap, temp_initial 
 1.00E-03  100000           / err, max_energy 
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 300.0                     / temp 
 0                       / 
gaspr                           / command 
 20  22  23                     / input(tape20), pendf(tape22), output(tape23) 
acer                            / command 
 20  23   0  30  31            / nendf, npend, ngend, nace, ndir 
 3   1   1  0.30                / iopt(fast), iprint(max), itype, suffix 
 'ACE file for JENDL-4 U238' / descriptive character 
 9237  300.0                    / mat, temp 
stop 
 

< FRENDY original input format > 
ace_file_generation_dosimetry_mode // Processing mode name 
 nucl_file_name  tape20 
 
 pendf_label_data "pendf tape for JENDL-4.0 U-238" 
 error   1.0E-3 
 temp   300.0 
 max_broadening_ene 100000 //1 MeV 
 ace_file_name  tape30 
 mcnp_dir_file_name tape31 
 ace_label_data  "ACE file for JENDL-4 U238" 
 suffix_id  0.30 
  
 // Write PENDF file option for RECONR 
  write_pendf_resonance_reconstruction tape21 
 // Write PENDF file option for BROADR 
  write_pendf_doppler_broadening  tape22 
 // Write PENDF file option for GASPR 
  write_pendf_gas_prod_xs  tape23 
 
 // Skip or running RECONR option 
  process_resonance_reconstruction on 
 // Skip or running BROADR option 
  process_doppler_broadening  on 
 // Skip or running GASPR option 
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  process_gas_production_cross_section on 
 // Skip or running ACER option 
  process_ace_data_generator  on 
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9 Installation of FRENDY 

  This chapter describes how to install FRENDY on Linux, UNIX, or MacOS platforms. 

 

1. Disk space of about 1.2 Gbytes is required to make the executables from the program sources 

and run all test programs and sample files. Disk space of about 210 Mbytes is required if users 

make only the executables from the program sources. 

2. A C++ compiler, the Boost library, and the LAPACK library are required to compile source 

programs. The compilation has been confirmed for an Intel compiler (icc) version 13.1.3 and a 

GNU compiler (gcc) version 4.4.7 with the Boost library version 1.60.0 and the LAPACK 

library56) version 3.8.0. 

3. Since FRENDY stores all nuclear data on memory, the large memory size is required. More 

than 1 Gbytes is recommended to run FRENDY. 

 

9.1 Directory Structure 
  The directory structure is shown in Fig. 9.1.1. The “frendy” directory contains the source files. 

The “sample” directory contains the input files for the test calculations to generate the fast and 

thermal ACE files. The “test” directory contains source files to run the Boost.Test library. 

 

 

Figure 9.1.1 Directory structure 

 

9.2 How to Install FRENDY on Linux, UNIX, or MacOS Platforms 
  A shell script of “compile_all.csh” is included in the “frendy” directory to compile FRENDY 

source codes. The users run only this shell script or issue the “make” command in “frendy/main” 

directory. If the compiler successfully builds the executable file of FRENDY, the following message 

frendy

sample

tests

README

compile_all.csh

run_frendy.cshrun

run_frendy.csh

main frendy.exe
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is written on the display. 

 

 ### Completed to make FRENDY ### 
 

The executable file named “frendy.exe” is generated in “frendy/main” directory. 

 

  FRENDY has the NJOY mode which processes the evaluated nuclear data file with the NJOY 

calculation method. The differences between the NJOY mode and the original mode are as follows: 

 

1. The NJOY mode calculates the unresolved resonance cross-section using cross-section 

formulae on the fixed energy grid points and other energy grid points are calculated by the 

interpolation method. The fixed energy grid points are 1.00 × 10𝑛𝑛 , 1.25 × 10𝑛𝑛 ,  1.50 ×
10𝑛𝑛 ,  1.70 × 10𝑛𝑛 ,  2.00 × 10𝑛𝑛 ,  2.50 × 10𝑛𝑛 ,  3.00 × 10𝑛𝑛 ,  3.50 × 10𝑛𝑛 ,  4.00 × 10𝑛𝑛 ,  5.00 ×
10𝑛𝑛, 6.00 × 10𝑛𝑛, 7.20 × 10𝑛𝑛, and 8.50 × 10𝑛𝑛. This difference has an impact on the resonance 

reconstruction. 

2. The calculation method of the complex error function which is defined in Eq. (2.3.41) is 

different. The complex error function is used to calculate the Doppler broadened cross-sections 

with the Single-Level Breit-Wigner representation. This difference has an impact on the 

resonance reconstruction and the probability table generation. 

3. The calculation method of the cross sections at 0 eV is different. The cross section at 0 eV is 

required to calculate the Doppler broadened cross-sections at the low energy region. The NJOY 

mode assumes that the cross section obeys the 1/v law. This approximation is appropriate for 

many reactions. However, the elastic scattering cross-sections does not obey the 1/v law since 

the elastic scattering cross-section is constant due to the potential scattering cross-section at the 

low energy region. In such a case, the linear-linear interpolation is appropriate. The NJOY 

mode uses the 1/v law to reproduce the NJOY results. This difference affects the Doppler 

broadened elastic scattering cross-sections at the low energy region. 

4. The NJOY mode uses the fixed incident neutron energy grid to calculate the incoherent inelastic 

scattering cross-section. The number of energy grid points is 117 from 1.0 × 10−5 to 10 eV to 

calculate the incoherent inelastic scattering cross section and secondary energy and angular 

distributions. The incoherent inelastic scattering cross section at the other energy grid points are 

interpolated using the fifth order Lagrange interpolation and secondary energy and angular 

distributions are not calculated. This difference affects some materials, e.g., H in ZrH, for which 

the incoherent inelastic scattering cross-section oscillates. 

5. The NJOY mode uses discrete random numbers to calculate the chi-squared random numbers 
with 𝑘𝑘 degrees of freedom 𝑅𝑅𝜒𝜒2(𝑘𝑘). This difference has an impact on the probability table 
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generation. 

 

Users run “compile_all.csh” or “make” command in “frendy/main_njoy_mode” directory if they 

want to compile with this calculation mode. The executable file named “frendy_njoy_mode.exe” is 

generated in “frendy/main_njoy_mode” directory. 

 

9.3 How to Execute FRENDY 
  The execution command is as follow: 

 

 frendy.exe  “input file name” 
 

The input file name is set as a command line argument. 

 

9.4 Test Calculation with Samples 
  The FRENDY suite includes test programs for fast and thermal ACE file generations in the 

“sample” directory. The “run_frendy.csh” shell script in “sample/run” directory automatically runs 

all the test programs. 

 

9.5 Test Programs for Boost test Library 
  For the quality assurance, the test programs are included to verify the capabilities. The Boost test 

library18) is used for the test programs. Using the Boost test library, comparison of the calculation 

results and confirmation of the run-time errors are easily done. 

  The source files for Boost test library are contained in the “test” directory. Users have to run the 

“run_all_class.csh” shell script in the “test” directory if they want to compile and run all the test 

programs. The source file name and the directory structure correspond to those of FRENDY sources 

in the “frendy” directory. Users must recompile and run the test programs when they modify the 

source files. 

  The test programs start with the following message 

 

 Running X test cases... 
 

where X is the number of test cases. If the test programs successfully finish, the following message 

is written on the display 

 

 *** No errors detected 
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If the test programs find errors, the following message is written on the display 

 

 *** Y failures detected in test suite "Master Test Suite" 
 

where Y is the number of errors. 
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国際単位系（SI）

1024 ヨ タ Ｙ 10-1 デ シ d
1021 ゼ タ Ｚ 10-2 セ ン チ c
1018 エ ク サ Ｅ 10-3 ミ リ m
1015 ペ タ Ｐ 10-6 マイクロ µ
1012 テ ラ Ｔ 10-9 ナ ノ n
109 ギ ガ Ｇ 10-12 ピ コ p
106 メ ガ Ｍ 10-15 フェムト f
103 キ ロ ｋ 10-18 ア ト a
102 ヘ ク ト ｈ 10-21 ゼ プ ト z
101 デ カ da 10-24 ヨ ク ト y

表５．SI 接頭語

名称 記号 SI 単位による値

分 min 1 min=60 s
時 h 1 h =60 min=3600 s
日 d 1 d=24 h=86 400 s
度 ° 1°=(π/180) rad
分 ’ 1’=(1/60)°=(π/10 800) rad
秒 ” 1”=(1/60)’=(π/648 000) rad

ヘクタール ha 1 ha=1 hm2=104m2

リットル L，l 1 L=1 l=1 dm3=103cm3=10-3m3

トン t 1 t=103 kg

表６．SIに属さないが、SIと併用される単位

名称 記号 SI 単位で表される数値

電 子 ボ ル ト eV 1 eV=1.602 176 53(14)×10-19J
ダ ル ト ン Da 1 Da=1.660 538 86(28)×10-27kg
統一原子質量単位 u 1 u=1 Da
天 文 単 位 ua 1 ua=1.495 978 706 91(6)×1011m

表７．SIに属さないが、SIと併用される単位で、SI単位で
表される数値が実験的に得られるもの

名称 記号 SI 単位で表される数値

キ ュ リ ー Ci 1 Ci=3.7×1010Bq
レ ン ト ゲ ン R 1 R = 2.58×10-4C/kg
ラ ド rad 1 rad=1cGy=10-2Gy
レ ム rem 1 rem=1 cSv=10-2Sv
ガ ン マ γ 1γ=1 nT=10-9T
フ ェ ル ミ 1フェルミ=1 fm=10-15m
メートル系カラット 1 メートル系カラット = 0.2 g = 2×10-4kg
ト ル Torr 1 Torr = (101 325/760) Pa
標 準 大 気 圧 atm 1 atm = 101 325 Pa

1 cal=4.1858J（｢15℃｣カロリー），4.1868J
（｢IT｣カロリー），4.184J （｢熱化学｣カロリー）

ミ ク ロ ン µ  1 µ =1µm=10-6m

表10．SIに属さないその他の単位の例

カ ロ リ ー cal

(a)SI接頭語は固有の名称と記号を持つ組立単位と組み合わせても使用できる。しかし接頭語を付した単位はもはや
　コヒーレントではない。
(b)ラジアンとステラジアンは数字の１に対する単位の特別な名称で、量についての情報をつたえるために使われる。

　実際には、使用する時には記号rad及びsrが用いられるが、習慣として組立単位としての記号である数字の１は明
　示されない。
(c)測光学ではステラジアンという名称と記号srを単位の表し方の中に、そのまま維持している。

(d)ヘルツは周期現象についてのみ、ベクレルは放射性核種の統計的過程についてのみ使用される。

(e)セルシウス度はケルビンの特別な名称で、セルシウス温度を表すために使用される。セルシウス度とケルビンの

　 単位の大きさは同一である。したがって、温度差や温度間隔を表す数値はどちらの単位で表しても同じである。

(f)放射性核種の放射能（activity referred to a radionuclide）は、しばしば誤った用語で”radioactivity”と記される。

(g)単位シーベルト（PV,2002,70,205）についてはCIPM勧告2（CI-2002）を参照。

（a）量濃度（amount concentration）は臨床化学の分野では物質濃度

　　（substance concentration）ともよばれる。
（b）これらは無次元量あるいは次元１をもつ量であるが、そのこと
 　　を表す単位記号である数字の１は通常は表記しない。

名称 記号
SI 基本単位による

表し方

秒ルカスパ度粘 Pa s m-1 kg s-1

力 の モ ー メ ン ト ニュートンメートル N m m2 kg s-2

表 面 張 力 ニュートン毎メートル N/m kg s-2

角 速 度 ラジアン毎秒 rad/s m m-1 s-1=s-1

角 加 速 度 ラジアン毎秒毎秒 rad/s2 m m-1 s-2=s-2

熱 流 密 度 , 放 射 照 度 ワット毎平方メートル W/m2 kg s-3

熱 容 量 , エ ン ト ロ ピ ー ジュール毎ケルビン J/K m2 kg s-2 K-1

比熱容量，比エントロピー ジュール毎キログラム毎ケルビン J/(kg K) m2 s-2 K-1

比 エ ネ ル ギ ー ジュール毎キログラム J/kg m2 s-2

熱 伝 導 率 ワット毎メートル毎ケルビン W/(m K) m kg s-3 K-1

体 積 エ ネ ル ギ ー ジュール毎立方メートル J/m3 m-1 kg s-2

電 界 の 強 さ ボルト毎メートル V/m m kg s-3 A-1

電 荷 密 度 クーロン毎立方メートル C/m3 m-3 s A
表 面 電 荷 クーロン毎平方メートル C/m2 m-2 s A
電 束 密 度 ， 電 気 変 位 クーロン毎平方メートル C/m2 m-2 s A
誘 電 率 ファラド毎メートル F/m m-3 kg-1 s4 A2

透 磁 率 ヘンリー毎メートル H/m m kg s-2 A-2

モ ル エ ネ ル ギ ー ジュール毎モル J/mol m2 kg s-2 mol-1

モルエントロピー, モル熱容量ジュール毎モル毎ケルビン J/(mol K) m2 kg s-2 K-1 mol-1

照射線量（Ｘ線及びγ線） クーロン毎キログラム C/kg kg-1 s A
吸 収 線 量 率 グレイ毎秒 Gy/s m2 s-3

放 射 強 度 ワット毎ステラジアン W/sr m4 m-2 kg s-3=m2 kg s-3

放 射 輝 度 ワット毎平方メートル毎ステラジアン W/(m2 sr) m2 m-2 kg s-3=kg s-3

酵 素 活 性 濃 度 カタール毎立方メートル kat/m3 m-3 s-1 mol

表４．単位の中に固有の名称と記号を含むSI組立単位の例

組立量
SI 組立単位

名称 記号

面 積 平方メートル m2

体 積 立方メートル m3

速 さ ， 速 度 メートル毎秒 m/s
加 速 度 メートル毎秒毎秒 m/s2

波 数 毎メートル m-1

密 度 ， 質 量 密 度 キログラム毎立方メートル kg/m3

面 積 密 度 キログラム毎平方メートル kg/m2

比 体 積 立方メートル毎キログラム m3/kg
電 流 密 度 アンペア毎平方メートル A/m2

磁 界 の 強 さ アンペア毎メートル A/m
量 濃 度 (a) ， 濃 度 モル毎立方メートル mol/m3

質 量 濃 度 キログラム毎立方メートル kg/m3

輝 度 カンデラ毎平方メートル cd/m2

屈 折 率 (b) （数字の）　１ 1
比 透 磁 率 (b) （数字の）　１ 1

組立量
SI 組立単位

表２．基本単位を用いて表されるSI組立単位の例

名称 記号
他のSI単位による

表し方
SI基本単位による

表し方
平 面 角 ラジアン(ｂ) rad 1（ｂ） m/m
立 体 角 ステラジアン(ｂ) sr(c) 1（ｂ） m2/m2

周 波 数 ヘルツ（ｄ） Hz s-1

ントーュニ力 N m kg s-2

圧 力 , 応 力 パスカル Pa N/m2 m-1 kg s-2

エ ネ ル ギ ー , 仕 事 , 熱 量 ジュール J N m m2 kg s-2

仕 事 率 ， 工 率 ， 放 射 束 ワット W J/s m2 kg s-3

電 荷 , 電 気 量 クーロン A sC
電 位 差 （ 電 圧 ） , 起 電 力 ボルト V W/A m2 kg s-3 A-1

静 電 容 量 ファラド F C/V m-2 kg-1 s4 A2

電 気 抵 抗 オーム Ω V/A m2 kg s-3 A-2

コ ン ダ ク タ ン ス ジーメンス S A/V m-2 kg-1 s3 A2

バーエウ束磁 Wb Vs m2 kg s-2 A-1

磁 束 密 度 テスラ T Wb/m2 kg s-2 A-1

イ ン ダ ク タ ン ス ヘンリー H Wb/A m2 kg s-2 A-2

セ ル シ ウ ス 温 度 セルシウス度(ｅ) ℃ K
ンメール束光 lm cd sr(c) cd

スクル度照 lx lm/m2 m-2 cd
放射性核種の放射能（ ｆ ） ベクレル（ｄ） Bq s-1

吸収線量, 比エネルギー分与,
カーマ

グレイ Gy J/kg m2 s-2

線量当量, 周辺線量当量,
方向性線量当量, 個人線量当量

シーベルト（ｇ） Sv J/kg m2 s-2

酸 素 活 性 カタール kat s-1 mol

表３．固有の名称と記号で表されるSI組立単位
SI 組立単位

組立量

名称 記号 SI 単位で表される数値

バ ー ル bar １bar=0.1MPa=100 kPa=105Pa
水銀柱ミリメートル mmHg １mmHg≈133.322Pa
オングストローム Å １Å=0.1nm=100pm=10-10m
海 里 Ｍ １M=1852m
バ ー ン b １b=100fm2=(10-12cm)  =10-28m22

ノ ッ ト kn １kn=(1852/3600)m/s
ネ ー パ Np
ベ ル Ｂ

デ シ ベ ル dB       

表８．SIに属さないが、SIと併用されるその他の単位

SI単位との数値的な関係は、
　　　　対数量の定義に依存。

名称 記号

長 さ メ ー ト ル m
質 量 キログラム kg
時 間 秒 s
電 流 ア ン ペ ア A
熱力学温度 ケ ル ビ ン K
物 質 量 モ ル mol
光 度 カ ン デ ラ cd

基本量
SI 基本単位

表１．SI 基本単位

名称 記号 SI 単位で表される数値

エ ル グ erg 1 erg=10-7 J
ダ イ ン dyn 1 dyn=10-5N
ポ ア ズ P 1 P=1 dyn s cm-2=0.1Pa s
ス ト ー ク ス St 1 St =1cm2 s-1=10-4m2 s-1

ス チ ル ブ sb 1 sb =1cd cm-2=104cd m-2

フ ォ ト ph 1 ph=1cd sr cm-2 =104lx
ガ ル Gal 1 Gal =1cm s-2=10-2ms-2

マ ク ス ウ エ ル Mx 1 Mx = 1G cm2=10-8Wb
ガ ウ ス G 1 G =1Mx cm-2 =10-4T
エルステッド（ ａ ） Oe 1 Oe　  (103/4π)A m-1

表９．固有の名称をもつCGS組立単位

（a）３元系のCGS単位系とSIでは直接比較できないため、等号「　　 」

　　 は対応関係を示すものである。

（第8版，2006年）
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