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The effective delayed neutron fraction βeff is one of the important neutronic parameters
from a view point of a reactor kinetics. Several Monte-Carlo-based methods to estimate βeff

have been proposed to date. In order to quantify the accuracy of these methods, we study
calculation methods for βeff by analyzing various fast neutron systems including the bare
spherical systems (Godiva, Jezebel, Skidoo, Jezebel-240), the reflective spherical systems (Popsy,
Topsy, Flattop-23), MASURCA-R2 and MASURCA-ZONA2, and FCA XIX-1, XIX-2 and XIX-
3. These analyses are performed by using SLAROM-UF and CBG for the deterministic method
and MVP-II for the Monte Carlo method. We calculate βeff with various definitions such as the
fundamental value β0, the standard definition, Nauchi’s definition and Meulekamp’s definition,
and compare these results with each other.

Through the present study, we find the following:

• The largest diiffence among the standard definition of βeff , Nauchi’s βeff and Meulekamp’s
βeff is approximately 10%. The fundamental value β0 is quite larger than the others in
several cases.

• For all the cases, Meulekamp’s βeff is always higher than Nauchi’s βeff . This is because
Nauchi’s βeff considers the average neutron multiplicity value per fission which is large
in the high energy range (1MeV-10MeV), while the definition of Meulekamp’s βeff does
not include this parameter.

Furthermore, we evaluate the multi-generation effect on βeff values and demonstrate that
this effect should be considered to obtain the standard definition values of βeff .

Keywords: Effective Delayed Neutron Fraction, Deterministic Method, Monte Carlo Method

∗Tokyo institute of technology, research laboratory for nuclear reactors
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実効遅発中性子割合に対する計算手法の検討
日本原子力研究開発機構
原子力基礎工学研究部門
核工学 ·炉工学ユニット

Dwi IRWANTO∗、千葉　豪、長家　康展、小原　徹 ∗

(2010年 12月 17日受理)

実効遅発中性子割合は原子炉の動的な振る舞いを支配する重要なパラメータのひとつである。
これまでに、いくつかのモンテカルロ法に基づいた実効遅発中性子割合の計算方法が提案されて
いる。本研究では、それらの方法の精度を定量的に評価するため、実効遅発中性子割合の計算手
法について着目し、裸炉心（Godiva、Jezebel、Skidoo、Jezebel-240）、反射体付き炉心（Popsy,

Topsy, Flattop-23）、MASURCA-R2、MASURCA-ZONA2、FCA XIX-1、XIX-2、XIX-3といっ
た高速炉心を対象に検討を行った。計算には決定論手法として SLAROM-UF、CBGコードを、
統計論手法としてMVP-IIコードを用いた。実効遅発中性子割合について、基本値（均一重み）、
一般的な定義、名内による定義、Meulekampによる定義に基づいて計算し、その各々の比較を
行った。
その結果、以下の結果を得た。

• 一般的な定義、名内による定義、Meulekampによる定義に基づく βeff の値における差異は
最大で 10%に達した。また、均一重みの値はいくつかの体系で大幅に大きな値となった。

• 全ての体系で、Meulekampによる定義は名内の定義と比較して大きな値となった。これは、
名内の定義では核分裂あたりの平均中性子生成数を考慮している一方、Meulekampの方法
ではそれを考慮していないことに起因している。

さらに、βeff に対する複数世代の効果を評価し、一般的な定義に基づく βeff の値を求めるため
には、それが無視できないことを示した。

原子力科学研究所（駐在）：〒 319-1195 茨城県那珂郡東海村白方白根 2-4
∗ 東京工業大学　原子炉工学研究所
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1. Introduction

Most of neutrons generated by a fission reaction appear instantaneously (within 10−14 sec-

onds). These neutrons are referred to as prompt neutrons. On the other hand, a very few

neutrons, less than 1% of total fission neutrons, appear with an appreciable time delay from

the subsequent decay of the generated radioactive fission products. Although only a very small

fraction of the fission neutrons is generated with a time delay, these neutrons, which are referred

to as delayed neutrons, are very vital for the control of the fission chain reaction. The fraction of

delayed neutrons weighted with their probabilities to induce a new fission in the chain reaction

is called the effective delayed neutron fraction (βeff ).

In fact, it is rather difficult to measure βeff with experiments, and thus it is important to

calculate accurate values of βeff . On the accuracy of βeff calculations there are two important

aspects, which are nuclear data used for the calculations and the calculation method itself, either

a deterministic or Monte Carlo method. In some cases, it is necessary to calculate neutronic

properties with the Monte Carlo method for nuclear systems which are difficult to treat with

the deterministic method. The Monte Carlo method can calculate accurately such systems due

to its unique feature for constructing the detail geometry model. It is, however, difficult to

calculate βeff with the Monte Carlo method, so some approximations should be introduced.

The purpose of the present study is to quantify errors in Monte Carlo-based βeff calculation

methods.

– 1 –
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2. Overview of theory

In general, we write a neutron production rate by fission P as

P =
∫

d�r

∫
dE

∑
j

N j(�r)νj(E)σj
f (E)φ(�r,E) =

∫
d�r

∫
dEνΣf (�r,E)φ(�r,E), (2.1)

where N j(�r) is the number density of nuclide j at position �r, ν(E) is the average neutron

multiplicity per fission in energy E, σf is the microscopic fission cross section, φ is the neutron

flux and νΣf is the macroscopic neutron production cross section, respectively.

To obtain a production rate of delayed neutrons Pd, one replaces the factor νj(E) by νj
d(E)

which is the average delayed neutron multiplicity per fission. Then, we can define the funda-

mental delayed neutron fraction β0 as

β0 =
Pd

P
. (2.2)

On the other hand, we can consider the effectiveness to the chain reaction into generated

neutrons by introducing a weighting function w(�r,E). In this case, the weighted delayed neutron

fraction, which is usually called the effective delayed neutron fraction, is calculated as follows:

βeff =

∫
d�r

∫
dEw(�r,E)

∑
j

N j(�r)χj
d(E)

∫
dE′νj

d(E
′)σj

f (E′)φ(�r,E′)

∫
d�r

∫
dEw(�r,E)

∑
j

N j(�r)χj(E)
∫

dE′νj(E′)σj
f (E′)φ(�r,E′)

=

〈
w,Sdφ

〉

〈w,Sφ〉 , (2.3)

where χd and χ are delayed and total fission spectra, and brackets denote an integration on the

whole phase space. Note that β0 corresponds to the constant-weighted delayed neutron fraction.

Usually, the adjoint neutron flux φ+ is used as the weight function because it eliminates first-

order variations in neutron flux and provides a more accurate estimate of reactivity than other

functions. Thus, we can obtain the expression of the standard definition of the effective delayed

neutron fraction as follows:

βeff =

〈
φ+, Sdφ

〉

〈φ+, Sφ〉 . (2.4)

The adjoint neutron flux φ+, which depends on the position and energy, is also called as the

importance function, which represents the significance of a neutron located at position �r with

energy E for neutron multiplicity.

It is quite difficult for the Monte Carlo method to directly calculate βeff due to difficulties

in calculating the adjoint neutron flux. Thus, the following methods are proposed.

– 2 –
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Let us consider an introduction of neutrons with energy E at position �r in a critical system at

zero power. These neutrons will produce first-generation neutrons by fission reactions. These

first-generation neutrons will in turn cause fission reactions and thereby yield next-generation

neutrons. Since the system is critical, the number of fissions generated in this way will approach

a constant. This number of fissions corresponds to an iterated fission probability1) and which

is proportional to the adjoint neutron flux.

In order to calculate the iterated fission probability, one should count the number of fissions

during the simulation of the Monte Carlo history of neutrons and the number of all the neutrons

produced by it. Such counting is quite cumbersome since a large number of fissions will be

involved and many histories will go on indefinitely.

To avoid such difficulty, Meulekamp and Van der Marck2) proposed an approximation in

which the number of induced fissions is only counted until the next fission. In other words, they

calculate the next fission probability instead of the iterated fission probability. This is no longer

exactly proportional to the adjoint function, but Meulekamp and Van der Marck argue that it

is a useful approximation. Thus, one can approximately calculate βeff by the average number

of fissions generated by delayed neutrons divided by the average number of fissions generated

by all neutrons.

While Meulekamp and Van der Marck proposed to use the number of fission reactions to

calculate βeff , Nauchi and Kameyama3) proposed to use the expected number of fission neutrons

in the next generation. In this method, βeff is calculated by using the expected number of fission

neutrons generated by delayed neutrons divided by the expected number of fission neutrons

generated by all neutrons.

These Monte Carlo methods (Van der Marck and Nauchi methods) for βeff calculations

consider physical interpretation of the adjoint neutron flux and incorporate its effect on βeff

without an explicit calculation of the adjoint neutron flux itself.

Nauchi and Kameyama discussed that βeff calculated by the above mentioned methodology

can be expressed in the form of Eq.(2.3) with the special importance functions3). Meulekamp’s

definition for βeff can be expressed as

βeff =

〈
φ+

Σ,0, S
dφ

〉
〈
φ+

Σ,0, Sφ
〉 , (2.5)

where the importance function is defined as

M+φ+
Σ,0 = Σf , (2.6)

in which M+ is an adjoint destruction operator. On the other hand, Nauchi’s definition can be

– 3 –
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expressed as

βeff =

〈
φ+

νΣ,0, S
dφ

〉
〈
φ+

νΣ,0, Sφ
〉 , (2.7)

where the importance function is defined as

M+φ+
νΣ,0 = νΣf . (2.8)

These importance functions can be easily calculated by the deterministic methods. Needless

to say, the reference βeff , i.e., standard definition of βeff , also can be calculated by the deter-

ministic methods. Thus, we can quantify the errors of the Monte-Carlo-based βeff calculations

by using the deterministic methods.

– 4 –
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3. Calculation cases

Effective delayed neutron fraction calculations are performed by using deterministic and

Monte Carlo methods. We use SLAROM-UF4) and CBG5) for the deterministic method and

MVP-II6) for the Monte Carlo method.

In the deterministic procedure, effective 70-group cross sections are generated with SLAROM-

UF and UFLIB.J33, which is based on the nuclear data library JENDL-3.37). With the effective

cross sections, one or two dimensional neutron transport calculations are performed with a

discrete ordinates solver CBG/SNR or CBG/SNRZ. Scattering anisotropy is considered up

to P3 and the S8 level symmetric angular quadrature set is used. The four definitions of

the effective delayed neutron fraction, β0, the standard definition, Meulekamp’s definition and

Nauchi’s definition, are calculated by this deterministic procedure.

Monte Carlo calculations are performed with more than 3.5 million histories by using JENDL-

3.3. The MVP-II code calculates β0, Meulekamp’s definition and Nauchi’s definition.

Calculations are performed for the following fast neutron systems;8,9)

• Godiva, a bare uranium sphere assembly with radius 8.741 cm with 93.768 wt% 235U,

5.207 wt% 238U and 1.025 wt% 234U.

• Jezebel, a bare plutonium sphere assembly with radius 6.3849 cm with 95.20 wt% 239Pu,

4.50 wt% 240Pu and 0.30 wt% 241Pu.

• Skidoo (Jezebel-233), a bare 233U sphere with 5.9838 cm radius with 98.13 wt% 233U,

1.24 wt% 234U, 0.03 wt% 235U and 0.60 wt% 238U.

• Jezebel-240, a bare plutonium sphere with 6.6595 cm radius with 76.40 wt% 239Pu, 20.10

wt% 240Pu, 3.10 wt% 241Pu and 0.40 wt% 242Pu.

• Popsy (Flattop-Pu), a reflective fast system with a plutonium sphere fuel with 4.5332 cm

radius and a 238U blanket with 24.142 cm radius. The fuel consists of 94.856 wt% 239Pu,

4.834 wt% 240Pu and 0.301 wt% 241Pu. The blanket consists of 99.254 wt% 238U, 0.741

wt% 235U and 0.005 wt% 234U.

• Topsy (Flattop-25), a reflective fast system with a uranium sphere fuel with 6.1156 cm

radius and a 238U blanket with 24.1242 cm radius. The fuel consists of 93.304 wt% 235U,

5.671 wt% 238U and 1.025 wt% 234U. The blanket consists of 99.275 wt% 238U, 0.720 wt%
235U and 0.005 wt% 234U.

– 5 –
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• Flattop-23, a reflective fast system with a 233U sphere fuel with 4.2058 cm radius and
238U blanket with 24.1194 cm radius. The fuel consists of 98.149 wt% 233U, 1.234 wt%
234U, 0.587 wt% 238U and 0.030 wt% 235U. The blanket consists of 99.478 wt% 238U and

0.522 wt% 235U.

• MASURCA-R2, a cylindrical uranium core.

• MASURCA-ZONA2, a cylindrical uranium-plutonium mixed-oxide (MOX) core.

• FCA XIX-1, a cylindrical uranium core.

• FCA XIX-2, a cylindrical MOX core.

• FCA XIX-3, a cylindrical plutonium core.

Note that fully consistent specifications of these benchmark systems are used for both MVP-II

and CBG calculations.

– 6 –
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4. Results and discussions

4.1 Nuclide-wise contribution to βeff

Tables 4.1.1 and 4.1.2 show nuclide-wise βeff value and relative contributions to βeff for

each nuclide, respectively. These calculations are performed with the deterministic method and

βeff is the standard definition.

Contributions of 238U are larger in the reflected systems (Popsy, Topsy, Flattop-23) than

those in the bare systems (Godiva, Jezebel, Skidoo, Jezebel-240) since the reflected systems

have the 238U blanket. Since the delayed neutron fraction of 239Pu is smaller than that of 235U,

the 238U contribution is relatively large in the plutonium or MOX fueled cores, such as the

MASURCA-ZONA2. The FCA XIX-2 core has the large 238U contribution since this core has

larger amount of 238U in the core region than the other FCA cores.

Table 4.1.1 Nuclide-wise βeff value

System 233U 234U 235U 238U 239Pu 240Pu 241Pu
Godiva 0.00003 0.00614 0.00015
Jezebel 0.00174 0.00008 0.00001
Skidoo 0.00287 0.00003 0.00000 0.00001

Jezebel-240 0.00140 0.00036 0.00014
Popsy 0.00000 0.00005 0.00109 0.00160 0.00007 0.00001
Topsy 0.00003 0.00563 0.00114

Flattop-23 0.00260 0.00002 0.00005 0.00111
MASURCA-R2 0.00552 0.00181

MASURCA-ZONA2 0.00008 0.00173 0.00143 0.00014 0.00010
FCA XIX-1 0.00708 0.00041
FCA XIX-2 0.00047 0.00174 0.00149 0.00005 0.00001
FCA XIX-3 0.00029 0.00024 0.00190 0.00007 0.00002

– 7 –
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Table 4.1.2 Relative contributions of βeff for each nuclide (unit:%)

System 233U 234U 235U 238U 239Pu 240Pu 241Pu
Godiva 0.0 0.5 97.1 2.4 0.0 0.0 0.0
Jezebel 0.0 0.0 0.0 0.0 94.9 4.4 0.7
Skidoo 98.5 1.0 0.0 0.5 0.0 0.0 0.0

Jezebel-240 0.0 0.0 0.0 0.0 74.0 18.9 7.2
Popsy 0.0 0.0 1.9 38.6 56.6 2.4 0.5
Topsy 0.0 0.4 82.9 16.8 0.0 0.0 0.0

Flattop-23 68.7 0.6 1.4 29.3 0.0 0.0 0.0
MASURCA-R2 0.0 0.0 75.3 24.7 0.0 0.0 0.0

MASURCA-ZONA2 0.0 0.0 2.3 49.8 41.0 3.9 3.0
FCA XIX-1 0.0 0.0 94.6 5.4 0.0 0.0 0.0
FCA XIX-2 0.0 0.0 12.6 46.1 39.5 1.4 0.4
FCA XIX-3 0.0 0.0 11.6 9.7 75.5 2.7 0.6

– 8 –
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4.2 Comparison of results between CBG and MVP codes

Tables 4.2.1 to 4.2.3 show calculation results for the fundamental delayed neutron fraction

β0, Nauchi’s βeff and Meulekamp’s βeff obtained by using the CBG and MVP codes.

Table 4.2.1 Comparison of the fundamental delayed neutron fraction between the
CBG and MVP codes

System CBG MVP Difference
Godiva 0.006314 0.006312 (0.003%∗) 0.0%
Jezebel 0.002032 0.002030 (0.003%) 0.1%
Skidoo 0.002787 0.002785 (0.003%) 0.1%

Jezebel-240 0.002226 0.002224 (0.003%) 0.1%
Popsy 0.005671 0.005628 (0.018%) 0.8%
Topsy 0.008274 0.008248 (0.008%) 0.3%

Flattop-23 0.006049 0.006015 (0.016%) 0.6%
MASURCA-R2 0.007934 0.007918 (0.010%) 0.2%

MASURCA-ZONA2 0.004492 0.004498 (0.030%) 0.1%
FCA XIX-1 0.007172 0.007154 (0.008%) 0.3%
FCA XIX-2 0.004625 0.004612 (0.018%) 0.3%
FCA XIX-3 0.003061 0.003058 (0.022%) 0.1%

∗ Statistical uncertainties of MVP calculations

Table 4.2.2 Comparison of Nauchi’s βeff between the CBG and MVP codes

System CBG MVP Difference
Godiva 0.006272 0.006286 (0.33%∗) 0.2%
Jezebel 0.001817 0.001821 (0.59%) 0.3%
Skidoo 0.002889 0.002878 (0.49%) 0.4%

Jezebel-240 0.001890 0.001901 (0.55%) 0.6%
Popsy 0.002615 0.002574 (0.48%) 1.6%
Topsy 0.006103 0.006111 (0.32%) 0.1%

Flattop-23 0.003418 0.003409 (0.44%) 0.3%
MASURCA-R2 0.007146 0.007021 (0.62%) 1.8%

MASURCA-ZONA2 0.003424 0.003429 (0.92%) 0.1%
FCA XIX-1 0.007177 0.007141 (0.52%) 0.5%
FCA XIX-2 0.003714 0.003714 (0.56%) 0.0%
FCA XIX-3 0.002513 0.002460 (0.86%) 2.1%

∗ Statistical uncertainties of MVP calculations

Calculation results obtained by the CBG and MVP codes agree well with each other in β0,
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Table 4.2.3 Comparison of Meulekamp’s βeff between the CBG and MVP codes

System CBG MVP Difference
Godiva 0.006605 0.006622 (0.33%∗) 0.3%
Jezebel 0.001944 0.001951 (0.58%) 0.3%
Skidoo 0.003074 0.003066 (0.49%) 0.3%

Jezebel-240 0.002023 0.002036 (0.55%) 0.7%
Popsy 0.002745 0.002703 (0.47%) 1.5%
Topsy 0.006447 0.006457 (0.32%) 0.2%

Flattop-23 0.003630 0.003623 (0.44%) 0.2%
MASURCA-R2 0.007349 0.007220 (0.62%) 1.8%

MASURCA-ZONA2 0.003484 0.003472 (0.92%) 0.3%
FCA XIX-1 0.007311 0.007273 (0.52%) 0.5%
FCA XIX-2 0.003769 0.003767 (0.55%) 0.1%
FCA XIX-3 0.002551 0.002498 (0.86%) 2.1%

∗ Statistical uncertainties of MVP calculations

Meulekamp’s βeff and Nauchi’s βeff for all the systems. The differences are less than 1.0%

in β0 and less than about 2.0% in Nauchi’s and Meulekamp’s βeff , respectively. From these

results, we can confirm the following:

• Meulekamp’s βeff is consistent with βeff weighted by the importance function defined in

Eq.(2.6).

• Nauchi’s βeff is consistent with βeff weighted by the importance function defined in

Eq.(2.8).

In the MVP calculations, results of β0 have statistical uncertainties of less than 0.03%. These

values are much smaller than those for Nauchi’s βeff and Meulekamp’s βeff because the cal-

culations of β0 considers the delayed neutron production rate and the all neutron production

rate. On the other hand, calculations for Nauchi’s βeff have to consider the number of fission

neutrons generated by delayed neutrons and those for Meulekamp’s βeff have to calculate the

number of fission reactions induced by delayed neutrons. These two calculations need to count

the number of fission reactions caused by delayed neutrons which are very small and this may

make uncertainties larger.
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4.3 Comparison in definition

Table 4.3.1 shows calculation results obtained by using the CBG code.

Table 4.3.1 Calculation results obtained by using the CBG code

System Standard Fundamental Nauchi Meulekamp
definition

Godiva 0.00633 0.00631 (0.998∗) 0.00627 (0.991) 0.00660 (1.044)
Jezebel 0.00183 0.00203 (1.111) 0.00182 (0.993) 0.00194 (1.063)
Skidoo 0.00291 0.00279 (0.957) 0.00289 (0.992) 0.00307 (1.055)

Jezebel-240 0.00191 0.00223 (1.166) 0.00189 (0.990) 0.00202 (1.059)
Popsy 0.00282 0.00567 (2.011) 0.00262 (0.928) 0.00274 (0.973)
Topsy 0.00679 0.00827 (1.218) 0.00610 (0.899) 0.00645 (0.949)

Flattop-23 0.00379 0.00605 (1.597) 0.00342 (0.903) 0.00363 (0.959)
MASURCA-R2 0.00733 0.00793 (1.082) 0.00715 (0.975) 0.00735 (1.002)

MASURCA-ZONA2 0.00348 0.00449 (1.290) 0.00342 (0.984) 0.00348 (1.001)
FCA XIX-1 0.00749 0.00717 (0.958) 0.00718 (0.958) 0.00731 (0.976)
FCA XIX-2 0.00377 0.00463 (1.227) 0.00371 (0.985) 0.00377 (0.999)
FCA XIX-3 0.00252 0.00306 (1.214) 0.00251 (0.996) 0.00255 (1.012)

∗ Ratio to the standard definition value

From the results we can get several points. For the bare spherical systems, Meulekamp’s

βeff s are slightly higher than the standard definition values while Nauchi’s βeff s are close

to the standard definition values. For the reflective spherical systems, both Nauchi’s βeff s

and Meulekamp’s βeff s are smaller than the standard definition values. For the 2D cylindrical

systems (MASURCA and FCA), Nauchi’s βeff s and Meulekamp’s βeff s agree with the standard

definition values within 4.1% and 2.4%, respectively.

From the results shown in Table 4.3.1, we observe that Meulekamp’s βeff is always higher

than Nauchi’s βeff . This can be explained by examining the basic principle used for each

definition. Nauchi’s βeff is calculated from the number of fission neutrons induced by delayed

neutrons and that by all neutrons while Meulekamp’s βeff is calculated from the number of

fission reactions induced by delayed neutrons and that by all neutrons. It means that Nauchi’s

βeff calculations have to consider the average neutron multiplicity per fission reaction while

Meulekamp’s βeff calculations do not have to do that.

Figures 4.3.1 and 4.3.2 give us information that neutron multiplicities per fission, ν(E),

take higher values above 1MeV. This leads that the importance function for Nauchi’s βeff is

always higher than that for Meulekamp’s βeff in the high energy range. In order to confirm that,

the importance functions at the core center of Jezebel and Popsy are compared in Figs. 4.3.3
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and 4.3.4, respectively. By considering that the energy spectrum of delayed neutrons is softer

than that of all (prompt and delayed) neutrons, as we can see in Fig. 4.3.5, delayed neutrons

have smaller contribution to the high energy range than all neutrons. Now, let us consider the

βeff definition, βeff =

〈
w,F dφ

〉

〈w,Fφ〉 . Larger values of the importance (weight) function in the high

energy range may result in larger denominator while those may not affect the numerator because

the delayed neutrons at this energy range are very small. Thus, larger values of importance

function in the high energy range will lead to the lower βeff values. This is the reason why

Meulekamp’s βeff is always higher than Nauchi’s βeff for fast neutron systems.

From the above discussions, we find that Nauchi’s βeff or Meulekamp’s βeff is higher than the

standard definition of βeff if the importance function corresponding to these methods has lower

values than the importance function of the standard definition, i.e. the adjoint neutron flux,

in the energy range to which the contribution of the delayed neutrons is small (1MeV-10MeV),

and vice versa. The magnitude of the differences in the importance function determine how

much the difference in βeff is.

Here, we compare the ratio of β0, Nauchi’s βeff and Meulekamp’s βeff to the standard

definition. As we can see in Table 4.3.1, the ratio of β0 is higher than those of Nauchi’s βeff

and Meulekamp’s βeff in most cases. This is because the β0 calculations assume that the weight

function is constant in the phase space. Meanwhile in the Nauchi’s βeff and Meulekamp’s βeff

calculations, non-constant weight functions are used and a difference in energy spectra between

delayed and all neutrons are taken into account. Energy spectrum of generated neutrons is

important because the energy of neutrons has an impact on their effectiveness in inducing

fission reaction and the adjoint function is used because it represents the significance of neutron

for neutron multiplicity.

From Table 4.3.1 we can see that β0 is larger than the standard definition in Jezebel and

Jezebel-240 but it is opposite in the Skidoo case. Those differences come from the difference in

the fuel composition. Figure 4.3.6 shows the adjoint neutron flux for Godiva (U-235), Jezebel

(Pu-239), Jezebel-240 (Pu-239) and Skidoo (U-233). From Fig. 4.3.6 we can see that the adjoint

fluxes for Jezebel and Jezebel-240 have higher values compared with those for Godiva and Skidoo

in the high energy range. This is the reason why β0 is larger than the standard definition in

Jezebel and Jezebel-240.

Table 4.3.1 also gives information that β0 is larger than the standard definition in the reflected

spherical systems. In order to investigate these results, calculations are performed for β0 and the

standard definition of modified Popsy, Topsy and Flattop-23 cores in which the 238U blankets

are removed. Results are shown in Table 4.3.2.
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Table 4.3.2 Comparison in βeff for systems with and without blanket

System βeff (with blanket) βeff (without blanket)
Standard Fundamental Standard Fundamental
definition definition

Popsy 0.00282 0.00567 (2.01∗) 0.00179 0.00203 (1.13)
Topsy 0.00679 0.00827 (1.22) 0.00639 0.00630 (0.99)

Flattop-23 0.00379 0.00605 (1.60) 0.00293 0.00278 (0.95)
∗ Ratio to the standard definition value

From Table 4.3.2 we can see that the ratios of β0 to the standard definition are close to 1.0

in the systems without the blanket.

Figures 4.3.7 to 4.3.9 show the adjoint flux at the core center of Popsy, Topsy and Flattop-

23 with and without the blanket. From these figures, we can see that in the case of the systems

without the blanket, the adjoint flux has lower values in the high energy range compared to the

case of the systems with the blanket. This is mainly because of 238U, which has a threshold

fission cross section as shown in Fig. 4.3.10, in the reflector. This difference in the adjoint

function may significantly affect to β0 and βeff .

From these figures, we can see that the adjoint flux for Popsy is relatively higher than that of

Jezebel in the high energy region (around 1MeV-10MeV). This difference is also due to the fact

that Popsy has the 238U blanket. Presence of 238U will contribute to the fission cross section,

especially in the high energy range. That makes the fission reaction probability higher and the

adjoint flux of Popsy higher in the high energy range.
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Figure�4.3.1�Neutron�multiplicity�per�fission�of�235U�
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Figure�4.3.2�Neutron�multiplicity�per�fission�of�239Pu�
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Figure�4.3.3�Importance�function�for�the�Jezebel�system�
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Figure�4.3.4�Importance�function�for�the�Popsy�system�

�

JAEA-Research 2010-061

‐15‐



N
or

m
al

iz
ed

 fi
ss

io
n 

so
ur

ce
 [A

.U
.]

N
or

m
al

iz
ed

 fi
ss

io
n 

so
ur

ce
 [A

.U
.]

�

Figure�4.3.5�Energy�spectrum�of�fission�neutrons�of�the�Popsy�system�

�

�

Figure�4.3.6�Comparison�of�adjoint�neutron�flux�for�the�bare�spherical�systems�
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Figure�4.3.7�Adjoint�neutron�flux�of�Popsy�with�and�without�blanket�
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Figure�4.3.8�Adjoint�neutron�flux�of�Topsy�with�and�without�blanket�
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Figure�4.3.9�Adjoint�neutron�flux�of�Flattop�23�with�and�without�blanket�
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Figure�4.3.10�Fission�cross�section�of�238U�
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5. Neutron’s generation effect to βeff values

In the preceding chapter, we have investigated differences in the effective delayed neutron

fraction among several definitions and have found that the there are large differences in some

fast systems between the standard definition of βeff and Nauchi’s βeff or Meulekamp’s βeff .

These differences come from the fact that Nauchi’s and Meulekamp’s βeff s only consider the

next fission probability, not the iterated fission probability. In this chapter, we consider the

iterated fission probability for Nauchi’s or Meulekamp’s βeff calculations and quantify those

effects with the deterministic method. We refer to the effects as multi-generation effect in the

present report.

5.1 Theory

We write the neutron transport equation as follows:

Mφ =
1
k
Sφ, (5.1)

where k is the eigenvalue, and M and S denote the neutron destruction (leakage plus absorption)

operator and the neutron production (fission) operator, respectively.

Let us consider the following equation:

M+φ+
0 = νΣf , (5.2)

where M+ is the adjoint operator for M .

In order to understand the physical meaning of φ+
0 in the above equation, the following Green

functions are considered:

M+G+(x, x1) = δ(x − x1), (5.3)

MG(x, x0) = δ(x − x0), (5.4)

where phase space valuables are denoted as x for simplicity. With the definition of the adjoint

operator, we can write

< G+(x, x1),MG(x, x0) >=< G(x, x0),M+G+(x, x1) > . (5.5)

Inserting Eqs.(5.3) and (5.4) to Eq.(5.5), we obtain the following rational theorem:

G+(x0, x1) = G(x1, x0). (5.6)
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Since G(x′, x) corresponds to neutron flux at x′ produced by a unit source at x without any fis-

sion reactions, G+(x, x′) has the same meaning. Multiplying G+(x, x′) and integrating Eq.(5.2)

over the whole phase space, we obtain the following integral equation:

φ+
0 (x) =

∫
G+(x, x′)νΣf (x′)dx′. (5.7)

From the above discussion, we find that φ+
0 (x) corresponds to the total number of neutrons

generated by fission reactions which are caused by neutrons from a unit source at x without

any fission reactions.

Next, let us consider the following equation:

M+φ+
1 =

1
k
S+φ+

0 . (5.8)

After applying the Green function to the above equation, we obtain the following integral

equation:

φ+
1 (x) =

∫
G+(x, x′)

1
k
S+φ+

0 (x′)dx′. (5.9)

Here, we define a kernel K+(x, x′) as

K+(x, x′) = G+(x, x′)
1
k
S+. (5.10)

Then we can write the following equation:

< K+(x, x′)φ+
0 (x′) >=< G+(x, x′),

1
k
S+φ+

0 (x′) >=< φ+
0 (x′),

1
k
SG(x′, x) > . (5.11)

Hence, we can obtain a relation, K+(x, x′) =
1
k
SG(x′, x). From this relation, we can find

that K+(x, x′) corresponds to neutron flux at x′ produced by neutrons from a unit source at

x after one generation(one fission reaction). Namely, φ+
1 (x) corresponds to the total number

of neutrons generated by fission reactions, which are caused by neutrons produced by neutrons

from a unit source at x after one generation.

Here, we write the following equation:

M+φ+
n =

1
k
S+φ+

n−1. (5.12)

The function φ+
n in the above equation can be written as

φ+
n (x) =

∫
Kn(x, x′)νΣf (x′)dx′, (5.13)

where

Kn(x, x′) =
∫

· · ·
∫

K+(x, x1)K+(x1, x2) · · ·K+(xn−1, x
′)dx1 · · · dxn−1. (5.14)

From the above discussions, it can be said that φ+
n (x) corresponds to the total number of

neutrons generated by fission reactions, caused by neutrons produced by neutrons from a unit

source at x after n generations.
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The following equation shows the importance function for Nauchi’s βeff without considering

the iterated fission reactions, that is, without considering the multi-generation effect:

M+φ+
νΣ,0 = νΣf . (5.15)

On the other hand, the importance function via ‘n’ neutron generations φ+
νΣ,ncan be obtained

from the following equation:

M+φ+
νΣ,n =

1
k
F+φ+

νΣ,n−1. (5.16)

When we take the number of generations to infinity, n → ∞, then this importance function

converges to be proportional to the adjoint neutron flux.

5.2 Numerical results

The importance functions including the multi-generation effect are calculated by the deter-

ministic CBG code. Note that the generation is denoted as N in this subsection.

Figure 5.2.1 shows the generation-wise importance functions corresponding to Nauchi’s

definition for Topsy, which is a reflected spherical system. A significant change in the importance

functions can be observed between N = 0 and N = 1 while differences in N ≥ 2 are negligible.

Figure 5.2.2 shows values of Nauchi’s βeff and Meulekamp’s βeff with the multi-generation

effect. At a small number of N , Nauchi’s βeff is strongly dependent on the neutron genera-

tion considered. That is consistent with a behavior of the generation-dependent importance

functions. Both Nauchi’s βeff and Meulekamp’s βeff converge to the standard definition value

when several generations are considered.

Here, let us consider the reason why the importance function significantly depends on the

neutron generation. The importance function at N = 0 for Nauchi’s βeff corresponds to the

number of neutrons generated by the next fission reaction. Since Topsy has the 238U blanket, the

importance function at N = 0 takes larger values in the energy range higher than the threshold

energy of 238U fission reactions. On the other hand, the importance functions at N > 0

correspond to the number of neutrons generated after several fission reactions. Once neutrons

cause fission reactions, energy spectra of generated neutrons coincide to the fission spectrum

χ(E). That results in differences in the energy dependence of the importance functions between

N ≥ 1 and N = 0.

Figure 5.2.3 shows the generation-dependent importance functions corresponding to Nauchi’s

definition for Jezebel, which is a bare spherical system. Due to the absence of 238U the impor-

tance functions have nearly similar values.

The spatial distributions of the importance functions of Popsy between 3.68 MeV and 4.72MeV

are shown in Fig. 5.2.4. The importance function at N = 0 at the blanket region is higher
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than that at N ≥ 1. This difference can be explained as follows. At N = 0, neutrons having

3.68 to 4.72 MeV may cause a threshold fission reaction of 238U. On the other hand, at N ≥ 1,

fission reactions occur and neutron energy changes to that of the fission spectrum. Thus, the

probability to cause the threshold fission reaction 238U may decrease and the importance func-

tion becomes smaller. In addition, there may be also probability that neutrons will leak out

from the reactor in the blanket region. Thus, these phenomena lead to make the importance

function at N = 1 in the blanket region smaller.

Figure 5.2.5 shows spatial distributions of the importance function for the energy between

0.64MeV and 0.82MeV. In this low energy range, the importance function at the blanket region

does not change because the fission cross section of 238U is small and has very small contribution

to the fission reactions in this energy range.

– 22 –

JAEA-Research 2010-061

‐22‐



�

Figure�5.2.1�Importance�function�(Topsy)�

�

B
ef

f
B

ef
f

 

Figure�5.2.2�Neutron�generation�effect�to�the��eff�values�

JAEA-Research 2010-061

‐23‐



�
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6. Conclusion

Through the present study, we have found the following:

• The standard definition of βeff , Nauchi’s βeff and Meulekamp’s βeff agree with each

other within approximately 10% differences, while β0 is much larger than the others in

several cases. This is because the weighted function is constant in the phase space for the

β0 definition.

• For the bare spherical systems, the reflective spherical systems and the 2D cylindrical

systems, βeff of various definitions calculated with the CBG and MVP codes have good

consistency and the differences are less than 2.1%.

• Statistical uncertainties of the MVP calculations in β0 are very small (0.003%) compared

with those in Nauchi’s βeff and Meulekamp’s βeff (1.000%) because the β0 definition only

considers the delayed neutron production rate and the all neutron production rate while

Nauchi’s/Meulekamp’s βeff requires the number of fission neutrons/fissions generated by

delayed neutrons.

• For all the cases, Meulekamp’s βeff is always higher than Nauchi’s βeff . This is because

Nauchi’s βeff considers the average neutron multiplicity value per fission which is large

in the high energy range (1MeV-10MeV), while the definition of Meulekamp’s βeff does

not include this parameter.

• In the high energy range (1keV-10MeV), the importance function of the reflective systems

is higher than that of the bare systems. This mainly comes from the fact that the reflective

systems have a blanket region containing 238U which has the threshold fission cross section.

• In the reflective systems, the generation-dependent importance functions at N = 0 have

higher values in the high energy range compared to the importance functions at N ≥ 1.

This is because at N = 0 there are contributions of the fission cross section of 238U in

the high energy range to the importance function. Meanwhile at N ≥ 1 it does not have

significant contribution due to the neutron energy range.

The present study recommends to consider, at least, few neutron generations in order to

increase the accuracy of βeff calculations by using the Monte Carlo method.
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　　国国際際単単位位系系（（SSII））

乗数　 接頭語 記号 乗数　 接頭語 記号

1024 ヨ タ Ｙ 10-1 デ シ d
1021 ゼ タ Ｚ 10-2 セ ン チ c
1018 エ ク サ Ｅ 10-3 ミ リ m
1015 ペ タ Ｐ 10-6 マイクロ µ
1012 テ ラ Ｔ 10-9 ナ ノ n
109 ギ ガ Ｇ 10-12 ピ コ p
106 メ ガ Ｍ 10-15 フェムト f
103 キ ロ ｋ 10-18 ア ト a
102 ヘ ク ト ｈ 10-21 ゼ プ ト z
101 デ カ da 10-24 ヨ ク ト y

表５．SI 接頭語

名称 記号 SI 単位による値

分 min 1 min=60s
時 h 1h =60 min=3600 s
日 d 1 d=24 h=86 400 s
度 ° 1°=(π/180) rad
分 ’ 1’=(1/60)°=(π/10800) rad
秒 ” 1”=(1/60)’=(π/648000) rad

ヘクタール ha 1ha=1hm2=104m2

リットル L，l 1L=11=1dm3=103cm3=10-3m3

トン t 1t=103 kg

表６．SIに属さないが、SIと併用される単位

名称 記号 SI 単位で表される数値

電 子 ボ ル ト eV 1eV=1.602 176 53(14)×10-19J
ダ ル ト ン Da 1Da=1.660 538 86(28)×10-27kg
統一原子質量単位 u 1u=1 Da
天 文 単 位 ua 1ua=1.495 978 706 91(6)×1011m

表７．SIに属さないが、SIと併用される単位で、SI単位で
表される数値が実験的に得られるもの

名称 記号 SI 単位で表される数値

キ ュ リ ー Ci 1 Ci=3.7×1010Bq
レ ン ト ゲ ン R 1 R = 2.58×10-4C/kg
ラ ド rad 1 rad=1cGy=10-2Gy
レ ム rem 1 rem=1 cSv=10-2Sv
ガ ン マ γ 1γ=1 nT=10-9T
フ ェ ル ミ 1フェルミ=1 fm=10-15m
メートル系カラット 1メートル系カラット = 200 mg = 2×10-4kg
ト ル Torr 1 Torr = (101 325/760) Pa
標 準 大 気 圧 atm 1 atm = 101 325 Pa

1cal=4.1858J（｢15℃｣カロリー），4.1868J
（｢IT｣カロリー）4.184J（｢熱化学｣カロリー）

ミ ク ロ ン µ  1 µ =1µm=10-6m

表10．SIに属さないその他の単位の例

カ ロ リ ー cal

(a)SI接頭語は固有の名称と記号を持つ組立単位と組み合わせても使用できる。しかし接頭語を付した単位はもはや
　コヒーレントではない。
(b)ラジアンとステラジアンは数字の１に対する単位の特別な名称で、量についての情報をつたえるために使われる。

　実際には、使用する時には記号rad及びsrが用いられるが、習慣として組立単位としての記号である数字の１は明
　示されない。
(c)測光学ではステラジアンという名称と記号srを単位の表し方の中に、そのまま維持している。

(d)ヘルツは周期現象についてのみ、ベクレルは放射性核種の統計的過程についてのみ使用される。

(e)セルシウス度はケルビンの特別な名称で、セルシウス温度を表すために使用される。セルシウス度とケルビンの

　 単位の大きさは同一である。したがって、温度差や温度間隔を表す数値はどちらの単位で表しても同じである。

(f)放射性核種の放射能（activity referred to a radionuclide）は、しばしば誤った用語で”radioactivity”と記される。

(g)単位シーベルト（PV,2002,70,205）についてはCIPM勧告2（CI-2002）を参照。

（c）３元系のCGS単位系とSIでは直接比較できないため、等号「　　 」

　　 は対応関係を示すものである。

（a）量濃度（amount concentration）は臨床化学の分野では物質濃度

　　（substance concentration）ともよばれる。
（b）これらは無次元量あるいは次元１をもつ量であるが、そのこと
 　　を表す単位記号である数字の１は通常は表記しない。

名称 記号
SI 基本単位による

表し方

粘 度 パスカル秒 Pa s m-1 kg s-1

力 の モ ー メ ン ト ニュートンメートル N m m2 kg s-2

表 面 張 力 ニュートン毎メートル N/m kg s-2

角 速 度 ラジアン毎秒 rad/s m m-1 s-1=s-1

角 加 速 度 ラジアン毎秒毎秒 rad/s2 m m-1 s-2=s-2

熱 流 密 度 , 放 射 照 度 ワット毎平方メートル W/m2 kg s-3

熱 容 量 , エ ン ト ロ ピ ー ジュール毎ケルビン J/K m2 kg s-2 K-1

比熱容量，比エントロピー ジュール毎キログラム毎ケルビン J/(kg K) m2 s-2 K-1

比 エ ネ ル ギ ー ジュール毎キログラム J/kg m2 s-2

熱 伝 導 率 ワット毎メートル毎ケルビン W/(m K) m kg s-3 K-1

体 積 エ ネ ル ギ ー ジュール毎立方メートル J/m3 m-1 kg s-2

電 界 の 強 さ ボルト毎メートル V/m m kg s-3 A-1

電 荷 密 度 クーロン毎立方メートル C/m3 m-3 sA
表 面 電 荷 クーロン毎平方メートル C/m2 m-2 sA
電 束 密 度 ， 電 気 変 位 クーロン毎平方メートル C/m2 m-2 sA
誘 電 率 ファラド毎メートル F/m m-3 kg-1 s4 A2

透 磁 率 ヘンリー毎メートル H/m m kg s-2 A-2

モ ル エ ネ ル ギ ー ジュール毎モル J/mol m2 kg s-2 mol-1

モルエントロピー, モル熱容量ジュール毎モル毎ケルビン J/(mol K) m2 kg s-2 K-1 mol-1

照射線量（Ｘ線及びγ線） クーロン毎キログラム C/kg kg-1 sA
吸 収 線 量 率 グレイ毎秒 Gy/s m2 s-3

放 射 強 度 ワット毎ステラジアン W/sr m4 m-2 kg s-3=m2 kg s-3

放 射 輝 度 ワット毎平方メートル毎ステラジアン W/(m2 sr) m2 m-2 kg s-3=kg s-3

酵 素 活 性 濃 度 カタール毎立方メートル kat/m3 m-3 s-1 mol

表４．単位の中に固有の名称と記号を含むSI組立単位の例

組立量
SI 組立単位

名称 記号
面 積 平方メートル m2

体 積 立法メートル m3

速 さ ， 速 度 メートル毎秒 m/s
加 速 度 メートル毎秒毎秒 m/s2

波 数 毎メートル m-1

密 度 ， 質 量 密 度 キログラム毎立方メートル kg/m3

面 積 密 度 キログラム毎平方メートル kg/m2

比 体 積 立方メートル毎キログラム m3/kg
電 流 密 度 アンペア毎平方メートル A/m2

磁 界 の 強 さ アンペア毎メートル A/m
量 濃 度 (a) ， 濃 度 モル毎立方メートル mol/m3

質 量 濃 度 キログラム毎立法メートル kg/m3

輝 度 カンデラ毎平方メートル cd/m2

屈 折 率 (b) （数字の）　１ 1
比 透 磁 率 (b) （数字の）　１ 1

組立量
SI 基本単位

表２．基本単位を用いて表されるSI組立単位の例

名称 記号
他のSI単位による

表し方
SI基本単位による

表し方
平 面 角 ラジアン(ｂ) rad 1（ｂ） m/m
立 体 角 ステラジアン(ｂ) sr(c) 1（ｂ） m2/m2

周 波 数 ヘルツ（ｄ） Hz s-1

力 ニュートン N m kg s-2

圧 力 , 応 力 パスカル Pa N/m2 m-1 kg s-2

エ ネ ル ギ ー , 仕 事 , 熱 量 ジュール J N m m2 kg s-2

仕 事 率 ， 工 率 ， 放 射 束 ワット W J/s m2 kg s-3

電 荷 , 電 気 量 クーロン C s A
電 位 差 （ 電 圧 ） , 起 電 力 ボルト V W/A m2 kg s-3 A-1

静 電 容 量 ファラド F C/V m-2 kg-1 s4 A2

電 気 抵 抗 オーム Ω V/A m2 kg s-3 A-2

コ ン ダ ク タ ン ス ジーメンス S A/V m-2 kg-1 s3 A2

磁 束 ウエーバ Wb Vs m2 kg s-2 A-1

磁 束 密 度 テスラ T Wb/m2 kg s-2 A-1

イ ン ダ ク タ ン ス ヘンリー H Wb/A m2 kg s-2 A-2

セ ル シ ウ ス 温 度 セルシウス度(ｅ) ℃ K
光 束 ルーメン lm cd sr(c) cd
照 度 ルクス lx lm/m2 m-2 cd
放射性核種の放射能（ ｆ ） ベクレル（ｄ） Bq s-1

吸収線量, 比エネルギー分与,
カーマ

グレイ Gy J/kg m2 s-2

線量当量, 周辺線量当量, 方向

性線量当量, 個人線量当量
シーベルト（ｇ） Sv J/kg m2 s-2

酸 素 活 性 カタール kat s-1 mol

表３．固有の名称と記号で表されるSI組立単位
SI 組立単位

組立量

名称 記号 SI 単位で表される数値

バ ー ル bar １bar=0.1MPa=100kPa=105Pa
水銀柱ミリメートル mmHg 1mmHg=133.322Pa
オングストローム Å １Å=0.1nm=100pm=10-10m
海 里 Ｍ １M=1852m
バ ー ン b １b=100fm2=(10-12cm)2=10-28m2

ノ ッ ト kn １kn=(1852/3600)m/s
ネ ー パ Np
ベ ル Ｂ

デ ジ ベ ル dB       

表８．SIに属さないが、SIと併用されるその他の単位

SI単位との数値的な関係は、
　　　　対数量の定義に依存。

名称 記号

長 さ メ ー ト ル m
質 量 キログラム kg
時 間 秒 s
電 流 ア ン ペ ア A
熱力学温度 ケ ル ビ ン K
物 質 量 モ ル mol
光 度 カ ン デ ラ cd

基本量
SI 基本単位

表１．SI 基本単位

名称 記号 SI 単位で表される数値

エ ル グ erg 1 erg=10-7 J
ダ イ ン dyn 1 dyn=10-5N
ポ ア ズ P 1 P=1 dyn s cm-2=0.1Pa s
ス ト ー ク ス St 1 St =1cm2 s-1=10-4m2 s-1

ス チ ル ブ sb 1 sb =1cd cm-2=104cd m-2

フ ォ ト ph 1 ph=1cd sr cm-2 104lx
ガ ル Gal 1 Gal =1cm s-2=10-2ms-2

マ ク ス ウ ｪ ル Mx 1 Mx = 1G cm2=10-8Wb
ガ ウ ス G 1 G =1Mx cm-2 =10-4T
エルステッド（ ｃ ） Oe 1 Oe　  (103/4π)A m-1

表９．固有の名称をもつCGS組立単位
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