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Summary - The current drive generated by radio frequency waves is regarded as the
momentum transfer from waves to resonant electrons through the Landau damping process.
The momentum transfer is evaluated using a well-defined model of Landau damping and the
plasma current is formulated from the computation between the acceleration by the effective
force acting on electrons and the collision. A deformed distribution function to yield the
plasma current is formulated with a Boltzmann equation including a simple collision term.

This is the basis of the first order current drive theory at the linear Landau damping.

Keywords: Current Drive, Radio Frequency Waves, Momentum Transfer, Landau Damping,

Effective Force, Boltzmann Equation, Collision Term
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1. INTRODUCTION

A non-inductive current drive is fully expected for the stationary fusion reactor in large
tokamaks.  In particular, a lower-hybrid wave can drive a more substantial current” than
other non-inductive current drive methods such as the electron cyclotron wave?” and the neutral
beam® in tokamaks, and furthermore, the current drive has been recently performed for several
hours in the super-conducting tokamak of TRIAM-1M".  This idea of the Direct Current
Tokamak (DCT) was first proposed by Wort for the Alfven wave®.  The theoretical basis of
this phenomena has been discussed in articles by Kima®” and Fisch®, making, a quasi-linear
approximation, and in those by Mizuno” regarding the collisionless case. ~ The current drive
phenomena is regarded as the momentum transfer from waves to resonant electrons via the
Landau damping process'”.  However, in the framework of quasi-linear theory, which is
often used for describing phenomena of the current drive due to rf waves, the transfer of
momentum is not included. It should be recognized that a process of Landau damping is
basically not only the energy transfer but also the momentum transfer to resonant particles,
causing the plasma heating as well as the current drive, respectively. Nevertheless, the
quasilinear scheme describing the current drive phenomenon is not clear whether the
momentum is really transfered to particles.  As is indicated by Stix if the momentum transfer
is completed in the quasi-linear scheme the electromagnetic component of the wave is

1)

necessary which does not exist Regarding this problem, Berndtson derived the

Vlasov-Poisson equation, including a collision term which is applicable to the current drive

]

phenomena'", as an alternative to the quasi-linear scheme.  The diffusion of electrons in

the velocity space induced by a spectrum wave is numerically calculated, and results show
strong disagreement with the quasi-linear scheme in the higher rf electric field regime'?™'?.
Furthermore, it is reported that the current flow found in experiments does not agree with the
conventional theoretical understanding based on the quasi-linear scheme.  On the other hand,
we have already reported on a scheme to describe the current drive phenomena without using

any quasi-linear scheme elsewhere'®.

There we formulated a dynamical picture to describe
the current drive on the basis of a well-defined treatment of Landau damping. This theory
may be regarded as a zeroth order linear theory for the current drive.

In this paper, we attempt to give the detailed physical background of this picture, that is,
to exactly evaluate the momentum transfer from rf wave to particles.  In this evaluation, the

effective DC electric field which is actually felt by resonant electrons is derived, and the
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deformed distribution function which yields the current is evaluated according to the simple

Lorentz gas model.
2. MOMENTUM TRANSFER DURING LANDAU DAMPING

Simple Landau damping describes the wave energy transfered to particles in a
collisionless state. ~ The plasma wave has momentum as well as energy, so that the wave can
transfer momentum to particles.  If the wave is traveling, the wave can give momentum
continuously in one direction to form a current.  This momentum transfer is performed
through the force acting on electrons. This force , F = d(mv)/dt , pushes electrons and so
drives an electron current.  The problem here is how the rf wave can transfer the momentum
to particles to form a DC current although rf wave is oscillating. By a perturbation
technique, we can calculate the absorption of momentum by particles from an rf wave. It is
known that the absorption of momentum is large when there are a large number of particles
with streaming velocities equal to the phase velocity.  In first, we formulate the effective
force acting on resonant electron and we derive the momentum transfer form waves driven
landau damping process. = We describe the motion of a single particle in one dimension in a

the traveling type rf electric field by the, E=Ecos(k,z-wt) so that"”’

m%= eE, cos(k_z — wr) (2.1)

The zeroth order motion corresponds to the free streaming, setting R.H.S.=0(v=vy, z=7 at t=0

in equation (2.1))
Z=Vot+zg : (2.2)

The first order motion is obtained by substituting equation (2.2) into equation (2.1), and setting

v1=0 at t=0, the Lamdau damping being an initial value problem, resulting

eFE
v, = —r;;-f—[sin(kzzo +at) —sin(k z,)] (2.3)



JAEA-Research 2009-049

For the second term, we obtain

t eE, k_, 1)— k, .
Zl - fovld[ - m(xf COS( ~ZO + O(a) COS( "Zo) _ tSlI’l(k:ZO) (24)
where
oa=k,vp- (2.5)

We substitute z=zytvot+z; into equation (2.1) and average on 7z, considering that k,z;<<I and
cosk,z1~1, sink,z;=k,z;, <cos(k,zp)sin(k,zg+at)>=(1/2)sin(at), and
<sin(k,zo)sin(k,zotoat)>=(1/2)cos(at).  After some trigonometric expansions, we can average
over the initial position z; and we thus estimate the momentum transfer, which is directry the

effective force <F> acting on electrons as

2E2 . 2E2~
<F>=<i(rnv)> S et reosaty e £ 2 ) 2.6)

dt 2m o’ a ©2m

where &’(a) is the derivative of the Dirac’s delta function :

. 1 sinat tcosoat
0@ =lim—(-——+ ) 2.7

t—oo JU a a

, with respect to o and  is the injected wave frequency. The equation (2.6) indicates the
force and/or the momentum transfer from waves which are acting on electrons.  The rf wave
interacts with almost all particles only slightly ; however, particles around the phase velocity
strongly interact with waves to received their force and/or momentum since the value of 6’(a)
is a finite value only at =0, that is , where vop=w/k,.  Equation (2.6) is graphed against v in
Fig.1, where we can see that this value is positive only where vp< w/k, and negative at vp>w/k,
and almost zero where v is far from w/k,,  We integrate equation (2.6) substituting the

velocity distribution function f(v) for the velocity v and we get
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« [ d ® ezErzfﬂ: ' ezErsz[ df
P= f_m<2;(mv)>:0f(\})dv = f—“kz—ém—é (a)f(v)dv = _*—Z——nfl—k:—d—vn oo (28)

kl

, which is the whole momentum transfer from waves to particles.  Equation (2.8) gives us an
answer for the question posed at the beginning of this section: absorption of momentum occurs
if there are many particles streaming infinitesimally slower than the phase velocity of the
electric field and relatively fewer particles streaming fatser than the phase velocity. A
negative sign for ’(w/k;) means that momentum can be transferred from the waves which are
velocities close to those for Maxwellian plasma, and a positive sign for f’(w/k,) means that
momentum can be transferred from particles to waves. Considering the energy transfer in

Landau damping'®),

22
nwe K df

2.9
2mk dv, |- 29

(L L,. _
W= "°°<dt(2mv )>20f(v)dv =

, and the ratio of the momentum transfer to the energy transfer is well-known relation

Pk
—— 2.10
W o ( )

3. FORMULATION OF CURRENT DRIVE WITH A MODEL COLLISION TERM

The equation (2.8) expreses the force acting on electrons, and considering the average
electric field P/(-e), and the particle accelerated by this electric field, and balancing this with

collisions, we can form the current j

joeb e f°°<i(mv)> f(v)dw_ﬁ_Eﬁ_ffJi (3.1)

- 2 Lo
mv, mv,>>\dt 2mkvy dv_ V=i

where vy is the collision frequency.  In this formulation, the driving efficiency becomes
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K (3.2)
w

Equation (3.2) is a well-known expression of driving efficiency of the current drive.

The Vlasov equation having a collisional term approximated by (f-fy)/t is given by
L3 L, 0T __J-h (3.3)

where fy is Maxwellian distribution , which is transformed by f applying to the force F.
The electrons receiving force ¥ accelerate to one direction, and the system is brought into a
non-equilibrium state. ~ Since the time derivative is small for small F the stationary state
(0/0t=0) is considered. = The f must change depending on the location, but we assume that the
deviation from the thermal equilibrium state is small and the spatial displacement can be
neglected (3/0f=0) .  The value of T is the relaxation time, when the collisionality tends to
restore f to the Maxwellian f;.  The problem here is how the distribution function is
deformed by the constraint of the force 7.  The Boltzmann equation (3.3) is a linear

differential and integral equation determining the deviation from the Maxwellian distribution.
This equation is solved by assuming that the solution is given by f = f, +T/-E%?£°— exactly,
€

where e(=mv%/2) is the kinetic energy.  The vector ¢ is estimated as , t=-Flv,,
following Grechiko'” and using the Lorentz gas model, where ve(=t") is the collision
frequency. The distribution function reaches a thermodynamical state of equilibrium
between the acceleration due to 7 and collisional relaxation. If the force ¥ remains
at a finite value continuously to one direction, then f becomes non-Maxwellian and forms a net
current in the toroidal direction.  The distribution function f is more relaxed than fy if the

constraint on ¥ isremoved.  The current j as a function of f is given by

0

j= —ef_w vf (v)dv (3.4)

When F=0, then f becomes fy and no net current flows, that is, j=0. When E=eE,

which is the case where there is the inductive current drive, then f becomes
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f=fo(1+eE/kTe)tv) (3.5)

, Where for the second term in equation (3.3) the Maxwellian fj is assumed. = We can obtain
equation (3.4) by substituting in equation (3.5) the well-known relation j=coE for constant =,
where o(=en’/mvy) is the electric conductivity. It is well-known that ¢ generally can be
evaluated when t has dependence on v’ since for fully ionized plasma, T is proportional to v°,
as explained by Spitzer'®.  Here, we combine equation (2.6) with F=<d(mv)/dt>,=¢E. so

that the effective DC electric field E. for resonant electrons can be expressed as

E_ =

F
eff e

eErszr
=k, ——0d"(a) (3.6)
' 2m

Ees has significant value only when a is close to zero since E. is almost zero far from a=0,
which indicates that only electrons having a velocity close to the wave phase velocity feel the
DC electric field from waves.  An asymmetric distribution function to derive the rf current is

created by substituting equation (3.6) into equation (3.5), so that { becomes

22

£ =10+ S @m) (3.7
= +k — o)t .
T 2mkT,
e’Elm
It should be noted that the value of k, 3 ZT &' (a)wvf, is relatively small compared with f;.
m B

e

However, the equation (3.7) express the asymmetric distribution generating the current. The
term f, and ©v (¢ v*) in the equation (3.7) are both even functions; however, 8’(c) is an odd

function with respect to a=0, whose behaviour is shown graphically as shown in Fig. 2 against

22

. eE.m
the velocity.  For the value of &, ‘
“2mkT,

e

&' (a)wvf,, it should be noted that we can see a small

finite value near vo=-w/k, as well as vo=tw/k,, which is just the asymmetric distribution that
we seek.  As the case of Landau damping of the energy, the momentum transfer occurs
around the phase velocity.  The larger asymmetry is brought about in cases where there is
higher rf power (large E,) and/or lower collision case (low v4) small asymmetry is found

where there is lower (small Ef) and/or higher collision case (v4). It should be noted that
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relatively small asymmetry is caused at the velocities whose negative velocitly is a case of
larger asymmetry, which may be caused by the nonlinear product between the derivative of the
delta function and the term of v* caused by collision at negative phase velocity region ;
however, this cancels out when the equation (3.4) applies.  This always occurs when the
collision frequency causes o dependence on v, The rf driven current is obtained
substituting equation (3.7) into (3.4), considering that T has dependence on v (=T, IV

w E, mV? L5k

.] = _eEOJt 2mk: k]-se Tv(f() V

(3.8)
where 1:V=2ImV3/u)p41nA, V=w/k, and InA is the Coulomb logarithm'®.  This equation is very
similar to equation (31) in the formulation by Yoshikawa and Yamato, however, this

formulation is deduced from a quasi-linear theory®”.
4. DISCUSSION AND CONCLUSIONS

As early as 1962, Stix derived an average force for resonant electrons in the rf trajectory
in the toroidal direction®". This formation may be connected to the description of
momentum transfer of resonant electrons discussed here. In our previous report, we gave a
fundamental picture of the beam perturbation method, and under some condition the current
was estimated by this scheme.  However, the distribution function was not discussed any
more in that report. In this paper, we have tried to clarify the shape of the distribution
function based on the simple Krooks collisional operator model as the zeroth order
approximation. The current indeed flows when there is asymmetry of the distribution
function as predicted in our scheme. It is correct also in the inductive current drive, where
that the distribution function has deformation due to the constraint of the force due to the DC
electric field, which is shown in the previous section.  This situation does not change even
when there is rf induced current drive.  The strangest feature of current drive in the
quasi-linear scheme is the shape of rf spectrum when the optimum current is flowing. If
the rf spectrum has wide range of wave numbers there may be a large asymmetry plateau
distribution function which causes much rf current. ~ However, experimental results indicate
that relatively sharp spectrums cause much rf current™.

The equations (2.1)-(2.8) are derived by the same method as that for deriving energy in
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Landau damping, described in many textbooks on plasma physics (for example STIX'®).
This formulation may correspond to the equation derived by Midzuno™”, however, he neglects
the balance achieved with collision.

There may be some problems in using the simple Krook collisional operator rather than
the full Fokker-Planck Coulomb operator, however, it has been pointed out that the Krook
model may serve well to incorporate collisions in any model, though only the principal effects
of collisions on wave damping are modeled by Livi and Marsch'?.

Recently, the role of collsions in the quasi-linear theory of heating and current drive is
discussed by Bilato®.  This issue is reasonable as far as the heating scheme, however, the
item must be limited to the heating regime and the item of the current drive should be removed
since the momentum transfer is not included in this issue.  The item of momentum is
necessary as eq. (2.8) in this issue in order to discuss the current drive. The analysis based
on the beam perturbation methid are agree with the experimental results, which will be given a
another report®®.

In conclusion, there is momentum transfer from waves to resonant electrons in the
Landau damping process. In this process, the time derivative of momentum is evaluated
according to a well-defined model of Landau damping, and then current due to the radio
frequency current drive is evaluated.  The deformation distribution function to yield the net

rf  current is formulated with a Boltzmann equation including a simple collision term.
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<d(mv)/dt=,

o

L 2.5 e

Fig.1

Fig. 1 Equation (2.6) is shown graphically as the enegy transfer of Landau damping.
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Fig. 2 The value of fo(1+k,e’E27d’ (ar)ty/2mkT,) in equation (3.7) is shown against the

velocity.
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