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In the previous research (JAEA-Research 2015-009), essentials of neutron
multiplicity counting mathematics were reconsidered where experiences obtained
at the Plutonium Conversion Development Facility were taken into, and formulae
of multiplicity distribution were algebraically derived up to septuplet using a
probability generating function to make a strategic move in the future. Its principle
was reported by K. Bohnel in 1985, but such a high-order expansion was the first
case due to its increasing complexity.

In this research, characteristics of the high-order correlation were investigated.
It was found that higher-order correlation increases rapidly in response to the
increase of leakage multiplication, crosses and leaves lower-order correlations
behind, when leakage multiplication is > 1.3 that depends on detector efficiency
and counter setting. In addition, fission rates and doubles count rates by fast
neutron and by thermal neutron in their coexisting system were algebraically
derived using a probability generating function again. Its principle was reported by
I. Pazsit and L. Pal in 2012, but such a physical interpretation, i.e. associating
their stochastic variables with fission rate, doubles count rate and leakage
multiplication, is the first case. From Rossi-alpha combined distribution and
measured ratio of each area obtained by Differential Die-Away Self-Interrogation
(DDSI) and conventional assay data, it is possible to estimate: the number of
induced fissions per unit time by fast neutron and by thermal neutron; the number
of induced fissions (< 1) by one source neutron; and individual doubles count rates.
During the research, a hypothesis introduced in their report was proved to be true.
Provisional calculations were done for UO; of 1~10 kgU containing ~ 0.009 wt%
2440111.

Keywords: Nondestructive Assay, Neutron, Correlation, Coincidence, Multiplicity,
Differential Die-away Self-interrogation, DDSI, Probability Generating Function,

Feynman-alpha, Rossi-alpha, Y-value, Safeguards, Nuclear Nonproliferation
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Nomenclature

Neutrons arising from a fission does not include delayed neutrons from a fission product.

D
Dy
Ja
My
My,

The number of neutrons arising from a fission (7 or <v> is the expectation)
Probability of an event where a neutron produces an induced fission

Probability of an event where a neutron leaks from a sample

Probability mass distribution of multiple leakage neutrons composed of m neutrons
Probability generating function

Probability distribution of the number of neutrons from a spontaneous fission
Probability distribution of the number of neutrons from a fast induced fission
Probability distribution of the number of neutrons from a thermal induced fission
Efficiency of counter (counts per fission)

Efficiency of counter (counts per neutron)

Rate of decay regarding prompt neutrons in a system or a sample
3

e~ will be the expected number of neutrons present at time ¢ due to one primary
neutron introduced into boiler’ by Feynman, Hoffmann and Serber (1956).

Mean time between fissions

Total number of fissions by one source neutron

Ratio of neutrons arising from (o, n) reaction to those from spontaneous fission
Probability of reactions (fission, detection, etc.) for a neutron for a unit time
Measure of the excess in counting fluctuation expected in Poisson process
Expected number of fast induced fission and spontaneous fission per unit time
Expected number of thermal induced fission per unit time

First factorial moment (expected number of neutrons) of spontaneous fission
First factorial moment (expected number of neutrons) of fast induced fission
First factorial moment (expected number of neutrons) of thermal induced fission
Second factorial moment (twice of expected neutron pairs) of spontaneous fission
Second factorial moment (twice of expected neutron pairs) of fast induced fission
Second factorial moment (twice of expected neutron pairs) of thermal induced fission
Rate of decay for neutrons arise from fast induced fission and spontaneous fission
Rate of decay for neutrons arise from thermal induced fission

Mean time between fast induced fissions or spontaneous fissions

Mean time between thermal induced fissions

Count rate of neutrons = Count rate of singlets unrelated to correlation = Singles
Count rate of neutron pairs = Count rate of doublets = Doubles

Count rate of neutron pairs composed of three neutrons (triplets) = Triples

Count rate of neutron pairs arise from fast induced fission and spontaneous fission
Count rate of neutron pairs arise from thermal induced fission

Fraction of gate effectiveness to count doublets (doubles gate fraction)

Total multiplication

Leakage multiplication
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1. Preface

Neutron coincidence/multiplicity assay systems have been used for accounting nuclear
materials and for safeguards to determine plutonium weight in a small and unshaped
material (ex. in waste and in glovebox holdup). Several assay systems for such a mater-
1al composed of U-Pu (U/Pu=1) mixed dioxide powder have been installed, jointly used
with inspectorate and improved"*? over two decades at the Plutonium Conversion Devel-
opment Facility (PCDF) adjacent to the Tokai Reprocessing Plant in the Japan Atomic
Energy Agency (JAEA). It is known that Passive Nondestructive Assay Manual called
PANDA®, its 2007 Addendum® and Neutron Fluctuations® are comprehensive wisdom.
However, we need more essentials to cover the experiences in the field (ex. accidental
pairs) and to develop devices may be required in the future. So, essentials were re-exam-

ined, confirmed and expanded in the previous report’. This report is the addendum.

2. Multiplicity distribution up to septuplet

2.1 Introduction

Equations for neutron leakage multiplicity correlations up to triplets are frequently
referred in papers for neutron coincidence/multiplicity assay system. There are two cor-
relations, i.e. true correlation resulting from a fission cascade and accidental correlation
resulting from different fission cascades. For a doublet, the former was called ‘coupled
pair’ and the latter ‘accidental pair’ by Hoffmann® in 1949. These pairs and Rossi-alpha
distribution are formulated in the Appendix a). The frequently referred equations are as-
sociated with true correlations only, and derivation was given in several ways, ex. by
Hage and Cifarelli’ in 1985. Another viewpoint associated with Y-value was given by
Croft in 2012. However, it is difficult to apply these methods to higher correlations
greater than quadruplets. There is another way using probability generating function
(PGF) discussed by Bohnel' in 1985, which might be applied to higher correlations to
make a strategic move in the future. In this section, derivation of higher correlations by
PGF is explained then equations up to septuplet are derived assisted in doing mathe-

matics by a computer, then characteristics of higher correlations are investigated.

It is sure that counting technique for high-order correlations has not been established
because of large uncertainty of counting statistics due to thermalization and small leak-
age multiplication of a sample. However, it could be possible if fast neutron detecting/
counting technique could be established without moderator and a sample could have

larger leakage multiplication within criticality control.



JAEA-Research 2016-019

2.2 Probability generating function for a neutron leakage chain

Figure 1 shows a neutron leakage chain resulting from a fission cascade where a
spontaneous fission or a (a,n) reaction is a starting event. In this figure, expected num-
ber of spontaneous fission neutrons 7;; and expected number of induced fission neutrons
7;1 are used where subscript ‘1’ indicates a singlet that means neutron is counted indi-
vidually, whereas a doublet (753, 7;3) means neutron pair come from a spontaneous or
induced fission is counted. Such usages of symbols are normal in conventional neutron
coincidence/multiplicity counting, together with a ratio of the number of neutrons yields
from (a,n) reaction to the number from spontaneous fission «,, leakage probability / and

induced fission probability p:

[ [ [
/ Yy
o {if}ro {ifpro
Us1 OF Qi Us1 Vil Vil
Us1 OF Qi Ug1 + XpUi1 + XpTn cee = (Tsiora,v:g) x Mp

Figure 1 Neutron leakage chain resulting from a fission cascade

Neutron leakage multiplication My and total multiplication Mr are defined as®:

] I 1-p—p. _ 1-p

My =1Mr=1[1+pva+(pvn)*...] = U1 e Vit
; r=1[1+pvi+(pva) l-pva  l—pwa  1—pwg

1)

where p. is neutron capture probability, ex. by (n,7) reaction, however it is not so large
(several percent of p) thus [ =~ 1—p is normally supposed. Now, let us suppose the PGF
of leakage neutrons in Figure 1 when the chain starts from one neutron (not one fission/

reaction). From the equations in the Appendix b), the PGF for a neutron is written as:

Gi(Gn(2))

Gh(z)=(1=p) 32" 14+p 3 [Gh ()] Py (s =) @)
n=1 n=0

where P,, is probability of number of neutrons for induced fission and v; = v;;. The first
term on the right side of the equation means direct leakage, thus X = {1} and Px = 1.
The second term means leakages through induced fission as a composite of leakages in
each v;, which results in the nest of the PGF for a neutron. The subscript ‘A’ comes from
the one in Bohnel's equation (9) where the PGF is explained as ‘the PGF for the number

of neutrons of this first and all successive generations that leave a system’.

My —1 My —1 Mpvyg—1
_L = P =pMr, L_ =p, L_l/ & = My are useful transformations.
vai—1 1-pvg Mpviy—1 v —1
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The equation (2) is simplified to:

Gp(2) =(1=p)z+pG;i(Gr(2)) 3)
The k'™ derivatives are solved algebraically assisted by a computer”:

’ l—p
Gp=—21

1-p)*p [ @ P (3) p?
gw_ U=pp [ — 2 _106Pa6 + ————15(G))?
h | + 1 G| i i T (1 *pG)Q ( 1 )

(2

f [15 cWa! +10 <Gg3>>2}

T a—paHe L7 T1 2,4
( p z) p 21 \ (4)
p 1 p 1
AT ,a 1% GG+ a=,c 10 (G, )4}

P 1696 + 3561060
- |21 G, . 35 G .
1-pG, 77 P

17

+ 2 [210 G (G2 + 280 (GE?’))2GZ»”]

p3 (3) 1 3 p4 1" 5
— P 126066 )P + ——— 945 (G,
+ ol g 120GPG ) + e 945 (6

o [28 GO +566°6% 135 (Gg@ﬂ
p .

2

2
p (5) "\2 (4) ~(3) ~" (3)\3
——— 378G (G, 1260G:7 GG, 280 (G
iy OGP 120060606 + 20 G
p3 (4) 1 3 (3) 2 12 2
L 13150G(@;")? + 6300 (GP)*(G]
i, ay [PIB0GY(G)? + 6300 (GG )
4 5
p (3) 17 4 p 17 6
17325 G(G; 10395 (G,
e PG+ g 10395 )}

b. Mathematica® ver.5.0 by Wolfram Research.
In ref.11, Béhnel had shown up to 3" derivatives in eq.(21), (22) and (23), where h(u), f(w), H(w), Mp); — My, and

fs(u) corresponds respectively to Gy, (2), G; (2), Gu (2), Vi, and G, (z) are used.
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The following relations are applied later to the above equations:

ng)‘zzl =vi(i—1)Wi—2) (i —k+1) =y ®)
1—p 1—p
’ - :M
1-pG] 1—pwa © ©
P __p Mz lat, )

2.3 Probability generating function considering the source of a neutron

The starting event of Figure 1 is a spontaneous fission or a (a,n) reaction. The PGF
for a neutron is rewritten using G (z) for spontaneous fission where P,, is used instead

of P, as:

A Vg 1

GH (Z) Gh (Z) + m Gs (Gh (Z)) (8)

T 1ta, v

where the subscript ‘H’ comes from the one in Béhnel's equation (13). The coefficients of
the first and the second terms on the right side of the equation, i.e. @, Zs1 /(1 + @, Ts1)
and 1/(1+ o, 7s1) means probabilities of a neutron from a (a,n) reaction or a neutron
from a spontaneous fission, because (a,n) reaction occurs «, Vs times more frequently
than spontaneous fission. Same as the equation (5), the next transformation is applied

later to the above equation:

ng)|Z:1:I/S(Z/S—1)(1/5—2)'--(1/5—]@—{—1):@ 9)

The k™ derivatives are too long to be shown here, however it is possible to enclose the
right side of each derivative by the term (1 — p)’lc (1+ a, m)*l(l — pm)lf% after the
equations (4), (5) and (9) are applied. Finally, the equations (6) and (7) are applied to
eliminate 1—p and p, followed by replacing (M, — 1) /(z;7 — 1) by My, to express equa-

tions in short form.

To obtain probability mass distribution of multiple leakage neutrons (probability distrib-
ution of neutron pairs composed of m neutrons) derived from PGF for a spontaneous fis-

sion event, the following equation in the Appendix b) is applied:

Gg) ‘Z=0

P, (m=k) = (14 a,7s1) o

(10)

Example of the part of solving process (including 2.2), especially multiple derivation, by

a computer are shown in the Appendix c).
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2.4 Probability mass distribution of multiple leakage neutrons

Results of the equation (10) up to & = 3 is enclosed by M;"/m! same as the conventio-
nal equations. Terms in the enclosure are collected by 7,7, 7,3, 73 --- followed by col-
lected by My,, M?,, M3, ---. Obtained probability mass distribution of multiple leakage

neutrons are shown below. There are another expressions in the Appendix d):

P, (m=1) =M, (1+ a,) V51 (11)
ME o _

P (m=2) = =& (Vg + 72 M, (1 + o) 71 (12)
Mo I ——2 72 o

P, (m=3) = e [1/83 + 3V M, Vss + (Vi3 My, +37; MLV) (1+ o) Vsl] (13)

The conventional equations frequently referred as singles count rate S, doubles count

rate D and triples count rate T are:

S =F,me €n (14 o) 751 My, (14)
F,mep €2 My —1
D:%ﬂf‘i [@4‘%(1"‘@7”)@#] M[% (15)
Fymeg €3 My —1
AL AR {u53+ L [+ o) 71 7 + 37 7
6 Vﬂ—l (16)
My —1\°
+3(1+ar)u_51< = > 32} M}
I/ﬂ—l
def = Vg/i
where Tgim S m! Yy (%)P = vy (g —1) (Vg —2) - (v —m—+1) (17)

Vg =m

Real count rates are equal to the product of probability mass distribution of multiple
leakage neutrons and F, meg €.’ (1/fa/f:---/f7) where F}, is the number of spontaneous
fissions per unit mass and time, m.z is effective mass of spontaneous fission nuclei
(**Pu, **°Pu and ***Pu) , €, is counting efficiency (counts per neutron), f; and f; are char-
acteristic values depend on counter setting called gate fraction. Our results up to k= 3

1s absolutely consistent with conventional equations. Results up to k¥ = 7 are given as:

4

M
P, (m=4) = 2—4L [Vs1 + 672 M1, Usz

+ (473 My, + 15722 M3,,) 7z (18)

+ (Tia My + 100302 M3, + 1575° M3 ,) (1+ o) s |
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5

M

+ (1073 My, +457° M3, ) 73
+ (57 My, + 60737 M7, + 1057;° M}, ) Uz (19)
+ [7is MLy + (1572 vz + 10733% ) M3,

+105 U3 722 M3, + 10572 M, | (1+ o) Vst }

My

+ (2073 My, +1057;3> M3,) Vst
+ (15755 My, + 21003752 M3, +4207;3° M3,)) Vs
+ [675 Mp, + (105734 735 + 707337 ) M3,
+840 T3 v? M3, + 94575 M, | 7z (20)
+ [Tis ML, + (217 Ui + 35V 73 ) M7,
+ (210 7 72 + 280 7332 1z ) M3,
+1260 T3 viz° M}, +9450:2° M7, | (1+ on) Vst }

M7
P (m=7) = 504Lo

{57 + 2173 My, Uss
+ (3573 My, +2107;3% M3, Uss
+ (3578 M, + 5607537 M7, + 12600:5° M3, ) Usz
+ (21755 MLy + (420755 732 + 2807357 ) M7,
+3780 vz via® M}, + 4725 v M}, | V3
+ [ 7736 My, + (168735 Uiz + 280 3 ) ME,
+ (1890 Tz 75° + 2520 732 Uiz ) M3, (21)
+ 12600 733 732° M}, +103950;5° M}, | V53
+ [ it My, + (28 V36 viz + 56 U5 i3 + 35134° ) M3,
+ (378 U5 Uiz + 1260 g vz Uiz + 280 73° ) M3,
+ (3150 75 7i2° + 6300 73° 172 ) M},
+ 17325 Uiz v M}, +103950:2° M, | (1+ o) st }
Singles, Doubles, Triples, Quadruples, Quintuples, Sextuples, Septuples are given as:

S/D/T/Qr/Qt/Sz/S,L =Fymeg €, fm X Pp(m =1/2/3/4/5/6/7) (22)

m=1,2,3,4,5,6,7
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For reference, probability branching scheme of triplets is shown in Figure 2. It is compli-

cated and difficult to extend the scheme to higher-order correlations.

Leakage from a triplet

Source of singlets, doublets and triplets

if means
induced
fission o .

one Doublet one
leak leakage leak
\ chain
Doublet Doublet
leakage leakage

chain

i chain
o lTnliulet
leak ‘earage

chain

s3 /6 or i3 /6

x(p7i)’?
x (pvin)’?
Triple leakage from a doublet (T3 /6 or T3 /6) x M3t
For each one leak
two | one 1 1
S B l / l / l / Derlvatlo.ns of .
one | no —» Singlet leakage chain—» the equations with T
leak | leak Ug [2 01 U3 /2 Viz are explained
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Figure 2 Probability branching scheme of triplets (reprinted from JAEA-Research 2015-009)
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2.5 Dependence of high-order correlations on leakage multiplication

The parameters Fp, €, fa, ft---fr and «, were supposed to be 474 g's?, 0.4, 0.67,
(0.67)* ... (0.67)° and 0.7, respectively, with reference to the measurement conditions to
count S, D of U-Pu mixed dioxide powder at PCDF. For Vsim, *°Pu and **°Pu (2 MeV
neutron) were selected because of their large contribution on neutron yield. The Vgim
were calculated using P, consolidated/proposed by Zucker and Holden'*'*'* in 1984 -

1986. They are shown in Table 1 and 2:

Table 1 P, of **°Pu and **Pu (2 MeV neutron)

v=0 1 2 3 4 5 6 7

B 0.0632 0.2320 0.3333 0.2528 0.0986 0.0180 0.0020 | 0.00006 "

*Pu (2 MeV) | 0.0063 0.0612 0.2266 0.3261 0.2588 0.0956 0.0225 0.0026

1. Estimated by Gaussian fit of the distribution® based on Terrell ** in 1957.

Table 2 7., of *°Pu and 7;,,, of ?*"Pu (2 MeV neutron)

m=1 2 3 4 5 6 7
Vsm 2.1537 3.7889 5.2155 5.2965 3.7510 1.7423 0.3024
Vim 3.1591 8.2116 17.1498 27.9672 34.2240 29.3040 13.1040

Higher-order factorial moments become larger than 7im = Zim/(m!) which is the number

of multiple neutron pairs for a fission shown in Table 3. See Appendix d) for detail.

Table 3 75, of *°Pu and 7;,, of **Pu (2 MeV neutron)

m=1 2 3 4 5 6 7
Nsm 2.1537 1.8944 0.8692 0.2207 0.0313 0.0024 0.0001
Mim 3.1591 4.1058 2.8583 1.1653 0.2852 0.0407 0.0026

Calculated S/D/T/Q,/Qt/Sx/S, for one gram spontaneous fission source are shown in
Table 4 and Figure 3. Underline indicates the minimum of each Mj. It is interesting

that the minimum moves to lower-order when My, > 1.3 (¢,=0.4, f4=0.67).

2 [* 2 [V 2
c. erfzx= ﬁ/o exp (—22)dz = \/;/0 exp <—5> dt  is applied to

v v—1 1 (v=v+40.5) /0 2
P, = Z P, — Z P, = oz / exp (—5) dt  then we get
™ J(v

m=0 m=0 —v-05)/c

P 1 { f(l/—§+0.5> f(z/—ﬁ—O.f))} N d d width of Gaussian distribution fi
= - |erf | ———— | —erf[ ————— T tribut t.
3 s o2 where 7 and o are mean and width of Gaussian distribution

The width is given as 1.08 £ 0.01 by Terrell (ref.15) for all nuclei except for **Cf, however it is better to use the mean
and the width in ref.7 pp.153-154 to fit precisely. The mean and the width of ***Pu are 2.092 and 1.150, respectively.

This mean is not equal to Vs1 (2.1537 for ***Pu).
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Table 4 S/D/T/Q,/Qt/Sx/Sp for one gram spontaneous fission source

(e=0.4, 0, =0.7, f4=0.67)

S(m=1) | D(m=2) | T(m=3) | Qr(m=4) | Q¢(m=5) | Sz (m=6) | S, (m=7)
Mp=1.0 694 96.3 11.8 0.806 0.0306 0.00064 0.000004
Mrp=1.1 764 159 42.4 12.5 4.23 1.54 0.603
Mp=1.2 833 241 102 51.7 29.5 18.1 11.7
Mr=13 902 342 205 150 124 109 101
Mp=14 972 466 371 363 399 470 579
Myp=1.5 1,041 615 621 776 1,087 1,632 2,563
Mp=1.6 1,111 790 984 1,519 2,628 4,871 9,450
Counts/s
10000
My =1.6
1000 e w
o - ———=o
¢ ° v Mp =14
100 ¢ . —
M =13
10 + Myp =12
1L
My, =11
0.1+
0.01 -
0.001 -
Mp =1.0
0.0001 -
0.00001
S D T Qr Q1 Sz Sp
| | | | I I L m
1 2 3 4 5 6 7

Figure 3 S/D/T/Q/Qt/Sx/Sp for one gram spontaneous fission source

Count rate increases at an accelerated pace with increase of M, which becomes more
remarkable when m is larger. Ratio of the maximum to the minimum in the same M|
reduces to < 10 when My > 1.3 (¢,=0.4, f3=0.67). In addition, chemical composition, iso-
topic composition, ratio of the number of induced fission nuclei to the number of sponta-
neous nuclei, energy of a neutron, mean free path, density, shape and size of a sample

and so on does not appear in the calculation of S/D/T/Q;/Qt/Sx/Sp, because they affect

(e,=04, a,,=0.7, f3=0.67)

variable P in the equation (6) then affect M.
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2.6 Crossing of high-order correlations at high-leakage multiplication

Figure 4a is another view of Figure 3. Figure 4b, 4c and 4d are examples of parameter
study. It is clear that high-order correlations increase rapidly and cross and leave lower-
order correlations behind. This tendency is enforced by €. and fi (f;---f7 are supposed
to be f4'"), which results in moving the cross-point to lower M. Instead of log scale, lin-

ear scale was adopted to show the cross-points clearly.

Counts/s
1000 ~

800 |-

600 -

/ ////

200 -
T 7
T NV SRR | M,

1 L L L L
1.0 1.1 12 1.3 1.4 1.5 1.6

Figure 4a Crossing of D/T/Q./Q+/Sz/Sp (€,=0.4, a, =0.7, f4=0.67)

—

Counts/s
1000

800 |-
600 |-

200 - T

| |
1.0 1.1 12 1.3 1.4 1.5 1.6

Figure 4b Crossing of D/T/Qy/Q+/Sz/Sp (e,=0.4, a,,=0.7, f1=0.85)

_10_
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Counts/s

1000 -

800
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200

1.0

1.1 1.2 13 1.4 1.5 1.6

Figure 4c Crossing of D/T/Q./Q+/Sz/Sp (€,=0.3, a, =0.7, f1=0.67)

Counts/s
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600

400

200

1.0

1.1 2 i3 Tia s 16
Figure 4d Crossing of D/T/Q/Q+¢/Sz/Sp (e,=0.4, o, =2.0, f4=0.67)

moderation.

_11_
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My

In contrast, o, increases count rate but moves cross-points very little. It should be noted
that ratio of the maximum to the minimum in the same M7, is over 1000 when M < 1.1
(e,=04, f3=0.67) in conventional assay condition, but it reduces rapidly to < 10 when
My, > 1.3, which means observation of high-order correlation is possible if uncertainty is

sufficiently small, for example, by fast neutron detection and counting without
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Similar tendency had been reported' in 1997 by Ensslin for Pu metal (probably sphere)
shown in Figure 5a. Our calculation at the same condition (¢, =0.5, a,-=0, f3=0.67) is
shown in Figure 5b. This tendency depends constitutively on My, and **°Pu mass has
positive correlation with M. It is recognized that m.z; = 40~50 g is equivalent to M =

1.4 at the crossing point. Quantitative analysis is possible® but it is not so familiar.

100,000 pe—eeeem T —— Ty S—
5 ' S
L Pu Metal / 7/ 3
F — —— Pu Oxide i -
L / // -
/7 /7y :
W
10,000 |- // ,/ / .
2 i e 3
2 ;7 ~
3 - // / E
o 7, / // ]
1000 / / 4
3 4 / / E
b // / / 3
L /7 7 ]
/T / / ]
7/ 4 /
7/ J
Q ', /
100 L /Lllllll /I |lIIII|J 1 L i i1l
1 10 100 1000
240pPy Mass (g)

Figure 5a Crossing of D/T/Q, (reprinted from Fig.1 of LA-UR-97-2716)".

Counts/s
1000 ~

SP ST Qt Qr
800 |-
600 -

200 - T

10 11 12 13 1.4 15 16
Figure 5b Crossing of D/T/Q./Q+¢/Sz/Sp (e,=0.5, a,, =0, f4=0.67)

d. The ratio of fast fission cross section to total cross section is estimated to be 0.2~0.25, if isotopic composition of **’Pu/
#0Pu/*'Pu is 0.9/0.095/0.005. Probability of induced fission p is calculated inversely from My =1.4 to be 0.117. Then
Pg, probability of leak without collision (pp.106-127 of ref.7), is estimated to be 0.557~0.602. By the way, mean free
path of 2 MeV neutron is ~ 2.77 cm. From Pg and the path, radius of Pu metal sphere is estimated to be 1.56~1.80 cm.
Estimated weight is 315~483 g and estimated Mg 1s 30~46 g. Therefore, Figure 5b and 5a are highly consistent.

_12_
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3. Fission rates and doubles count rates in fast neutron and thermal neutron

coexisting system

3.1 Introduction

Differential die-away self-interrogation (DDSI) is an interesting technique for next
generation technology for safeguards in Japan, where a sample of U-Pu-Cm mixed oxide
in water will have to be measured and verified in the near future. One-point theory for
fast neutron applied to a sample in the air and conventional neutron coincidence count-
ing is difficult to be applied because fast neutron and thermal neutron coexists. There is
another problem that neutrons from*“*Cm spontaneous fission is massive, so neutrons
from U and Pu fast fission are dimmed. DDSI can distinguish thermal fission neutrons
from fast/spontaneous fission neutrons by observing Rossi-alpha combined distribution,
which is ranked as the second choice to measure and verify a spent fuel'” in water. The

device is similar to the conventional one, which 1s important for use in the near future.

In this section, Kolmogorov forward approach for the variance to mean (called Feynman-
alpha) presented in ESARDA 2011" and published'®®® in 2012 by Anderson, P4l and
Pazsit was modified and solved again as two-point theory for DDSI. The process to solve
Kolmogorov forward equation using PGF was explained step-by-step, and new formulae
expressed by their stochastic variables were obtained, followed by a hypothetical sto-
chastic variable (equal to the result of subtracting 1 from ‘variance to mean’ in their pa-
pers) corresponds to Y-value (introduced in ref.8) was derived. Then, some combinations
of stochastic variables were interpreted based on the hypothesis to equations expressed
by conventional variables i.e. singles count rate, doubles count rate, efficiency (counts
per neutron) and leakage multiplication, etc. From these equations and observed Rossi-
alpha combined distribution, it is possible to estimate: the number of induced fissions by
fast and by thermal individually; the number of induced fission (< 1) by one neutron indi-
vidually; and individual doubles count rate (depends on detector and counter setting),
and so on. At the end of research, the hypothesis was proved to be true. Provisional cal-

culations were done for UO, of 1~10 kgU containing ~ 0.009 wt% **‘Cm.

3.2 Kolmogorov forward differential equation for neutron fluctuation

Kolmogorov forward differential equation is very useful to express Markov chain with
countable-state spaces® where interarrival or waiting times of transition of an event dis-
tributes exponentially?*'. Poisson process matches the requirement, so it is possible to ex-

press neutron fluctuation by Kolmogorov forward differential equation.

e. So-called ‘continuous-time Markov chain’ against ‘finite-state Markov chain’ or ‘discrete-time Markov chain’.

,13,
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Figure 6 shows flow and balance of fast and thermal neutrons in steady state though
fluctuations, where P(N1,N2,Z1,t) is the probability having N;,N,,Z; neutrons (fast,
thermal and detected, respectively) at time ¢, each \s is probabilities of various reactions
in the flow for a neutron for a unit time, v is the number of neutrons from a fission,
pus fi, f2 are probability distributions (spontaneous, induced by fast and by thermal, re-

spectively) and S; is the number of spontaneous fissions for a unit time.
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Induced fission

= A\ ' / Escape
fu zl Vi12 1f E
Spontaneous E Ad TN E
p Fast neutron \ : : > Detector !
AT ' ] 7 (t i
—_ i I 1 :
S1 Pv Ve Ve Thermalized : '________________(__)_.

Aog  Absorbed/Transmute

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
:
' o .
| fission
|
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

it oo LSSIe / Escape
~ R A
(AMa+AT2+Xa+A17) N1 + (A2a+ A1+ A2p)Na + 5S4
Modified
P(Nl)NZ,Zlat) ) >P(N1,N2,Zl,t+dt)
Steady state

though fluctuations
Absorption of a fast neutron P(Ny+1,Ns, Zy,t)

la

X (Nl —+ 1)

Thermal neutron — Fast neutron P(Ny —1,No+ 1,7y, t))\—
T1

X(N2+1)

Fast neutron — Detected neutron ~ P(Ny + 1, Ny, Z; — 1,¢) —
d

X (Nl + 1)
Absorption of a thermal neutron P(Ny,Ny +1,7Z3,t)
/\2(1
X (N2 —+ 1)
Fast neutron — Thermal neutron P(N1+1,Ny —1,71,t) ———
Ar2
X (N1 —+ 1)
Induced fission by a fast neutron P(Ny+1—v,Ny, Z1,t) ———— X
1f
X (N1+1-v)
Induced fission by a thermal neutron P(Ny — v, No + 1, Z1, 1) 3
4 Modified from J. Anderson, L. P4l, I. Pazsit et al., « (N + 213
Eur. Phys. J. Plus (2012) 127: 90 2
Spontaneous fission P(Ny — v, Na, Z4,t) 3
1

Figure 6 Flow and balance of fast and thermal neutrons
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Kolmogorov forward differential equation in steady state though fluctuations is shown

below (ref.20 is more recent than ref.19, but thermal fission term in ref.19 is correct):

8‘13(41\717]\[27217t)

8t :+)\1a(N1+1)P(N1+17N27Z17t)

+Ar1(No + 1)P(Ny — 1, No + 1, Z4, t)

+Aa(N1 +1)P(Ny +1,Np, Zy — 1,t)

+A24(N2 + 1) P(N1, N2 + 1, Z3, 1)

+Aro(Ny 4+ 1)P(Ny + 1, Ny — 1, Z3,t)

+A1r Y (N1 + 1= v)f)P(Ny + 1 — v, Np, Z1,t)

+)\2f Z(N2+1)f3P<N1 _V7N2+17Z17t)
+51Y pyP(N1 — v, Na, Z1,t)

— [(MaF+Ar2+Ag+ A1) Ny
+(A2a+Ar1+A2f)No + S1] P(N1, N, Z1,t)

PGF for the probability P(Ny, Na, Z1,t) is given as:

GX,Y,Z,t) =Y > Y XYM Z7P(Ny, Ny, Z1, t)

N1 N2 Z3

PGF for other probabilities (N;+1)P(N1+1, Ny, Z1,t), ... are given as":

oG
= SN XMy N2 ZZ (N +1)P(N1+1, Ny, Z4, 1)
N1 No Z3

Z—? =S 3N XM YN 27 (N 1) PNy, Na+1, 24, t)

N1 N2 Z;

X—gg = ZZZXleNzZZI(NQH)P(Nl_LN2+1’Zl’t)
N1 N2 Z;

Y S XY AN (N PN+, Ny, 210

(9X o 1 1 y 1V2 , 41,

N1 N2 Z;

Z—g}i = ZZZXN1YN2Z21(N1+1)P(N1+1,N2’Zl_l’t)
N1 N2 Z4

oG

boox

N1=2 Ny Z; Ny N» Z;

= > Y N xNAYNZAN P(Ny, Np, Zy,t) = Y Y Y XMy N2 22 (N +1)P(N1+1, Ny, 24, t)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

oG :
Yog= SN MY N ZA (N 1) P(N + 1Ny Zy ) = Y > XYM 27 (N +1) PNy +1,N, — 1,24 1)

Ny N2 Zy Ny No=2 Z;

_15_
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=3 D ) XMy N Z7 (Ny+1)P(Ny —v, Na+1, Zy,t)
1 2 1

% = SN XN YN 22 (N 4 1—0) P(Ny +1—v, Ny, Z, 1)
1 2 1

Zf XV ZZZXNIYNQZZI Z(N2+1)fy2P(N1—V7N2+1,Z1,t)
1 2 1

v

Zf X” ZZZXleszzl Z(Nlﬂ—u)ng(NlH_u, Na, Z1,1)

N1 N2 Z,

Zp,,X“G ZZZXleszzlzp,, (N, —v, Ny, Z1,t)

N1 N» Z3

3.3 Solving the equation using probability generating function

(30)

(31)

(32)

(33)

(34)

Master equation that is transformed from Kolmogorov forward differential equation

using PGF is expressed as:

oG
ot

aG
MaFAr2Y +AaZ+A LX)
(1+T2+d+1fo ) ax
+ (Aaa+ A1 X + oy foX” 9 L s, ZpVXV

oG oG
— ()\1a+)\T2+)\d+)\1f) XE)_X — ()\2a+)\T1 +>\2f) YE)_Y — S1G

where some PGF derivatives are associated with real variables or constants:

Glx—y—z-1= ZZZP(Nl,Nz,Zl,t) =1
N1

Ny 7
oG —
— =N Expected number of fast neutron
0X | yq
oG —
— = Ny Expected number of thermal neutron
I |y 4
d 1vv 1 . . .
X Z [, X =v;; 1st factorial moment of induced fission by fast neutron
v X=1
d 2 v 9 . . .
X Z X =v;; 1st factorial moment of induced fission by thermal neutron
v X=1
d v : :
X Z P X =UVs1 1st factorial moment of spontaneous fission
v X=1

_16_
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First, apply equation (36) to the master equation and differentiate it with respect to X
and Y, then 0G/0t and secondary-derivatives (9°G/0X?% 0*°G/0Y? 0°G/(0XDY)) are re-
placed by zero. Then apply equations (37)~(41) and solve the simultaneous equation. As

a result, expected number of fast neutrons and the number of thermal neutrons are giv-

en as:
— Ao S1Vs1
- — 251751 — (42)
A2 — AipAovy; — AopAravy — AriATe
— A1251Vs1
-~ TTZ 1Vs1 — (43)
A2 — Aip Ao — AopArary) — Ar1AT2
Zy = AgNit (44)

where A1 = Ag+Ar2+A3+A1r and A2 = Aag+Ar1+Aof

Next, apply equation (36) to the master equation and differentiate it to the second order

with respect to X, Y and Z, then 0G/0t and thirdly-derivatives are replaced by zero, fol-
lowed by applying equations (37)~(41) and (45)~(47):

&2 1vv 71 1\ 1 2nd factorial moment of induced fission
dXx? Z F X7 =vilyi=1) = vy by fast neutron (45)
v X=1
&2 2 v 57 9 1\ 9 2nd factorial moment of induced fission
dXx? Z Fo X7 =vi(i=1) =vy by thermal neutron (46)
v X=1
d? S
axz Z P XY =vs(vs—1) =7 2nd factorial moment of spontaneous fission (47)
v X=1

9’°G 9°G 9*°G  9*°G  *G  9°G
0X? 0Y?' 9Z2’ 0X9Y’ 0X0Z 0YOZ

by the symbols uxx, uyy, tzz, xy, ibxz, by z, respectively. These symbols are neither

Then the secondary-derivatives ( ) are replaced

mean nor variance nor self-covariance/covariance, only simple replacement proved in the

Appendix e). As a result, a set of simultaneous equations are obtained:

8 - JR— —_— —_—

o Hxx =2 (= A1+ A} xx +2 (Ar1+Xopvd ) pxy + A1 Ni+Aopvd No+ 51752 (48)
0

oy = =2 X piyy +2 Ao pixy (49)
0

o M2z = 2Napxz (50)

_17_
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0

5 HxY =(=A A+ 1] pxy F A1 pixx + O Ao vR) vy (61)
9 — —

5 HxZ =(=M+Av)) pxz+ A px x A1+ Xofvd) py z (52)
0

o Hvz= — Ao piy z+ A pixy + A2 fix z (53)

0 0 0 0 0 0
where o HXX = g MYy = oo iXy = oo Xz = o fivz = 0 and o Hez # 0, therefore:

(w1 wo + )\%)(/\UV—ilgFl"i‘)\Qf%VQ‘FSlV—sQ)

Hxx = —
2()\1 +>‘2_)‘1fyi11 )wl wo (54)
M (55)
Hyy = 01wy + )\% 15'9.¢
XA
Uxy = orwn + 22 15'9% (56)
Wiwz = AAg — )\1f)\2V_i11 - )\2f)\T2V_i21 — AT1AT2 (57)

where equation (57) is the denominator of N1 and N2. These results are equal to the
ones in ref.19, when A,y —0 because induced fission by fast neutron is not considered in
ref.19, Ar1 —0 because probability of thermal to fast is little (only by delayed fission)
and A2 — Agr because Ag is used instead of Ars. The results below are obtained:
Aa (Ar1 + Aopv Ad A
Uxz = a (A1 + dogvyy) pxy + 2222 iy
W1 W2 W1 W2 (58)
A A3

D) w2 w2 ()‘1]”/112 Vﬁ')‘%’/izg No+ S17s2)

A A w vl s
-2 i i s
Hzz 02 w2 ()\1f1/-2 Nl—f-)\zfl/-Q N2+51V 2) t (59)
12

Here, a measure is introduced to eliminate ¢:

Wzz )\d/\% — _NQ 51
P22 _ 2472 (N vl 4 o112 2 4 Ty
Zl w%w%( 1fy7,2+ 2fVio Nl +Vs2 Nl) (60)

The measure is modified using e=\;/A;s (counts per fast fission) as:

M\ /— AofNo— S
”ﬁ:g( 2 1f> (u}2+ 222 1_1/—52) (61)
7 w1 wa A Ny A1f N1

It should be noted that the measure is proportional to the linear coupling of @, 1/722 and

Usa, 1.e. the 2nd factorial moments of fast, thermal and spontaneous fission.

_18_
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3.4 A hypothetical stochastic variable corresponding to Y-value

Y-value in excess of random Poisson fluctuations by Hoffmann® in 1949 is defined as:

= _e(E)Q ity (62)
(-7 _evlv—1) (1)’ _
= = e (o) ©

where c is count rate, 7 is mean time between fissions, ¢ is efficiency (counts/fission), 75
1s 2nd factorial moment of induced fission and « is rate of decay regarding prompt neu-
trons. e~ " will be the expected number of neutrons present at time ¢ due to one primary
neutron introduced into boiler by Feynman, Hoffmann and Serber® in 1956. Equation
(62) means variance to mean of count rate ¢, and Y-value is zero for Poisson processes

where variance to mean is one. Y-value is different from variable Y of PGF.

The measure in the previous subsection and the Y-value looks like physically equivalent
though the measure is extended (three types of fission included) and unusual because 7
i1s PGF variable and Z; is real variable. Anyway, a hypothetical stochastic variable

shown below is introduced:

Hzz

By the way, there is a simple relationship between Y-value, singles count rate S and

doubles count rate D®, where f; is same as the one in equation (15):

D:%deY (65)
D Fe&(1?-7) 1 —e ot

fa 20272 <1‘ at ) (66)
S:FeZ%:AdE (67)
_e(ﬁ—ﬁ) 1—e o

e ey o

For reference, ‘variance to mean’ in ref.19 and ref.20 is equal to variance of Z (not uzz

but Cf% z) to mean of Z;, thus subtracting 1 from ‘variance to mean’ means Y-value.

g. Refer to the Reference 10 and Appendix a).
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3.5 Relations of stochastic variables with conventional singles, doubles, etc.

1— e—at

at

The term <1 — > in equation (66) and (68) becomes to one if ¢ — oo, therefore

Y-value in equation (63) and (64) can only be applied to a stable state. In such a case, the
term 1/(a7) means the number of induced fissions yields from one neutron (mentioned
in ref.8), and 7/(a7) means the number of induced neutrons yields from one neutron. In

a stable state, an important relation below is derived where the hypothetical stochastic

variable serves as a medium:

A2 A2

D _pzz 1
fa 2t 2 w?w?

(Aiyvh Ni+X2pv% No+S17:) (69)

where the physical meaning of A2 is given by Figure 6 as a probability of input thermal

neutron based on N2 :

_ - N
A No=Ara N1 — Ao = ﬁl AT2 (70)
2

Here, expected number of induced fissions by fast neutron per unit time F; = \; ¥ N; and

expected number of induced fissions by thermal neutron per unit time F> = Aoy N are

introduced:
D 1., Xy (M (o ——
fa 2N (N) (P vh+ T2 v+ 5173) D
[ Il |
Square of [Efficiency (counts/neuteon) Sum of fission rate X 2nd factorial moment
x leakage mulplication] that means twice of the number of neutron pairs
also:
A2 Ny Mo Ny (5 =
o g ~ 1 Vsl # e o ~ 1V HEo v +51 Vs (72)
and:
Ad Az Ara Ny
w1 wa w1 wa Ny

where ¢, (# €) is efficiency (counts/neutron) normally used in coincidence counting for
safeguards and M| is leakage multiplication. S is not expressed by linear coupling of
le, 1/_31 and 7s1, because M, is composed of the linear coupling, i.e. the 1st factorial mo-

ments of fast, thermal and spontaneous fission, proved later.
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As a result, equation (71) and (72) are expressed using conventional variables:

D 1 -
E = 56% MI21 (51V_82+F1 V7§12 +F2 Z/,L-QQ) (74)

S =€, My 51751 (75)
To separate €, and My, physical meaning of ¢, is considered, and ¢, is given as:

Ad Ad A2

- B S DV VNI Vi
Ay (V}ﬁ;f/?ﬁ;vsl) e AT
1 1

€np —

(76)

If Ary is supposed to be zero due to its small probability of delayed neutron from fission

product, the following equations are derived:

n= — 77
=3 (77)
ML _ /\1 )\2 -1 + /\2 )\1f Vill + )\TQ /\Qf Vi21 Z 1 (78)
w1 W2 w1 w2
The important equation below regarding My, is obtained:
My = g— (Si7a+Fivk +Fo07 ) (79)
S1Vs1
A2 S1Us1 A S1751
W wy = T2 1V1: 2_1V1 (80)

Ny Ny

For equation (80), w; wy means physically a rate of neutron supply from spontaneous fis-
sion (source of all neutrons) to keep the number of thermal neutrons be constant, which
results in keeping the number of fast neutrons be constant. So, w; wa is closely associat-
ed with the rate of decay « in Y-value. From the similarity between equation (61) and
(63), equations below are derived for induced fission by fast neutron:

1Ay (81)

aT w1 Wo

1 1 €n
S=¢c— S1v1 - — =2M, (82)
T

aT €

From equation (82), it becomes clear that equation (81) corresponds to the ‘net’ number
of fast induced fissions by one source neutron, because S is count rate of fast neutron in-

volving thermal fission neutrons and M}, includes both fast and thermal.
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From equation (79), it is clear that M, is composed of linear coupling of I/_ill, V_fl and Vg .
It should be noted that equation (79) looks like different from the conventional definition
of My, (equation (1) and Figure 7), though equation (79) is intuitively and truly correct as
‘net’ multiplication. N; and N, are at steady state as a result of leakage, so F; and I,
are also the result of leakage, that is the meaning of ‘net’ multiplication. Obtained M,

and conventional M}, is same although viewpoint is different. See Appendix f) for detail.

/ My,
Source & multiplied neutrons

L My Consumed [ stable state |

\ fission & (n,y) reaction

Figure 7 Conventional definition of M,

Source neutrons
spontaneous
& (@, n) reactions

3.6 Separating contribution of thermal neutron

It is possible to separate the contribution of fast neutron on Y-value and the one of

thermal neutron on Y-value. First, efficiencies (counts/fission) based on N; and on N,

are defined:
61262%:% for Ny (83)
EQ—EE_i for Ny (84)
Aoy Ny Fy
Hzz A2 Ay 2 -  Si__ A2 A2y No 2—2
2:1 = |61 (m) (%2 + ﬁVs2>l+ €2 <m ﬁ) Vio (85)
Y; based on Ny Y> based on Ny

From the view point of similarity between equation (63) and (85), the following equation

is derived:
ap T = Y162 for Y; 86
S WSw or Y} (86)
w1 W F w1 W
agry = 2 L= L2 for Ya (87)

A2 daf Ny Ao Aro

where 1/(c; 71) is the ‘net’ number of fast induced fissions by one source neutron, where-

as 1/(ag 72) is the ‘net’ number of thermal induced fissions by one source neutron.
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Next, apply equation (57) to equation (86) and (87) to eliminate wjws. The following

equations are obtained assuming Ay —0:

1 AN — @ —— ——

a1 T = ?1 [A_llf Fy — Fiv}, — Fy Vfl] (88)
1 M — @ —— ——

Qg Ty = ?2 |:)\—11fF1—F1 l/ill—FgVi21:| (89)

An important set of equations is obtained using a parameter r:

F =

1 T (90)
— T
F =

2 T 91)

L v, 1 5 e w7 92
A — .1 .2 N T o1 LT, ,2
T:EFl—Fll/ﬂ—FQVﬂ:)\lNl— (F1 Uil—f-FQl/ﬂ) (93)
multiplication

= S1Vs1

ML= o b r M) =AW ©4)

source multiplication

From equation (86), (87), (90) and (91), it becomes clear that one source neutron men-
tioned in equation (81), (86) and (87) is a neutron from spontaneous fission, and r means
the total number of source neutrons per unit time. It also becomes clear that F; is ‘net’
number of fast induced fissions in the system affected by thermal induced fission and
leakage shown in Figure 6. F; is different from the one simply estimated from fissile
density, thickness, cross-section and neutron flux in a large sample without moderation.

It is also possible to express Y; and Y, using r:

1 S 1 =T

Y] =~ e, M, (F1 vh + S1 l/_sz) =—€ (F1 Vip + S V_s2> (95)
r r Q1T
1 —— 1 1 ——

Yo = — €, My, Fy 1/122 = — €2 Fy Vl'22 (96)
T T a2 T2

Equation (95) and (96) satisfies the relation /‘Zg =Y =Y, + Y. These equations are

1
useful to obtain €; and € independently after determining Y1 and Y2 independently in

the next subsection. Y'is given by equation (65).
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3.7 Evaluating induced fission rates by fast neutron and by thermal neutron

First, equation (69) is divided to separate the contribution of fast neutron on D1/ f4
and the one of thermal neutron on D2/ fq. It is important that the ratio of D; to D is in-
dependent from the stochastic parameters A«s). To apply the same fq both to D; and to
D>, it 1s necessary to adjust parameters of counting unit, if not, the following equation
have to be modified a little. In any case, the ratio is independent from the stochastic

parameters Ag).

Dy

1 — -
fa 2 w2 (F1vip + S172) ©7
Do BB D - —
= - 42 v (98)

E_lewQ

Dy Fivh, Si7s
Z1_ Vi o1l (99)
D2 F2 l/i22 F2 1/1?2

From equation (92):

=

F = r (Mg —1) — ﬁﬁ] (100)

S,

1

Therefore, the number of induced fissions F; and F, are obtained using the ratio of D,
to Dy (D1/D2), My, Si, 1st and 2nd factorial moments. This equation is useful because
determination of (D;/Ds) is easier than determination of D; and D, independently:

o (D1/Dy) VBT (M, 1) — V3 7

Fi=5 oL (101)
(D1/D2) V7:11 ’/7:22 + V1:21 V1:12

1 1
— Uiy Us1 (M, — 1) + v}, Us2

1 ———— p————
(D1/Do) Vill Vz'zz + Vi21 V1l12

(102)

Simultaneously, the number of induced fissions by one source neutron, i.e. 1/(a; 71) and
1/(a212), are determined from r = S;7;;7 and equation (90) and (91). Consistency be-

tween equations (65), (75), (95) and (95) is proved from equation (97), (98) and (73):

1 2 Dy 2 Dy
- - = = 1
) reMp fa S fa (103)

1 o
Yl = — enML (Fl Vi12 + Sl Vg2
r

1 — 1 2 Dy 2 Do
e e = L T TS T (o0

The ratio (D;/D3) is equal to the ratio of Y7 to Y2 (Y1/Y3).
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Thus, Y7 and Y, are obtained from Y = (2D)/(S f4) and (D1/D-) as:

1

Vi=Y —— 105

! 1+ Dy/D; (105)
1

Vo=V — 106

>~ 1+D,/Dy (106)

Therefore, €1 and ez are written also using Y7 and Ys:

S1Vs1
6120417'16nML=0£17‘1Y1_—$ (107)
Fivjy + 817
S1Vs1
€2 =0oTa €, M = 212 Yo _11/—21 (108)
avj

These equations satisfies the relation €1/e2 = Fy/F = (aq711) /(a2 72). Tt is not necessary

that both €; and €2 are <1 (" counts/fission) whereas €, <1 (" counts/neutron).

3.8 Proof of the hypothetical stochastic variable corresponding to Y-value
Hzz

It became clear that the hypothetical stochastic variable 7
1

has good consistency

with Y-value though it is unusual because Z (|Z| < 1) is PGF variable and Z; is real
discrete stochastic variables (non-negative integers). According to the definition of Y-val-

ue by Hoffmann (ref.8), Yis written as:

(AgN1 — AgN1)2 _ variance of S=\gN;

Y+1= ¢ =
* AaV1 mean of S=M\;N;

(109)

This equation means variance to mean of count rate which is one and Y =0 for Poisson

process. This equation is transformed to:

N2 — (Ny)? N2 — (N2 -1,
Y:AW—T:—L—le 1= (V)" = Ni/Aa (110)
N1 Nl

which is close to self-covariance to mean of N; but not same shown in the Appendix e).

On the other hand, the hypothesis ,uzg =Y is written as:
1

1zz _ 2 apxzt _ 2pxz

Y = = — 111
A AaV1t Ny (111)
Therefore, it is necessary to prove the following equation:
_ A e vV I v
Uxz = o i — (NV1)" = Ni/Ag (112)
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The proof is given as:

— YN, YS
N - (M)’ =Ni/di=—— =75 (113)
Ad A5
ey Wiws9 2 w19 2 1 2
N2 — (N7)? = Ny /) =YS =YS
{ i —(Ny) 1/ d] < " > (/\m) (anL> (114)
1 \> 2D/ 1 \° ——
v (oam) = (aam) =ArE N oA NS A1)
_ M TRy T N Qe :
HXZ =75 3 3 (A1pvjo Ni+Aopviy No+S17s2)  from equation (58) (116)
1w
« nxz =5 [Fg — (V)2 - E/Ad] (117)
Equations (107) and (108) are simplified using S=\;N; as:
S
61:::a1T16nML (118)
Fy
S
€9 = — = iy To €, M, (119)
Fy

3.9 Evaluating decay constants by fast neutron and by thermal neutron

The decay constants by fast neutron a; and by thermal neutron o, are used as a form
of product a3 7 and as 7. However, Rossi-alpha combined distribution observed by
DDSI has two decay components: 1) decay by a detector's moderator and by a sample
with short time constant results from fast induced fissions; 2) decay by a detector's mod-
erator and by thermalization inside/outside a sample with long time constant results
from thermal induced fissions. Except for the effect of detector's moderator, the former

reflects a1 and the latter reflects az. The decay constants o1 and a2 are given by:

1
ay=r <1 + i) T = — (120)
I S1+Ey
! (121)
Ay =T VT = —
2 2 7
1 1 S 1
=<1+1>> (122)
Qg Q1 F (051

The time constant 1/a2 results from thermal induced fissions is longer than the time
constant 1/a1 results from fast induced fissions. In the last subsection, we will find that

the ratio of 1/as to 1/ay varies from several to ten.
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3.10 Procedure of the evaluation and calculation of doubles count rates by fast

neutron and by thermal neutron

Procedure of evaluation:

1.

8.

9.

Determine detector efficiency €» (counts/neutron) used for conventional NDAs

and safeguards and doubles gate fraction fq;

Select representative isotopes (ex. ***U for fast induced fission, ***U for thermal in-
duced fission and **Cm for spontaneous fission) or a linear coupling of isotopes

(ex. weighed ***U, ***Pu and **'Pu for thermal induced fission);

Determine w7, 753, V4, vL,, v, V3 ;

Measure S, D1/Dy and Mp;

Evaluate S; = S/(Vs1 €, ML) from equation (75);

Evaluate F; and F, from equations (101) and (102);
Confirm F; and F, satisfy equation (100);

Evaluate 1/(a;171) and 1/(ae2) from equations (90) and (91);

Evaluate Y; and Y; from equations (95) and (96);

10. Evaluate 1/a;1 and 1/a2 from equations (120) and (121).

Procedure of D1, D, calculation for confirmation:

l.

2.

3.

Calculate doubles count rate by fast neutron D1/ fq:

D 1 S S'Y;
= = 5 M (Fivh + Si7) = ~~ (123)
fa 2 2
Calculate doubles count rate by thermal neutron D2/ fa:
D, 1 —— SY

Measure D and confirm D/fs = D1/fa + D2/ fa.

From the view point of safeguards, F; and F, are important because they are proportio-

nal to fissile weight. D; and D, are not so important though D is proportional to the

weight of spontaneous fission isotopes in conventional NDAs used in the air. However,

these procedures and calculations are absolutely basic, and it is necessary to compare

the calculation to the results of DDSI measurement and/or simulations including, for

example, effect of neutron absorbing elements such as '°B.
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3.11 Provisional calculations for UO, of 1~10 kgU containing small ***Cm

U-Pu-Cm mixed oxide in water is supposed for provisional calculations because it will
have to be measured and verified in the near future in Japan. According to the JAEA-
Data/Code 2012-018%, weight of ***Cm, the strongest spontaneous fission nucleus: source
neutron provider, was estimated to be 8.9mg for 1kgU (617 g**Cm/core and 69tU/core).
Spontaneous/fast induced/thermal induced fission nuclei are listed in Table 5-1~5-3.
Weighed mean of spontaneous or fast induced fission neutron energy is 1.9~2.1MeV and

(n,f) cross-section for this neutron is 0.5~2barns regardless of the isotopes.

Table 5-1 Spontaneous fission nuclei

Isotope | Fission yield [s"g"] Vst Neutron yield [s"'g"] | Mass in core (ref.23) [g] | Relative strength
U 6.78E-3 1.99 1.35E-2 6.53E+7 0.01
Py 1.17E+3 2.19 2.56E+3 7.44E+3 0.27
0Py 4.83E+2 2.15 1.04E+3 1.05E+5 1.54
Py 8.07E+2 2.15 1.74E+3 2.02E+4 0.50
2Cm 7.81E+6 2.54 1.98E+7 1.49E-1 0.04
“'Cm 4.11E+6 2.72 1.12E+7 6.17E+2 97.61
Cm 2.97E+6 2.93 8.70E+6 ~ 2.54E-1" 0.03

T Estimated from **Cm/***Cm ratio obtained by a burnup code due to lack of this value in ref.23.

Table 5-2 Fast induced fission nuclei

at 2 MeV
Isotope . — . Mass in core (ref.23) [g] | Relative strength
Cross-section [barn] 1/1.11 Neutron yield [rel.]

U 0.534E+0 2.59 1.38E+0 6.53E+7 92.64

U 1.29E+0 2.64 3.41E+0 1.11E+6 3.88

Py 1.98E+0 3.16 6.26E+0 3.08E+5 1.98

oy 0.819E+0 ~2.6 2.13E+0 2.42E4+5 0.53

Py 1.75E+0 ~3.2 5.60E+0 1.05E+5 0.60

Py 1.68E+0 3.20 5.38E+0 3.62E+4 0.20

' Am 1.89E+0 3.40 6.43E+0 2.65E+4 0.18

Table 5-3 Thermal induced fission nuclei
at thermal
Isotope ) — ) Mass in core (ref.23) [g] | Relative strength
Cross-section [barn] Vi21 Neutron yield [rel.]

U 5.85E+2 2.41 1.41E+3 1.11E+6 67.00
“Np' 2.04E-2 2.63 5.37E-2 2.04E+4 0.00

Py 1.70E+1 ~2.85 4.85E+1 7.44E+3 0.02

Py 7.48E+2 2.88 2.15E+3 3.08E+5 28.41

Py 1.01E+3 2.92 2.95E+3 3.62E+4 4.57
MAm' 3.14E+0 3.11 9.77E+0 2.65E+4 0.01

1 For thermal neutron, *’Np and *"'Am have (n,y) cross-sections of 175 barns and 684 barns, respectively. Daughter nuclei

*Np and **"Am have large (n,f) cross-sections of 2200 barns and 6400 barns, respectively, which are not included.
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From these tables, it is almost clear that ***Cm and ***U are representatives of sponta-
neous fission and fast induced fission, respectively. For a representative of thermal in-
duced fission, it is better to define an effective composition like conventional *°Pu effec-
tive composition. However, **U is selected as a representative to simplify the provisional
calculations in this study. The first and the second factorial moments of the representa-
tives are shown in Table 6. These values were calculated from the distributions p., f!, f2

12,13, 14,

consolidated/proposed by Zucker and Holden

Table 6 The first and the second factorial moments®

Spontaneous: **Cm Fast induced: **U Thermal induced: **U
Vst 9.721 vl 9.583 v 2.414
Vs2 5.941 vh 5.494 V2 4.635

Also, S; and r are given as 3.66E+4 fissions/s and 9.96E+4 /s for 1kgU containing 8.9 mg
*Cm, respectively. Instead of measurement, D1/D- is given in a stepwise manner from
2 to 200, and M, is given to satisfy a rule that the number of source neutrons estimated
inversely from F}, F,, cross-sections (fast and thermal), density of isotopes in oxide and
sample thickness is equal to » = S; ;1. Here, F; and F, are calculated from M} using
equations (101) and (102), so the inverse estimation is done by setting a tentative M,
then seek a convergence (for example, by goal seek function in Excelr). The inversely es-
timated number of source neutrons is given as:
13 13

c=c1+cg= + (125)
o1NnN1 T 09 Ny T

where c i1s inversely estimated number of source neutrons per unit time, n is density of
isotopes in oxide, z is thickness of a sample, o is cross-section and subscript 1 and 2

means fast and thermal, respectively.

For n1 and ns, **U/U and **°U/U are approximated to be 0.96 and 0.04 (from Table 5-2),
and UQO, density is 10.96 gecm™ (naturalU) given by a handbook of nuclear criticality
safety®, so n1 and ns are 2.346x10*cm™ and 0.098x10**cm™, respectively. For 2, UO,
volume containing 1 kgU is 103.5 cm® and z is 4.695 cm supposing a cubic. For the cross-
section, o1 and o2 are 0.534 barns and 585 barns given by the ENDF web site® of Natio-

nal Nuclear Data Center.

h. An example of applying the concept of effective composition to estimate effective 1st/2nd moments:

Spontaneous: **Cm Fast induced: **U and **U Thermal induced: **U, *’Pu, **'Pu
Vst 2.721 vy 2.588 v 2.601
Vs 5.941 vl 5.506 V2 5.489
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Results of UO, containing 1, 2, 5 and 10 kgU are shown in Table 7-1~7-4, assuming €, is

0.2 and changing D; /D, from 2 to 200. Density of ris 962 s™' cm™ is same for all cases:

Table 7-1 UO, containing 1 kgU (103.5 cm®, 8.9mg ***Cm)

D1/D - 200 100 50 | 20 | w0 | 5 2
Sy [1/5] 36600 (= 4.11E+6 s 'g "' X 8.9 mg)
r [1/5] 99589
My, — | 11583 | 11647 | 11774 | 12156 | 12791 | 14056 | 1.7812
7 [1/5] 5852 5846 5834 5799 5740 5623 5275
7 [1/5] 269 538 1077 2689 5372 10716 | 26583
Fol /s 15115 | 15100 | 15069 | 14978 | 14826 | 14524 | 13626
B2 /s 650 1300 9599 6492 12067 | 25867 | 64171
Tl +F5 02 |[1/4] 15765 | 16400 | 17668 | 21470 | 27794 | 40391 | 77797
MM [/ | 115354 | 115988 | 117257 | 121059 | 127382 | 139980 | 177386
/() | - | 00588 | 00587 | 00586 | 00582 | 00576 | 00365 | 0.0530
1/(azm) | - | 00027 | 00054 | 00108 | 00270 | 00539 | 0.1076 | 0.2669
Yi - 0.581 0.584 0.590 0.609 0.640 0.701 0.881
Ya - 0.003 0.006 0.012 0.030 0.064 0.140 0.441
ar [ 1.38E-06 | 1.38E-06 | 1.38E-06 | 1.37E-06 | 1.36E-06 | 1.34E-06 | 1.26E-06
as  |[s] 1.00E-05 | 1.00E-05 | 1.00E-05 | 1.00E-05 | 1.00E-05 | 1.00E-05 | 1.00E-05
ay/as - 7.255 7.261 7.973 7.312 7.376 7.509 7.938
Table 7-2 UO, containing 2 kgU (207.0 cm®, 17.8 mg ***Cm)
Dy/Dy : 200 100 5 |20 T 2
S, [1/5] 73200
r [1/5] 199177
M, N 11980 | 1.2046 | 12178 | 1.2572 | 1.3228 | 14536 | 1.8418
7 [1/5] 14748 | 14736 | 14712 | 14639 | 14517 | 14275 | 13557
5 [1/5] 557 1113 9993 5559 11103 | 22149 | 54947
ol [ 38095 | 38063 | 38000 | 37811 | 37498 | 36873 | 35017
B2 |/ 1343 2687 5372 13419 | 26803 | 53468 | 132643
o+ F 2 |[1/3] 30438 | 40750 | 43372 | 51231 | 64301 | 90341 | 167659
MM [/ | 238615 | 239927 | 242549 | 250408 | 263478 | 289518 | 366837
() | - | 00740 | 00740 | 00739 | 00735 | 00729 | 00717 | 0.0681
1/(azm) | - | 00028 | 00056 | 00112 | 00279 | 00557 | 0.1112 | 0.2759
Yi - 0.621 0.624 0.631 0.651 0.684 0.749 0.942
Ys - 0.003 0.006 0.013 0.033 0.068 0.150 0.471
Va1 | 8.49E-07 | 8.41E-07 | 8.40E-07 | 8.37E-07 | 8.31E-07 | 8.19E-07 | 7.85E-07
as s 5.02E-06 | 5.02E-06 | 5.02E-06 | 5.02E-06 | 5.02E-06 | 5.02E-06 | 5.02E-06
ar/as - 5.963 5.967 5.976 6.000 6.042 6.128 6.400
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Table 7-3 UO, containing 5 kgU (517.5 cm®, 44.5mg ***Cm)

D1/D - 200 | 100 | 50 | 2 I 2
S [1/3] 183000
r [1/3] 497943
M, - 1.2668 1.2737 1.2876 1.3293 1.3986 1.5367 1.9466
F [1/5] 50050 50018 49954 49761 49440 48801 46904
I [1/3] 1469 2939 5876 14677 29317 58482 145080
Fivl [1/s] 129279 129196 129030 128532 127704 126053 121153
12 [1/5] 3547 7094 14183 35431 70770 141175 | 350224
Fvi+F,v2 |[1/3) 132827 136290 143214 163963 198474 | 267228 | 471376
M N [/ 630770 | 634233 | 641157 | 661906 | 696417 765171 969319
1/(ay71) - 0.1005 0.1004 0.1003 0.0999 0.0993 0.0980 0.0942
1/(as 72) - 0.0030 0.0059 0.0118 0.0295 0.0589 0.1174 0.2914
Y, - 0.693 0.697 0.704 0.726 0.763 0.837 1.052
Y, - 0.003 0.007 0.014 0.036 0.076 0.167 0.526
/oy [s] 4.31E-07 | 4.31E-07 | 4.31E-07 | 4.29E-07 | 4.27E-07 | 4.23E-07 | 4.10E-07
1/ag [s] 2.01E-06 | 2.01E-06 | 2.01E-06 | 2.01E-06 | 2.01E-06 | 2.01E-06 | 2.01E-06
ay/ag - 4.656 4.659 4.663 4.678 4.701 4.750 4.902
Table 7-4 UO; containing 10 kgU (1035.1 cm?, 89 mg ***Cm)
D1/D, - 200 | 100 50 | 20 | 10 | 5 2
S [1/3] 366000
r [1/3] 995886
M, - 1.3346 1.3420 1.3566 1.4005 1.4734 1.6187 2.0502
2 [1/3] 126132 126064 125929 125523 124848 123503 119509
I [1/3] 3093 6186 12368 30896 61711 123104 | 305393
Fivt [1/s] 325798 | 325623 | 3825273 | 324225 | 322481 319007 | 308692
2% [1/3] 7467 14932 29856 74582 148971 297172 737218
Fivi4+F, 2 |[1/3] 333265 | 340555 | 355129 | 398807 | 471452 | 616179 | 1045909
M N [/ 1329151 | 1336441 | 1351015 | 1394693 | 1467338 | 1612065 | 2041795
1/(c1 1) - 0.1267 0.1266 0.1264 0.1260 0.1254 0.1240 0.1200
1/(a 72) - 0.0031 0.0062 0.0124 0.0310 0.0620 0.1236 0.3067
Y - 0.769 0.773 0.781 0.806 0.846 0.927 1.166
Ys - 0.004 0.008 0.016 0.040 0.085 0.185 0.583
1/oy [s] 2.57E-07 | 2.57E-07 | 2.57E-07 | 2.56E-07 | 2.55E-07 | 2.53E-07 | 2.47E-07
1/as [s] 1.00E-06 | 1.00E-06 | 1.00E-06 | 1.00E-06 | 1.00E-06 | 1.00E-06 | 1.00E-06
ai/ag - 3.902 3.903 3.906 3.916 3.932 3.964 4.063

The time constant 1/asy is several to ten times longer than 1/«a;, which is consistent to

Rossi-alpha combined distribution though affected by the moderator of detector.
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Regarding the time constant 1/as, the time constant and the ratio «;/as become larger

when a sample becomes smaller, which is important to apply fitting curves independent-

ly to Rossi-alpha combined distribution.

At last, calculated count rates are shown in Table 8-1~8-4 and Figure 8-1~8-2, assum-

ing fa (doubles gate fraction) is 0.68 (both for D; gate and for D, gate):

Table 8-1 UO; containing 1 kgU (8.9mg ***Cm)

D1/ Dy - 200 100 50 20 10 5 2
S [1/3] 23071 23198 923451 24212 25476 27996 35477
D, [1/3] 4554.2 4603.8 4703.9 5009.9 5539.8 6672.4 10632.6
D, [1/3] 22.8 46.0 94.1 250.5 554.0 1334.5 5316.3
D1/Ds result | - 200.0 100.0 50.0 20.0 10.0 5.0 2.0
D [1/3] 4577 4650 4798 5260 6094 8007 15949
Y - 0.583 0.590 0.602 0.639 0.704 0.841 1.322
Table 8-2 UO, containing 2 kgU (17.8 mg ***Cm)
Dy /Dy 200 100 50 20 10 5 2
S [1/3] 47723 47985 48510 50082 52696 57904 73367
D, [1/s] | 10070.0 | 10179.7 | 10400.7 | 11076.9 | 12247.6 | 14749.9 | 23498.0
D, [1/3] 50.3 101.8 208.0 553.8 1224.8 2950.0 11749.0
Dy/Dg result | 200.0 100.0 50.0 20.0 10.0 5.0 2.0
D [1/3] 10120 10281 10609 11631 13472 17700 35247
Y 0.624 0.630 0.643 0.683 0.752 0.899 1.413
Table 8-3 UO, containing 5 kgU (44.5mg ***Cm)
D1 /Do - 200 100 50 20 10 5 2
S [1/5] 126154 126847 128231 132381 139283 153034 193864
D, [1/s] | 29727.3 | 30050.7 | 30702.4 | 32696.3 | 36147.8 | 43524.9 | 69310.8
Dy [1/5] 148.6 300.5 614.0 1634.8 3614.8 8705.0 | 34655.4
Dy/Ds result | 200.0 100.0 50.0 20.0 10.0 5.0 2.0
D [1/3] 29876 30351 31316 34331 39763 52230 103966
Y - 0.697 0.704 0.718 0.763 0.840 1.004 1.577
Table 8-4 UO, containing 10 kgU (89mg **Cm)
D1 /Do - 200 100 50 20 10 5 2
S [1/3] 265830 | 267288 | 270203 | 278939 | 293468 | 322413 | 408359
D, [1/s] | 69462.9 | 70217.8 | 71739.0 | 76393.1 | 84449.0 | 101666.1 | 161838.6
D, [1/3] 347.3 702.2 1434.8 3819.7 8444.9 | 20333.2 | 80919.3
Dy/Dg result | - 200.0 100.0 50.0 20.0 10.0 5.0 2.0
D [1/3] 69810 70920 73174 80213 92894 121999 | 242758
Y - 0.772 0.780 0.797 0.846 0.931 1.113 1.748
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Dy /Dy =2
20F 20+ Change in M, when U - 0
18 18]
Dy /Dy =5
16 16
Dy /Dy =10
14 14
aui
12 Dy /Dy =20, 50, 100, 200
S S S SR § | P S e . D;/D
0 2 4 6 8 o Ukl g 50 100 150 200 1172

Figure 8-1 Change in M|, in response to D;/Dy and U weight

200 ©

Figure 8-2 Changes in F; and F, in response to D;/D> and U weight
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As a result of provisional calculation, it was confirmed that no inconsistency in equations
nor outlier in calculations exists. Changes in My, F; and F, are shown in Figure 8 in
response to D;/D; and U weight that is proportional to ***Cm weight (as a neutron
source). There is a trend that My, and F, change at small D;/Ds, affected strongly by an
astonishing number of thermal fission neutrons, which is not normal. Except for the
area, the changes are almost moderate. On the other hand, F; is almost flat because r is
proportional to U or ***Cm weight and 1/(a; 7)) is almost independent from Di/D-

shown in Table 7-1~7-4.

From the view point of materials accountancy and safeguards, **U, **Pu and *'Pu are
especially focused on, however F, obtained by the procedure in 3.10 is a linear coupling
of *U, *Pu and **'Pu contributions. Each contribution is proportional to the product of
cross-section and atomic-density because neutron flux and sample volume/thickness are
common. Effect of absorption resulting from (n,v) reaction by **U, (n,a) reaction by "B

and so on are also coupled linearly but negatively to the contributions, i.e.:

23575 238y

f thm.K + thm. 77 239P_E thm.[ P_u thm.K _ thm. K e 126
2 X Oy f T(nf) 37 T(n) 37 () 37 T(n.) 3 (126)

where W is weight, M is molar mass and ‘thm.” is thermal neutron energy (0.0253 eV).
Equation (126) has minimum terms, thus examinations for absorption by other isotopes
(ex.**Pu,***Pu) with reference to Appendix g) would be necessary. The proportionality
factor of equation (126) consists of the number of source neutrons per unit time, sample
density and thickness, which is similar to equation (125). Anyway, I, is focused on for

safeguards application instead of D-.

In addition, it should be noted that neutrons having energy of scattering region (between
fast and thermal) have not been considered in this study, because energy loss of neutron
in a sample is small (from mean free path of fast neutron and sample size) until it leaks
to water, which results in almost of all neutrons are either fast or thermal. Another
point to remember is that non-uniformity of thermal neutrons in a sample (from mean
free path of thermal neutron and sample size) has not been considered. This point will
have to be investigated in detail because thermal neutrons moderated in water do not in-
vade deeply into a sample. The solution would be to limit sample thickness around one
centimeter (almost same as a pellet). In this case, an appropriate sample size would be
103.5 cm?® x 1 cm for UQO, containing 1 kg U. As previously mentioned, the time constant

1/ay and the ratio a;/as becomes larger when a sample becomes smaller, which makes

easy to fit curves independently to Rossi-alpha combined distribution. So, it would be
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reasonable that a large sample is divided into several pieces to satisfy ~1 cm thickness.
The last point to remember is that the number of neutrons from (a,n) reactions corre-
spond to ***Cm spontaneous fission is estimated® to be 706 s for 1 kgU (8.9 mg ***Cm),

which is <1% of » = S 757

4. Conclusions

This study belongs to the theory of neutron branching process and fluctuations. The
well-known applications of the theory were reactor noise analysis or subcriticality assay
so far. This time, it was confirmed that solving the theory using probability generating
function was effective and available to non destructive assay practically realized in the

near future for safeguards.

The first example is to derive formulae of multiplicity distribution up to septuplet. Its
principle was reported by K. Béhnel in 1985, but such a high-order expansion was the
first case due to its increasing complexity. In this study, basic characteristics of the high-
order correlation was investigated and it was found that high-order correlations increase
rapidly, cross and leave lower-order correlations behind, when leakage multiplication
is > 1.3 which depends on detector efficiency and counter setting. It is sure that counting
technique for high-order correlations has not been established because of large uncer-
tainty of counting statistics due to thermalization and small leakage multiplication of a
sample. However, it could be possible if fast neutron detecting/counting technique could
be established without moderator and a sample could have larger leakage multiplication

within criticality control. Therefore, the first example is a strategic move in the future.

The second example is to derive formulae for fission rates and doubles count rates by
fast neutron and by thermal neutron in their coexisting system. Its principle was report-
ed by I. Pazsit and L. Pal in 2012, but such a physical interpretation, i.e. associating
their stochastic variables with practical doubles count rate and leakage multiplication, is
the first case. In this study, it was found that from Rossi-alpha combined distribution
and measured ratio of each area obtained by Differential Die-Away Self-Interrogation
(DDSI) and conventional assay data, it is possible to estimate: the number of induced fis-
sions per unit time by fast neutron and by thermal neutron; the number of induced fis-
sions (< 1) by one source neutron; and individual doubles count rates. During the re-
search, a hypothesis introduced in their report was proved to be true. Provisional
calculations were done for UO, of 1~10 kgU containing ~ 0.009 wt% ***Cm. It should be
noted that the fission rate by thermal neutron F, is focused on instead of doubles count

rate Dy for safeguards application.
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Appendices (Informative)

a) Formulation of coupled pair, accidental pair and accidentals (# pair)

Coupled pair, accidental pair and accidentals (#pair) were illustrated well in Figure al.

\
2 1%
Fa
o 2
o | R4 Coupled pair . g
bl Correlation z
2 ol observed oy
E g 5
=1 P 2l By
g g —r el
%S Ve, ° =} . .
° " Z Time interval
3 i Correlation :
" A Accidental pai ’ not observed A e— | Accidentals
ccidental pair & pair)
t=0
Length of time interval Ip G D —

Figure al Coupled pair, accidental pair and accidentals (# pair) in Rossi-alpha distribu-
tion [reprinted from Fig.16.2 and Fig. 16.3 (break curve added) of LA-UR-90-732]*

Be sure that both x-axes are not arrival time but interarrival time of renewal process.

Coupled pair and accidental pair are formulated by F. Hoffmann in 1949 as:

atty atto
Accidental Coupled
Expected number of to=t pty=ty e — '
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On the other hand, accidentals (# pair) is formulated as:

atty atts

Expected number of to=t pty=ty T T .
:/ / [Fe X Fe)\exp_’\(trtl)} dtqdtsy
ta=0 Jt1=0

uncorrelated neutrons

in interval ¢ 1=

ta=t
=F?%e / (1- exp_/\tQ) dty
t

2=0
1
=F22 ¢ — F2¢2 \ (1 —exp_’\t)
ey (oo™
Mt

Neutrons come from a Poisson Process

PDF : Probability PDF
Density Function H

(Arb?trary) 1 Ne—Ata—t1) x Fe[counts/s]

\
~

|
N
.

tl dtl t2 dtQ

\

®--

t=0
where F'is the number of fissions per unit time, € is efficiency of counter (counts per fis-
sion), ¢ is rate of decay regarding prompt neutrons, r is mean time between fissions and
) is 'rate' of Poisson process. The number of correlated neutrons Ne (t) and uncorrelated
neutrons Vi (t) and their asymptotic terms (Figure a2) are:

accidental pair coupled pair

2,242 ﬁ ¢
Feest viv—1 1 —exp @
N (t) = Fe? — ¢t (1- ——
- (1) L < - > b
1 —exp M
N, ()= F2e2¢ (1 - —— &P @2)
At
l_l—e_‘”
at
T
08 ///, /-"’—"‘__. ————————————————
/ LT — 4=1000
’ P
v f e -—- a=100
I Lt
04}l o a0
)
02l ,
l/’
0.0 / L ) . I . . . L X ) ) . ) ) ) ) ) ) . ;o
0.0 02 0.4 06 0.8 10

Figure a2 Curve of the asymptotic term of Nc (t) and N, (t) close to t=0.
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The first derivatives of coupled pair of correlated neutrons NS°"P'* () and uncorrelated

neutrons NV, (t) are constants:

d Neoupled (¢) _Fe viv—1) _Fxl/(l/— 1) ><< € )2

dt 20272 2 aT (a3)
EnPIV 2
:F e Vo n '.. == n v
pmﬁXV2X< o > € EnpPLV
— 2 2 v
=Fymeg X xe, xM; - My =pMr=p <$>
=D/fa
dN, (t
—5t( ) = F%e2 = S?or T? (a4)

where F), is the number of spontaneous fissions per unit mass and time, m.z is effective
mass of spontaneous fission nuclei, €, is counting efficiency (counts per neutron), p; is
probability of neutron leak, f; is characteristic value depend on counter setting, and T'is

total count rate (not triples). Obtained equations are equal to the conventional ones.

On the other hand, accidental pair of correlated neutrons N9 (1) ig quadratic func-
tion of ¢, where ¢ is given as the gate opening time (gate width) of coincidence counter.
The physical meaning is two neutrons arrive within ¢ according to Poisson process. The
probability mass function in given below and ¢ *' is normalization factor. So, the proba-
bility of two neutrons arrive within ¢is given as (A#)%/2 which is same as N2<dental (1),

(At)n 6—)\15

P,\t(n): n'

(ab)

Rossi-alpha distribution has two layers having different time-axis: the first floor has nor-
mal arrival time and the second floor has interarrival time in renewal process as shown

in Figure a3.
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Coupled pair

Accidental pair
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Figure a3 Two layers of Rossi-alpha distribution
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b) Definition and derivations of probability generating function

Probability generating function G x for discrete stochastic variable X (non-negative inte-

ger) is defined as a function of continuous variable |z| < 1:

Gx def Z 2" Px (X=n) (b1)

where Py is probability mass distribution of X, thus >~ , Px (X=n) = 1.

The k™ derivatives of G'x regarding z are expressed as:

=Y 2" Py (X=n) = Px (X=0)+ Y _ 2" Px (X=n)

n=1
Gy (2 Z nz""! Px (X=n) =1Px (X=1) +Z nz""! Px (X=n) (b2)
n=1 n=2
Gy (2) =) n(n—1)z""*Px (X=n) =2Px (X Z )2""2 Px (X=n)
n=2 n=3

Therefore, Px is expressed using the £™ derivative of Gx at z=0 as:
k G20
GW|.—o =k Px (X=k) — Px(X=k)= i (b3)

Also, the k™ factorial moment is expressed as the k™ derivative of Gx at z=1 as:

GW|_y = i n(n—1)--- (n—k+1) Px (X=n) = X(X—1)- - (X—k+1) (bd)
n=~k

These two equations are very useful in the context of solving equations. In addition, Gx

is expressed using the £™ factorial moments. The proof is given by binomial expansion:

Gx (2) = Z Px (z—1)"  where M](D];) e Gg];)\zzl (b5)

For independent discrete stochastic variables X1, Xo, - Xy, the composite Gx is given

as a product of each Gx as:

GX1+X2+-"XN(Z) = GXI(Z) GXZ(Z) "'GXN(Z) (b6)
Especially for S = X; + Xo +---+ Xy, X; = {0,1}, Gg is given as:
Gs(2) = [Gx (2)]" = [Gx (2)]" =GN (Gx (2)) (b7)

This equation is also very important and useful in the body.
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c) Example of the solving process by Mathematica® in the section 2.2 and 2.3

z[u_] := (1-p) u+py[h[u]]

dhl = Flatten[Solve[h™® [u] = z® [u], h® [u]]];

dh2 = Simplify[Flatten[Solve[h‘®) [u] == z® [u], h® [u]] /. dh1]];

dh3 = Simplify[Flatten[Solve [h® [u] ==z [u], h®® [u]] /. dhl /. dh2]];
dh4 = Simplify[Flatten[Solve [h®) [u] == z(*¥ [u], h® [u]] /. dhl /. dh2 /. dh3]];

dh5 = simplify[Flatten[Solve[h® [u] == 2 [u], h® [u]] /. dh1 /. dh2 /. dh3 /. dh4]];

dh6 = simplify[Flatten[Solve[h(® [u] ==2(® [u], h{® [u]] /. dhl /. dh2 /. dh3 /. dh4 /. dh5]];
[

[
[
[
[
[
[

dh7 = simplify[Flatten[Solve[h™ [u] == 27 [u], h{") [u]] /. dhl /. dh2 /. dh3 /. dh4 /. dh5 /. dh6]];

ar nsl 1
H[u_] := — h[u] + — x[h[u]]
1+arnsl 1+arnsl

dHl = Simplify[H" [u] /. dh1];

dH2 = Simplify[H® [u] /. dhl /. dh2];

dH3 = Simplify[H® [u] /. dhl /. dh2 /. dh3];

dH4 = Simplify[H [u] /. dhl /. dh2 /. dh3 /. dh4];

dH5 = Simplify[H'® [u] /. dhl /. dh2 /. dh3 /. dhd4 /. dh5];

dH6 = Simplify[H® [u] /. dhl /. dh2 /. dh3 /. dh4 /. dh5 /. dh6];

dH7 = Simplify[H") [u] /. dhl /. dh2 /. dh3 /. dh4 /. dh5 /. dh6 /. dh7];

d) Another expression of probability mass distribution

Another expression of probability mass distribution of multiple leakage neutrons is pos-

sible. Instead of Vsim (factorial moment), 7sim that means directly the number of multi-

ple neutron pairs is defined as:

m!

. max i Vei (Ve —1) (Vg —2) -+ (Vg —m—+1

Vg =m

Probability mass distribution of multiple leakage neutrons using 7sim is given as:

P (m=1) = Mz (1 + o) a1 (d2)
Py (m=2) = M7 755 + iz Mpy (1 + a) 751 ] (d3)
Py (m=3) = M} [T + 27 My, sz + (T3 Mpy +272° M7,) (1+ o) 751 | (d4)

Py, (m=4) = M}, [755 + 372 MLy 53
+(27773ML77 +5%2Mgn)% (d5)

+ (Tt My + 5Tz M, + 572" M7, ) (14 o) 751 |
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Py, (m=5) = M} {75 + 47 ML, M1

+ (37 Mpy + 972 ME, ) s

+ (27 Mpy + 12372 M7, +1472° M}, ) T2 (d6)
+ [ Mpy + (6772 + 373 ) M3,

+21 1:3 77i22 MEW + 141”]1‘24 Mgn] (1 + Oér) Ns1 }
— _ 6 f— — N
P (m=6) = M7, {756 + 572 MLy 755

+ (473 My + 147" M3, ) Taa
+ (37 My + 21Tz iz M7, + 287i2° M3, ) Ts3
+ [ 275 Mpy + (147 iz + Tis> ) M3,
+56 T iz M3, + 4275 M}, ] s d7)
+ (76 Mpy + (T iz + Tia i ) M7,
+ (28 M iz + 28 iz* iz ) M3,

+84 iz mig® M7, +427:2° M7, | (1+ o) 71 }
Py (m=7) = M] {757 + 672 M1y 56

+ (573 MLy + 20722 M3, ) s
+ (47 MLy + 32Tz T2 M7, +487i2° M3, ) Taa
+ [ 375 My + (247 M2 + 12753° ) M3,
+108 iz mia> M3, + 9072 M7, | 73
+ [ 276 MLy + (1675 iz + 16 7ia i3 ) M3, (d8)
+ (72 MMz + 12" Mz ) M3,
+240 i3 Wiz M7, +1327i° M3, | T2
+ [ 77 MLy + (8Tic iz + 875 iz + 47ia” ) M7,
+ (36 s iz” + T2 M s iz + 12 733° ) M3,
+ (120 i 7ia” + 180 i3° Tiz> ) M,
+330 Mz iz M3, +13272° M3, | (1+ o) 71 }
Compared to the expression using Vsim, it is not necessary to divide by m/!, coefficients

become smaller and physical meaning becomes natural. Singles, Doubles, Triples,

Quadruples, Quintuples, Sextuples, Septuples are given in equation (22) in the body.
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e) Joint probability generating function and relation to covariance

Joint probability generating function Gxy for discrete stochastic variables X and Y
(non-negative integers) is defined as a function of continuous variable |z;| <1 and

|22| < 1:

Gxy (z1,22) —C z1 ZZ 21 25" Pxy (X=n,Y=m) (el)

n=0m=0

From equation (a4):

8 Z1 21=1
v _ 0Gxy (21, 22) 3)
822 2o=1
and:
—  0?G
X(X 1) = XY 221722) (e4)
023 O
- ?Gxy (21, 2)
XY =
821 822 2 =za=1 (85)
Self-covariance (not self-correlation nor autocorrelation) of X is defined as:
Cov(X, X)=X(X-1)-(X)?*=X2-X-(X)?*’=(X-X)2- X (e6)
—_—
Thus:
Var(X) = Cov(X, X) + u(X) (e7)
1 ’ ’ 2
Var(X) = Mp, + Mp, — (MPX) (€9)
Normal covariance of X and Y is defined as:
Cov(X,Y)=XY - XY = (X-X)(Y-Y) (e9)
N—— —

covariance

Difference between equation (e6) and equation (e9) comes from the degree of freedom.

Therefore,
2
8_627‘ = N;(N1—1) is not self-covariance of /N; and
0X?2|_
0°G . .
= N; N, is not covariance of N; and Ns.
IXOY ‘XYl 14V2 1 2
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f) Various expressions of leakage multiplication

Conventional expression is shown below where [ is probability of an event where a neu-

tron leaks from a sample:

S — l 1—p—pc 1-p
My =1Mp=1[1+p7; 7). = = ~
L r=1[1+pvia+(pvi)”...] o prn  1pin (f1)
Another expression derived in the body is:
1 L
M, = — (Sl Ve + Fi l/ill + Fy VZ-21 ) (f2)
S1Vs1

An additional different expression is possible using /s which is prompt neutron lifespan

introduced in the primary part of reactor physics:

1d kepg (1= Begr) =1 ke —1 . .
- —TtL — elf ( lﬁ #) ~ ﬁl if delayed neutron is sufficiently small (f3)
def ke -1
e Jg (f4)
eff
A s (£5)
= e

eff — - 1- ke . . .
o= % ~ Tp = liﬁ if delayed neutron is sufficiently small (f6)

where n is the number of neutrons in arbitrary generation, B.g is the ratio of the num-
ber of delayed neutrons to the one of total neutrons, k.5 is effective multiplication factor,

p 1s reactivity and A is prompt neutron generation time. There equations satisfy the rela-

tion below that is the definition of a:

n(t) = n(0) e~ (f7)

v 1 1
—_— = = = M
ar 1—pv 1—key T (t8)
Therefore:
v l
My = 1My = -2 = Loy (f9)
aTt  alg ls

This equation is consistent with Table 7-1 ~ 7-4, because M, and | are close to one and

ls is the order of 10°.
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Regarding equation (f9), physical meaning of 7/(a7) = My is clear because 1/(«a7) is the
number of induced fissions by one source neutron and 7/(ar) is the number of neutrons
induced by one source neutron. Physical meaning of 7 =7l is also clear because 7 is

mean time between fissions and /s is neutron lifespan.

Secondary additional different expression is possible using €,, €; and €s:

=9 b _e 1 (f10)

€n 01 T1 €n Q2 T2

This equation satisfy equation (83) and (84) in the body. Furthermore, M| is written as
a sum of M} (contribution of fast neutron fission) and M} (contribution of thermal neu-

tron fission):

1

1 N ]
M} = 7(Slm+F1u}1):1+i (f11)
S1 Va1 a1 Ty
1 —— v
M2 — F 2 _ il f12
L= 817 21 Qg Ty (t12)

These equations are derived for future references.

g) Cross sections to be referred in equation (126)

* Abbreviations A, G, P, F, TOT, EL, NON and INL used in reactions are «, -y, proton, fis-
sion, total, elastic, nonelastic (=TOT—EL), inelastic (= NON-absorptions), respectively;
* %0 is eliminated due to small (n,y) cross section (0.00019 barns for thermal neutron);

+ 2Np (n,7) = **Np, *’Am (n,7) = ***"Am or *’Am (via ***Am) are added for safeguards.

3842 barns for thermal
by (N,A) reaction

B-10(N,NON)

B-10(N,TOT)

10" 7 B-10(N,EL)B-10-LO

1OB

107 - B-10(N,P)BE-10

Cross section [barns]
S
|

B-10(N,A)Li-7
2| \ B-10(N,G)B-11
10 B-10(N,INL)B-10

10 PP T PP PP AP AT PP T — e

10" 10" 10° 10° 107 10° 102 10" 10 10

0° 10° 10
Energy [MeV]
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10°
100.9 barns for thermal
10" by (N,G) reaction
U-234(N,TOT)
10°
, U-234(N,NON)
10°
€ i
8 10" 7 \
= U-234(N,EL)U-234-LO
.g 10° U-234(N,NON),
iy 3 U-234(N.G)U-235
g 10
S , U-234(N,F)
107
10° 1
; U-234(N,G)U-235
10% - (N,G)
U-234(N,INL)U-234
i =] 1
L | T S A
10" 10" 10° 10° 107 10% 100 10t 10° 107 10" 10 10
Energy [MeV]
10°
585.0 barns for thermal
by (N,F) reaction
10*
= U-235(N,TOT)
10°
- U-235(N,NON)
g
2 0
=
Q
235(J S
] *\
e S
S i
. U-235(N,EL)U-235-LO Thew, )
T /
U-235(N,F)
10"
U-235(N,INL)U-235
U-235(N,G)U-236
107 :
10" 10" 107 10° 10 0® 10° 10" 107 107 10" 10 10
Energy [MeV]
10°
4 5.134 barns for thermal B 2
1007 by (N,G) reaction U-236(N,G)U-237
10°
U-236(N,TOT) i .
107 4+
2
P o ~—— i/
— =<
c e [ ~
2 10" U-236(N,EL)U-236-LO ! 77
236U 2 )
2 10" | ‘
§ U-236(N,F) }
107 } |
10°
U-236(N,NON),
P U-236(N,G)U-237
107
5 | U-236(N,INL)U-236
10 I TP P P e
10" 10" 10° 10° 107 10° 100 10t 10° 107 10" 10 10
Energy [MeV]
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Cross section [barns]

— 2.684 barns for thermal U-238(N,NON)
by (N,G) reaction

_\U_Z:))B(N,i-r)l U'238(N,G)U-239

[

U-238(N,EL)U-238-LO

U-238(N,NON),
T U-238(N,G)U-239

U-238(N,F)

U-238(N,INL)U-238

_I T IIIIIIII T IIIIIIII T IIIIIIII T IIIIIIII T IIIIIIII T IIIIIlII T IIIIIIII T IlIIIIII T IIIIIIII TTT Illl] T IIII"II T IIHIII[ 1

10" 10" 10 10° 107 10% 10° 10t 10° 10° 107 10 10
Energy [MeV]

238U

Cross section [barns]

10"
10°

10°

175.4 barns for thermal

NP-237(N,TOT
-1 by (N,G) reactions ( )

NP-237(N,NON),
NP-237(N,G)NP-238

NP-237(N,NON)

NP-237(N,EL)NP-237-L0

i NP-237(N,F)

NP-237(N,G)NP-238

NP-237(N,INL)NP-237

_I T IIIIIIII T IIIIIIII T IIIIIIII T IIIIIIII T IIIIIIII T IIIIIlI[ T IlIIIIII ¥ IlIIIIII T IIIIIIII TTT Illl] T IIDIIIII T IIHIII[ 1

10" 10" 10 10° 107 10% 10° 10t 107 10° 107 10 10
Energy [MeV]

237Np

Cross section [barns]

NP-238(N,NON) is not included in the library.

2202 barns for thermal
by (N,F) reaction

NP-238(N,TOT)

NP-238(N,F)

NP-238(N,EL)NP-238-LO

NP-238(N,G)NP-239

NP-238(N,INL)NP-238

10 10 10 10 10 10 10
Energy [MeV]

238Np
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412.9 barns for thermal
by (N,G) reactions

PU-238(N,TOT)

10°
_ PU-238(N,NON)
g 2
£ 0
=
- g 0 PU-238(N/F)
Pu 3
g
S
PU-238(N,EL)PU-238-LO
10"
PU-238(N,NON),
- PU-238(N,G)PU-239
PU-238(N,INL)PU-238
4 PU-238(N,G)PU-239
10 :
10" 10" 10 10° 107 10° 10° 10t 100 10° 10" 10 10
Energy [MeV]
10°
747.9 barns for thermal
. by (N,F) reaction PU-239(N,TOT)
19 PU-239(N,INL)PU-239
, PU-239(N,NON)
10
F PU-239(N,F)
8 2
2 10
=
S
239 ©
Pu 3 10"
g
S
0
L PU-239(N,EL)PU-239-LO
10"
107
10" 10" 10° 10° 107 10° 10° 10t 100 107 107 10 10
Energy [MeV]
10° -
287.6 barns for thermal PU-240(N,TOT)
10" by (N,G) reaction PU-240(N,INL)PU-240
s PU-240(N,NON)
10° -
10° -
Y
c - = oo
E PU-240(N,EL)PU-240-LO
s 0
240 ‘('_) 107
Pu 3
g 10"
b 2
10°
PU-240(NF)
107 -
-4
10 PU-240(N,NON), PU-240(N PU-241
PU-240(N,G)PU-241 U-240(N.G)PU
10° =

10" 10" 10° 10° 107 10% 10 10t 10° 10° 10" 10 10
Energy [MeV]
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Cross section [barns]

1012 barns for thermal
by (N,F) reaction

PU-241(N,EL)PU-241-LO

PU-241(N,NON) is not included in the library.

10° 10° 10
Energy [MeV]

PU-241(N,G)PU-242

10°

PU-241(N,TOT)

PU-241(N,INL)PU-241

PU-241(N,F)

241Pu

Cross section [barns]

21.27 barns for thermal
by (N,G) reaction

PU-242(N,EL)PU-242-L0

PU-242(N,F)

PU-242(N,NON) is not included in the library.

0® 10° 10"
Energy [MeV]

10°

PU-242(N,INL)PU-242

PU-242(N,TOT)

242Pu

Cross section [barns]

684.3 barns for thermal
by (N,G) reaction

AM-241(N,F)

AM-241(N,EL)AM-241-L0

AM-241(N,NON) is not included in the library.

AM-241(N,G)AM-242

10°

AM-241(N,TOT)

241Am
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242mAm

Cross section [barns]

6400 barns for thermal| AM-242m(N,NON) is not included in the library.

by (N,F) reaction

AM-242m(N,TOT)
AM-242m(N,F)

AM-242m(N,EL)AM-242-L0

AM-242m(N,INL)AM-242

T
10

-1

LI L L L1 L0 L 01 L B R R
T [ T T T T T T T T T T

107 10° 10° 107 10° 10° 10" 107 107 10" 10 10
Energy [MeV]

242 Am

Cross section [barns]

2095 barns for thermal AM-242(N,NON) is not included in the library.

by (N,F) reaction

AM-242(N,TOT)

AM-242(N,F)

AM-242(N,EL)AM-242-L0

AM-242(N,INL)AM-242

T
10

-11

LI L B ) L L 01 L B 00 N L B R R ]
T [ T T T T T T T T T T

1

10" 10° 10° 107 10° 107 107 10" 10 10

107 10
Energy [MeV]

243Am

Cross section [barns]

10
10"
10°

10°

80.42 barns for thermal
by (N,G) reaction

AM-243(N,TOT)

AM-243(N,NON)

AM-243(N,EL)AM-243-L0

AM-243(N,G)AM-244
AM-243(N,INL)AM-243

T
10

-11

LBLELELLLL B 1) R e 1 R N 1L M 1 B N L B R LU R R R

10" 10° 10° 107 10° 10° 107 10" 10 10

107 10
Energy [MeV]
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Cross section [barns]

10
10°
10°

10°

15.24 barns for thermal CM-244(N,NON) is not included in the library.

by (N,G) reaction

CM-244(N,TOT)

CM-244(N,EL)CM-244-L0

CM-244(N,F) CM-244(N,INL)CM-244

CM-244(N,G)CM-245
J

10° 10° 10% 10 107 10" 10° 10
Energy [MeV]

244Cm

_53_




This 1s a blank page.




EBREAL R (SI)

# 1. ST FEAHL F 2. FARHAL A FV TR S5 SIS BT O ] # 5. SI BEuzE
R T = P SIFHSTERfT T | 4% | s | m& | 4w | s
i T = ﬁ% ol 0 2 2 Y | 0 |7 ] a
E &[x =+ A m L BFHA— b m 102 [ | z 102 |& v F ¢
o - o % B|SL G A — R v mi P a lls .
21 BlF¥n s T L kg WX, E E|A— M AER -~ 10% |= 7 #| E 10. N Ul m
53 ] i s o H JE| A — N AR R m/s? 10% |2 %l P 108 |=A2znm|[ u
H w7 =7 A i | A — b o 102 |5 sl T 10° |+ A .
BAEEE s L E | K O, WRE EYesIAEIA— MY | kg/m® 100 [¥ # ¢ [w02|g = p
W OE EE 2| mol WO E EFRZTARELA—-MV | kegim® 108 [#  # M | 108 |7=ar| ¢
* gy v 7 5| od K * Ml A= rrfExr s 70 | mikeg wlx = x |welr 1 a
EOWR B ETUTEEFA-NV | A/m? 102 |~27 K n 102 |2 7 1| 2
e R o W S|TUTEA— L A/m 0 |= s 0% |2 2 ¢
BB E @, 9 EAETA— R mol/m® 2 z
B R’ E[xerssamilii—ba | kgm®
i BE|h o F 5 mEHA— v | cd/m? ) . "
B = O &FEo) 1 1 #6. SUCES 7223, STEPFH & 5 Hifr
% B ok ® GFEo) 1 1 5B o SI Hifizic L % i
(a) i (amount concentration) (ERFRFRALAED 5 CTIIETHEEE b min |1 min=60 s
(substance concentration) & & Lifh 5, — P
(b) 2 SElitd B VHYGE 1 & bR Tl B8, 20T & B b [1h =60 min=3600 s
B THHEFO 1 ILEFITRE LR, H d |1 d=24 h=86 400 s
. . B °  |1°=(#/180) rad
%3, [FHOAH L B TR SN DS N I
SI FHSZ AL 43 1’=(1/60)°=(=/10 800) rad
HANZ L o o | MOSTEALIC K5 [ STEABLIC X 5 i ? |17=(1/60)=(=/648 000) rad
' e #LK #L) ~J B ha |1 ha=1 hm?=10*m?
¥ i 2 797 ® | rad o wm Uy b | L 11171151 dmP=10%em?=10"m’
b AT ZIT sr¢ 1 m“/m L —103
= % =Nt s o ko t |1t=10°kg
Val —a—hv N m kg s
E A, s Hszan Pa N/m? m’kgs® ) y X ”
T RAF =, A, BB J Nm mPkg 5 £7. SICBERVAS, ST A SAS HIC, STHALT
HE®, TR, ks r W Ils mkg s RENDBEHPEBHI/EOND L O
1 5 & Blr—ny C SA Eis S ST Hifr TH S5 Hil
EhrE (|IE) , & & AR R v WI/A m’kg s3AT # o A L B eV |1eV=1.602 176 53(14)x10'%J
ﬁ% = i 7 o Cv m’kg's'A® % A b | Da |1Da=1.660538 86(28)x10%"kg
& £ # Hi|A— L Q VIA m?kg 9 A% AT EEEM u |1u=1Da
ERIN N A S DA 7S S ANV mZkg's®A? K X H 7] ua [1ua=1.495978 706 91(6)x10"'m
73 H == Wb Vs m’kg s?A’
73 H b i1 b T Wh/m? kg s?A?
A4 v Xy H v A~rU— H Whb/A m?kg s2A?
t AL v oy 2 R EeryemzEe| C K #£8. SITESZVA, SIEJHH Sh 2O AL
U A
b/ F— R Im cd sr® cd R A SI BN CH Sh 55l
- ( f))E o (d) x i mf cd N - Wl bar |1bar=0.1MPa=100 kPa=10°Pa
} ; Fl i 8 = -
TR PR AR O JA e g Vi 15iy s AKGHES U A — R mmHg| 1 mmHg~133.322Pa
TR, b= x ¥ —50 5. |, 2 2 . .
it g Gy Jikg m?s? Arv 7% hu—24 A |1A=0.1nm=100pm=10""m
2 i, 2 (o) ) o S s
iR A, AR~ T | SV Wiz m’s K= Y| b |1b=100fm’=(10%em)?=10%m?
i * {63 | 52— kat s mol J v K kn [1kn=(1852/3600)m/s
(SHEFFRAEA O & F & 785 & F ML L AR DETHATE 5, Lo UEIEZ L7z 0T 1350 R = 23| Np y -
SkE—L b TEAL, . STHAZ & DELAE A 722 BIFRIZ,
BT VT v AT T VT T O LISk 5 BALORBIAR4 T T, RICOWTONE S 2 5 diciibiu s, - & KPR D TE R AE
FEBKCIE, AT DRHCIFREBradk Vst VG D A28, B & L THSIEAL L L TORE Th 450 1135 > ¥ X ] dB
TRENRY,
@WHFETIIAT FTVT v VD AL i FsrZ PLOE LT OHIC, TOEEHREL TS,
@A~V IEHBRIC DN TR, X7 LB O EIBRIC DWW TORMER Sh 5,
@ BNV T REZFVE L OFRNRLTHT, EAVTRAREEZRT ZOIEAShS, BAVTIRELILEYD . . s e e
HEOKE SRFA—ThB, LitioT, MEACRENRELZEZTKINLE S ORI TELTHLRLTHS, D 03%.%&%099%’%1%%”‘ r—
ORFHEZREOHUHRE (activity referred to a radionuclide) (%, LIE LiEi - 7= 5k Tradioactivity” & i2 S5, 45 s SI Bifir T S 5 HE
(QHf > —~L b (PV,2002,70,205) 22\ TiXCIPMAE2 (CI-2002) % &M, ES v | erg |1 erg:10'7J
" - N , 4 A dyn |1 dyn=10'5N
A g R L Bl P ST B AL O 15 9 ;
K4 WEOBICHFTOMH L 7B % & LS B O] # 7 P |1 P=1dyn s cm®=0.1Pa s

ST AHZ Hif7

7
v
x
F — 27 %[ St |1St=lem’®s'=10"m?s’
7
k

HAST R o s | SIEARMIZED A i i
E% A F sb |1 sb=1cd cm?=10*d m™
picl 4 A % Pas m? kg st 7 * ph |1 ph=lcd sr em? =10%1x
h o ' — A v MM=a—brr—tn Nm m’kg s> bl V| Gal |1 Gal=lcm s?=10?ms?
* i} & Hl==z—bhofgEA— L N/m kg s ~ 7 A U = JU| Mx [1Mx=1Gcem’=10°Wb
14 ; S }f% T R rad/sq m m'i s'i:s'; H 74 Zl G |1 G=1Mxcm?=10"T
£ i i 7 o7 v ERED rad/s” mm’s?=s" - = o 1 (a) 3 -1
B om B, M B ED MEEEA— L Wi [kes® R
g ) > . a) 37ERDCGSHALR & SITHIEHEBE TE AV, H5 [ & )
ARE, = br b —|Pa— Iy JIK m’kg s2K! FEHISBIRE T b DO TH B,
HEER, oy hr E—|va—rmxarsamires (Jikg K)  |m?s?K?
b = x L ¥ —|Pa—nrEXursIs Jlkg m?s?
# I b H|U o MEA— ESAEY (W(mK)  |m kg s?K? #10. STZJE S 72 Z DAt AL D ]
M = x L X —|Ya—nAmilA— ML [Jm? m'kg s? EAa %3 SI HLAZLTF S5 HE
& R o B EEArEA-bL Vim mkgs®Al ¥ = U~ Ci |1Ci=3.7x10"Bg
& i # ey —w o fmszi A — 4 |Cm? m?®s A v v b 7 ¥ R [1R=2.58x10"Clke
?'f - %ﬁj fé,_ " ?’j Z’“ = /Eulgj - ;ﬂ/ C/mz m'z sA 7 K| rad |1 rad=1cGy=107°Gy
HOREE, XXM — kv |C/m m-sA _ 02
% & |77 5 1A= P F/m mP kg5 A2 ; 5 i o 1 reinl_l,rc_slv(ﬁg Sv
% 53 B~ Y —fFEA— Vv H/m m kg s?A? > - < ! 1 ;;/::__1 fm=10"m
E L T %X L F —(Pa—n@mEL J/mol m?kg s mol™ CMABHT ; _ \; ,T _ _ -4,
EATY h B E—, EABER| Y2 A e EY [Jmol B) [m?keg s K mol™ ARRC 1 A=MERTD S PElRgSEITis
WS (XERO, ) [7—nvmrnrsa Clkg T A . . U Torr |1 Torr = (101 325/760) Pa
W 0 P 5 =l it st Eo# Kk &K JE|[ atm |1 atm =101 325 Pa
58 & bzt BTy MEAT VT Vv Wisr m*m?kg s?=m’kg s” Vil =1 J || @ ||P A (L5Cy = V=), 4.1868]
& i i FE|7 o b A= iz 7 o7 |Wim2sy) [m? m?kg sP=kg s (MMsa Y =), 4.184d (BL2E B a Y —)
B 6 M S mr S A— b |katim®  m®s!mol S 7 2 v op | 1p=1um=10"m

(FH8HR, 20064F)






