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ドップラー反応度の不確かさを理論的に定式化し、共鳴パラメ－タの誤差に起因する
共鳴遮蔽因子 f(T )とその温度勾配αの不確かさをNJOYの出力から評価した。評価の過
程において、数値微分に関する所謂 2点近似や 3点近似、NJOY出力の有効桁数、計算
機の許容桁数の慎重な検討を行った。JENDL-3.3共分散ファイルと今回新たに開発した
計算コ－ドシステムERRORFを用いて評価した。本コ－ドシステムは実効断面積と共鳴
遮蔽因子を計算する NJOY, パラメ－タに変化を与える REPCHANEおよび共分散計算
部門 FTOALPHAから構成されている。235U ,　 238U , 239Pu および 240Puの感度解析を
JAERI Fast set-3の 70群構造で行った。不確かさ評価において非対角要素の重要性が強
調された。感度係数の結果はドップラー反応度不確かさ評価に利用することが出来る。
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Notation

i : Isotope identification No.
σt : Microscopic total cross section (barn)
σc : Microscopic capture cross section (barn)
σc : Microscopic fission cross section (barn)
σγ k : Microscopic (n,γ) cross section (barn)
σpeak k : Microscopic total peak cross section (barn)
σ0 : Background cross section (barn)
ν : Prompt fission neutron yield
Σt : Macroscopic total cross section (cm−1)
Σc : Macroscopic capture cross section (cm−1)
< νΣf > : Fission neutron production term (cm−3s−1)
< (Σγ + Σf ) > : Neutron absorption term (cm−3s−1)
A : Mass number of isotope i
g : Spin statistic factor, or group index
Erk : Resonance energy (eV )
Γn : Neutron width (eV )
Γγ : Capture width (eV )
Γf : Fission width (eV )
f g

i,x(T, σ0) : Resonance self-shielding factor (f-factor) for isotope i and reaction
x

fU238
γ : 238U resonance self-shielding factor for (n,γ) reaction

αg
i x : Temperature gradient of f-factor (K−1)

Sf
x : F-factor sensitivity coefficient to resonance parameter x

Sα
x : α-value sensitivity coefficient to resonance parameter x

T : Temperature (K)
Tref : Reference temperature used for f-factor definition (K)
T0 : Initial temperature (K)
∆T : Temperature difference (K)
u : Lethargy
ψ(u) : Neutron spectrum as function of u (cm−2s−1)
ψTher : Thermal neutron spectrum (cm−2s−1)
χfis : Fission neutron spectrum (cm−2s−1)
ψfuss : Fussion neutron spectrum (cm−2s−1)
ϕ(E, T ) : General neutron flux as function of energy E and temperature T

(cm−2s−1)
C(E) : Neutron source term used in analytical formula of neutron spectrum
keff : Effective multiplication factor
ρ : Doppler reactivity worth
ρU28

γ : Doppler reactivity worth of (n,γ) reacton of 238U
x : Reaction indicator
xk : The k-th resonance parameter of reaction x (eV )
Cov(i, j) : Resonance parameter covariance matrix
Covl(i, j) : The l-th sub-matrix of Cov(i, j)

θf
gg′ : F-factor correlation matrix

θα
gg′ : α-value correlation matrix

xii
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1 Introduction

Doppler reactivity worth is a key core performance parameter from the safety point
of view as well as sodium-void reactivity worth. Consequently, the uncertainty of Doppler
reactivity worth has been evaluated from the sample Doppler experiments made on critical
assemblies as shown below and from the unique whole core Doppler experiment made on
SEFOR. The Doppler reactivity uncertainty of about 30% [1] (3σ) due to the nuclear data
and the calculation method was estimated for large sodium cooled fast breeder reactor[2].

Recently, to improve the accuracy of Doppler reactivity prediction in fast reactor
systems, Doppler reactivities at various critical assemblies have been measured [5, 6, 7,
8, 9, 10] and analyzed by many authors [11, 13, 14]. Then, the uncertainty of Doppler
reactivity has been found to be an unavoidable quantity from the results of experiments
and analyses in order to evaluate the uncertainties of core performance parameters.

The sensitivity analysis system SAGEP [15] was used to obtain the relative sensitivity
coefficient of nuclear chracteristics for development of adjusted reactor constants under
the assumption that resonance self-shielding factors were precisely provided. However,
this method is not applicable to the temperature-related nuclear characteristics such as
Doppler reactivity, because such characteristics depend on the self-shielding factor as well
as the infinite dilution cross section.

The uncertainties of resonance parameters mainly affect the reactor characteristics
such as criticality keff through the resonance self-shielding factor (f-factor:fx) and in-
finitely diluted cross section σ∞

x (x:reaction). The f-factor, however, is an indirect quantity
of the resonance parameters because the resonance shielding effect arises from the depres-
sion of neutron flux ϕ(E) due to resonance absorption reaction rate {

∫
σx(E)ϕ(E)dE}

while the flux ϕ(E) itself is a function of the resonance parameters of all isotopes of in-
terest.

In addition to this indirect effect, a huge amount of the resolved resonance parame-
ters meets with a practical difficulty to directly estimate the uncertainty propagation. In
the present work, however, this difficult work will be done by using NJOY[35] code. It
takes about a month for NJOY runs.

To avoid the time consumable problem due to huge amount of NJOY runs, an ap-
proach to study the uncertainty of the Doppler reactivity was made on the basis of the
direct keff-difference method and an analytical expression of sensitivity coefficients of the
Doppler reactivity to the resonance parameters [22, 23] was derived. In these works, the
basis of the direct keff-difference method was adopted because it requires only neutron
flux although the perturbation theory requires both real and adjoint fluxes. This direct
keff-difference method is extremely intuitive to factorize the components of Doppler re-
activity uncertainty in relation to neutron balance as shown in present work. On this
basis, analytical properties of the Doppler broadening functions (ϕ and χ), the sensitiv-
ity coefficients of resonance self-shielding factors and of Doppler reactivity to resonance
parameters were discussed, and preliminary result of Doppler reactivity uncertainty was
given. These works, however, had not taken into account the covariance matrix of reso-
nance parameters because no data had been available at that time.

Therefore, in the present work, a huge amount of NJOY runs mentioned above has
been carried out in order to do intensive sensitivity analyses in consideration of the co-
variance matrixes of resonance parameters. Uncertainty of the Doppler reactivity can be
expressed as the statistical summation of uncertainty components coming from constituent
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isotopes where the components described by the sensitivity coefficients are evaluated from
the uncertainties of their resonance parameters.

Uncertainties of nuclear data are evaluated for nuclear data libraries. In the evalu-
ation of JENDL-3.3 (Japanese Evaluated Nuclear Data Library version 3.3) [20], a lot
of efforts have been made to evaluate nuclear data covariance [16, 17, 18, 19], and the
resonance parameter covariance matrixes of 235U , 238U , 239Pu and 240Pu are available for
the present study.

In Section 2, theoretical background is described on the basis of the direct keff-
difference method. Sections 3 and 4 are for the resonance file structure and covariance of
resonance parameters. Section 5 is a brief description of the computer code system ER-
RORF developed for present work. Section 6 is an introduction of the FBR core whose
sensitivity analysis is made. Section 7 is devoted to the preparation for numerical analy-
sis and Section 8 is the result of the numerical evaluation for the sensitivity coefficients
of f-factor and its temperature gradient α. In Section 9, resonance level-wise sensitivity
coefficients as basic quantities for group value are discussed from physical point of view.

2 Theory

2.1 Temperature gradient α of resonance self-shielding factor

Resonance self-shielding effect is one of complicated but important phenomena in re-
actor physics. A practical method treating the effect had been proposed by Bondarenko
and his coworkers called as ”Bondarenko Type”. Two types of effective cross sections
taking into account the resonance self-shielding effect are used, namely the direct use of
effective cross section itself and that described by resonance self-shielding factor denoted
by f-factor. In Japan the later is widely used, especially for FBR.

Brief review is made here for exact use of the f-factor based on original documenta-
tion [3]. Choice of reference temperature Tref in the f-table is of interest since an arbitrary
temperature can be used for NJOY run where the lowest temperature in the temperature
table is used.

Group average capture cross section, as well as fission cross section except total one,
can be expressed as

σc =

∫ u2

u1

σc(u)ϕ(u)du∫ u2

u1

ϕ(u)du
=

< σc

Σt
>

< 1
Σt

>
(1)

under the assumption that the standard spectrum can be shown by the Fermi spectrum
(ϕ0(u) = constant) as

ϕ(u) ≃ ϕ0(u) · 1

Σt(u)
(2)

≃ 1

Σt(u)
. (3)

Then the group average of capture cross section σc(σ0) can be expressed by the following
ratio of capture reaction rate to integral flux where < ... > means the energy integration
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and the background cross section σ0 comes from the sum of total cross sections of con-
stituent isotopes except the target isotope of interest. The σ0 is given as a constant value
of a core system.

σc(σ0) =
< σc

σt+σ0
>

< 1
σt+σ0

>
(4)

σc(∞) = < σc > (5)

The average cross section σc(σ0) tends to a group average cross section < σc > of a pure
isotope as provided in a nuclear data library when σ0 tends to infinity when a resonance
material is infinitely diluted. Finally, the resonance self-shielding factor fc(σ0) is expressed
as

fc(σ0) =
σc(σ0)

σc(∞)
=

1

< σc >
·
< σc

σt+σ0
>

< 1
σt+σ0

>
. (6)

In this stage any temperature restriction to σc(∞) itself is not given and an arbitrary
temperature can be chosen for the fc(σ0) calculation. Consequently, the f-factor is a
function of temperature (Tref ) for σc(∞) as well as of the target temperature (T) for σc.
In order to keep consistency with the nuclear data, the Tref should be taken as 0 K.

The reference temperature dependence of σc(∞) may be approximately shown by

σc(∞, Tref )

σc(∞, T )
≃ ψ(E, Tref )

ψ(E, T )
(7)

since Doppler broadened cross section at the infinitely dilute system can be expressed by
Doppler broadening function ψ(E, Tref ) as

σγ k(E, T ) = σpeak,k ·
Γγ,k

Γk

· ψ(E, T ) (8)

σpeak,k =
2.63E + 6

|Erk|
·
[
A + 1

A

]2

· gΓn,k

Γk

(9)

where meanings of parameters are omitted because of fairly well known.
The self-shielding factor f g

i,c(T, σ0) and its temperature gradient αg
i,c(T, σ0) are newly

defined by

f g
i,c(T, σ0) =

σg
i,c(T, σ0)

σg
i,c,∞

, (10)

αg
i,c(T, σ0) =

1

f g
i,c(T, σ0)

∂ f g
i,c(T, σ0)

∂ T
, (11)

where
σg

i,c,∞ = σg
i,c(Tref , σ0 = ∞) (12)

is the infinite dilution cross section calculated at a reference temperature Tref = 0 K. The
temperature gradient of resonance self-shielding factor f(T ) denoted by α is conventionally
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defined by

α =
∂f(T )

∂T
. (13)

An alternative definition of α is given by JAEA as

α =
1

f(T )
· ∂f(T )

∂T
(14)

=
∂ ln {f(T )}

∂T
. (15)

By using this definition, Doppler effect to f-factor can be expressed as α × (usual f · ϕ)
as α · fϕ as shown in Eq.(140).

Typical resonance self-shielding factor as function of temperature and background
cross section σ0 is shown in Table 1 and Fig. 1 in which the α-values based on three point
model of numerical derivation are shown together. The negative values of α at larger σ0’s
are due to truncation error since the significance of figure is 6 below decimal point. As
shown in Fig. 1, the α-value is getting small as the temperature increases as expected as
f-factor is flattening as temperature.

Table 1: Example of 238U f-factor and α-value as function of σ0 (b) and temperature (K)

No. σ0 f-factor α-value
(barn) 600 0C 800 0C 1000 0C 1200 0C 800 0C 1000 0C

1 1.000e+10 1.000000 1.000050 1.000270 1.000650 -1.7499e-07 6.9981e-07
2 1.000e+06 0.999860 0.999928 1.000160 1.000550 -7.0005e-08 7.6488e-07
3 1.000e+05 0.998599 0.998821 0.999158 0.999633 8.2347e-07 1.3411e-06
4 1.000e+04 0.986480 0.988133 0.989501 0.990765 9.0853e-06 7.1753e-06
5 1.000e+03 0.897014 0.907262 0.915060 0.921400 6.3229e-05 4.6593e-05
6 1.000e+02 0.625406 0.647616 0.665409 0.680318 1.8853e-04 1.4454e-04
7 3.700e+01 0.500618 0.522740 0.540910 0.556444 2.3050e-04 1.8014e-04
8 1.000e+00 0.318908 0.336068 0.350902 0.364119 2.7261e-04 2.2289e-04
9 1.000e-01 0.307813 0.324585 0.339275 0.352471 2.7440e-04 2.2750e-04

2.2 Sensitivity coefficient of α based on resonance level

The sensitivity coefficient of α can be expressed by the temperature derivative of the
sensitivity coefficient of f-factor as

Sf
x =

x

f (x, T )
· ∂f (x, T )

∂x
(16)

Sα
x =

x

α (x, T )
· ∂α (x, T )

∂x
(17)

while the derivatives with respect to T and resonance parameter x are given by
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∂f(x, T )

∂T
= f(x, T ) · α (18)

∂f (x, T )

∂x
=

f(x, T )

x
· Sf

x . (19)

As shown in APPENDIX, the final expression of Sα
x (x, T ) can be given by a temperature

derivative of the f-factor sensitivity coefficient Sf
x as

Sα
x (x, T ) =

1

α (x, T )
· ∂

∂T
Sf

x (x, T ) (20)

=
∆x

x
· f(x, T )

f(x, T + ∆T ) − f(x, T − ∆T )

×
{

f(x + ∆x, T + ∆T )

f(x, T + ∆T )
− f(x + ∆x, T − ∆T )

f(x, T − ∆T )

}
(21)

where ∆x is the x’s variation and f(x + ∆x, T + ∆T ) means the f -factor at temperature
(T + ∆T ) when x is changed to (x + ∆x). This formula is based on the second order
numerical derivative by three points of temperature; T −∆T , T and T +∆T . By using the
Eq. (21), the α sensitivity coefficient Sα

x (x, T ) can be directly obtained from a set of five
f -factors. In present work, Eq.(20) is used for simultaneous provision of Sf

x . Therefore,
in a numerical evaluation of α as defined by Eq.(20), three Sf

x -values as function of
temperature are provided and then by the three point numerical differentiation formula
Eq.(95) the Sα

x is obtained as shown in Tables 10 to 18.

2.3 Covariances of f-factor and α

The error of α can be shown by the partial derivatives of α with respect to the
resonance parameter xk of k-th resonance and it can be related to the relative covariance
matrix Cov(k, l) of resonance parameters as;

{
δf

f

}2

=
1

f2

{
kall∑
k=1

∂f

∂xk

· δxk

}2

(22)

=
kall∑
k=1

{(Sf
xk

)2 · Cov(k, k)} +
kall∑
k=1

lall∑
l=1,l ̸=k

{
Sf

xk
Sf

xl
· Cov(k, l)

}
(23)

{
δα

α

}2

=
1

α2

{
kall∑
k=1

∂α

∂xk

· δxk

}2

(24)

=
kall∑
k=1

{(Sα
xk

)2 · Cov(k, k)} +
kall∑
k=1

lall∑
l=1,l ̸=k

{
Sα

xk
Sα

xl
· Cov(k, l)

}
. (25)

By introducing the correlation matrix Cor(k, l) and δxk

xk
, the total standard deviations

δf
f

of f-factor and δα
α

of α-value are
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{
δf

f

}2

=
kall∑
k=1

Cor(k, k) · {Sf
xk

· (δxk

xk
)}2 +

kall∑
k=1

lall∑
l=1,l ̸=k

{
Cor(k, l) · Sf

xk
Sf

xl
· (δxk

xk

δxl

xl
)
}

(26)

{
δα

α

}2

=
kall∑
k=1

Cor(k, k) · {Sα
xk

· (δxk

xk
)}2 +

kall∑
k=1

lall∑
l=1,l ̸=k

{
Cor(k, l) · Sα

xk
Sα

xl
· (δxk

xk

δxl

xl
)
}

.(27)

The correlation matrix Cor(k, l) is adopted from JENDL-3.3 Covariance File as shown
in Section 4.

As shown by Eq.(20), the α-sensitivity coefficient Sα
x (x, T ) is the second order deriva-

tive of f-factor divided by small quantity α, i.e., the α-sensitivity coefficient is the higher
order derivatives than the first order derivative f-factor sensitivity coefficient Sf

x . The
more precise numerical differentiation method is required as shown in Section 7.1.

2.4 Doppler reactivity effect in terms of α

Doppler reactivity ρ can be defined by so-called ”Direct k-Difference Method” as
shown by Eqs.(30) to (32). An alternative definition of ρ is possible by using perturba-
tion theory. It is, however, obliged to use adjoint flux and thus an additional quantity
except neutron flux has to be prepared.

From the neutron balance, the production term < νΣfϕ > relative to pseudo absorp-
tion term < {Σγ + Σf}ϕ > +L can be expressed as

keff =
< νΣfϕ >

< (Σγ + Σf )ϕ > +L
(28)

and the inverse keff is the effective neutron absorption in a cubic volume relative to a
prompt neutron yield as follows;

1

keff

=
< {Σγ + Σf}ϕ > +L

< νΣfϕ >
(29)

The Doppler reactivity ρ due to temperature change from the reference Tref to tem-
perature T can be the difference of the inverse keff ’s as a result of transport perturbation
theory as;

ρ =
1

k(T )
− 1

k(T0)
(30)

≃ < {Σγ(T ) − Σγ(T0)}ϕ >

k(T0) · (1 + ϵ) < Σγ(T0)ϕ >
.......... for 238U (31)

∝ < {Σγ(T ) − Σγ(T0)}ϕ >

< Σγ(T0)ϕ >
(32)

with

ϵ =
L

Σγ(T0) + Σf (T0)
(33)

where ν, Σγ , Σf , L and ϕ mean the fission neutron yield, macroscopic capture cross
section, macroscopic fission cross section, leakage term and neutron flux, respectively,
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and <> means the volume-energy integration.
For simplicity, the ρ of 238U in the group g without fission term is explicitly shown

below under the assumption that neutron flux and f-factor based on fine group structure
are provided in the broad group g;

ρU28
g ≃

NU28 < (σ U28
γ (T ) − σU28

γ (T0))ϕ >g

< νΣfϕ >
(34)

≃
NU28σU28∞

γ g

< νΣfϕ >

<

 1
fU28

γ (T0)

(
fU28

γ (T ) − fU28
γ (T0

)
∆T

 fU28
γ (T0)∆Tϕ >g

 (35)

=
NU28∆T

< νΣfϕ >
< σU28∞

γ αfU28
γ (T0)ϕ >g (36)

where NU28 is number density of uranium-238, σU28∞
γg is g-group infinite dillution capture

cross section of uranium-238, and fU28
γ (T ) is self-shielding factor for uranium-238 capture

reaction at temperature T . In the above equation, the fission neutron production term
< νΣfϕ > is assumed not to be changed since the Doppler reactivity effect is so small
that remarkable change of it cannot be expected.

The variation of ρ due to the change of resonance parameter xk of the k-th resonance
and x-type parameter such as Γn can be expressed in terms of some physical components
as shown below;

δρU28
xk

= δ

[
NU28σU238∞

γ ∆T

< νΣfϕ >
< αfU28

γ ϕ >

]
(37)

=
NU28∆T

< νΣfϕ >

gAll∑
g

< σU28∞
γ αfU28

γ

{
S

σU28∞
γ

xk + Sα
xk

+ S
fU28

γ
xk + Sϕ

xk

}
ϕ >g δxk

xk
(38)

≃
NU28∆T < σU28∞

γ αfU28
γ ϕ >

< νΣfϕ >

gAll∑
g

{
wρ

g ·
(

S
σU28∞ g

γ
xk + Sα g

xk

+S
fU28 g

γ
xk +Sϕ g

xk

)} δxk

xk
(39)

= ρ ·
gAll∑

g

{
wρ

g ·
(

S
σU28∞ g

γ
xk + Sα g

xk
+ S

fU28 g
γ

xk + Sϕ g
xk

)}
δxk

xk
(40)

(
δρ

ρ

)
xk

=
gAll∑

g

{
wρ

g ·
(

S
σU28∞ g

γ
xk + Sα g

xk
+ S

fU28 g
γ

xk + Sϕ g
xk

)}
δxk

xk
(41)

with the weight wρ
g is

wρ
g =

{
σg

γ(T ) − σg
γ(T0)

}
ϕg ∆E∑gAll

g {σg
γ(T ) − σg

γ(T0)}ϕg ∆E
. (42)

Total uncertainty of ρ for a group g due to simultaneous variation of xk (k = 1...kall) can
be obtained by error propagation law as

(
δρ

ρ

)
g

=

[
kall∑
k=1

lall∑
l=1

Cor(k, l)
{

S
σU28∞

γ
xk + S

fU238
γ

xk + Sα
xk

+ Sϕ g
xk

}
δxk

xk
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·
{

S
σU28∞

γ
xl + S

fU238
γ

xl + Sα
xl

+ Sϕ g
xl

}
δxl

xl

]1/2

g
(43)

=

[
kall∑
k=1

Cor(k, k)

{(
S

σU28∞
γ

xk

)2

+
(

S
fU28

γ
xk

)2

+
(
Sα

xk

)2
+

(
Sϕ g

xk

)2
} (

δxk

xk

)2

+
kall∑
k ̸=l

lall∑
l>k

2 · Cor(k, l)
{

S
σU28∞

γ
xk · SfU28

γ
xl + S

fU28
γ

xk · Sα
xl

+ Sα
xl
· Sϕ g

xl
+ Sϕ g

xl
· SσU28∞

γ
xk

+ S
fU28

γ
xl · Sϕ g

xl
+ S

σU28∞
γ

xk · Sα
xk

} (
δxk

xk

δxl

xl

)]1/2

g
. (44)

The sensitivity coefficients S
fU238

γ
xk and Sα

xl
are evaluated by using the NJOY output of

f-factors and infinitely diluted capture cross section, and S
σU238∞

γ
xk can be estimated from

the NJOY output as “Principal Cross Section” given as “group cross section” at given
temperature.

2.5 Covariances of self-shielding factor and its temperature gra-
dient in multi-group

In this section, the important covariances of the f-factor and α-value are explicitly
described in a multi-group forms to be used in the ERRORF code. Covariance of the
self-shielding factor δf g

i,c(T )/f g
i,c(T ) and its temperature gradient δαg

i,c(T )/αg
i,c(T ) for the

238U neutron capture reaction can be obtained by the error propagation law as shown
below;

θf
gg′ ·

(
δf g

f g

δf g′

f g′

)
=

∑
i,j

Sf
giS

f
g′i · Cor(i, j) ·

(
δxi

xi

δxj

xj

)
, (45)

θα
gg′ ·

(
δαg

αg

δαg′

αg′

)
=

∑
i,j

Sα
giS

α
g′j · Cor(i, j) ·

(
δxi

xi

δxj

xj

)
, (46)

where the suffix i for isotope and c for nuclear reaction channel are omitted hereafter and
quantities mean as follows;

θf
gg′ :Correlation matrix of self-shielding factor {f g}

θα
gg′ :Correlation matrix of temperature gradient {αg}

xi :Resonance parameter x={xi}=(Er,1, Γn,1, Γγ,1, ...)
Cor(i, j) :Correlation matrix of resonance parameter x
δxi :Absolute standard deviation of resonance parameter xi

Sf
gi :Sensitivity coefficient of self-shielding factor f g to xi

Sα
gi :Sensitivity coefficient of temperature gradient αg to xi

The sensitivity coefficients Sf
gi and Sα

gi were defined by Eqs. (16) and (17), respectively.
The summations in Eqs. (45) and (46) are taken over all resolved resonance parameters.
By equating g and g′ in Eqs. (45) and (46), the variances of the self-shielding factor and
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its temperature gradient in the g-th group are obtained as(
δf g

f g

)2

tot

=
∑
i,j

Sf
giS

f
gj · Cor(i, j) ·

(
δxi

xi

δxj

xj

)
, (47)

(
δαg

αg

)2

tot

=
∑
i,j

Sα
giS

α
gj · Cor(i, j) ·

(
δxi

xi

δxj

xj

)
. (48)

From Eqs. (45) and (46), the correlation matrices θf
gg′ and θα

gg′ can be expressed by

θf
gg′ =

∑
i,j

Sf
giS

f
g′j · Cor(i, j) · δxi

xi

δxj

xj

 /(
δf g

f g

δf g′

f g′

)
, (49)

θα
gg′ =

∑
i,j

Sα
giS

α
g′j · Cor(i, j) · δxi

xi

δxj

xj

 /(
δαg

αg

δαg′

αg′

)
. (50)

In the present work, the resonance parameter set x = {xi} and its cpvariance matrix
Cov(i, j) (= Cor(i, j) · δxiδxj) are taken from the evaluated nuclear data library JENDL-

3.3, while the sensitivity coefficients Sf
gi and Sα

gi are obtained by a newly developed code
system ERRORF described in Section 5.

The right hand sides of Eqs. (47) and (48) are accordingly decomposed to the sum
of 10 sub-matrix components consisting of Covl(i, j)Sf

giS
f
gj and Covl(i, j)Sα

giS
α
gj (l = 1..L,

L: dimension of submatrix) since the covariance matrix in JENDL-3.3 is subdivided to L
energy intervals as in 4.1, and then;(

δf g

f g

)2

tot

=
∑
l∈Lg

∑
i,j∈Ml

Sf
giS

f
gj · Corl(i, j) ·

(
δxi

xi

δxj

xj

)
(51)

(
δαg

αg

)2

tot

=
∑
l∈Lg

∑
i,j∈Ml

Sα
giS

α
gj · Corl(i, j) ·

(
δxi

xi

δxj

xj

)
(52)

where Lg means the set of energy intervals overlapping with the g-th group, and Ml means

the set of all resonance parameters of the levels in the l-th interval. Note that Sf
gi and

Sα
gi are zero if i ∈ Ml and l /∈ Lg because we assume that the cross section in an energy

interval in Lg is not sensitive to the change in the i-th resonance parameter which is not
in the energy interval Lg.

The diagonal term, named as variance and abbreviated as ”var”, is given as a simpler
form as

(
δf g

f g

)2

var

=
∑

i

(
Sf

gi

)2
·
(

δxi

xi

)2

(53)

(
δαg

αg

)2

var

=
∑

i

(
Sα

gi

)
·
(

δxi

xi

)2

(54)

since the diagonal element of correlation matrix is unity. The summation is made for all
diagonal elements of full correlation matrix Cor or those of each sub-matrix Corl.
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The off-diagonal terms
(

δfg

fg

)
Off−D

and
(

δαg

αg

)
Off−D

can be obtained by simple modifi-

cation of Eqs.(51) and (52) as shown below.

(
δf g

f g

)2

Off−D

=
∑
l∈Lg

∑
i,j∈Ml

Sf
giS

f
gj · Corl(i, j) ·

(
δxi

xi

δxj

xj

)
· (1 − δij) (55)

(
δαg

αg

)2

Off−D

=
∑
l∈Lg

∑
i,j∈Ml

Sα
giS

α
gj · Corl(i, j) ·

(
δxi

xi

δxj

xj

)
· (1 − δij) (56)

where δij is the Kronecker delta function.
In order to investigate the anti-correlation between Γn and Γγ inside each resonance

level, another component ”lev” is provided.

(
δf g

f g

)2

lev

=
∑

i

(
Sf

gi,Γn i

)2
·
(

δΓn i

Γn i

)2

+
(
Sf

gi,Γγ i

)2
·
(

δΓγ i

Γγ i

)2


+ 2
∑

i

(
Sf

gi,Γn i
Sf

gi,Γγ i

)
Cor(Γn,i, Γγ,i) ·

(
δΓn i

Γn i

δΓγ i

Γγ i

)
(57)

(
δαg

αg

)2

lev

=
∑

i

(
Sα

gi,Γn i

)2
·
(

δΓn i

Γn i

)2

+
(
Sα

gi,Γγ i

)2
·
(

δΓγ i

Γγ i

)2


+ 2
∑

i

(
Sα

gi,Γn i
Sα

gi,Γγ i

)
Cor(Γn,i, Γγ,i) ·

(
δΓn i

Γn i

δΓγ i

Γγ i

)
(58)

Standard deviations of Γn and Γγ compiled in the covariance matrix of JENDL-3.3
are shown in Fig. 2 for 238U , with the boundaries of the 10 energy intervals. It can be
seen that the deviation is approximately 50% at maximum for both Γn and Γγ.

In JENDL-3.3,the covariance matrix in the unresolved resonance region (10 keV to
150 keV) was evaluated in one group expression because of the limitation of the data file
format, and the region is excluded in the present evaluation.

3 Resonance parameter file

The present sensitivity analysis is made for four isotopes, i.e., 235U , 238U ,239Pu and
240Pu, whose data are taken from JENDL-3.3 except 235U . The 235U is obtained from
JENDL-3.2 because it has covariance data of resonance parameters. Detailed information
of resonance parameters of 238U is shown in order to introduce the process of sensitivity
analysis since it is major isotope governing the Doppler reactivity. The outlines of the all
four isotopes are shown by the “Comment Cards” of JENDL-3.3 as shown below.

3.1 238U resolved resonance

The comments on resolved resonance for JENDL-3.3 are given as follows:
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MF=2 Resonance Parameters
MT=151 Resolved and unresolved resonance parameters
1) Resolved resonance parameters for RM formula

(resolved resonance region = 1.0E-5 eV to 10 keV)
Parameters were adopted from JEF-2 evaluation /7/ and the
energy range was divided into 10 intervals by assuming
hypothetical resonances outside each interval. Parameters
of the hypotetical resonances were determined by means of
SAMMY/8/.

2) Unresolved resonance parameters
(unresolved resonance region = 10 keV to 150 keV)

Parameters were obtained with the parameter fitting code
ASREP/9/ so as to reproduce the cross sections evaluated in
this energy region.

2200-m/s cross sections and calculated resonance integrals.
2200 m/s(b) res. integ.(b)

total 12.077
elastic 9.360
fission 11.8E-6 1.72
capture 2.717 277.

The resonance formula for 238U of JENDL-3.3 is Reich-Moore formula. The Reich-
Moore formula is a multilevel formulation with two fission channels. It is also useful for
both structural and fissionable materials.

For the 238U in JENDL-3.3, the same resonance levels are used for different energy
ranges as shown in Table 2 in order to effectively reproduce the experimental resonant
cross section by Reich-Moore Formula. For example, in Table 2, the 71-th resonance
at 925.23 eV is also used as the 258-th resonance, where the resonance No. is the
sequence No. assigned in JENDL-3.3 File 2. There are the 10 energy ranges from
1.0−5 eV ∼ 10 keV . The 70 group structure of JAERI fast set[11, 12] is shown in Table 3.

Consequently, the parameter change for present work should be made simultaneously
for several energy ranges. An example of multi-use of a resonance level is shown in Table
2. Overall resonance level with covariance matrixes will be shown in Table 4 in order to
consult with this table about resonance information.

3.2 235U resolved resonance

The comments on resolved resonance for JENDL-3.2 are given as follows:

MF=2 RESONANCE PARAMETERS
MT=151
1) RESOLVED RESONANCES : BELOW 500 EV

REICH-MOORE PARAMETERS IN ENDF/B-VI/15,16/ WAS ADOPTED.
AVERAGE CAPTURE WIDTH OF 0.035 EV WAS INCREASED TO 0.0385 EV
IN THE ENERGY REGION ABOVE 300 EV.
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Table 2: Energy ranges of the 71-th to 84-th resonances for the 238U 37 group cross

sections
Res. No. Er(eV) l J Resonance Parameter Energy Range (eV)

Γn Γγ Elow EHigh

71 9.252300E+02 0 5.00E-01 1.510000E-02 2.300000E-02 1.000000E-05 1.000000E+03

258 9.252300E+02 0 5.00E-01 1.510000E-02 2.300000E-02 1.000000E+03 2.000000E+03

72 9.372800E+02 0 5.00E-01 1.557000E-01 2.338000E-02 1.000000E-05 1.000000E+03

259 9.372800E+02 0 5.00E-01 1.557000E-01 2.338000E-02 1.000000E+03 2.000000E+03

73 9.587880E+02 0 5.00E-01 2.110000E-01 2.340000E-02 1.000000E-05 1.000000E+03

260 9.587880E+02 0 5.00E-01 2.110000E-01 2.340000E-02 1.000000E+03 2.000000E+03

74 9.918100E+02 0 5.00E-01 3.837000E-01 2.300000E-02 1.000000E-05 1.000000E+03

261 9.918100E+02 0 5.00E-01 3.837000E-01 2.300000E-02 1.000000E+03 2.000000E+03

75 1.005240E+03 0 5.00E-01 1.600000E-04 2.300000E-02 1.000000E-05 1.000000E+03

262 1.005240E+03 0 5.00E-01 1.600000E-04 2.300000E-02 1.000000E+03 2.000000E+03

76 1.023080E+03 0 5.00E-01 8.420000E-03 2.300000E-02 1.000000E-05 1.000000E+03

263 1.023080E+03 0 5.00E-01 8.420000E-03 2.300000E-02 1.000000E+03 2.000000E+03

77 1.054650E+03 0 5.00E-01 9.670000E-02 2.300000E-02 1.000000E-05 1.000000E+03

264 1.054650E+03 0 5.00E-01 9.670000E-02 2.300000E-02 1.000000E+03 2.000000E+03

78 1.057080E+03 0 5.00E-01 1.400000E-04 2.300000E-02 1.000000E-05 1.000000E+03

265 1.057080E+03 0 5.00E-01 1.400000E-04 2.300000E-02 1.000000E+03 2.000000E+03

79 1.098710E+03 0 5.00E-01 1.900000E-02 2.300000E-02 1.000000E-05 1.000000E+03

266 1.098710E+03 0 5.00E-01 1.900000E-02 2.300000E-02 1.000000E+03 2.000000E+03

80 1.109240E+03 0 5.00E-01 3.350000E-02 2.300000E-02 1.000000E-05 1.000000E+03

267 1.109240E+03 0 5.00E-01 3.350000E-02 2.300000E-02 1.000000E+03 2.000000E+03

81 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 1.000000E-05 1.000000E+03

268 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 1.000000E+03 2.000000E+03

489 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 2.000000E+03 3.000000E+03

707 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 3.000000E+03 4.000000E+03

922 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 4.000000E+03 5.000000E+03

1188 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 5.000000E+03 6.000000E+03

1425 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 6.000000E+03 7.000000E+03

1667 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 7.000000E+03 8.000000E+03

1890 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 8.000000E+03 9.000000E+03

2117 1.140470E+03 0 5.00E-01 2.382000E-01 2.300000E-02 9.000000E+03 1.000000E+04

82 1.150040E+03 0 5.00E-01 1.862500E-01 1.296000E-02 1.000000E-05 1.000000E+03

83 1.167810E+03 0 5.00E-01 9.380000E-02 2.300000E-02 1.000000E-05 1.000000E+03

84 1.177340E+03 0 5.00E-01 6.830000E-02 2.300000E-02 1.000000E-05 1.000000E+03

270 1.177340E+03 0 5.00E-01 6.830000E-02 2.300000E-02 1.000000E+03 2.000000E+03
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Table 3: JAERI-Fast 70 group structure

Group Lethargy Energy Range (eV) Group Lethargy Energy Range (eV)
No. Width High Low No. Width High Low

1 0.250 1.00E+07 7.79E+06 36 0.250 1.58E+03 1.23E+03
2 0.250 7.79E+06 6.07E+06 37 0.250 1.23E+03 9.61E+02
3 0.250 6.07E+06 4.72E+06 38 0.250 9.61E+02 7.49E+02
4 0.250 4.72E+06 3.68E+06 39 0.250 7.49E+02 5.83E+02
5 0.250 3.68E+06 2.87E+06 40 0.250 5.83E+02 4.54E+02

6 0.250 2.87E+06 2.23E+06 41 0.250 4.54E+02 3.54E+02
7 0.250 2.23E+06 1.74E+06 42 0.250 3.54E+02 2.75E+02
8 0.250 1.74E+06 1.35E+06 43 0.250 2.75E+02 2.14E+02
9 0.250 1.35E+06 1.05E+06 44 0.250 2.14E+02 1.67E+02

10 0.250 1.05E+06 8.21E+05 45 0.250 1.67E+02 1.30E+02

11 0.250 8.21E+05 6.39E+05 46 0.250 1.30E+02 1.01E+02
12 0.250 6.39E+05 4.98E+05 47 0.250 1.01E+02 7.89E+01
13 0.250 4.98E+05 3.88E+05 48 0.250 7.89E+01 6.14E+01
14 0.250 3.88E+05 3.02E+05 49 0.250 6.14E+01 4.79E+01
15 0.250 3.02E+05 2.35E+05 50 0.250 4.79E+01 3.73E+01

16 0.250 2.35E+05 1.83E+05 51 0.250 3.73E+01 2.90E+01
17 0.250 1.83E+05 1.43E+05 52 0.250 2.90E+01 2.26E+01
18 0.250 1.43E+05 1.11E+05 53 0.250 2.26E+01 1.76E+01
19 0.250 1.11E+05 8.65E+04 54 0.250 1.76E+01 1.37E+01
20 0.250 8.65E+04 6.74E+04 55 0.250 1.37E+01 1.07E+01

21 0.250 6.74E+04 5.25E+04 56 0.250 1.07E+01 8.32E+00
22 0.250 5.25E+04 4.09E+04 57 0.250 8.32E+00 6.48E+00
23 0.250 4.09E+04 3.18E+04 58 0.250 6.48E+00 5.04E+00
24 0.250 3.18E+04 2.48E+04 59 0.250 5.04E+00 3.93E+00
25 0.250 2.48E+04 1.93E+04 60 0.250 3.93E+00 3.06E+00

26 0.250 1.93E+04 1.50E+04 61 0.250 3.06E+00 2.38E+00
27 0.250 1.50E+04 1.17E+04 62 0.250 2.38E+00 1.86E+00
28 0.250 1.17E+04 9.12E+03 63 0.250 1.86E+00 1.44E+00
29 0.250 9.12E+03 7.10E+03 64 0.250 1.44E+00 1.13E+00
30 0.250 7.10E+03 5.53E+03 65 0.250 1.13E+00 8.76E-01

31 0.250 5.53E+03 4.31E+03 66 0.250 8.76E-01 6.83E-01
32 0.250 4.31E+03 3.35E+03 67 0.250 6.83E-01 5.32E-01
33 0.250 3.35E+03 2.61E+03 68 0.250 5.32E-01 4.14E-01
34 0.250 2.61E+03 2.03E+03 69 0.250 4.14E-01 3.22E-01
35 0.250 2.03E+03 1.58E+03 70 10.381 3.22E-01 1.00E-05
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2) UNRESOLVED RESONANCE PARAMETERS : 500 EV - 30 KEV
THE EVALUATED TOTAL, CAPTURE AND FISSION CROSS SECTIONS WERE
FITTED BY ADJUSTING S0, S1 AND FISSION WIDTH THE FISSION
CROSS SECTION WAS BASED ON THE EXPERIMENTAL DATA OF WESTON
AND TODD /17/. THE CAPTURE CROSS SECTION WAS CALCULATED AS
(SIG-F)*ALPHA, WHERE ALPHA VALUES WERE DETERMINED FROM
EXPERIMENTAL DATA OF MURADYAN ET AL. /18/ THE TOTAL CROSS
SECTION WAS EVALUATED ON THE BASIS OF THE EXPERIMENTAL DATA
BY UTTLEY ET AL. /19/, BOECKOFF ET AL. /20/, MICHAUDON ET
AL. /21/ AND DERRIEN /22/

2200-M/S CROSS SECTIONS AND CALCULATED RES. INTEGRALS.
2200 M/S RES. INTEG.

ELASTIC 15.03 B -
FISSION 584.4 B 279 B
CAPTURE 98.81 B 134 B
TOTAL 698.2 B -

3.3 239Pu resolved resonance

The comments on resolved resonance for JENDL-3.3 are given as follows:

mf=2 Resonance parameters
mt=151 Resolved and unresolved resonance parameters
Resolved res. parameters for Reich-Moore formula: up to 2.5 keV

Parameters were taken from ref./1/ Details of evaluation
are given in Appendix.

Unresolved resonances : from 2.5 to 30 keV.
The energy dependent s0, s1 and fission width were deter-
mined so as to reproduce the evaluated total, capture and
fission cross sections. Slightly modified by Nakagawa /12/
for JENDL-3.3.

2200-m/sec cross sections and calculated resonance integrals.
2200 m/s res. integ.

total 1025.7 b -
elastic 7.970 b -
fission 747.4 b 302.6 b
capture 270.3 b 181.6 b

3.4 240Pu resolved resonance

The comments on resolved resonance for JENDL-3.3 are given as follows:

MF=2 Resonance Parameters
MT=151 Resolved and unresolved resonance parameters
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1) Resolved resonances (1.0E-05 to 2.7keV)
Reich-Moore type resonance parameters given by Bouland et
al./5/ were adopted in the incident neutron energy of
1.0E-05 eV to 2.7 keV. Capture widths of -3 and 1.056-eV
levels were slightly modified so as to reproduce the thermal
capture cross section better.

* Bouland et al. analyzed the resonance parameters up to 5.7 keV.
However, the upper boundary of 2.7 keV was adopted for JENDL-
3.3, because the capture cross section was too small above this
energy.

2) Unresolved resonances (2.7 to 40 keV)
Energy dependent parameters up to d-wave resonance were
determined to reproduce evaluated cross sections based on
the data of Weston and Todd /6/ in the energy region of 2.7
to 40 keV. The parameters ofJENDL-3.2 were revised to
reproduce all cross sections without background cross
sections. To connect smoothly to the cross sections in the
resolved resonance region, elastic and capture cross sections
in the region below 100keV, and fission cross section in the
connection region were revised.

3.5 Unresolved resonance

Covariance data for unresolved resonance is given for the whole range of unresolved
resonance in JENDL-3.3. In the present study, no analysis is performed although some
test calculations were made for sensitivity coefficients.

4 Covariance matrixes of resonance parameter

4.1 Sub-matrix presentation of covariance matrix V in JENDL-
3.3.

In the current evaluation the resonance parameters and its covariance matrix Cov
are taken from the evaluated nuclear data files compiled in the ENDF-6 format [27]. The
covariance format is shown in the CSEWG home page:

http://www.nndc.bnl.gov/csewg-members/ENDF-102/scr/Fmts-32.doc

Among major evaluated nuclear data libraries, JENDL-3.3 is the unique solution in the
present study because the other libraries do not include the resonance parameter covari-
ance matrix in their 238U data evaluation 1.

1The resonance parameter set and its covariance matrix of 238U evaluated for JENDL-3.2 is adopted
in JENDL-3.3
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In the evaluation of 238U data for JENDL-3.3, the resonance parameters of 561 s-wave
resonance levels and 1129 p-wave resonance levels are compiled in the resolved resonance
region (up to 10 keV) on the basis of the Reich-Moore formalism. The fission cross section
is several orders of magnitude smaller than the elastic and capture cross sections in the
resolved resonance region, and its covariance data is not compiled in JENDL-3.3. Thus
the fission widths Γf,i is excluded in the 238U sensitivity study.

The 238U resonance parameters compiled in JENDL-3.3 are originally taken from the
JEF-2 evaluation [28]; however, the resolved resonance region was divided into 10 energy
intervals in JENDL-3.3, and in each energy interval the cross section is calculated from
resonance parameters of levels in the interval (inside levels) as well as certain impor-
tant levels outside the interval (outside levels). For example, the 6.67 eV resonance level
(Γn=1.493 meV and Γγ=23 meV in JENDL-3.3) is compiled in all 10 intervals so that the
tail effect of this resonance is taken into account in the intervals above 1 keV. This level
is an inside level for cross section in the first interval (10−5-1 keV) and an outside level
for cross sections in the intervals above 1 keV (1-2 keV, 2-3 keV,..., 9-10 keV).

The 238U resolved resonance parameter covariance matrix in JENDL-3.3 [17] was eval-
uated by the KALMAN system [29],where the uncertainties in resonance parameters were
estimated so that the uncertainties in the cross sections give constant uncertainties (3%
for the total and 5% for the capture, in general) in the cross sections averaged over an
appropriate energy range. Resonance parameters of p-wave resonance levels are excluded
in the evaluation of the covariance matrix because of their small contribution to the cross
section.

Resonance energies of all levels and widths of outside levels are assumed not to be
uncertain in the JENDL-3.3 evaluation. In other words, the cross section in an interval
should be regarded as not sensitive to resonance parameters of outside levels when we
study error propagation with the covariance matrix. For example, cross sections above 1
keV are regarded as not sensitive to the change in the resonance parameter of the 6.67 eV
level even though we use the tail of this resonance when we calculate cross sections above
1 keV, because the JENDL-3.3 resonance parameter covariance does not give uncertainty
of the 6.67 eV level parameters for neutrons with energies higher than 1 keV.

The covariance matrix then becomes

Cov =


Cov1 0 0

0 Cov2 0
. . . 0

0 0 0 Cov10


where Cov1, Cov2,...,Cov10 are resonance parameter covariance sub-matrixes for cross

sections in the 10 energy intervals. Similar submatrix structure can be also introduced

to correlation matrix, Corl(i, j) = Covl(i, j)/(δxiδxj). The neutron and capture widths

of about 30 s-wave resonance levels are chosen from levels in each interval, and their

covariance in each energy interval were evaluated. Standard deviations in Γn and Γγ

compiled in the 238U covariance matrix of JENDL-3.3 were shown in Fig. 2 with the

boundaries of the 10 energy intervals. We can see that the deviation is about 50% at

maximum both for Γn and Γγ.
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4.2 Covariance matrixes of 238U resonance parameter

Covariance data of JENDL-3.3 is shown in Table 4 which has total 561 s-wave reso-

nances assigned for JENDL-3.3. Errors of resonances parameters are scattered and large

error appears with some period. The error of Γγ is not constant although the magnitude

of Γγ is nearly constant of 23 meV. The errors of parameters belonging to group 37 are

relatively small in comparison with both wings of resonance regions. According to these

data, the Doppler reactivity uncertainty is expected to be large below the 37 group, for

instance, the group 38 has larger error of parameters and their sensitivity coefficients were

larger than the 37 group’s.

Errors of uranium-238 s-wave resonance parameters of JENDL-3.3 are given for 317

levels shown in Table 4 and resonance sequential number corresponding to the sequential

number in covariance file is shown in Table 5. The number of assigned levels with errors is

relatively small in comparison with total 561 levels compiled in File 2. Covariance matrix

for group 37 is shown in Table 6. A half of full covariance matrix for higher energy side

is shown in 3D plot of Fig.3 and the lower energy side is shown in Fig. 4.

The level-level correlations are taken into account in the matrix as shown in Table 6

and about a half of elements are anti-correlation with negative values due to total width

conservation. The anti-correlation reduces the total uncertainty of α-value.

4.3 Covariance matrixes of 235U , 239Pu and 240Pu resonance pa-
rameters

The resonance parameters of 235U , 239Pu and 240Pu as well as 238U are compiled in
JENDL-3.3 (or -3.2) by the Reich-Moore type and their resolved resonance region was
divided into several energy intervals. In each energy interval the cross section is calculated
from resonance parameters of levels in the interval.

5 Code modules - ERRORF

A new set of code modules has been developed to prepare a modified resonance
parameter set xi, and to calculate the self-shielding factor f g, sensitivity coefficients Sf

gi

and Sα
gi in Eqs.(47) and (48), and the correlation matrices θf

gg′ and θα
gg′ in Eqs.(49) and

(50). This code system - ERRORF[39] -consists of NJOY and certain newly developed
code modules (REPCHANGE, FTOALPHA and ERRPROP). The flow of calculation in
the ERRORF system is summarized in Fig. 5.

The function of each module in the ERRORF is as follows:

(1) READCOV: To read nuclear data file in the ENDF-6 format, and output resonance
parameter covariance matrix.

(2) REPCHANGE: To read nuclear data file in the ENDF-6 format, and to change
the i-th resonance parameter xi in x to obtain a modified parameter set xi, where
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Table 5: JENDL-3.3 238U resonance sequential No. to that of covariance file
J33 No Cov. No⋆) l Er(eV) Γn(eV) Γγ(eV)

22 1 0 6.674000E+00 1.493000E-03 2.300000E-02
23 2 0 2.087100E+01 1.026000E-02 2.291000E-02
24 3 0 3.668200E+01 3.413000E-02 2.289000E-02
25 4 0 6.603200E+01 2.460000E-02 2.336000E-02
26 0 8.074900E+01 1.865000E-03 2.300000E-02
27 0 9.999970E+01 2.017700E-01 5.192600E-02
28 5 0 1.025600E+02 7.170000E-02 2.342000E-02
29 6 0 1.169020E+02 2.549000E-02 2.299000E-02
30 0 1.456600E+02 8.470000E-04 2.300000E-02

31 0 1.652900E+02 3.367000E-03 2.300000E-02
32 7 0 1.896700E+02 1.732000E-01 2.238000E-02
33 8 0 2.085100E+02 5.111000E-02 2.394000E-02
34 9 0 2.373800E+02 2.716000E-02 2.454000E-02
35 0 2.572160E+02 3.400000E-05 2.300000E-02
36 10 0 2.736600E+02 2.578000E-02 2.210000E-02
37 0 2.910000E+02 1.687000E-02 2.212000E-02
38 0 3.113200E+02 1.089000E-03 2.300000E-02
39 11 0 3.477900E+02 8.200000E-02 2.251000E-02
40 0 3.534500E+02 2.400000E-05 2.300000E-02

41 0 3.769300E+02 1.129000E-03 2.300000E-02
42 0 3.976200E+02 6.207000E-03 2.300000E-02
43 12 0 4.102400E+02 2.009000E-02 2.390000E-02
44 0 4.340700E+02 9.787000E-03 2.288000E-02
45 0 4.631700E+02 5.613000E-03 2.280000E-02
46 0 4.784300E+02 4.126000E-03 2.300000E-02
47 0 4.889100E+02 8.840000E-04 2.300000E-02
48 0 5.000000E+02 1.036600E-01 2.147100E-02
49 13 0 5.183600E+02 5.047000E-02 2.312000E-02
50 14 0 5.353000E+02 4.505000E-02 2.349000E-02

51 0 5.508300E+02 8.200000E-05 2.300000E-02
52 15 0 5.801000E+02 4.087000E-02 2.465000E-02
53 16 0 5.950300E+02 8.977000E-02 2.301000E-02
54 17 0 6.199600E+02 3.028000E-02 2.302000E-02
55 0 6.285400E+02 6.318000E-03 2.300000E-02
56 18 0 6.613000E+02 1.296000E-01 2.415000E-02
57 19 0 6.932100E+02 4.175000E-02 2.319000E-02
58 0 7.083800E+02 2.118000E-02 2.282000E-02
59 0 7.216930E+02 1.794000E-03 4.700000E-03
60 0 7.302300E+02 5.100000E-04 2.300000E-02

61 0 7.651000E+02 8.159000E-03 2.300000E-02
62 0 7.908600E+02 6.661000E-03 2.300000E-02
63 20 0 8.215300E+02 7.034000E-02 2.228000E-02
64 21 0 8.511660E+02 6.564000E-02 2.376000E-02
65 22 0 8.562600E+02 8.981000E-02 2.331000E-02
66 0 8.665300E+02 5.593000E-03 2.300000E-02
67 23 0 9.051100E+02 5.625000E-02 2.300000E-02
68 0 9.252300E+02 1.510000E-02 2.300000E-02
69 24 0 9.372800E+02 1.557000E-01 2.338000E-02
70 25 0 9.587880E+02 2.110000E-01 2.340000E-02

71 26 0 9.918100E+02 3.837000E-01 2.300000E-02
72 0 1.000010E+03 8.862800E-01 3.033500E-02
73 0 1.005240E+03 1.600000E-04 2.300000E-02
74 0 1.023080E+03 8.420000E-03 2.300000E-02

⋆): see ”No.” of Table 4
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Table 5: (continued) JENDL-3.3 238U resonance sequential No. to that of covariance file

J33 No. Cov. No⋆) l Er(eV) Γn(eV) Γγ(eV)

75 27 0 1.054650E+03 9.670000E-02 2.300000E-02
76 0 1.057080E+03 1.400000E-04 2.300000E-02
77 0 1.098710E+03 1.900000E-02 2.300000E-02
78 28 0 1.109240E+03 3.350000E-02 2.300000E-02
79 29 0 1.140470E+03 2.382000E-01 2.300000E-02
80 0 1.150040E+03 1.862500E-01 1.296000E-02

81 30 0 1.167810E+03 9.380000E-02 2.300000E-02
82 31 0 1.177340E+03 6.830000E-02 2.300000E-02
83 32 0 1.194940E+03 9.800000E-02 2.300000E-02
84 0 1.211360E+03 1.057000E-02 1.413000E-02
85 33 0 1.245260E+03 2.546000E-01 2.300000E-02
86 34 0 1.267240E+03 2.970000E-02 2.300000E-02
87 35 0 1.273170E+03 2.790000E-02 2.300000E-02
88 0 1.298890E+03 3.900000E-03 2.300000E-02
89 0 1.325630E+03 1.300000E-04 2.300000E-02
90 0 1.337000E+03 1.100000E-04 2.300000E-02

91 0 1.361020E+03 5.600000E-04 2.300000E-02
92 36 0 1.393970E+03 2.150000E-01 2.300000E-02
93 37 0 1.405550E+03 7.550000E-02 2.300000E-02
94 0 1.419920E+03 9.690000E-03 2.300000E-02
95 38 0 1.428230E+03 2.990000E-02 2.300000E-02
96 0 1.444200E+03 1.770000E-02 2.300000E-02
97 39 0 1.474080E+03 1.249000E-01 2.300000E-02
98 0 1.493850E+03 1.400000E-04 2.300000E-02
99 40 0 1.522840E+03 2.544000E-01 2.300000E-02
100 0 1.558490E+03 1.000000E-04 2.300000E-02

101 0 1.565330E+03 6.290000E-03 2.300000E-02
102 0 1.591490E+03 1.431000E-03 2.300000E-02
103 41 0 1.598000E+03 3.875000E-01 2.300000E-02
104 42 0 1.622860E+03 1.018000E-01 2.300000E-02
105 43 0 1.638050E+03 5.086000E-02 2.300000E-02
106 44 0 1.662810E+03 2.295000E-01 2.300000E-02
107 45 0 1.688920E+03 1.088000E-01 2.300000E-02
108 0 1.693410E+03 2.388700E+00 2.209600E-02
109 46 0 1.709930E+03 9.140000E-02 2.300000E-02
110 0 1.723040E+03 1.820000E-02 2.300000E-02

111 47 0 1.756060E+03 1.392000E-01 2.300000E-02
112 48 0 1.782560E+03 4.925000E-01 2.300000E-02
113 49 0 1.783070E+03 1.632000E-01 2.300000E-02
114 0 1.808520E+03 1.950000E-02 2.300000E-02
115 0 1.823900E+03 7.200000E-04 2.300000E-02
116 50 0 1.846130E+03 1.230000E-02 2.300000E-02
117 0 1.866700E+03 1.160000E-03 2.300000E-02
118 51 0 1.902880E+03 4.830000E-02 2.300000E-02
119 52 0 1.917210E+03 4.610000E-02 2.300000E-02
120 0 1.953820E+03 4.500000E-03 2.300000E-02
121 53 0 1.969040E+03 8.253000E-01 2.300000E-02
122 54 0 1.974970E+03 4.482000E-01 2.300000E-02

⋆): see ”No.” of Table 4
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Figure 5: Flow of calculation in the ERRORF system (Self-shielding factors are
calculated by NJOY)
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the i-th parameter is changed from xi to (1 + ϵ)xi. We set ϵ to 0.05 in the present
work.

(3) NJOY: To construct cross section σ(xi,E,T) from the modified resonance parame-
ter set xi, and to calculate self-shielding factor f g(xi,T) from effective cross sections
σ̂(xi,T, σ0) and infinite dilution cross sections σ̂(xi,T, σ0 = ∞).

In the present study, we calculate σ(xi,E,T) at three temperature points (600,
800 and 1000 K) so that we obtain temperature gradient αg at 800 K (a typical
condition of sodium-cooled first breeder reactor - FBR) in step ∆T=200 K by the
central difference formula. In the calculation of self-shielding factor f g(xi,T), we use
a background cross section σ0= 37 barn as a typical value in FBR 2. NJOY sets Tref

in Eq. (11) to 600 K. Calculation is done from the upper boundary of the thermal
region (∼ 3 eV) to the upper boundary of the resolved resonance region (10 keV) in
the 70 group structure defined in the JFS-3 (JAERI-Fast set Ver.3) format [11, 12].
Energies of upper boundaries in the 70 group structure are tabulated in Table 3 for
fast reactors.

(4) FTOALPHA: To obtain temperature gradient αg(xi,T) and sensitivity coefficients
Sf

g i(x,T) and Sα
g i(x.T) from partial derivatives of f g(xi,T) with respect to the reso-

nance parameter and temperature according to Eqs.(12), (16) and (17). The partial
derivative with respect to resonance parameters was performed by the forward dif-
ference formula, while partial derivative with respect to temperatures is obtained by
the central difference formula for numerical accuracy, namely Sf

gi(x, T ) and αg(xi, T )
are obtained by

Sf
gi(x, T ) =

xi

f g(x, T )

f g(xi + ∆xi, T ) − f g(xi, T )

∆xi

, (59)

αg(xi, T ) =
1

f g(xi, T )

f g(xi, T + ∆T ) − f g(xi, T − ∆T )

2∆T
, (60)

where ∆xi = 0.05x1 and ∆T=200 K are chosen as mentioned above.

Self-shielding factors f g listed in the output of NJOY have 6 digits, and, therefore,
the values have a numerical error of an order of 1.0×10−5. To avoid such error, we in-
troduce a cut-off parameter c=1.0×10−5 and set ∂f g/∂xi = 0 if |f g(xi, T ) − f g(x, T )| ≤
c. We use the same parameter c=1.0×10−5 for the change of infinite dilution cross
section; namely, ∂f g/∂xi = 0 if |σ̂g(xi, Tref) − σ̂g(x,Tref)| ≤ c.

(5) ERRPROP: To calculate standard deviations δf g/f g and δαg/αg, and correlation
matrices θgg′ and τgg′ . according to Eqs. (47) - (50).

A typical CPU time for the NJOY calculation is approximately 4 min for a given
resonance parameter set xi at the three temperatures (T=600, 800 and 1000 K) on a 2.8

2Obtained by potential scattering cross sections of 3.7 barn (16O), 3.2 barn (Na), 11.5 barn (Fe), 4.4
barn (Cr) and 17.7 barn (Ni), and the core composition of a typical large fast reactor, 0.00173 (16O),
0.00967 (Na), 0.0113 (Fe), 0.00328 (Cr), 0.00224 (Ni) and 0.00764 (238U).
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GHz Pentium 4 processor. Total CPU time for NJOY calculation is consequently about
3 days when we change two parameters (Γn and Γγ) of the 561 levels in JENDL-3.3.

Calculation time depends on the structure of resolved resonance parameters as well as
the total number of resonance parameters in the adopted nuclear data library. The 10-
energy interval structure employed in JENDL-3.3 shortens the calculation time required
to generate cross sections σ(xi, E, T ) from xi because the number of levels considered is
limited to those in one energy interval. CPU time for the NJOY calculation increases
to 20 min for a resonance parameter set at the three temperatures if we use the 238U
resonance parameters in the ENDF/B-VII.0 library [4], where all resonance parameters
in the resolved resonance region (up to 20 keV) are compiled into one energy interval. Note
that the ENDF/B-VII.0 library does not provide the covariance matrix of 238U resonance
parameters and, therefore, cannot be used in the present work.

6 Target reactor core

6.1 Typical FBR core

Present work aims at an evaluation of uncertainty of Doppler Reactivity worth of
typical sodium cooled fast breeder reactor like MONJU as shown in Fig. 6. For the NJOY
calculation, only background cross section σ0 is needed since resonance self shielding factor
”f-factor” based on Bondarenko method can be expressed by σ0-value as a NJOY input
data to assign the core system. A typical value of σ0 = 37 (b) has been used.

Figure 6: Schematic view of typical fast breeder reactor and fuel rod structure.

6.2 Neutron flux as weighting function

The neutron flux for present work is weighting function to average the ultra-fine group
cross sections over a broad group. Then the resonance effect as defined by resonance self-
shielding factor is important and then a reasonable number of groups is required to realize
the resonance effect. NJOY provides a point-wise cross section as the basic data. Then,
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the resonance effect is taken into account in detail even when the flux calculator is used
in order to precisely estimate the neutron source term. In the present work, however,
the flux calculator is not used because a huge amount of flux calculations is required to
evaluate the sensitivity coefficients.

In the present work, the neutron flux is defined by the following expression in NJOY

ϕl =
C(E)

[Σt(E)]l+1
=

C(E)

[σ0 + σt]l+1
(61)

where l means the angular momentum index, usually l = 0 for one-dimensional cross
section as capture cross section and l = 1 for two-dimensional one such as scattering
matrix. Many functions are provided for the C(E) as well as user given function. In
present work, two types of C(E)’s were tested and finally an NJOY option IWT=6 was
used.

The neutron sources are fixed as numerically tabulated C(E) values or analytical
function in a case where neutron source variation due to change of resonance parameters
is not taken into account in detail. Therefore, the flux sensitivity coefficient Sϕ

x evaluated
in the present work is an approximation.

The neutron flux for IWT=6 is explicitly expressed by an analytical C(E) as

ϕl =
ϕthermal + 1

E
+ χfission + ϕfusion

[σ0 + σt]l+1
(62)

≃ 1

E[σ0 + σt]l+1
........ resonance region (63)

Obviously, the IWT=6 flux is affected by the resonant cross section σt as shown by
Eq.(63). However, the smaller σt relative to σ0 gives smaller effect and at an extreme
case as infinitely large σ0 the flux does not depend on the resonance, i.e., tends to be an
analytical expression of C(E) (Therm+1/E and Fission).

7 Preparation of sensitivity analysis

7.1 Formula for numerical derivatives

Numerical differentiation can be done by using Spline-fitting of data or by using such
as Lagrangian or Newtonian interpolation formula. In the present work, the Newtonian
interpolation formula [37] was used for the derivation of sensitivity coefficients from NJOY
output and Spline-fitting method was used for the discussion and interpretation of the
results displayed by three dimensional plots on σ0 − Temperature plane. Then, interpo-
lated functional value based on tabulated value for x0, ......, xi can be expressed by

pk(x) =
k∑

i=0

f [x0, ......, xi]
i−1∏
j=0

(x − xj) (64)

under the condition

s∏
m=r

am =

{
arar+1ar+2.....as when r ≤ s
1 when r ≥ s

37

JAEA-Research 2008-091

－    －



2
.

1
.

.
5

.
2

.
1

N
e
u
t
r
o
n
 
E
n
e
r
g
y
 
(
e
V
)

1
e
+
0
7

1
e
+
0
6

1
e
+
0
5

.
1
e
5

.
1
e
4

.
1
e
3

.
1
e
2

1
.

F
ig

u
re

7:
N

eu
tr

on
fl
u
x

b
as

ed
on

IW
T

=
6

op
ti

on
at

80
0(

0
C

)
an

d
σ

0
=

37
(b

)

38

JAEA-Research 2008-091

－    －



F
ig

u
re

8:
T

y
p
ic

al
F
B

R
n
eu

tr
on

sp
ec

tr
u
m

b
as

ed
on

u
lt

ra
-fi

n
e

gr
ou

p
ca

lc
u
la

ti
on

.
”A

.U
.”

st
an

d
s

fo
r

”a
rb

it
ra

ry
u
n
it

”

39

JAEA-Research 2008-091

－    －



with the divided difference

f [x0, ......, xk] =
k∑

i=0

f(xi)

(xi − x0).....(xi − xi−1)(xi − xi+1).....(xi − xk)
(65)

pk(x) is the Newtonian interpolation formula. The divided difference f [x0, ......, xk]
can be explicitly shown for some typical k as;

f [x0] = f(x0) (66)

f [x0, x1] =
f(x0)

x0 − x1

+
f(x1)

x1 − x0

=
f(x0) − f(x1)

x0 − x1

(67)

f [x0, x1, x2] =
f(x0)

(x0 − x1)(x0 − x2)
+

f(x1)

(x1 − x0)(x1 − x2)
+

f(x2)

(x2 − x0)(x2 − x1)
(68)

=
f [x0, x1] − f [x1, x2]

x0 − x1

(69)

and then interpolating polynomial for k=1 is;

p1(x) = f [x0] + f [x0, x1](x − x0) (70)

= f(x0) +
f(x1) − f(x0)

x1 − x0

(x − x0) (71)

An arbitrary point x is added to the set of x-points [x0, x1, ...., xk] in order to obtain
the k+1 order polynomial pk+1(x) which is also another polynomial fitted to the function
f(x), i.e., pk+1(x) = f(x). The pk+1(x) polynomial can be shown in terms of pk(x) as
expected from Eq.(64) as shown below;

pk+1(x) =
k+1∑
i=0

f [x0, ......, xi]
i−1∏
j=0

(x − xj) (72)

=
k∑

i=0

f [x0, ......, xi]
i−1∏
j=0

(x − xj) + f [x0, ......, xk, x]
k∏

j=0

(x − xj) (73)

= pk(x) + f [x0, ......, xk, x]
k∏

j=0

(x − xj) (74)

and then the following relation holds good,

f(x) = pk+1(x) = pk(x) + f [x0, ......, xk, x]
k∏

j=0

(x − xj) (75)

.................. for all x ̸= x0, ......, xk

The second term on the right-hand side of Eq.(75) means an error of the interpolated
polynomial pk(x) for function f(x) as defined by

ek(x) = f(x) − pk(x) = pk+1(x) − pk(x) = f [x0, x1, ...., xk, x]
k∏

j=0

(x − xj) (76)
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Therefore, the function f(x) can be expressed by the Newtonian polynomial with system-
atical error ek(x) as

f(x) = pk(x) + f [x0, ......, xk, x]ψk(x) (77)

ψk(x) =
k∏

j=0

(x − xj) (78)

It is remarkable that the interpolation systematical error en(x) is a function of an arbitrary
variable x. Therefore, the error function Eq.(76) can not be explicitly evaluated because
the right-hand side has f(x) to be interpolated at x by f [x0, x1, ...., xk, x]. However,
by using the theorem on the divided difference f [x0, ......, xk] can be related to the k-th
derivative of f(x) as

f [x0, ......, xk] =
f (k)(ξ)

k!
(79)

where there exits ξ-value in the region (a,b) of interest i.e., ξ ∈ (a, b). Then the system-
atical error f [x0, ......, xk, x]ψk(x) can be expressed by

f [x0, ......, xk, x]ψk(x) = f(x) − pk(x) =
f (k+1)(ξ)

(k + 1)!

k∏
j=0

(x − xj) (80)

=
f (2)(ξ)

2
(x − x0)(x − x1)...when k = 1 (81)

Consequently, the linear interpolation polynomial Eq.(71) is revised as the followings by
taking into account the systematical error Eq.(81)

p1(x) = f(x0) +
f(x1) − f(x0)

x1 − x0

(x − x0) +
f (2)(ξ)

2
(x − x0)(x − x1) (82)

The derivative of function f(x) defined by Eq.(77) with respective x can be obtained
as

∂f(x)

∂x
=

∂pk(x)

∂x
+

∂ {f [x0, ......, xk, x]ψk(x)}
∂x

(83)

=
∂pk(x)

∂x
+

∂f [x0, ......, xk, x]

∂x
· ψk(x) + f [x0, ......, xk, x] · ∂ψk(x)

∂x
(84)

=
∂pk(x)

∂x
+ f [x0, ......, xk, x, x] · ψk(x) + f [x0, ......, xk, x] · ∂ψk(x)

∂x
(85)

The second term in the right-hand side of Eq.(83) is an error, denoted by E(f), of approx-
imation f ′(x) ≃ p′k(x). The f [x0, ......, xk, x, x]′ can be obtained by using the following
relation;

∂f [x0, ......, xk, x]

∂x
= f [x0, ......, xk, x, x] (86)

The second term in the right-hand side of Eq.(84) can not be explicitly expressed in terms
of known quantities like xi’s as mentioned above for Eqs.(79) and (80). As expected from

the Eq.(79), f [x0, ......, xk, x] = f (k+1)(η)
(k+1)!

and f [x0, ......, xk, x, x] = f (k+2)(ξ)
(k+2)!

. Consequently,
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the E(f) is

E(f) =
f (k+2)(ξ) · ψk(a)

(k + 2)!
+

f (k+1)(η) · ψ′
k(a)

(k + 1)!
(87)

≃ f (k+1)(η) · ψ′
k(a)

(k + 1)!
(88)

where ”a” in Eq.(88) is chosen as one of xi-values as a = xi so as to eliminate the second
term of Eq.(87) as the result of ψk(a) = 0 and then

ψ′
k(a) = q(a) (89)

q(x) =
ψk(x)

x − xi

= (x − x0)(x − x1)....(x − xi−1)(x − xi+1)...(x − xk) (90)

As a special case, when k is odd integer and taking xi as symmetric around a, the E(f)
can be shown as

E(f) =
1

(k + 2)!
f (k+2)(ξ)

(k−1)/2∏
j=0

[−(a − xj)
2] (91)

where

xk−j − a = a − xj, J = 0, ........,
k − 1

2
(92)

The more simplified forms of the derivative of f(x) with respect to x, f ′(x) = p′k(x),
can be obtained by the functional values f(x0), f(x1) and f(x2), which are classified into
three types of formula depending on the choice of evaluation point a on the x-axe.
Case-a: a = x0

h = x1 − x0, (x0 ≤ a < x1)

f ′(a) ≃ f [a, a + h] =
f(a + h) − f(a)

h
(93)

E(f) = −1

2
hf ′′(η) (94)

Case-b: a = 1
2
(x0 + x1)

x0 = a − h, x1 = a + h, h = 1
2
(x1 − x0), (x0 ≤ a < x1)

f ′(a) ≃ f [a − h, a + h] =
f(a + h) − f(a − h)

2h
(95)

E(f) = −1

6
h2f ′′(η) (96)

Case-c: a = x0

x1 = a + h, x1 = a + 2h, (x0 = a < x1 < x2)
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f ′(a) =
−3f(a) + 4f(a + h) − f(a + 2h)

2h
(97)

E(f) =
1

3
h2f ′′(ξ) (98)

where η and ξ are some x-values existing in the span [x0, x1], respectively.

Case-c′: a = x0

x1 < a = x0 < x2

When x = a − h and x2 = a + h are taken for Eqs.(97) and (98), the Eqs.(97)
and (98) tend to the Eqs.(95) and (96), respectively. Then, the derivative evaluation
point x0 is set at the middle point of x1 and x2 as x1 < a = x0 < x2. The most accurate
case is Case-b or Case-c′ as evident from the comparison of E(f)’s. In the present work,
Case-b was used as the reference model.

7.2 Significance of figure and cut-off

The significance of figure of the NJOY output is 5 below decimal point. As shown
in APPENDIX, the sensitivity coefficients have the same error of δf

f
due to numerical

calculation and consequently

(
1 − δf

f ⋆

)
· Sf⋆

x < Sf
x ≤

(
1 +

δf

f ⋆

)
· Sf⋆

x (99)(
1 − δf

f⋆

)
· Sα⋆

x < Sα
x ≤

(
1 +

δf

f ⋆

)
· Sα⋆

x (100)

where ⋆ means the true value. Therefore, the calculated values have the same significance
of figures to the f-factor’s. The final cut-off of numerical values, however, were set to
figure 4 below decimal point from other physical point of view as shown in Section 7.3.

7.3 Significance of figure and cut-off by infinitely diluted cross
section change

The f-factor sensitivity coefficient Sf
x and/or α sensitivity coefficient Sα

x (x: resonance
parameter) are also found in the higher energy groups than the perturbed group 37 having
the resonance of interest as shown in Tables 7 to 9. These trivial results are found in the
Γγ variation affecting the group with the resonance whose effect should be restricted to
the group of interest as a first order interpretation. The higher order effect through flux
change due to cross section change by parameter change may be small. Therefore, these
mysterious results are seemed to be due to numerical error.

The effective cross section is σ∞
γ ×f−factor, and then the temperature dependence of

this term is the Doppler effect. Both σ∞
γ and f−factor are simultaneously changed due to
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the change of the resonance parameters. The former σ∞
γ is directly changed as

δσ∞
γ

σ∞
γ

∝ δΓγ

Γγ

in the Breit-Wigner formula rather than f − factor. Therefore, direct discrimination
method is to cut off the trivial groups in comparison with the significance of figure of
NJOY output.

The significance of figure for NJOY output is 6, i.e., 5 figures below decimal point but
the last figure contains an error arisen from round-off. The 4 figure is reliable. Therefore,

if |δσg
γ| < 0.001 then the group g is missed

where

δσg
γ =

σg
γ(5% parameter change) − σg

γ(0% parameter no change)

σg
γ(0% parameter no change)

(101)

The variations of σγ, as denoted by “principal cross section” of NJOY output, are
shown in Tables 7, 8 and 9.

8 Numerical evaluation of sensitivity coefficients

8.1 Evaluation of infinitely diluted cross section sensitivity co-
efficient

The sensitivity coefficients of infinitely diluted cross section Eq.(12), σU28∞
γ (Tref), can

be evaluated from the ”Principal Cross Section” of NJOY output. This ”Principal Cross
Section” is also a function of temperature of interest so as to be consistent with the
definition of f-factor. NJOY takes the lowest temperature of the temperature input table
in a NJOY run as the Tref and the temperature dependent f-table is defined by the Eq.
(11).

8.2 Evaluation of f-factor and α sensitivity coefficients

The NJOY runs with the changed parameter of interest gives the resultant f-factor
corresponding to the resonance level whose parameter is changed. Therefore, the huge
amount of NJOY runs of (number of resonances levels×number of parameters to be changed)
have to be done to obtain a set of sensitivity coefficients. As an example, the resonance
level-wise sensitivity coefficients obtained from NJOY run are shown in Tables 10 to 18
by the following format;
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Table 7: Variation of 238U σ∞
γ due to Er change for 71-th resonance

Grp Eh(eV) σ∞
γ (5%) σ∞

γ (0%) δσ∞
γ S

σ∞
γ

Er
1 1.00000e+07 1.03674e-03 1.03674e-03 0.00000e+00 0.00000e+00
2 7.78801e+06 8.37671e-04 8.37671e-04 0.00000e+00 0.00000e+00
3 6.06531e+06 1.10206e-03 1.10206e-03 0.00000e+00 0.00000e+00
4 4.72367e+06 3.56295e-03 3.56295e-03 0.00000e+00 0.00000e+00
5 3.67879e+06 1.19762e-02 1.19762e-02 0.00000e+00 0.00000e+00
6 2.86505e+06 2.85436e-02 2.85436e-02 0.00000e+00 0.00000e+00
7 2.23130e+06 5.14340e-02 5.14340e-02 0.00000e+00 0.00000e+00
8 1.73774e+06 7.45801e-02 7.45801e-02 0.00000e+00 0.00000e+00
9 1.35335e+06 1.00533e-01 1.00533e-01 0.00000e+00 0.00000e+00

10 1.05399e+06 1.25536e-01 1.25536e-01 0.00000e+00 0.00000e+00
11 8.20850e+05 1.20844e-01 1.20844e-01 0.00000e+00 0.00000e+00
12 6.39279e+05 1.12569e-01 1.12569e-01 0.00000e+00 0.00000e+00
13 4.97871e+05 1.08869e-01 1.08869e-01 0.00000e+00 0.00000e+00
14 3.87742e+05 1.12201e-01 1.12201e-01 0.00000e+00 0.00000e+00
15 3.01974e+05 1.19706e-01 1.19706e-01 0.00000e+00 0.00000e+00
16 2.35177e+05 1.28008e-01 1.28008e-01 0.00000e+00 0.00000e+00
17 1.83156e+05 1.40662e-01 1.40662e-01 0.00000e+00 0.00000e+00
18 1.42642e+05 1.56979e-01 1.56979e-01 0.00000e+00 0.00000e+00
19 1.11090e+05 1.82727e-01 1.82727e-01 0.00000e+00 0.00000e+00
20 8.65170e+04 2.20636e-01 2.20636e-01 0.00000e+00 0.00000e+00
21 6.73795e+04 2.75453e-01 2.75453e-01 0.00000e+00 0.00000e+00
22 5.24752e+04 3.49027e-01 3.49027e-01 0.00000e+00 0.00000e+00
23 4.08677e+04 4.01672e-01 4.01672e-01 0.00000e+00 0.00000e+00
24 3.18278e+04 4.49552e-01 4.49552e-01 0.00000e+00 0.00000e+00
25 2.47875e+04 5.02607e-01 5.02607e-01 0.00000e+00 0.00000e+00
26 1.93045e+04 5.59874e-01 5.59874e-01 0.00000e+00 0.00000e+00
27 1.50344e+04 6.21717e-01 6.21717e-01 0.00000e+00 0.00000e+00
28 1.17088e+04 6.54574e-01 6.54573e-01 0.00000e+00 0.00000e+00
29 9.11882e+03 6.65807e-01 6.65806e-01 0.00000e+00 0.00000e+00
30 7.10174e+03 8.77040e-01 8.77039e-01 0.00000e+00 0.00000e+00
31 5.53084e+03 8.80812e-01 8.80812e-01 0.00000e+00 0.00000e+00
32 4.30743e+03 9.86083e-01 9.86084e-01 0.00000e+00 0.00000e+00
33 3.35463e+03 1.20234e+00 1.20234e+00 0.00000e+00 0.00000e+00
34 2.61259e+03 1.46812e+00 1.46812e+00 0.00000e+00 0.00000e+00
35 2.03468e+03 1.81732e+00 1.81732e+00 0.00000e+00 0.00000e+00
36 1.58461e+03 1.63322e+00 1.63321e+00 0.00000e+00 0.00000e+00
37 1.23410e+03 2.40484e+00 2.43817e+00 -3.33350e-02 -2.73443e-01
38 9.61117e+02 3.13959e+00 3.14011e+00 -5.13000e-04 -3.26741e-03
39 7.48518e+02 3.56822e+00 3.56823e+00 0.00000e+00 0.00000e+00
40 5.82947e+02 3.44396e+00 3.44397e+00 0.00000e+00 0.00000e+00
41 4.53999e+02 2.39468e+00 2.39469e+00 0.00000e+00 0.00000e+00
42 3.53575e+02 4.58456e+00 4.58456e+00 0.00000e+00 0.00000e+00
43 2.75365e+02 6.61925e+00 6.61926e+00 0.00000e+00 0.00000e+00
44 2.14454e+02 1.53222e+01 1.53224e+01 -2.00000e-04 -2.61055e-04
45 1.67017e+02 2.49098e+00 2.49098e+00 0.00000e+00 0.00000e+00
46 1.30073e+02 4.19498e+01 4.19499e+01 -1.20000e-04 0.00000e+00
47 1.01301e+02 4.97790e+00 4.97790e+00 0.00000e+00 0.00000e+00
48 7.88932e+01 4.53368e+01 4.53369e+01 -1.00000e-04 0.00000e+00
49 6.14421e+01 1.42383e-01 1.42387e-01 0.00000e+00 0.00000e+00
50 4.78512e+01 2.51520e+00 2.51520e+00 0.00000e+00 0.00000e+00
51 3.72665e+01 1.65298e+02 1.65300e+02 -1.30000e-03 -1.57290e-04
52 2.90232e+01 7.22391e-01 7.22396e-01 0.00000e+00 0.00000e+00
53 2.26033e+01 2.67462e+02 2.67462e+02 -1.00000e-04 0.00000e+00
54 1.76035e+01 4.50268e-01 4.50274e-01 0.00000e+00 0.00000e+00
55 1.37096e+01 3.40576e-01 3.40582e-01 0.00000e+00 0.00000e+00
56 1.06770e+01 8.71243e-01 8.71250e-01 0.00000e+00 0.00000e+00
57 8.31529e+00 5.06102e+02 5.06102e+02 0.00000e+00 0.00000e+00
58 6.47595e+00 1.13453e+01 1.13453e+01 0.00000e+00 0.00000e+00
59 5.04348e+00 1.12855e+00 1.12856e+00 0.00000e+00 0.00000e+00
60 3.92786e+00 6.15073e-01 6.15085e-01 0.00000e+00 0.00000e+00
61 3.05902e+00 5.01570e-01 5.01583e-01 0.00000e+00 0.00000e+00
62 2.38237e+00 4.67351e-01 4.67366e-01 0.00000e+00 0.00000e+00
63 1.85539e+00 4.66761e-01 4.66778e-01 0.00000e+00 0.00000e+00
64 1.44498e+00 4.85359e-01 4.85378e-01 0.00000e+00 0.00000e+00
65 1.12535e+00 5.17401e-01 5.17422e-01 0.00000e+00 0.00000e+00
66 8.76425e-01 5.61062e-01 5.61087e-01 0.00000e+00 0.00000e+00
67 6.82560e-01 6.15581e-01 6.15609e-01 0.00000e+00 0.00000e+00
68 5.31579e-01 6.80625e-01 6.80657e-01 0.00000e+00 0.00000e+00
69 4.13994e-01 7.57113e-01 7.57149e-01 0.00000e+00 0.00000e+00
70 3.22419e-01 1.54956e+00 1.54963e+00 0.00000e+00 0.00000e+00
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Table 8: Variation of 238U σ∞
γ due to Γn change for 71-th resonance

Grp Eh(eV) σ∞
γ (5%) σ∞

γ (0%) δσ∞
γ S

σ∞
γ

Gn
1 1.00000e+07 1.03674e-03 1.03674e-03 0.00000e+00 0.00000e+00
2 7.78801e+06 8.37671e-04 8.37671e-04 0.00000e+00 0.00000e+00
3 6.06531e+06 1.10206e-03 1.10206e-03 0.00000e+00 0.00000e+00
4 4.72367e+06 3.56295e-03 3.56295e-03 0.00000e+00 0.00000e+00
5 3.67879e+06 1.19762e-02 1.19762e-02 0.00000e+00 0.00000e+00
6 2.86505e+06 2.85436e-02 2.85436e-02 0.00000e+00 0.00000e+00
7 2.23130e+06 5.14340e-02 5.14340e-02 0.00000e+00 0.00000e+00
8 1.73774e+06 7.45801e-02 7.45801e-02 0.00000e+00 0.00000e+00
9 1.35335e+06 1.00533e-01 1.00533e-01 0.00000e+00 0.00000e+00

10 1.05399e+06 1.25536e-01 1.25536e-01 0.00000e+00 0.00000e+00
11 8.20850e+05 1.20844e-01 1.20844e-01 0.00000e+00 0.00000e+00
12 6.39279e+05 1.12569e-01 1.12569e-01 0.00000e+00 0.00000e+00
13 4.97871e+05 1.08869e-01 1.08869e-01 0.00000e+00 0.00000e+00
14 3.87742e+05 1.12201e-01 1.12201e-01 0.00000e+00 0.00000e+00
15 3.01974e+05 1.19706e-01 1.19706e-01 0.00000e+00 0.00000e+00
16 2.35177e+05 1.28008e-01 1.28008e-01 0.00000e+00 0.00000e+00
17 1.83156e+05 1.40662e-01 1.40662e-01 0.00000e+00 0.00000e+00
18 1.42642e+05 1.56979e-01 1.56979e-01 0.00000e+00 0.00000e+00
19 1.11090e+05 1.82727e-01 1.82727e-01 0.00000e+00 0.00000e+00
20 8.65170e+04 2.20636e-01 2.20636e-01 0.00000e+00 0.00000e+00
21 6.73795e+04 2.75453e-01 2.75453e-01 0.00000e+00 0.00000e+00
22 5.24752e+04 3.49027e-01 3.49027e-01 0.00000e+00 0.00000e+00
23 4.08677e+04 4.01672e-01 4.01672e-01 0.00000e+00 0.00000e+00
24 3.18278e+04 4.49552e-01 4.49552e-01 0.00000e+00 0.00000e+00
25 2.47875e+04 5.02607e-01 5.02607e-01 0.00000e+00 0.00000e+00
26 1.93045e+04 5.59874e-01 5.59874e-01 0.00000e+00 0.00000e+00
27 1.50344e+04 6.21717e-01 6.21717e-01 0.00000e+00 0.00000e+00
28 1.17088e+04 6.54573e-01 6.54573e-01 0.00000e+00 0.00000e+00
29 9.11882e+03 6.65806e-01 6.65806e-01 0.00000e+00 0.00000e+00
30 7.10174e+03 8.77039e-01 8.77039e-01 0.00000e+00 0.00000e+00
31 5.53084e+03 8.80813e-01 8.80812e-01 0.00000e+00 0.00000e+00
32 4.30743e+03 9.86084e-01 9.86084e-01 0.00000e+00 0.00000e+00
33 3.35463e+03 1.20234e+00 1.20234e+00 0.00000e+00 0.00000e+00
34 2.61259e+03 1.46812e+00 1.46812e+00 0.00000e+00 0.00000e+00
35 2.03468e+03 1.81732e+00 1.81732e+00 0.00000e+00 0.00000e+00
36 1.58461e+03 1.63321e+00 1.63321e+00 0.00000e+00 0.00000e+00
37 1.23410e+03 2.43911e+00 2.43817e+00 9.40000e-04 7.71070e-03
38 9.61117e+02 3.14014e+00 3.14011e+00 0.00000e+00 0.00000e+00
39 7.48518e+02 3.56823e+00 3.56823e+00 0.00000e+00 0.00000e+00
40 5.82947e+02 3.44397e+00 3.44397e+00 0.00000e+00 0.00000e+00
41 4.53999e+02 2.39469e+00 2.39469e+00 0.00000e+00 0.00000e+00
42 3.53575e+02 4.58452e+00 4.58456e+00 0.00000e+00 0.00000e+00
43 2.75365e+02 6.61926e+00 6.61926e+00 0.00000e+00 0.00000e+00
44 2.14454e+02 1.53224e+01 1.53224e+01 0.00000e+00 0.00000e+00
45 1.67017e+02 2.49098e+00 2.49098e+00 0.00000e+00 0.00000e+00
46 1.30073e+02 4.19496e+01 4.19499e+01 -3.50000e-04 -1.66866e-04
47 1.01301e+02 4.97790e+00 4.97790e+00 0.00000e+00 0.00000e+00
48 7.88932e+01 4.53369e+01 4.53369e+01 0.00000e+00 0.00000e+00
49 6.14421e+01 1.42388e-01 1.42387e-01 0.00000e+00 0.00000e+00
50 4.78512e+01 2.51521e+00 2.51520e+00 0.00000e+00 0.00000e+00
51 3.72665e+01 1.65300e+02 1.65300e+02 0.00000e+00 0.00000e+00
52 2.90232e+01 7.22398e-01 7.22396e-01 0.00000e+00 0.00000e+00
53 2.26033e+01 2.67462e+02 2.67462e+02 0.00000e+00 0.00000e+00
54 1.76035e+01 4.50276e-01 4.50274e-01 0.00000e+00 0.00000e+00
55 1.37096e+01 3.40585e-01 3.40582e-01 0.00000e+00 0.00000e+00
56 1.06770e+01 8.71253e-01 8.71250e-01 0.00000e+00 0.00000e+00
57 8.31529e+00 5.06102e+02 5.06102e+02 9.00000e-04 0.00000e+00
58 6.47595e+00 1.13453e+01 1.13453e+01 0.00000e+00 0.00000e+00
59 5.04348e+00 1.12857e+00 1.12856e+00 0.00000e+00 0.00000e+00
60 3.92786e+00 6.15090e-01 6.15085e-01 0.00000e+00 0.00000e+00
61 3.05902e+00 5.01589e-01 5.01583e-01 0.00000e+00 0.00000e+00
62 2.38237e+00 4.67372e-01 4.67366e-01 0.00000e+00 0.00000e+00
63 1.85539e+00 4.66785e-01 4.66778e-01 0.00000e+00 0.00000e+00
64 1.44498e+00 4.85386e-01 4.85378e-01 0.00000e+00 0.00000e+00
65 1.12535e+00 5.17432e-01 5.17422e-01 0.00000e+00 0.00000e+00
66 8.76425e-01 5.61098e-01 5.61087e-01 0.00000e+00 0.00000e+00
67 6.82560e-01 6.15621e-01 6.15609e-01 0.00000e+00 0.00000e+00
68 5.31579e-01 6.80670e-01 6.80657e-01 0.00000e+00 0.00000e+00
69 4.13994e-01 7.57164e-01 7.57149e-01 0.00000e+00 0.00000e+00
70 3.22419e-01 1.54966e+00 1.54963e+00 0.00000e+00 0.00000e+00
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Table 9: Variation of 238U σ∞
γ due to Γγ change for 71-th resonance

Grp Eh(eV) σ∞
γ (5%) σ∞

γ (0%) δσ∞
γ S

σ∞
γ

Gg

1 1.00000e+07 1.03674e-03 1.03674e-03 0.00000e+00 0.00000e+00
2 7.78801e+06 8.37671e-04 8.37671e-04 0.00000e+00 0.00000e+00
3 6.06531e+06 1.10206e-03 1.10206e-03 0.00000e+00 0.00000e+00
4 4.72367e+06 3.56295e-03 3.56295e-03 0.00000e+00 0.00000e+00
5 3.67879e+06 1.19762e-02 1.19762e-02 0.00000e+00 0.00000e+00
6 2.86505e+06 2.85436e-02 2.85436e-02 0.00000e+00 0.00000e+00
7 2.23130e+06 5.14340e-02 5.14340e-02 0.00000e+00 0.00000e+00
8 1.73774e+06 7.45801e-02 7.45801e-02 0.00000e+00 0.00000e+00
9 1.35335e+06 1.00533e-01 1.00533e-01 0.00000e+00 0.00000e+00

10 1.05399e+06 1.25536e-01 1.25536e-01 0.00000e+00 0.00000e+00
11 8.20850e+05 1.20844e-01 1.20844e-01 0.00000e+00 0.00000e+00
12 6.39279e+05 1.12569e-01 1.12569e-01 0.00000e+00 0.00000e+00
13 4.97871e+05 1.08869e-01 1.08869e-01 0.00000e+00 0.00000e+00
14 3.87742e+05 1.12201e-01 1.12201e-01 0.00000e+00 0.00000e+00
15 3.01974e+05 1.19706e-01 1.19706e-01 0.00000e+00 0.00000e+00
16 2.35177e+05 1.28008e-01 1.28008e-01 0.00000e+00 0.00000e+00
17 1.83156e+05 1.40662e-01 1.40662e-01 0.00000e+00 0.00000e+00
18 1.42642e+05 1.56979e-01 1.56979e-01 0.00000e+00 0.00000e+00
19 1.11090e+05 1.82727e-01 1.82727e-01 0.00000e+00 0.00000e+00
20 8.65170e+04 2.20636e-01 2.20636e-01 0.00000e+00 0.00000e+00
21 6.73795e+04 2.75453e-01 2.75453e-01 0.00000e+00 0.00000e+00
22 5.24752e+04 3.49027e-01 3.49027e-01 0.00000e+00 0.00000e+00
23 4.08677e+04 4.01672e-01 4.01672e-01 0.00000e+00 0.00000e+00
24 3.18278e+04 4.49552e-01 4.49552e-01 0.00000e+00 0.00000e+00
25 2.47875e+04 5.02607e-01 5.02607e-01 0.00000e+00 0.00000e+00
26 1.93045e+04 5.59874e-01 5.59874e-01 0.00000e+00 0.00000e+00
27 1.50344e+04 6.21717e-01 6.21717e-01 0.00000e+00 0.00000e+00
28 1.17088e+04 6.54573e-01 6.54573e-01 0.00000e+00 0.00000e+00
29 9.11882e+03 6.65807e-01 6.65806e-01 0.00000e+00 0.00000e+00
30 7.10174e+03 8.77040e-01 8.77039e-01 0.00000e+00 0.00000e+00
31 5.53084e+03 8.80812e-01 8.80812e-01 0.00000e+00 0.00000e+00
32 4.30743e+03 9.86084e-01 9.86084e-01 0.00000e+00 0.00000e+00
33 3.35463e+03 1.20234e+00 1.20234e+00 0.00000e+00 0.00000e+00
34 2.61259e+03 1.46812e+00 1.46812e+00 0.00000e+00 0.00000e+00
35 2.03468e+03 1.81732e+00 1.81732e+00 0.00000e+00 0.00000e+00
36 1.58461e+03 1.63321e+00 1.63321e+00 0.00000e+00 0.00000e+00
37 1.23410e+03 2.45524e+00 2.43817e+00 1.70750e-02 1.40064e-01
38 9.61117e+02 3.14014e+00 3.14011e+00 0.00000e+00 0.00000e+00
39 7.48518e+02 3.56824e+00 3.56823e+00 0.00000e+00 0.00000e+00
40 5.82947e+02 3.44397e+00 3.44397e+00 0.00000e+00 0.00000e+00
41 4.53999e+02 2.39469e+00 2.39469e+00 0.00000e+00 0.00000e+00
42 3.53575e+02 4.58456e+00 4.58456e+00 0.00000e+00 0.00000e+00
43 2.75365e+02 6.61926e+00 6.61926e+00 0.00000e+00 0.00000e+00
44 2.14454e+02 1.53224e+01 1.53224e+01 0.00000e+00 0.00000e+00
45 1.67017e+02 2.49098e+00 2.49098e+00 0.00000e+00 0.00000e+00
46 1.30073e+02 4.19499e+01 4.19499e+01 0.00000e+00 0.00000e+00
47 1.01301e+02 4.97790e+00 4.97790e+00 0.00000e+00 0.00000e+00
48 7.88932e+01 4.53369e+01 4.53369e+01 0.00000e+00 0.00000e+00
49 6.14421e+01 1.42388e-01 1.42387e-01 0.00000e+00 0.00000e+00
50 4.78512e+01 2.51521e+00 2.51520e+00 0.00000e+00 0.00000e+00
51 3.72665e+01 1.65300e+02 1.65300e+02 0.00000e+00 0.00000e+00
52 2.90232e+01 7.22398e-01 7.22396e-01 0.00000e+00 0.00000e+00
53 2.26033e+01 2.67462e+02 2.67462e+02 0.00000e+00 0.00000e+00
54 1.76035e+01 4.50276e-01 4.50274e-01 0.00000e+00 0.00000e+00
55 1.37096e+01 3.40585e-01 3.40582e-01 0.00000e+00 0.00000e+00
56 1.06770e+01 8.71253e-01 8.71250e-01 0.00000e+00 0.00000e+00
57 8.31529e+00 5.06102e+02 5.06102e+02 0.00000e+00 0.00000e+00
58 6.47595e+00 1.13453e+01 1.13453e+01 0.00000e+00 0.00000e+00
59 5.04348e+00 1.12857e+00 1.12856e+00 0.00000e+00 0.00000e+00
60 3.92786e+00 6.15090e-01 6.15085e-01 0.00000e+00 0.00000e+00
61 3.05902e+00 5.01589e-01 5.01583e-01 0.00000e+00 0.00000e+00
62 2.38237e+00 4.67372e-01 4.67366e-01 0.00000e+00 0.00000e+00
63 1.85539e+00 4.66785e-01 4.66778e-01 0.00000e+00 0.00000e+00
64 1.44498e+00 4.85386e-01 4.85378e-01 0.00000e+00 0.00000e+00
65 1.12535e+00 5.17432e-01 5.17422e-01 0.00000e+00 0.00000e+00
66 8.76425e-01 5.61098e-01 5.61087e-01 0.00000e+00 0.00000e+00
67 6.82560e-01 6.15621e-01 6.15609e-01 0.00000e+00 0.00000e+00
68 5.31579e-01 6.80670e-01 6.80657e-01 0.00000e+00 0.00000e+00
69 4.13994e-01 7.57164e-01 7.57149e-01 0.00000e+00 0.00000e+00
70 3.22419e-01 1.54966e+00 1.54963e+00 0.00000e+00 0.00000e+00
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Res.No : No. of resonance with covariance matrix∗)

: (in 3D-plots, the full name ”Resonance No.” is used)
Er(eV) : Resonance energy∗)

Res-Grp : Energy group in which the resonance exists∗).
Grp : Energy group perturbed by the parameter change∗)

: (in 3D-plots, the full name ”Group No.” is used)
Parm : Γn or Γγ to be changed∗)

f(1093K) : f-factor at temperature 1093K
α(1093K) : temperature gradient α at 1093K

SfGx(1093K) : Sf
Gx, f-factor sensitivity to parameter Gx (Γn or Γγ or Γf )

SaGx(1093K) : Sα
Gx, α sensitivity to parameter Gx

∗) : see Table 4

The sensitivity coefficient of α is estimated from the temperature dependence of f-factor
sensitivity coefficient Sf

Gx as shown by the Eq.(20) and then two points of Sf
Gx(893K) and

Sf
Gx(1293K) were used in the Eq.(60).

The sensitivity coefficients for low energy resonances have larger magnitude around
1.0 but those for higher energy resonance they are about order of 10−2.

Three dimensional plot of f-factor sensitivity coefficients Sf
Γγ

are shown in Figs. 9 to
16. The non-vanishing sensitivity coefficients are found along some parabolic curve. It
seems that the JFS Group Structure with constant lethargy width 0.25 gives some expo-
nential function with respect to Group number used as an axis “GrP”.

Stair-case plot of 238U resolved resonance parameters is shown in Fig. 11. It is nearly
liner function with respect to neutron energy and gives the average level spacing D = 19.4
eV, i.e., about 561 resonances locate on the line with spacing 19.4 eV. It seems to be no
level missing as far as s-wave resonance of interest. Only about 124 resonances among
561 ones with covariance are shown on the “Res.No” plane of Fig. 9.

The two dimensional plot on the “Res-Grp” is shown in Fig. 12 where some reso-
nances in an energy group are shown by symbol ”+” like making a ladder. The ”+”
symbol to be located in the lower level of a ladder means the lower energy resonance in
a group. The group partition is non-linear with respect to neutron energy since lethargy
width of each group is constant in the JFS group structure. Converting Fig. 12 from
the group scale into energy scale, it becomes Fig. 13 which is essentially the same to the
Stair-case plot of 238U before group partition. Therefore, some parabolic curve mentioned
above comes from the constant lethargy width group structure.

The magnitudes of sensitivity coefficients grow large in the lower energy side and the
maximum is about 0.3 as shown in Fig. 10, and decrease with increasing energy. The
f-factor sensitivity coefficients Sf

Γγ
is negative in general for higher energy resonance larger

than about 40 (Er = 3.4779e + 02 eV at No.=11. See Table 4) as shown in Figs. 14 and
15.

Around Doppler sensitive energy group 37 as shown in Fig. 16, the f-factor sensitivity
coefficients are also negative as a whole and their magnitudes are less than 0.08 of the
absolute values. It is found from this figure that nearly equal contributions to Doppler
reactivity uncertainty are expected from these 35 to 39 groups.

Three dimensional plot of α sensitivity coefficients Sα
Γγ

are shown in Figs. 17 to 21.
The non-vanishing sensitivity coefficients are also found along some parabolic curve like
for f-factor sensitivity. The magnitudes of sensitivity coefficients are larger than those for
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f-factor, i.e., about one order larger in the low energy side around group 54. In general,
Sa

Γγ
has negative value in contrast with f-factor.
For a special group 37 for Doppler reactivity, Fig. 21 is provided. Nearly same dis-

tribution as Fig. 16 is given except sign; Sα
Γγ

≥ 0 while Sf
Γγ

≤ 0, respectively. Many
contributions of resonances to a group can be found.

As typical example, the group 37 components are picked up in the Table 19. Nota-
tions used in this table were defined above. This table was made by picking up the terms
with Grp = 37 from the Tables 10 to 18. Total 13 resonances contribute to group 37
cross section as well as f-factor and α-value. Term of ”Diagonal Group” is defined as an
interpretation of results as follows;

Diagonal Group:
If Res − Grp = Grp, Grp is defined as ”Diagonal Group” and if Res − Grp ̸= Grp the
group Grp is ”Off Diagonal Group”

In the diagonal group, parameter change of a resonance in the group affects the same
group’s cross section and f-factor as well as α, but in the off diagonal group the effect is
given to the other groups.

In the Table 19, the sensitivity coefficients Sα
Γn

are non-zero values for the whole
cases but some Sα

Γγ
-values are vanishing especially in the off diagonal group. As an in-

terpretation, the Γn variation for Sα
Γn

does not necessarily change the reactor properties
through neutron scattering affecting the neutron current. On the other side, the effect
of the Γγ variation for Sα

Γγ
is limited in the group (Res-Grp) mainly although some ”tail

effect” arising from resonance tail might be taken place in the off-diagonal group such as
Res. No.85 in the Table 19 .

The diagonal groups, Res. No.’s 71 to 83, have the larger sensitivities than those for
off-diagonal group as might be expected from the resonance tail effect to the group.

Reversibility, exchanging Res-Grp for Grp, does not hold good as shown in the bot-
tom of Table 19 since the parameter variation effect seriously depends on the energy Er
of resonance level since σγ ∝ 1

Er
· gΓnΓγ

Γ
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Table 19: 238U sensitivity coefficients of f-factor and α in energy group 37

Res.No Er Res-Grp Grp Parm f(1093K) α(1093K) SfGx SaGx
(eV) 893K 1093K 1293K 1093K

69 9.37E+02 38 37 Gn 0.54856 1.43E-04 1.50E-03 1.46E-03 1.46E-03 -8.46E-04
Gg 0.54856 1.43E-04 0.00E+00 0.00E+00 0.00E+00 0.00E+00

70a1) 9.59E+02 38 37 Gn 0.54856 1.43E-04 7.60E-03 7.44E-03 7.21E-03 -6.78E-03
Gg 0.54856 1.43E-04 2.71E-03 2.99E-03 3.37E-03 1.16E-02

71 9.92E+02 37 37 Gn 0.54856 1.43E-04 -1.80E-02 -1.97E-02 -2.10E-02 -5.31E-02
Gg 0.54856 1.43E-04 -8.82E-02 -8.83E-02 -8.82E-02 -2.76E-04

75 1.05E+03 37 37 Gn 0.54856 1.43E-04 -4.20E-02 -4.21E-02 -4.20E-02 6.36E-04
Gg 0.54856 1.43E-04 -2.58E-02 -2.44E-02 -2.33E-02 4.31E-02

78 1.11E+03 37 37 Gn 0.54856 1.43E-04 -2.46E-02 -2.28E-02 -2.12E-02 5.93E-02
Gg 0.54856 1.43E-04 9.44E-03 1.00E-02 1.02E-02 1.37E-02

79 1.14E+03 37 37 Gn 0.54856 1.43E-04 -1.94E-02 -2.08E-02 -2.16E-02 -3.81E-02
Gg 0.54856 1.43E-04 -4.96E-02 -4.90E-02 -4.83E-02 2.23E-02

81 1.17E+03 37 37 Gn 0.54856 1.43E-04 -3.66E-02 -3.67E-02 -3.62E-02 6.52E-03
Gg 0.54856 1.43E-04 -1.52E-02 -1.42E-02 -1.31E-02 3.65E-02

82 1.18E+03 37 37 Gn 0.54856 1.43E-04 -3.34E-02 -3.27E-02 -3.19E-02 2.70E-02
Gg 0.54856 1.43E-04 -5.87E-03 -4.92E-03 -4.16E-03 2.99E-02

83 1.19E+03 37 37 Gn 0.54856 1.43E-04 -3.26E-02 -3.23E-02 -3.19E-02 1.26E-02
Gg 0.54856 1.43E-04 -1.56E-02 -1.45E-02 -1.37E-02 3.32E-02

85 1.25E+03 36 37 Gn 0.54856 1.43E-04 -2.52E-03 -2.48E-03 -2.42E-03 1.84E-03
Gg 0.54856 1.43E-04 3.76E-04 3.65E-04 3.55E-04 -3.66E-04

92 1.39E+03 36 37 Gn 0.54856 1.43E-04 -4.89E-04 -4.74E-04 -4.26E-04 1.10E-03
Gg 0.54856 1.43E-04 0.00E+00 0.00E+00 0.00E+00 0.00E+00

103b1) 1.59E+03 35 37 Gn 0.54856 1.43E-04 -4.51E-04 -4.38E-04 -3.91E-04 1.06E-03
Gg 0.54856 1.43E-04 0.00E+00 0.00E+00 0.00E+00 0.00E+00

112b1) 1.78E+03 35 37 Gn 0.54856 1.43E-04 -3.76E-04 -3.65E-04 0.00E+00 6.56e-03
Gg 0.54856 1.43E-04 0.00E+00 0.00E+00 0.00E+00 0.00e+00

Reversibility∗)

71a2) 9.92E+02 37 38 Gn 0.48096 1.68E-04 -4.01E-03 -3.83E-03 -3.67E-03 5.09E-03
Gg 0.48096 1.68E-04 0.00E+00 0.00E+00 0.00E+00 0.00E+00

79b2) 1.14E+03 37 35 Gn 0.55413 1.37E-04 3.72E-04 0.00E+00 0.00E+00 -6.77E-03
Gg 0.55413 1.37E-04 0.00E+00 0.00E+00 0.00E+00 0.00E+00

∗): ”a1)”: Resonance No. 70 at group 38 affects group 37 and in the inverse process ”a2)”,the 71 at group 37 affects group 38.
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8.3 Errors of f-factor and α

The errors of f-factor and α-value are shown in Tables 20 to 25 where the resonances
are limited to those with covariance matrixes shown in Table 4. The largest errors are
found in the lower energy group 53 of 6.6 % for SfGn× dGn/Gn and 6.0 % for SfGg ×
dGg/Gg, and -13.11 % for SaGn×dGn/Gn and -9.24 % for SaGg×dGg/Gg as shown in
Table 21, where SfGn:Sf

Γγ
, SaGg:Sα

Γn
, Gn:Γn, dGn:δΓn and so on. In the group 37 giving

dominant Doppler reactivity contribution, Res. No. 78 gives large errors of -0.1139 for
SfGn × dGn/Gn and 0.2969 for SaGn × dGn/Gn which come from the large error of
neutron width. The errors of Res. No. 82 are also large.

It is noticeable that the neutron width contributions to the errors are large although
the 238U capture reaction is of interest, since their errors are larger than those of radiation
width Γγ and sensitivity coefficients are also large.
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8.3.1 Multi-group results based on reference temperature Tref = 0K case

Uncertainties of resonance self-shielding factor (f-factor) and its temperature gradient
(α) were evaluated in the 70 group structure by taking the group averages of level-wise
uncertainties mentioned above with the weighting function based on reaction rates. Two
kinds of reference temperature Tref , i.e., Tref = 0K and Tref = 893K, were taken in order
to investigate the reference temperature dependence of uncertainties.

Uncertainties of 238U temperature gradient (α) of f-factor and Sub-Matrix Compo-
nents of Covariance Matrix (Tref = 0K) are shown in Table 26 and uncertainties of 238U
f-factor and its Temperature Gradient (α) (Tref = 893K) in the Table 27, respectively.
Covariance matrixes of f-factor and α-value are followed. For the other isotopes of239Pu,
240Pu and 235U , the same pattern of Tables are provided.

238U Capture Reaction
The uncertaities of f-factor, α-value and related quantities of 238U are shown in Tables

26 to 30.
The α-value uncertainty, denoted by dα/α, in Table 26 has the maximum uncertainty

of 13.16% at group 55 due to the large errors of resonance parameters around group 56
as shown in Table 4 whose important parts are picked up as shown below;

Grp Res-Grp Grp Er(ev) Γn(eV) δΓn
Γn

(%) Γγ(eV) δΓγ

Γγ
(%)

1 22 57 1 6.6740e+00 1.4930e-03 2.0330 2.3000e-02 2.4230
2 23 53 1 2.0871e+01 1.0260e-02 16.8600 2.2910e-02 19.6100

6 29 46 1 1.1690e+02 3.3242e-03 13.0400 2.2990e-02 12.6400
7 32 44 1 1.8967e+02 7.9324e-03 4.5800 2.2380e-02 7.0220
8 33 44 1 2.0851e+02 2.6722e-03 5.2280 2.3940e-02 4.7800

Larger uncertainties are found in groups 44 and 46 due to the larger parameter errors as
shown in the above table. In general, in the lower energy groups the uncertainties are
enhanced. In the Doppler dominant group 37, however, the uncertainty is about 0.3%.

The contributions of sub-matrixes are faithful to the definitions of them in the whole
covariance matrix, i.e., “SubM.-1” is defined so as to be applied to the all energy groups
below 1 keV since it is limited to 0 to 1 keV. Similar trends are found for the other
SubM.’s. For instance, ”SubM.-2” is from 1 keV to 2 keV, and so on.

Uncertainty components of 238U f-factor and its Temperature Gradient α at Tref = 0K
are shown in Table 27. In the table, “tot” means the total uncertainty defined by Eq.(47)
or (48) taking into account the covariance and the variance “var” defined by Eq.(57).
The “lev” is the variance with correction of anti-correlation between Γn and Γγ. Here,
the following relations are defined;

Off − D = “tot” − “var” ...... Off-Diagonal Term

Anti − C = “var” − “lev” ..... Anti-Correlation between Γn and Γγ

Th “var” and “lev” should satisfy the following equation:

levf = varf + Cor(Γn, Γγ) · Sf
Γn

· δΓn

Γn

· Sf
Γγ

· δΓγ

Γγ

(102)
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where the correlation Cor(Γn, Γγ) is assumed to be negative, i.e., so-called “Anti-Correlation”.
Therefore, in the Table 27 some lev-values are greater than var-values although almost
lev-values are smaller than var-values.

In the Table 28, fractional components of 238U f-factor and α uncertainties are
shown. Fractions are defined by;

tot(%) =
tot ∗ 100

var
(103)

var(%) =
var ∗ 100

var
= 100 (104)

Off − D(%) =
(Off − D) ∗ 100

var
(105)

Anti − C(%) =
(Anti − C) ∗ 100

var
(106)

therefore

tot(%) = var(%) + (Off − D)(%) (107)

The fractional components in Table 28 emphasize that the off-diagonal terms signifi-
cantly contribute to the total uncertainties of f and α-vales, which come from off-diagonal
term of covariance matrix. The resultant total uncertainty becomes about a half of vari-
ance ”var”. However, the effects are about -18.35% to f-factor and 5.94% to α-value,
respectively, in the Doppler dominant group 37.

Correlation matrixes of f-factor and α-value are shown in Tables 29 and 30, respec-
tively. Both matrixes have similar forms since the same nuclear data covariance matrix
is used. The off-diagonal term above group 37 has a few groups but below 38 it spread
over the wide-range of groups where only SubM.-1 submatrix simultaneously acts to many
groups as a result of definition of sub-matrix method in nuclear data evaluation. The 45
group’s diagonal terms are relatively large and thus the fractional off-diagonal contribu-
tions in the Table 28 have the larger fractions of -67.15% for f-factor and -46.94% for
α-value, respectively.

239Pu Capture Reaction
The uncertainties of f-factor, α-value and related quantities of 239Pu are shown in

Tables 31 to 34 for capture reaction and 35 to 38 for fission reaction, respectively.
Uncertainties and covariance matrices for 239Pu capture reaction are shown in Tables

31 to 34. Sub-matrix contribution is effective below group 34 of the top energy of resolved
resonance 2.7 keV as shown in Section 3.3 and then contribution is limited to SubM.-3 in
the Table 31.

It would seems that the total uncertainties of 239Pu capture reaction in the Table 32
are slightly larger than those of 238U , e.g., 0.456 % for f and 1.9622 for α of 239Pu while
0.1816 % for f and 0.3269 for α of 238U as shown in Table 27.

240Pu Capture Reaction
Uncertainties and covariance matrices for 240Pu capture reaction are shown in Tables 39
to 42. Sub-matrix contribution is effective below group 33 of the top energy of resolved
resonance 2.7 keV as shown in Section 3.4 and then contribution is limited to SubM.-1 in
the Table 39 although the resonance upper energy of 2.7 keV exceeds the upper energy of
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subM-1 (1 < SubM. − 1 ≤ 2 keV). It may be due to that non-vanishing matrix elements
of covariance matrix are given from 1 to 2.0 keV.

235U Capture and Fission Reactions
The uncertainties of f-factor, α-value and related quantities of 235U are shown in Ta-

bles 43 to 46 for capture reaction and 47 to 50 for fission reaction, respectively.

Comparison of Uncertainties of 238U , 239Pu, 240Pu and 235U
Comparison of Uncertainties is shown in Figs. 22 to 25 for the total ”tot” and the

variance ”var” of 238U ,239Pu,240Pu and 235U .
The maximum of f-factor total uncertainty is the 13.4% of 235U at group 59 and the

second larger one is 12.4% of 238U at group 53, which are located on the lower energy side
and are not so important for FBR Doppler reactivity. In the Doppler sensitive group 37,
f-factor total uncertainties are 0.18, 0.46, 0.34 and 0 %’s for 238U ,239Pu, 240Pu and 235U ,
respectively.

The α-value total uncertainties in Fig. 23 shift toward the lower energy side and the
magnitudes of even-nuclei, 238U and 240Pu, are depressed relative to odd-nuclei. Around
the Doppler sensitive group 37 a valley exists in the 238U uncertainty as also shown in
Table 27 and 240Pu uncertainty is negligibly small.

The f-factor variance as shown in Fig. 24 is similar distribution to the total un-
certainty as expected. However, the α-value variance in Fig. 25 also shifts toward the
lower energy side and are enhanced twice as large as total uncertainty due to missing
off-diagonal terms.

Comparison of Uncertainties due to Fission and Capture Width Errors
Uncertainties due to errors of fission widths are shown in Tables 35 to 38 for 239Pu

and Tables 47 to 50 for 235U , respectively. In order to qualitatively compare the uncer-
tainty due to fission width error with that for capture width errors, ratios of uncertainty
for capture to those for fission were evaluated as shown in Table 51 and Fig. 26.

The 239Pu ratio is more sensitive than 235U in both f-factor and α-value, and the α
is more sensitive than f-factor. The 239Pu ratios of f-factors has a nearly flat distribution
with maximum of 3.328 at group 43 in comparison with α and the 239Pu ratios of α-values
are significantly larger than unity whose maximum is 10.45 at group 47 in the epithermal
region.

As shown above, the fission to capture ratios are larger than unity in case of 239Pu and
smaller than unity in 235U for both f-factor and α sensitivity. The reason of larger fission
term for 239Pu is not yet clear but the followings may be possible although it should be
more carefully investigated;

1. Larger error of fission width,

2. Larger sensitivity coefficient against fission width.

Doppler reactivity of fissile such as 239Pu and 235U is getting small due to the cancel-
lation of fission with capture terms. However, according to the result mentioned above,
the uncertainties of Doppler reactivity is enlarged by taking into account fission since the
fission terms are significantly large as shown in Table 51 or Fig. 26.
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8.3.2 Tref Effects to f-factor and α-value by taking Tref = 893 K

NJOY calculates the resonance self-shielding factor relative to the reference temper-
ature Tref which is usually defined as the lowest temperature in the NJOY temperature
table. Consequently, the calculated result depends on the choice of Tref . The sensitivity
coefficients of infinitely diluted cross section Eq. (12), σU28∞

γ (Tref , σ0 = ∞), can be eval-
uated from the ”Principal Cross Section” of NJOY Output. This infinitely diluted cross
section is a function of temperature of interest so as to be consistent with the definition
of f-factor. The effect of Tref was evaluated by taking Tref = 893 K and Tref = 0 K.

The 37 group f-factor as function of σ0 and temperature Tref is shown in Table 52
where the differences between Tref = 893 K and Tref = 0 K are also shown. At σ0 = 37
(b) the differences are 6.2, 5.1 and 4.4% for temperatures T = 893 K, T = 1093 K,
T = 1293 K, respectively. These differences give suppressing differences about -660%
of α-value sensitivity coefficient Sα

Γγ
although f-factor sensitivity Sf

Γγ
is about -0.1 % as

shown in Table 52.
The significance difference of sensitivity coefficients naturally comes from the dif-

ference of f-factors based on the different Tref as Tref = 893 K and Tref = 0 K. The
temperature dependences of f-factors are shown in Fig. 27 where f-factor for Tref = 0 K
was fitted by Spline fitting method as shown by symbol cross (x) while the long line is
original NJOY Output. In the temperature region between 893 K and 0 K the trend
of f-factor could not be truly predicted for lack of temperature point. Comparing the f-
factors, some negative bias is supplied to the Tref = 893 K case which may be remarkably
depressed due to temperature increment.

The difference of temperature gradient in Fig. 27 induces the temperature depen-
dences of the f-factor sensitivity coefficient Sf

Γγ
’s as shown in Fig. 28 and consequently

the suppressing difference of α sensitivity coefficient Sα
Γγ

is resulted as shown in Table 52.
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