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Toward the revision of JENDL-4.0, we conducted a literature survey on how to compute the cross section
of thermal neutrons scattered by a liquid. This report summarizes the computational methods for evaluating
thermal neutron cross sections with molecular dynamics simulations. The cross section can be expressed with
a function called “scattering law”. For light and heavy water, the scattering law data instead of the cross
sections have been provided in nuclear databases. In this report we review the formulations of the scattering
laws. The scattering laws can be derived from both the intermediate scattering function and the space-time
correlation function. Features of the derived scattering laws are briefly explained. It is shown that the
scattering law data can be evaluated using a molecular dynamics simulation of the liquid that is the target of

thermal neutrons.
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1. Introduction

In nuclear power plants, light and heavy water are used as moderators. Thermal neutron scattering data for
these materials are fundamental to the detailed design and theoretical analysis of reactor cores. Cross sections
for the thermal neutron scattering can be expressed using a function called as “scattering law”. In nuclear
data libraries such as ENDF/B-VIILO0," JEFF-3.3% and JENDL-4.0,% the scattering law data have been
provided for light and heavy water.

In JENDL-4.0, the thermal scattering law data for light and heavy water in ENDF/B-VL,* which were
evaluated on the basis of the experimental data measured in 1960s, have been adopted. In ENDF/B-VIIL.O,
the scattering law data have been updated using recent experimental data and more sophisticated
computational methods with molecular dynamics simulations. Damian et al.>® evaluated the thermal
scattering data and their data have been compiled in ENDF/B-VIIL.0. Their data for heavy water have also
been adopted in JEFF-3.3.

In Japan, a theoretical approach has been made by Abe et al.””® independently to evaluate the scattering
law for light water. They also utilized the molecular dynamics simulation and obtained the results which were
in good agreement with available experimental data. Their data will be adopted in the next version of JENDL-
4.0.

Toward the development of the next JENDL, we plan to calculate the scattering law data for heavy water.
For light water, measured thermal cross sections can be evaluated by using the scattering law for “incoherent”
scattering.’™® On the other hand, for heavy water, we should consider the “coherent” scattering.>® To evaluate
the scattering law data for heavy water, we conducted a literature survey of the computational methods.

This report summarizes the result of our survey, and is constructed as follows. In Section 2, general
formulas of cross sections for thermal neutron scattering are presented. The cross sections have been
formulated by the first order perturbation method of quantum mechanics. In Sec.3, three kinds of functions
known as “intermediate scattering function”, “scattering law”, and “space-time correlation function” are
introduced. In Sec.4, the scattering laws for incoherent scattering are derived from both the intermediate
scattering function and the space-time correlation function. In Sec.5, the correlation functions for coherent
scattering in Sec.3 are formulated into more practical forms. In Sec.6, some features of scattering laws such
as “sum rules” and “quantum corrections” are briefly mentioned. In Sec.7 we mention the computational
methods of thermal scattering laws for light and heavy water. Summary and concluding remarks are given in
Sec.8.

Theory of thermal neutron scattering for atomic systems was shown by Van Hove® using the space-time
correlation function in 1954. Since then the subject is being widely studied. It is noted that formulations in
Sec.2 and Sec.3 are based on the textbook of Squires.!” The intermediate scattering function for incoherent
scattering in Sec.4 is formulated on the basis of the work of Rahman et al.!" The works of Damian et al.>®

and Abe et al.”® were referenced in the computational methods with molecular dynamics simulations in Sec.7.
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2. Cross Section

In this section angle-energy double differential cross section is formulated according to the prescription in

the textbook of Squires.'?

2.1 General Expression of Cross Sections

Angle-energy double differential cross section for the direction (6, ¢) in the polar coordinate with the

emission energy between E’ and E’ + dE' is expressed by!?

number of neutrons scattered per unit time into a small solid angle d(}
d*o __in the direction (6, ¢) with emission energy in the range [E', E' + dE’]
dQdE’ ® dQ dE’ ’

2.1)

where @ is the flux of incident neutrons with energy E. Angle-differential cross section is expressed by

do  number of neutrons scattered per unit time into dQ in the derection (8, ¢)

an - @ d (2.2)
Energy-differential cross section is
do _ number of neutrons scattered per unit time with emission energy in [E', E' + dE'] 23)
dE' o dE’ '
The total cross section is obtained by
number of neutrons scattered per unit time
o= . (2.4)
D
The above cross sections are related with each other as follows.
do  (* d’o E
aa~ J, dadE " (2:5)
do _ [ &0 1o0_5 fﬂ @0 in6ds 2.6)
de’ ~ ) aaaE’ @ T ") aaaE " '
_ [Lgq - fﬂda' Bde—deadE’ 2.7
=] —TtOdQsm =), agE 2.7

In Egs.(2.6) and (2.7) we assume do/d() depends only on the polar angle 6 but not on the azimuth ¢.

2.2 Scattering with a Target State Transition

We consider a neutron with wavevector k incident on a target in the state A. The wavevector k isrelated
to the momentum of the neutron by p = hE, where A is the Planck’s constant divided by 2m. The neutron
interacts with the target via the potential V. The neutron is finally scattered with the wavevector P, and the
target is transferred into the state A'. We assume the target consists of N nuclei. Their position vectors are
denoted by E)(l = 1,2, ... N), and the position vector of the neutron is expressed by #. The neutron mass is
written as m and the mass of the [-th atom is denoted by M,. The energies for the incident and scattered
neutron are given by E = h?k?/2m and E' = h?k’?/2m. The energies of the target in the initial A and

final A’ states are expressed by E; and Ej,, respectively.
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The cross section can be formulated on the basis of the perturbation theory for which the interaction causes
a transition.'? In the first order perturbation method, the transition probability per unit time from the initial

state (I_c), A) to the final state (P), A" is expressed by

2y = - 2
Wy o o =7|< KXWk A>| pe, (2.8)
<K XN|VIkA>= fl/)%){;:Vl/)%)(ldﬁdF, (2.9)
dR = dR,dR, ..dRy , (2.10)

where 1 and 17 are neutron wavefunctions in the states k and k', and y, and yx, are target
wavefunctions in the states 1 and A', respectively. We assume they are functions of space coordinates.

Eq.(2.8) is known as “Fermi’s golden rule”. The quantity p;7 is the number of states in d{) per unit energy

range for neutrons in the state K.

The angle-differential cross section is given by

do 11
- =——W-. — . 2.11
(dQ)A_%, ddO kA-K ( )
To derive the cross section we apply “box normalization”,!” where the neutron and target system is in a

large cubic box with the length L and volume Y = L3. The neutron wavevectors form a lattice in k space

with the unit cell volume

B (27[)3 - & (2.12)
WET) Ty '
The number of states in dQ) with energy between E’ and E' + dE’ is
. Kk?dk'dQ
ppdE = ——. (2.13)
Vkr
Since the emission energy of the neutron is
fLZ
E'=—k'? (2.14)
2m
we have
hZ
dE' = —k'dk’. (2.15)
m

From Eqgs.(2.12), (2.13) and (2.15), pg; is given by

L 2.16
pk/_(zn.)3h2 ' ( )

In Eq. (2.9) we use a plain wave for the neutron wavefunction

1 .
Vr = WeXp(ik ‘7). (2.17)
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From Eq.(2.17), Eq.(2.9) is written as
—_— - 1 -— - % ed - =
<k AWV|k,A>= ?_[ exp(—ik'-7) x;/V exp(ik - ) x,dRd7 . (2.18)
We shall rewrite the left side to < k’, 2’|V |k, A >/Y. Then
<K XVIkA>= f exp(—iﬁ )XV exp(ik - 7) y,dRd7 . (2.19)

The flux of incident neutrons is the product of their density 1/Y and velocity hk/m,
© = 1hk
TYm’

Substituting Eqs.(2.16), (2.19) and (2.20) into Eq.(2.11), the angle-differential cross section is given by

do 11 kK, m\2, — N 2
( ) w =—(05) |<KF.2WiEL>| . 2.21)
A-Ar

(2.20)

dQ)sa  @da R T I QR?
The expression for angle-energy double differential cross section is obtained using the Dirac delta function

10,12)

by,

( o > k’( m )2 |< ¥, 2k 2> * S(Ey—Ey+E—E" (2.22)
—, = —| — ) ) A_ A’ - . .
d0dE’) "k \ann?

The 6 function relates to the conservation of energy between the initial and final states.
2.3 Fermi Pseudopotential

If the potential of the neutron due to the [-th atom is expressed by V;(#), the potential for the whole

scattering system is

N
V= Z V(7). (2.23)
=1

In Eq.(2.23) we apply the “Fermi pseudopotential” for V;. The potential is defined by

2mh?

m

Vi@ =—— b 8(F~Ry), (2.24)

where b; is the scattering length, and &§(X) is the three-dimensional Dirac delta function.

The scattering length b; is for a fixed atom, and related to the “free” scattering length blf by

b/ (2.25)

For the free scattering length, the neutron mass in Eq.(2.24) is altered to the reduced mass mM,/(m + M;)

to treat the scattering in the center-of-mass system.
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From Egs.(2.19) and (2.24) we obtain

<KL AV|kA>= f exp(—ik’ - 7) x5 V exp(ik - 7) x5 dRdF

N
2mh? —
= z b, < X exp(ik - R)I1 >, (2.26)
m =
< X'| exp(iK - E{)M > = j)(;, exp(iKk - E) 12dR, 2.27)
where
R=k—k. (2.28)

The space variable 7 of the neutron disappears in Eq.(2.27) because of the § function in the Fermi
pseudopotential in Eq.(2.24). The vector K is known as “scattering vector”. (In nuclear data libraries, the
variable a in the scattering law is defined by a = h?k?/(2mA,kgT), where A; is the ratio of the mass of
the atom to that of the neutron, kg is the Boltzmann constant, and T the target temperature.)

From Egs.(2.22) and (2.26) we obtain

2

N
d%o k' , I )
(deE’) ’ =7 Zbl < X|exp(ik-R)|A>| 6(Ey—Ey+E—E"). (2.29)
A-4 =1
2.4 Integral Representation of the Dirac § Function
The § function can be expressed in the integral form by!'%!?)
1 [o9]
6(x) = %f exp(ikx) dk . (2.30)
&(x) is an even function,
6(—x)=6(x), (2.31)
and for a positive constant c,
1
6(cx) = Eé'(x) . (2.32)

Using Eqgs.(2.30), (2.31) and (2.32), the § function in Eq.(2.29) is expressed as
S(E,—Ey+E—-E)= %f_:exp{i(EA, — E)t/h}exp(—iwt) dt, (2.33)
where w is defined by
hw=E—E'" (2.34)

(In nuclear data libraries, the variable £ in the scattering law is defined by g = —hw/(kgT).)

If we write the Hamiltonian of the target as H, we have

exp(—iHt/h) |A > = exp(—iE;t/R)|A > . (2.35)
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From Egs.(2.29), (2.33) and (2.35) we obtain

dQdE’ A_W_ klll=1 P exp( LK u) >< |exp(l;c z)| >

1 (> . .
X ﬁf_wexp{l(ﬁ, — E;)t/h}exp(—iwt) dt

k’ 1 3 ® .o 5 1
=7ﬁ;1bbbl f < Alexp(=ie- Ru)|A’ >

x < A'|exp(iHt/h) exp(iK - E)) exp(—iHt/h)|A > exp(—iwt)dt . (2.36)

The last step comes from Eq.(2.35).

2.5 Scattering by a Target at Temperature T

We assume the target is in the thermal equilibrium state at temperature T. The cross section in Eq.(2.1) is
obtained by summing the partial cross section of Eq.(2.36) over all final states with keeping the initial state
fixed, and then by averaging over all initial states using the Boltzmann distribution.

The probability that the target is in the state 4 at T is given by

1
pa = Eexp(—Ezﬁ) ) (2.37)
Z= Z exp(—E;B), (2.38)
7
_ 1
g = kB_T ) (2.39)

where kg is the Boltzmann constant, and Z is known as the “partition function” which ensures

Zpa -1, (2.40)
A

Using the closure relation for a pair of operators A and B, we have

z < AAIX >< V|BIA >=< /1|AZ | >< 2| B]A >=< A|AB|1 >. (2.41)
A A1

From Egs.(2.36), (2.37) and (2.41) we obtain

dza_k’libbfw (.t)dtz

dOdE' ~ k 2mh wor) SXPAT® P2

=1 A

x < A| exp(—ik * R,) exp(iHt/h) exp(i# - R;) exp(—iHt/h) |1 > . (2.42)

Eq.(2.42) can be expressed using the Heisenberg operator E(t), defined by

R,(t) = exp(iHt/h) R exp(—iHt/h) . (2.43)
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From Eq.(2.43) we have
exp{i% - R,(t)} = exp(iHt/h) exp(iK - E) exp(—iHt/h) . (2.44)

Regarding R—l,) ,

R,(0) =Ry, (2.45)
exp{ —ik - R, (0)} = exp(—ik - R},) . (2.46)

From Eqgs.(2.42), (2.44) and (2.46), we obtain

dzo- k’ 1 N « —_— —
= Taah O, b f < exp{—i% - R, (0)} exp{i% - R,(t)} > exp(—iwt) dt,
Irl=1 —®©

dQdE’ ~ k
(2.47)

where

< exp{—iﬁ . R_Z,)(O)}exp{il? . E(t)} >r= Zpa < 1| exp{—iﬁ . R_l,)(O)}I/l’ >< A’lexp{iﬁ . E(t)}lﬂ >,
AAr

(2.48)
2.6 Coherent and Incoherent Scattering
Eq.(2.47) is written as
dc kK 1 v g
T0dE = ?ﬁlzl by, b; f_m< exp{—ix - R, (0)} exp{uc . Rl(t)} > exp(—iwt) dt
i

K1, ([
+?ﬁz b? f < exp{—iK - E(O)} exp{ix - E(t)} >, exp(—iwt) dt . (2.49)

=1 -

We assume there is no correlation between the scattering length b and the nuclear site in the bracket
< -+ >, and no correlation between the scattering lengths of different nuclei.
The scattering length of an element may not be constant for different isotopes and nuclear spin states. If

the value b; occurs with relative frequency f;,

Z fi=1, (2.50)

we use the average value b for the element
b =Zfibi. @2.51)
i

Therefore

2
bb = (Z fibi) . 2.52)
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The average value of b? is

b7 = Z fib? . (2.53)
i
Using Eqgs.(2.52) and (2.53), for the target consisting of the element, Eq.(2.49) is rewritten as
o _ppk 1 EN: " < exp{—ift - Ru(0)} exp{if - Ri(D)} >7 exp(—iwt) dt
q0ap PP 27Thl . ). expi—iK - Ry, expiiK - R; r exp(—iw
kl N [00]
+(b? — bb ?ﬁZ[ < exp{—iK - E(O)} exp{iK - E(t)} > exp(—iwt) dt.

1=1""%

(2.54)
The first term is known as the “coherent” and the second term as the “incoherent” cross section. Both the
coherent and incoherent scattering depend on the correlation between the positions of the same atom at
different times.!” Moreover, the coherent scattering depends on the correlation between the positions of the

10)

different atoms at different times, which gives “interference” effects.”™ If the target consists of a single

isotope with zero nuclear spin, all the b values are equal, and the scattering is entirely coherent.
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3. Correlation Functions

Formulation of this subject is due primarily to Van Hove.” We introduce correlation functions according

to the textbook of Squires.'? The target is assumed to be consisting of a single nuclide, for simplicity.

3.1 Coherent Scattering

Angle-energy double differential cross section for coherent scattering is expressed using Eq.(2.54) as

N
d?c o.on k' 1 ® — 5
< > — _coh Z f < exp{—iK - R;,(0)} exp{ik - R,(t)} >; exp(—iwt) dt,
co ni=1"-%

dOdE') ~ 4m k 2mh
h (3.1)
with
Ocoh I
e bb. (3.2)
We define a function (K, t), known as the “intermediate scattering function”, by
N
— 1 P —— P S=d
I1(K,t) = N Z < exp{—uc . Rl,(O)} exp{uc . Rl(t)} >r, (3.3)
rl=1
where N is the number of atoms in the target.
We next define functions G(7,t) and S(K,w) by
1
o@a:aadﬁmawm4ﬂada (3.4)
S(K,w) = 1 fwl(* t) exp(—iwt) dt
Kw) =5 B K, t) exp(—iw . (3.5)

G(7,t) is known as the “space-time correlation function”, where 7 is the space variable of the target.
S(K,w) is known as the “scattering law”. Note that I(K,t) is dimensionless, G(7#,t) has dimensions
[volume] 1, and S(¥,w) has dimensions [energy] 2.

From the inverse relations for Fourier transforms, we have

1@@=famoamm¢ma (3.6)
I(K,t) = thS(E, w) exp(iwt) dw, 3.7
and
60 = [ s (R 7 dR d 3.8
7, t) —Wf (K, w) exp{—i(K -7 — wt)} dK dw, (3.8)
1 5 o
S(K,w) = ﬁf G t)exp{i(K -7 — wt)}dF dt . (3.9)

The functions I(¥,t), G(¥,t) and S(K,w) are related to each other by the Fourier transforms, aside from

the constant factor h.
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From Egs.(3.1), (3.3) and (3.5), the cross section is obtained by

d?c O.on k'
< ) = 2L NS(R,w) . (3.10)
coh

dQdE’ i k

3.2 Incoherent Scattering
Similarly with coherent scattering, angle-energy double differential cross section for incoherent scattering

is expressed using Eq.(2.54) as

N
d?c Oinec k' 1 ® - =
< ) _ Oinc 2 f < exp{—ilz . RZ(O)} eXp{i}Z . Rl(t)} > exp(—iwt) dt,
in =1°7%®

dQdE') "~ 4m k 2mh
¢ (3.11)
with
Oinc 5  Ir
=b%—bb.
o b (3.12)
We define a function I,(K,t), known as the “self-intermediate scattering function”, by
N
- 1 P Lo T
L(Rt) = Nz < exp{—i¥ - R;(0)} exp{ik - R, (D)} >r . (3.13)
=1
We next define functions G¢(7,t) and S¢(¥,w) by
1
GS(F, t) = Wf IS(IZ, t) exp(—ik’ ) F) dk’, (314)
- 1 “ - .
S.(K,w) = ﬁj_mls(lc, t) exp(—iwt) dt. (3.15)

G,(7,t) is known as the “space-time self-correlation function” of the target system. S,(K, ) is known as
the “self-scattering law”. Note that I (K,t) is dimensionless, G¢(7,t) has dimensions [volume]™!, and
S¢(K,w) has dimensions [energy] ™.

From the inverse relations for Fourier transforms, we have

1(R,£) = f GG ) exp(iRt - 7) dF, (3.16)
(K, t) = hf S¢(K, w) exp(iwt) dw , (3.17)
and
6.6,0) = s [ S.(8 ) exp{-iGe 7 — o)} i d (3.18)
s\, = (27_[)3 s\K, W) exXp L(K'T w Kadw, .
- 1 - s o -
S;(K,w) = ﬁf G,(F, t) exp{i(K -7 — wt)} dr dt. (3.19)

Aside from the constant factor #, the functions I,(K,t), G¢(#,t) and S¢(K,w) are related to each other by

the Fourier transforms.
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From Eqgs.(3.11), (3.13) and (3.15), the cross section is obtained by

d? k'
( o ) _ ek o o). (3.20)
inc

dQdE’ i k

3.3 Physical Interpretation of Space-time Correlation Function
Here we discuss space-time correlation functions according to the textbook of Squires.!” From Egs.(3.3)
and (3.4) we have

N
1 1 — —
G(7t) = @ N z f < exp{—ik - R, (0)}exp{ik - R,(t)} >rexp(—ik-#)dk. (3.21)
rl=1
If we write

< exp{—ir? . R_l;(O)} exp{ik’ . E)(t)} >r= f < (S{F7 - R_I,)(O)}exp(—ik’ . r_;) exp{ik’ . E(t)} > d;;,

322
we have ( )

N

- 1 1 — - Lo T .o T L > - _;

G t) = GnEN z J- < 8{r" = R;,(0)} exp(—ik - ") exp{ik - R,(t)} > exp(—ik - 7) dRdr
Irl=1

—

N
—1 1 o o > o Lo 7 . > > —
= (27_[)3 N Z f < 5{7" - Rll(o)} [f eXp{—iK ‘T — LK + iK - Rl(t)} dK] >T dar’. (323)
lrl=1

From Eqgs.(2.30) and (2.31),

1 > > P 1 P - — - =
Wf exp{—ik 7 — iK1’ +ik-R(t)}dKk = §{r" + 7 = R,(D)}. (3.24)
Thus we have
L
GGF O = Z f <8{r =R, (0} 8(r" +7 = R,(D)} > dr’ . (3.25)

Inl=1

Similarly, for incoherent scattering,
L&
Gs(#,t) = NZ f < 8{r —Ry(0)} 8{r +7 = Ry(8)} > dr . (3.26)
=1
Since the Heisenberg operator R;(t) is defined by R;(t) = exp(iHt/h) R, exp(—iHt/ h) and the

Hamiltonian H includes momentum operators, the operators R, (0) and R;(t) do not commute except the

time t = 0. Therefore, we must preserve the order of the operators and keep R_Z,)(O) on the left of E(t).

,11,
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If we ignore the commutation relation between R—Z,)(O) and E(t), we can carry out the integration in
Eq.(3.25). The result, known as the classical form of G(#,t), is
N
GL(#,t) = % Z < 8{F —R,(t) + R, (0)} >1. (3.27)
=1
For simplicity, we assume that all the nuclei are equivalent. Then, for fixed [’, the sum over [ gives the same
value whatever the value of ['. So the sum over [ and !’ is N times the sum over [ for fixed !’ = o.

Therefore,
N
GU(F, b) = Z < 8{F = Ri(t) + Re(0)} > (3.28)
=1

G°L(#,t)d7 is interpreted as the probability that, given a particle is at the origin at time t = 0, any particle
including the origin particle is in the volume d7 at position 7 at time t.!” In Eq.(3.28) the correlation
function G°'(#,t) does not depend on the properties of the neutron at all.

Similarly, from Eq.(3.26) we have

GEN(F,t) = < 8{F — Ry (t) + Ry (0)} >1. (3.29)
GEY(7,t)d7 is interpreted as the probability that, given a particle is at the origin at time t = 0, the same
particle is in the volume d7 at position 7 at time t.'?
From these formulations we obtain
J G (#t)dF =N, (3.30)
fG;—‘l(F, Ddi=1. (3.31)

At time t = 0, two operators R_Z,)(O) and E(t) in Eq.(3.25) commute, so we have

N
G(#,0) = % Z < 8{F —R;(0) + Ry(0)} >7

rnl=1

N
- Z < 8{F —~Ri(0) + Ro(0)} >7 = 6(7) + g(7), (3.32)
=1
where
5() = G,(7,0), (3.33)
and

=|

N N
9(F) = = Z < §{F — Ri(0) + Riy(0)} >7 = Z <SF-R(0)+Re0)} > . (3.34)
el 120

The function g(7) is known as the “static pair-distribution function”.
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4. Incoherent Scattering

In this section we formulate correlation functions into more useful forms. We discuss the incoherent
scattering prior to coherent scattering, because the correlation between different atoms is not included in the
incoherent scattering. The formulation presented here can be partly extended to coherent scattering. Moreover,
correlation functions for coherent scattering can be estimated approximately using the incoherent correlation

functions. They will be discussed in the next section. We assume that the target consists of a single nuclide.

4.1 Self-intermediate Scattering Function
4.1.1 Gaussian Approximation
The formulation is based on the work of Rahman et al.'” The self-intermediate scattering function is

defined in Eq.(3.13) by

N

I,(K,t) = %Z < exp{—iﬁ . E(O)} exp{il?: . E{(t)} >r. 4.1
=1

We assume the target is isotropic. Then dropping the averaging (1/N)Z; and putting [ = o in Eq.(4.1), we

have
(K, t) =< exp{—ik - R_O)(O)} exp{iK - R_(;(t)} P 4.2)
From Eq.(2.44), Eq.(4.2) is written as

I;(R,t) =< exp{—iK - R_O)(O)} exp(iHt/h) exp{ix - R_O)(O)} exp(—iHt/h) >¢

= exp(ihk?t/2M) < exp(iH't/h) exp(—iHt/h) >, (4.3)
H =H+ha(R 1), (4.4)

where M is the atomic mass and v, is the velocity vector of the atom o.

Eqgs.(4.3) and (4.4) are derived using the relation for the Hamiltonian H = H (R_o) ,Fo)),
exp(~ik - Ro) H(R, , Py) exp(ik - Rq) = H(Rg , Py + hi), (4.5)
where FO) is the momentum vector of the atom o. The above relation may be obtained by expanding
exponential functions in terms of R_O) and applying the commutation relations,
P, = —ih(0/0R,), [Ry, By] = RyP, — PR, = ih, [Ro, Ro] =0, [P,P]=0. (4.6)
The factors ifik?t/2M in Eq.(4.3) and h(K-7y) in Eq.(4.4) are formed by Eq.(4.5), where the momentum
Fo) is converted to F(; + Ak and the kinetic energy P,%/2M is altered to

— 2
(P, + h&)" /2M = P,?/2M + h(R - Vg) + h%K?/2M. 4.7)

Introducing the notation
A(K,t) = exp(iH't/h) exp(—iHt/h), (4.8)
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we have a following equation for A(K,t),
0A(K, t) /ot = ikv, ()A(K, t), 4.9)

where v, (t) is the projection of U, (t) along the direction of K. Eq.(4.9) can be solved by iteration, giving

the formal solution

2 t ty tn1
AR ) = Z(irc)nf dt, | dt, f dt, () v (£} (4.10)
— 0 0 0

In Eq.(4.10) every coefficient of the odd power of k involves an average of an odd power of the velocity,

and thus disappears. From Eq.(4.10) we have
t ty
< exp(iH't/h) exp(—iHt/h) >7=1— KZ-[ dt; | dty, < v (t)v(t) >r+ - (4.11)
0 0
As the first approximation we obtain

ty

t
< exp(iH't/h) exp(—iHt/h) >;= exp {—K’zf dt, | dty, < v (ty)v(ty) >T}. 4.12)
0

0
Assuming the isotropy of the target and ignoring the dependence of the direction of K, we obtain so called

the “Gaussian approximation”,

I§ (i, t) = exp{—K?yE(t)}, (4.13)
G R —
() = oM + 3j (t—t") <v(0) - v(t") > dt'. (4.14)
Here we use the relation'?
t ty t
f dt, | dt, < 9(ty) - v(ty) >5 = f (t—t") <v(0) - v(t") > dt'. (4.15)
0 0 0

The factor 1/3 in Eq.(4.14) is due to the isotropy (with respect to x-, y-, z-axis) of the target. To see Eq.(4.15),
the integration areas are shown in Fig.4.1. The double integral in Eq.(4.15) covers the shaded triangle in
Fig.4.1(a). Since < v¥(t,)-¥(t;) > depends only on the time difference t; —t, owing to the time
translation invariance, the integration can be carried out with the shaded part of Fig.4.1(b) for which t; — ¢,

is constant. The shaded area is

dt’
V2(t —t)— = (t — t)dt'. 4.16
( )\/E ( ) (4.16)
* (a) (b)
¢
dt' /N2
5 V2(t -t
O t " 0 dﬂ t
tl [r_’

Fig.4.1 Diagrams showing the region of integration in Eq.(4.15). (a) The double integration.
(b) The integration by t'.
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4.1.2 Principle of Detailed Balance
Here we mention the principle of detailed balance to derive the fluctuation-dissipation theorem. The

incoherent cross section is written from Egs.(2.29), (2.37) and (3.12) as

d?*c _ O'inck’ S B . 2 1
<d9d5'>im_ o E;Zm;:k/uexp(m R)|A>|" 6(E,—Ey +E—E). (4.17)

The cross section is obtained by summing over all final A’ states with keeping the initial A state fixed, and

then by averaging over all initial 4 states using the Boltzmann distribution.

From Eqgs.(3.20) and (4.17), the self-scattering law is written as
L&
— 2
S (R, @) = NZZ“Zk Xexp(i - R)|A > 8(E; — Ey + ho), (4.18)
=1 A A

with hw=E—E". (4.19)

If we assume w is positive, the neutron loses the energy and the target gain the energy by hw = E;, — E;.
Fig.4.2 shows a diagram of the energy levels. If we consider the function S;(—K, —w), this represents the
process in which the neutron gains the energy and the target loses the energy, and now A’ is the target initial
state and A is the final state. Therefore, the probabilities of the target initial states for S,(K,w) and

S¢(—K, —w) differ by the factor
pa/pa = exp{—(Ey — E3)B} = exp(— hwp) . (4.20)

Actually, from Eq.(4.18) and the hermicity of < /1'|eXp(il?: : E) |/1 >, with the help of Eqs.(2.31) and (2.37),

we obtain'®

N
1 —
Ss(7k—w) = Nz Z P Z|< Alexp(—ik - R;)|2 >|2 §(Ey — By — how)
=1 A A
1 N
= ﬁz Z exp(—EB) Z|< Alexp(—ik - R)|’ >|2 8(Ey, — Ey — hw)
=1 A 2

N
1 [ 2
= exp(-hwf) 7= . exp(~ER) ) |< Xlexp(iR - Ry)|A >[ 65 ~ By + hao)
=1 2 A

= exp(—hwp) S;(K, w) . (4.21)

Eq.(4.21) is known as the “principle of detailed balance”. In the disordered systems such as gases and liquids,

reversal of ¥ has no effect and thus

SS(_IZJ a)) = Ss (}ZJ Cl)) ] (422)

S, (K, —w) = exp(—hwp) S,(K, w) . (4.23)
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1
Es . Py =7exp(~ExB)  Z= ) exp(-E;f)
7
h(A):E)L,—El B=1/kBT
v 1
E; pi= EEXP(— E;B) py/pi = exp(—hwp)

Fig.4.2 Diagram of energy levels and their statistical probabilities.

4.1.3 Fluctuation-dissipation Theorem

From Eq.(3.20) the scattering law S;(K, w) is a real function while the intermediate scattering function
I;(K,t) is a complex function. If both I;(K,t) and S¢(K,w) are real, from Eq.(3.15), I;(K,t) is an even
function of t, and S;(K,w) is an even function of w, so the principle of detailed balance is not satisfied.
We can derive a relation between real and imaginary parts of I (%, t) using the principle of detailed balance.

If we write the complex conjugate of I,(K,t) in Eq.(3.13) as I3 (K, t), we obtain'®

%f_ IX(K,t) exp(—iwt) dt = ﬁﬁZ[ < exp{ ir- Rl(t)} exp{m Rl(O)} > exp(—iwt) dt

ZnhNZf ZWZ“”‘*XP(‘HU@ exp(—iié - R;) exp(—iHt/h)|1' >

X < A'|exp(ik - E)M > exp(—iwt) dt

ZIH
NGB

> 12 Y |< Xlexpi - RO >[* 68 - By - ho)
A

=1 A
1 N
—_ 2
Nz Z Das Z|< Alexp(—ik - R)|A' >| 8(Ey, — Ej — hw)
=1 Ar A
= exp(—hwp) S;(K, ) . (4.24)

The second step uses Eq.(2.44) for the Heisenberg operator, and the third step utilizes the integral

representation of the & function in Eqs.(2.30) to (2.34). In the fourth step the indices A’ and A is

interchanged using the hermicity of < A'lexp(iﬁ : E) |/1 >, and the final result is obtained from Eq.(4.21).
From Eq.(4.24) we have

1 (o]
- f 1 (i, ) exp(—iot) dt = exp(—hwp) S.(%, o) . (4.25)
Also, Eq.(3.15) is

1 ® - . -
ﬁf_mls(lc, t) exp(—iwt) dt = S,(K, w) . (4.26)
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If we write I,(K,t) = Re[l;(K,t)] + i Im[I,(¥,t)], Eqs.(4.25) and (4.26) give the relation

1 —exp(—hwp) [~

f: Im{1, (%, 0] exp(—iat) e = i F s [ Rell, (&, 0] exp(—ian) de

[o0]

= —itanh (#)J‘ Re[l;(K, t)] exp(—iwt) dt . (4.27)

Eq.(4.27) was derived using the principle of detailed balance based on the statistical physics. The relation in
Eq.(4.27) corresponds to the “fluctuation-dissipation theorem.”!) Since the scattering law S;(K, w) is real,

Re[I (%, t)] is an even function of ¢t and Im[I (%, t)] is an odd function of t. Thus

[o2]

fm Im[I;(K, t)] sin(wt) dt = tanh (@)[ Re[I; (K, t)] cos(wt) dt . (4.28)
0

0

In the disordered systems such as gases and liquids, reversal of ¥ has no effect, and thus
I,(—K,t) = I,(K,t). (4.29)
1;(K,t) in Eq.(4.25) has a following relation,

N

LK, —t) = %Z < exp{—iK - ﬁ[(—t)} exp{ix - E(O)} >
=1
L
=— ) <exp{-ik- E{(O)} exp{iK - E{(t)} >r=I.(Kt). (4.30)
N; T

4.1.4 Velocity Autocorrelation Function
We define the velocity autocorrelation function < ¥(0) - ¥(t) > in Eq.(4.14) according to the work of

Rahman et al.'! by

Im[< 9(0) - ¥(t) >7] = %jwwf(w) sin(wt) dw , (4.31)
0

Re[< 7(0) - v(t) >7] = Zg—l\?gfmg(w) cos(wt) dw . (4.32)
0

In Eq.(4.32), ¢ is a constant which has the dimension of [time]. < ¥(0) - ¥(t) >; is a replacement of the

Heisenberg operator from exp{ix - E(t)} to ¥(t) in the thermal averaging of Eq.(2.48). Thus the equation
similar to Eq.(4.18) can be derived by using Egs. (2.33), (2.35), (2.43) and (3.15), and that satisfies the
principle of detailed balance.

We apply the fluctuation-dissipation theorem to the velocity autocorrelation function. From Egs. (4.31)

and (4.32), for w > 0, we obtain the following relation

g(w) = £w coth (@) fw). (4.33)

,17,



JAEA-Review 2019-046

With the help of Eq.(2.30), Eq.(4.33) is derived from Eq.(4.28) by

% Ooo {J;)Oow’f(w’) Sin(a)'t) da)’} Sin((,l)t) dt = %Lm a)’f(w,) {L

_ Sh * I ’ 001 J; ! d d I
=ou ; wf(w)(fo E[cos{(w —w)t} — cos{(w’ + w)t}] t> W

_ Sh * ’ I 001 . I . l; d d ’
=ou ; wf(w)(fo Z[exp{l(w —w)t} + exp{—i(w' — w)t}] t) W

= % 0°° o' f(w") U_Zexp{i(w' — w)t} dt] dow' = %me’f(w') 5(w' — w)dw'

(o8]

sin(w't) sin(wt) dt} dw'

_ 3mh

=2 (4.34)

w f(w),

and

23_1\218 fooo {fomg(w,) cos(w't) d‘“'} cos(wt) dt = 23_1\/75 fom g(") {fomcos(w’t) cos(wt) dt} dw'

BE NN ! , , A
= SMe | g(w') (J; E[Cos{(w — w)t} + cos{(w’' + w)t}] t) W
(4.35)
3nh
= 9@
The left-hand side of Eq.(4.31) is written as
Im[< 9(0) - ¥(t) >7] = %{< 3(0) - B(t) >r —< B(0) - B(t) >4}
= L{<5(0)- 70) >p —< 70 50) >7)
= < [5(0), 5] >, 436)

2i
where [P,Q] = PQ — QP, and thus

fwlm[< v(0) - U(t) >rldt
0
= %J‘ {< [Ux(O), vx(t)] >T+< [Uy(O), vy(t)] >T-|'< [vz(O): vz(t)] >T} dt
0

1
= Z{< [v2(0), x(0)] >7=< [1£(0),x(0)] >7+< [1,(0), y(0)] >7—< [1,(0), y(0)] >
+< [VZ(O)IZ(OO)] >T_< [VZ(O)fZ(O)] >T}
3h ih

= (1200, 2(0)] = [1,(0), y(0)] = [v,(0), 2] = ~ 3 ) (437)

,18,



JAEA-Review 2019-046

The right—hand side of Eq.(4.31) is written as

- f dt f wf @)sin(wD) do = 5 f ~ cos(@t) f@)ZF do = o | fw) dw. @38)
From Eqs.(4.37) and (4.38) we obtain
fo " fwydw = 1. (4.39)
Using the representation in Eq.(4.14)
ve(e) = _W+ 3f (t—t") < 9(0)-b(t") > dt’,
Y6(t) is given by
VE() = % fo w]% [coth (#) {1 — cos(wt)} — i sin (wt)] do . (4.40)

Eq.(4.40) is proved as follows.

%L (t —t"H) Im[<v(0)-¥(t) >r]dt' = %Lw wf(a))fo (t —t") sin(wt") dt' dw
h [e9] t t
— : A d ! _ ! . A d ! d
_ZMJ; wf(w) {tfo sin(wt") dt fot sin(wt") dt } 1)

_ho(® cos(wtN] , cos(wt") ‘ Lcos(wt’)
_WL wf(w){—t[ ” L+[t - L—fo - dt }dw

0

%ft(t — t") Re[< B(0) - B(t)) >]dt’ = Wf w coth (%) f(w)f (t —t") cos(wt’) dt' dw
0 0
sin (wt") ‘ ,sin (wt") t Esin(wt’) |
2Mf wcoth( )f( ){[ ” ]—[t - L+J; - dt }dw

ZMf wcoth( B)f( ){ M }dw

ZMJ @) coth (h ﬁ) {1—-cos(wt)}dw .

yé(t) = ——+ f(t—t)<v(0) v(t) >p dt’

= ZL\; ZMf flw) coth hwﬂ){l — cos(wt)}dw + L{W—Wf flo )sm(wt) dw}

= iMf % [coth (@) {1 —cos(wt)} — isin(a)t)] dw
0
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It is pointed out that Eqs.(4.13) and (4.40) which characterize the Gaussian approximation can be derived
from a harmonic solid model, if I;(¥,t) is formulated by the first order perturbation method for one phonon
scattering.!“!1139 We can express the phonon states and their energies explicitly, and E)(t) can be
represented with creation and annihilation operators of the phonon. Egs.(4.13) and (4.40) can be derived from
Eq.(3.13) using these quantities. The Gaussian function of Eq.(4.13) is formed in elastic and one phonon
processes, and the relation in Eq.(4.40) is obtained through the formulation. In this report we did not specify
the target state except that the target is isotropic, and applied the fluctuation-dissipation theorem. We note
that the difference between liquids and harmonic solids arises in the frequency distribution f(w).

The function f(w), which gives the frequency distribution, is obtained from Egs. (4.31) to (4.35) as,

(o8]

f(w) = %% ) Im[< ¥(0) - ¥(t) >7] sin(wt) dt

_ 4M tanh(hwf/2)
"~ 3mh W

jooRe[< 7(0) - ¥(t) >7] cos(wt) dt . (4.41)
0

The self-scattering law S;(x, w) is obtained by the Fourier transform of I¢ (i, t) in Eq.(4.13). From
Eq.(3.15),

1 o0
5.000) =5 — f 16 (ke £) exp(—iot) dt . (4.42)

4.2 Classical Space-time Self-correlation Function

The classical space-time self-correlation function GE (7, t) is given from Eq.(3.29) by
GEL(F,t) =< 8{7 — Ry(t) + Ry(0) } >1. (4.43)

If the target is isotropic, GE'(#t) depends only on scalars r and t. GE(r,t)d7 is the probability that,
given an atom is at the origin at time t = 0, the same atom is in the thin shell d# = 4nr?dr at distance r
from the origin at time t.» The classical self-intermediate scattering function I§(k,t) is evaluated from
Eq.(3.16) by

co T
I8 (K, t) = J- GEY(r,t) exp(ik - 7) dT = 27Tf r? drf sin@ dO GE(r,t) exp(ikr cos 0)
0 0

0o 1
= 27Tf r2dr GE(r, t)f exp(ikr cos 8) d(cos )
0 -1

4 [*
=] GE(r,t) sin(kr) dr. (4.44)
0

The classical self-scattering law SE'(k, ) is obtained by the Fourier transform of I!(k,t). From Eq.(3.15),

1 (0]
S (k, w) = o f 184 (k, t) exp(—iwt) dt. (4.45)
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5. Coherent Scattering

In this section correlation functions for coherent scattering are formulated into more practical forms. We
apply the Vineyard approximation'® to take into account the correlation between different atoms. We also
derive the classical expression for the space-time correlation function according to the textbook of Squires.'”

The target is assumed to be consisting of a single nuclide.

5.1 Vineyard Approximation of Intermediate Scattering Function

The intermediate scattering function I(K,t) is defined in Eq.(3.3) by

N

1(K, t) =% z < exp{—iK - ﬁ;(O)} exp{iﬁ-ﬁ[(t)} >r. (5.1)
Irl=1

The evaluation of I(K,t) includes the sum which is N times the evaluation of I (K,t) in Eq.(3.13) for
incoherent scattering,

N

LR t) = %z < exp{—iR - R,(0)} exp{ik - R,(t)} > - (5.2)
=1

The calculation of I(K,t) is difficult for the target system which is composed of large number of atoms.

Vineyard showed a method to estimate I(¥, t). This is expressed as'"*'¥

1%,t) = I(R,0) I,(R,t) . (5.3)

Eq.(5.3) is known as the “Vineyard approximation”. In Eq.(5.3) the correlation between different atoms is
evaluated at time ¢t = 0.

From Eq.(3.6), I(K,0) is given by
1(7,0) = f G(F,0) exp(i - ) dF . (5.4)

From Eqgs.(3.32) and (3.34), we have

N
G(#0) = Z < 8{F = R,(0) + Ry(0)} >7= (A + g(¥), (5.5)
=1
and
N
9@ =) <6fF - Ri(0) + Ry} >r (5.6)
=1
l#0

g(@)d7 is the probability that, given an atom is at the origin at time t = 0, any other atom is in the volume
d7 at position 7 at the same time.'” The function g(#) gives the average particle-density with respect to

any atom as the origin.!?
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5.2 Classical Space-time Correlation Function

The classical space-time correlation function G¢(#,t) is given from Eq.(3.28) by

N
G b) = Z < 8{F = Ri(t) + Re(0)} >7. (5.7)
=1

If the target is isotropic, G°'(#,t) depends only on scalars 7 and t. G (r,t)d7 is the probability that,
given an atom is at the origin at time t = 0, any atom including the same atom is in the thin shell d7 =
4mr?dr at distance r from the origin at time t.'” The classical intermediate scattering function I¢(x, t)

is evaluated from Eq.(3.6) by
I (K, t) = f G (r,t) exp(ik - 7) d7 = an

o) s
r? drf sin@ dO G°(r,t) exp(ikr cos 0)
0 0
0 1
= Zﬂf r2dr G (r, t)j exp(ixr cos 8) d(cos )
0 -1

4 (o]
I ge (r,t) sin(kr) dr . (5.8)
0

The classical scattering law S¢!(k, w) is obtained from I¢!(k,t) by the Fourier transform of Eq.(3.5),

1 [ee]
Sk, w) = ﬁf 1 (k, t) exp(—iwt) dt. (5.9
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6. Discussion on Scattering Laws

In this section we review some features of scattering laws. We first introduce the scattering laws for a
single free atom in the classical and quantum cases. We then mention the sum rules and the quantum

corrections by referring to the correlation functions of the free atom.

6.1 Scattering from a Free Atom
We introduce correlation functions of a single free atom, for later discussion. The results for the free atom

can apply to a perfect gas consisting of identical atoms.

6.1.1 Classical Case
The probability that the atom with mass M has the velocity v at temperature T is given statistically
by'S)

3
L (MB\2 Mv?p
1@ = (52) ew (— . ) 6.1)
where B = 1/(kgT) is defined in Eq.(2.39). We suppose the atom is at the origin at time t = 0 and is 7
at time t. Since v = r/t, we have the space-time self-correlation function'®!¥
3
Mp \2 Mr?p
cl(y = —— . 6.2
G0 (27tt2) eXp( 2t2 ) (6.2)

The normalization factor is altered from Eq.(6.1). Eq.(6.2) corresponds to Eq.(3.29) for the free atom.
Analytic solutions for I'(K,t) and SS(K,w) are obtained directly by the Fourier transforms of

GEH(7,t). From Egs.(3.15) and (3.16) we have

" B, oy o K’t?
IS{(K,t) = j GEH(7,t) exp(ik - 7) d7 = exp (— 2M,8>' (6.3)
1
1 r® B \2 h?w?p
cl(g = — (g —i = - 6.4
SE (K, w) ZHhJ:mIS (K, t) exp(—iwt) dt (47TEr> exp( £ ) (6.4)
where
h2K?
E, = T (6.5)
In deriving Egs.(6.3) and (6.4), we used following math formulas'®
r2 P o - 2 § KZO-Z
fexp ~557 exp(iK-7)dr = (2mo“)zexp| — 5 ) (6.6)
- —i = 2y)2 —
f_m exp( 202) exp(—iwt) dt = (2mo*=)2 exp( > ) (6.7)
From Eq.(6.4) we have
SE(K,—w) = SEHK, w) . (6.8)

The classical self-scattering law S (¥, w) does not satisfy the principle of detailed balance.
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6.1.2 Quantum Case
We derive Sg(¥, w) according to the textbook of Squires.!” From Eq.(4.17), the incoherent cross section

1s written as

d%o Oinc k' - 2

- = — ! iR E,—E;y+E—E". 6.9
<dﬂd’5’>mc ine Zmzkz lexp(i7 - R)A > 8B —Ey +E—E).  (69)

From Eq.(3.20), S,(¥,w) is given by

- 7 P 2
S.(K,w) = ZpAZ|</1|exp(lK-R)|/l >| §(E, — Ey + hw), (6.10)
7 g
with

ho=FE—E'. (6.11)

We use a plane wave for the target wavefunction |4 >,

1 JE—.
A >= \/—7 exp(i¢ - R), (6.12)

where 1/4/Y is the normalization factor introduced in Eq.(2.17), and 5 is the wavevector of the free atom
in the state A. In Eq.(6.10) we have

- 1 - - = -
< X|exp(ik - R)|1 >= ?f exp{i(K + & — &) R} dR, (6.13)
where ? is the wavevector of the free atom in the state A’. The integral is zero unless
R=k—-k =8 -¢. (6.14)

The scattering vector K = k —k' is defined in Eq.(2.28). Eq.(6.14) implies the conservation of momentum.

This can be confirmed by multiplying wavevectors by #. If the condition is satisfied

< X|exp(i - R)|2 >= 1, (6.15)
and thus
Y l<xlexp(ir-R)a>| = 1. (6.16)
Al
Since ? =K+ &, we have
h2 h?
EA—E,V=m(fz—§’2)=—m(rc2+2;2-§?). (6.17)

Inserting the relation of Eq.(6.17) into the § function of Eq.(6.10) and applying Eq.(6.16) , we obtain
_ Jexp(—r2E28/2M) §{hw — (12 /2M) (k% + 2i - §)}dE

(5 0) [ exp(—h2E2B/2M) dE
B
B (4nE,)

N[~

exp{— 47; (hw — Er)z}. (6.18)
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Analytic formulas for I;(K,t) and G4(7,t) are obtained by the Fourier transforms of S;(K, ). From
Eqgs.(3.14) and (3.17) we obtain

I,(Kt) = hf_w Ss(K, w) exp(iwt) dw = exp {—}cz %}, (6.19)
3
L1 , Lo MB2( ,  MB
G,(7,t) = Wj I.(K,t) exp(—iK - 7) di = {2nt(t — ihﬂ)} exp{ r? 20— ihﬁ)}' (6.20)

From the definition of E, in Eq.(6.5) and the conservation of momentum of Eq.(6.14), we find E, in

Eq.(6.18) corresponds to the “recoil energy” of the atom. According to Eq.(6.18),
S, (K, —w) = exp(—hwp) S;(K, w) , (6.21)

so the principle of detailed balance is satisfied.

It is noted that from Eq.(6.18) we have

f S.(R w) d(hw) =1, (6.22)
f S,(K,w) how d(hw) = E,., (6.23)
where we used the math formulas'®!>
co xZ
f exp (— ﬁ) dx =+2m o, (6.24)
oo x2
X Vax=o0. 6.25
f_mxexp< 202) dx=0 (6.25)

Eqgs.(6.22) and (6.23) represent the “sum rules” for the free atom.

6.2 Sum Rules

We define the n-th moment by'®

ShK) = f S, (K, w) (hw)" d(hw) . (6.26)
S™(K) is expressed with I(K,t) in Eq.(3.17) as
" (om
ne2y — [ = -
S¢t(K) = (l) {atn Is(rc,t)}tzo. (6.27)
(K, t) = flf S¢(K, w) exp(iwt) dw , (6.28)

where I (K,t) is differentiated by time t at t = 0.
I;(K,t) is written in Eq.(3.13) as

N
1

I,(Kt) = NZ < exp{—iﬁ . E{(O)} exp{iﬁ : E{(t)} P (6.29)
=1
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Provided the interactions between atoms depend only on their positions and not on their momenta, operators
in the interactions commute with I.(K,t) at t = 0, so Eq.(6.27) is independent of the interactions at t =

0.'9 In such a case Eqs.(6.22) and (6.23) for the perfect gas are derived,

SQ(R) = L,(K,0) =1, (6.30)

S3(®) = E . (631)

The above relations are known as the sum rules.

6.3 Quantum Correction

We first mention quantum corrections using the free atom. From Eqs.(6.3) and (6.19) we have

K%t?
IS'(#,t) = exp (— 2Mﬁ> , (6.32)
, t(t —inp)
I,(K,t) = exp {—KZ W} . (6.33)
Schofield proposed the quantum correction for IS (¥, t) by!'®
(%, t) = ISk, t — inf)2). (6.34)
For a free atom,
, , . K (t — ihf/2)?

(7, £) = ISR, t — ihB/2) = exp {— T} (6.35)

From Eq.(6.35) we obtain

1
S(K,w) = ( p )2 exp {—i(hzwz — 2hwE, )} (6.36)
sy ATCE, AE, )’

which satisfies the principle of detailed balance and is a good approximation for E, < Aw.

Egelstaff proposed the quantum correction by'”

Is(R,t) = I¢* (§,\[t2 — inBt). (6.37)

Aamodt et al. proposed'®

E.B
LRt =e & ISRt — ihB/2). (6.38)

Both Egs. (6.37) and (6.38) produce Eq.(6.33) and that gives Eq.(6.18).

We next mention a quantum correction proposed by Abe et al.®) This correction has been applied to light

water. From Eqs.(4.13) and (4.40), 1S (k,t) is expressed by

I (i, t) = exp{—K*y (D)}, (6.39)
with
ye(t) = %f:% [coth (@) {1 — cos(wt)} — i sin (wt)] dw . (6.40)
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The classical limit of y%(t) is obtained from Eq.(6.40) by taking A — 0 and neglecting the imaginary part,

1 *flw
yea(t) = M_[)’_[O f(f)z) {1 — cos(wt)}dw . (6.41)
If we write

186 (1, ) = exp{~2y 14 (D)}, (6.42)

the quantum correction for the classical self-intermediate scattering function I§'(x,t) can be expressed by®
Ig (x, t)
LG t) = ————1Ik,t). 6.43
s ek (6.43)

S;(k, w) is obtained by the Fourier transform of I(x,t) in Eq.(3.15).
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7. Application to Light and Heavy Water

We mention the methods to evaluate thermal cross sections for light and heavy water.

Table 7.1 shows the cross sections of coherent (o,,) and incoherent (oy,.) scattering for hydrogen (H),
deuterium (D), and oxygen (O) atoms. Tabulated values are obtained from the recommended values of
Mughabghab!® for free nuclear scattering. Each value is multiplied by a factor (m + Mu)2 / Mﬁ for the fixed
nucleus (u=H, D, O, see Sec.2.3).

Table 7.1 Cross sections for coherent (ac‘f,h) and incoherent (O'#L C) scattering
u H D o
ot (b) 1.76 5.59 4.25

ot (b) 80.3 2.04 o

7.1 Light Water

As can be seen from Table 7.1, in light water, incoherent scattering for H dominates, so the coherent
scattering laws for H and O have been approximated by the self-scattering laws (incoherent
approximation)’®. We mention two kinds of evaluation methods. The first method is based on the Gaussian

approximation and the second method directly evaluates the space-time self-correlation function.

7.1.1 Gaussian Approximation
From Egs.(3.15), (3.20), (4.13), (4.40) and (4.41), the angle-energy double differential cross section per

atom for u =H, O can be evaluated using”

d?ot ot k'

a0dE ~ 4n k> 00 7.1
1 (o]

Sk, w) = P f I¥ (i, t) exp(—iwt) dt, (7.2)
I¥(k, t) = exp{—K2y*5(t)}, (7.3)
yRa(t) = 2;1/1 J-oofu(gw) [coth (h(;)ﬂ) {1 — cos(wt)} — i sin (wt)] dw, (7.4)

7o
4M, tanh(h 2) ®
fH(w) = 3n£ an (wwﬁ/ ) ; Re[< v,(0) - v,(t) >T] cos(wt) dt, (7.5)
or its classical limit A — 0,
fH(w) = 21‘3/[;;[)) J-°°< 1,(0) - v,(t) >7 cos(wt) dt . (7.6)
0

The frequency distribution f*(w) in Egs.(7.5) and (7.6) is normalized to satisfy Eq.(4.39),

fowf”(a))d(u =1. (7.7)
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The velocity autocorrelation function in Eq.(7.6) can be evaluated using a molecular dynamics simulation

of the target atoms. Abe et al. employed”

Ny Ne-j—1
1
<T(0) - TLGAL) >p= —z z T GiAL) - T (At + jAE) (1.8)
Nu(Ne = ) =1 =0

where At is the time step interval, N, is the total number of time steps, and N,, is the number of the u
atoms in the simulation. v, ;(iAt) is the velocity vector of the I-th u atom at the i-th time step at the
equilibrium temperature T. The average over i is based on the time translation invariance of the velocity
autocorrelation function. Abe et al. employed At = 0.05~0.1 fs, N, = 10°, N,y = 432, and N,_o =
216.” Damian et al. performed the molecular dynamics simulation with At = 0.1 s, N, = 10°, Ny-y =
1024, and Ny—o = 512.9 The SPC?” and TIP4P/2005f2" models have been employed for intra- and inter-
molecular potentials.

The angle- and energy-differential cross sections and the total cross section per atom are obtained from the

double-differential cross section using Eqs.(2.5) to (2.7) by

do*  (® d?g* JE 9
aQ  J, ddE’ (79)

dot d?ot T d2gt
— = | —=da=21| ——si 7.10
aE ~ ) a0ar “ =) qaap S0 (7.10)
b= (Y0 — o [ noan = [ 2 ap 1
o = a0 =2m T sin = T . (7.11)

As an illustration, the total cross section per molecule at around the room temperature is shown in Fig.7.1 as

a function of incident neutron energy.

w

N
o

22,23,24)

Experiments

Cross Section (b/molecule)

2
10— -— enorB-vilo (Damian et al.)>® -
[ - JEFF-3.3 i
I ——  JENDL-4.0 ]
I —— Abeetal g
10° 10"  10° 10 10" 10°

Incident Neutron Energy (eV)

Fig.7.1 Thermal neutron cross section for light water at around the room temperature. Cross sections for

ENDEF/B-VIIL.0, JEFF-3.3 and JENDL-4.0 have been produced from the hydrogen data in their libraries.
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7.1.2 Evaluation of Space-time Self-correlation Function

The classical space-time self-correlation function G < (#,t) forthe u atom is given from Eq.(4.43) by
G # 0) =< 8{7 - R, () + R,(0) } >1. (7.12)

el
IS

Assuming the target is isotropic, the classical self-intermediate scattering function (x,t) for p is

obtained from Eq.(4.44) as

(o8]

41
1k, t) = — f r G (r, t) sin(kr) dr . (7.13)
0

The function G! ool (r,t) in Eq.(7.13) can be evaluated using the molecular dynamics simulation. On the
calculation, the radial range is divided into small bins. G “l(r,t) can be obtained by counting the number
of atoms in each bin. Abe et al. took the radial range up to 15 A and divided the range into 10* bins.” As
the same with Eq.(7.8), G¥ “U(r,t) has been averaged over the N, atoms and the initial time
(iAt in Eq. (7.8)) for the fixed lag-time t.

The function I¥(x,t) in Eq.(7.2) can be estimated from I Lk, t) using the quantum correction by Abe
et al.Y From Eqgs.(6.39) to (6.43) we have

"6 (k, .
@k, t) = ﬁlﬁ' ‘i, t), (7.14)
149, t) = exp{—Kk2y*C (D)}, (7.15)
yRa(t) = 2;1/[” J:o f“iw) [coth (h(;)ﬁ) {1 — cos(wt)} — i sin (wt)] dw, (7.16)
Isu,cl,G (Kf, t) — exp{_sz,u,cl,G (t)}, (717)
PP T A i O
Psn = fo 221 - cos(wtl}do. (7.18)

The cross section in Eq.(7.1) is obtained from Eq.(7.2) and I (x,t) in Eq.(7.14). The function f*(w) in
Egs.(7.16) and (7.18) is estimated using Egs.(7.6) to (7.8).

It is pointed out that the quantum corrections® in Eq.(6.34) by Schofield,'® Eq.(6.37) by Egelstaff,!” and
Eq.(6.38) by Aamodt et al.'® are applicable if I “Uk, t) is fitted to an analytic form such as the spline

function.

7.2 Heavy Water
In order to evaluate the scattering law for heavy water, we use the coherent and incoherent scattering

lengths obtained from

u U
g a;

- h |-

b= |, b= e (7.19)

The index p specifies atoms in the molecule, e.g., u=1,2 correspond to D, and u=3 corresponds to O.
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From Egs.(2.49), (3.2), (3.3), (3.5), (3.12), (3.13) and (3.15), the angle-energy double differential cross

section per molecule may be expressed by

) [ 3 3
dg = k; D Blon bl S @) + ) ()P + B SER 0| (7.20)
vu=1 p=1
Caution is necessary that in the first term the sum is taken for different atomic combinations. The subscript
“d”in S Z” is the abbreviation of “distinct” which refers to pairs of distinct atoms in coherent scattering.”
If the number of molecules is N,,, there are 9N atomic pairs including the pairs for the identical atom.
The 9N2Z — 3N,, pairs contribute to S;“ (K, w) and remaining 3N,, contribute to S (K, w). Regarding
S¥(#, w), it can be evaluated using the prescriptions of the previous subsection. We mention the methods to

evaluate S;* (¥, w).

7.2.1 Vineyard Approximation
We can estimate S:i/” (K, w) in Eq.(7.20) for the u atom using the Vineyard approximation'® in Sec.5.1.

The function 1;*(K,t) corresponding to S;*(K,w) may be written as

Aw o) = 1;4®0) 15 (% 1), (7.21)
where IY(K,t) isthe self-intermediate scattering function for the p atom. From Eq.(7.21), S;“ (K, w) may
be written using Eq.(3.5) as

S;“(;Z,w) = SZ“OZ) SER, w) . (7.22)

The factor s;* () is called as the “partial structure factor”.>® s;*(k) may be obtained using Egs.(5.1) and

(5.4) to (5.6) by
sgt () =14(%,0) = f GH(#0)exp(ik-7) dF = f gt (P exp(iK-7) dF, (7.23)

with
N
GU) = GUH(F,0) = % D <O =R + Ry} >r, (7.24)
whHzwl)

where m is the position vector of the [-th y atom. The sum is taken for different atomic combinations.

If the target is isotropic, g;” (#) depends only on the scalar r. We consider that the pair correlation is
zero at r — oo, and subtract g, () = p,,, from g;"(r). Then Eqs.(7.23) and (7.24) are rewritten using
Eq.(5.8) as

4T i

sgt(e) = ’fmf r{gyt(r) — 1} sin(kr) dr, (7.25)

0

and
Nm
» 11 o

GE = ). <0l = [Ru(® — Ry >r. (7.26)

Pm * N, 4mr

wh=w.l)
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Pm gives the distribution of the v atoms viewed from the distant y atom, and corresponds to the number
density of v. The radial distribution function g3*(r) is normalized to unity at r - 00.*® Damian et al.>®
have employed the partial structure factor equivalent to Eq.(7.25) shown in the literature of Soper and
Benmore.?®

The factor s;" (k) can be estimated from Eqs.(7.25) and (7.26) using the molecular dynamics simulation.
On the calculation the radial range is divided into small bins. g;” (r) can be evaluated by counting the
number of atomic pairs assigned in each bin. As in Eq.(7.8), g;” (r) may be averaged over the time step

(iAt in Eq.(7.8)).

7.2.2 Skold Approximation
The angle-energy double differential cross section for the y atom may be obtained from Eq.(7.20) by

3
d’c* k' . .
= [z DYon b, SEE(R, ) + {(b )% + (B )2} SE(R, w)l . (7.27)
v=1

Eq.(7.27) is written with the Vineyard approximation in Eq.(7.22) as

3

d*o* k' . , .

s [bfoh Z bl syt () SE(#, w) + {(bh,)? + (b, )%} SE (%, w)l ) (7.28)
v=1

From Eqs.(3.10) and (7.19) the coherent scattering law for the y atom may be given by

3

bV
SH(R, ) = { 1+ Z col s;”(ﬁ)} SH(R, w) = sE(R) SER w), (7.29)
v=1 bcoh
where
3 bv
sh(iR) = { 14 Z oo s;”(ﬁ)} . (7.30)
y=1 Ccoh

sH(K) is the “structure factor” for the u atom.

Skold suggested that “the coherently scattered neutron intensity is composed of the scattering from several
atoms, the structure factor s#(k) being a measure of the effective number of atoms which contribute to the
intensity at the wavevector K. The recoil energy transferred to the atomic system is therefore
h%Kk?/{2M,s*(K)}, i.e., the same as if the recoiling mass were M, s*(i).”*” Skéld proposed the following

correction for Eq.(7.29),

SR, w) = s4(8) St (& (LD} Z, w). (7.31)
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7.2.3 Evaluation of Space-time Correlation Function

The another method for obtaining S;“ (K, w) in Eq.(7.20) is to evaluate G;’“ (7,t) directly. The classical

function G" G may be given from Eq.(3.27) by
Ny
G b) = Z < S(F—R,(®) +Ryn(0)} >r . (7.32)
(li D=L

vu cl

For a liquid with uniform density, G (#,00) would give a mean number density p.!” From Eq.(3.6) we

obtain
1P (R, 00) = J. G (#, 00) exp (iR - 7) dF o« 8(R) . (7.33)

This is not elastic scattering, which corresponds to the neutrons continuing in the forward direction.!” Thus

vu,cl
Gd

we subtract p from (7, t). Eq.(7.33) may be rewritten as

MG f (63" (7, D) — p}exp(iR - 7) dF . (7.34)

vu,cl

If the target is isotropic, G, ot l(r t) dependsonthescalars r and t. G, (r,t) can be estimated using

the molecular dynamics simulation. On the calculation, the radial range is divided into small bins.

Gy (r,t) can be evaluated by counting the number that |R,, R, (t) — v_l,(0)| is found in each bin. From

Eq.(5.8) we have
vu,cl 4 (@ vu cl
1,77 (k,t) = — (r,t) — pp} sin(kr) dr, (7.35)
0

where G:i’” ‘Cl(r, ) = p,,. Within the classical treatment, the scattering law S;” o (x,t) can be evaluated
using Eq.(3.5) by

1
Sk w) = o — f 134 (e, £) exp(—iwt) dt . (7.36)
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8. Summary and Concluding Remarks

In this report we reviewed the computational methods of the thermal neutron scattering cross section for
liquids. The angle-energy double differential cross section for targets in the thermal equilibrium states was
formulated using the first order perturbation method and the Fermi pseudopotential which describes the
interaction between the neutron and the target atom.!” The formulation was done with the help of the Dirac
delta function and its integral representation. Through the formulation, the coherent and incoherent scattering
components were derived. Three kinds of correlation functions known as the scattering law, the intermediate
scattering function, and the space-time correlation function were introduced, and the thermal cross section
was expressed in terms of the scattering law. These correlation functions are equivalent and related with each
other by the Fourier transforms. In the incoherent scattering, the cross section was expressed with the self-
scattering law. The self-scattering law was derived from the self-intermediate scattering function which was
formulated using the Gaussian approximation and the velocity autocorrelation function.!" The self-scattering
law was also derived from the space-time self-correlation function. In the coherent scattering, the
intermediate scattering function was derived using the Vineyard approximation.'® To gain understanding of
the present subject, the sum rules and the quantum corrections were discussed with the aid of the correlation
functions for the perfect gas. As applications, the methods for evaluating scattering laws were mentioned for
light and heavy water. Input parameters employed by Damian et al.>*® and Abe et al.”¥ in their simulations
were referred. It was shown that the correlation functions can be estimated with the molecular dynamics
simulation of the target atoms.

We note that the space-time correlation functions depend only on the relative positions and motions of the
target atoms, but do not depend on the properties of the neutron at all.'” By introducing the Fermi
pseudopotential, the interaction between the neutron and the target atom was integrated into the scattering
length. In the thermal averaging, the principle of detailed balance was taken into account. On the basis of the
fluctuation-dissipation theorem, the self-intermediate scattering function for the harmonic solid was
reproduced.'?

The present work was performed for the theoretical calculation of the thermal neutron scattering cross
section. We surveyed the methods applicable to liquids, and reviewed them. We plan to compute the scattering
law for heavy water with the molecular dynamic simulation. We will evaluate the incoherent scattering
component by the Gaussian approximation, and estimate the coherent component using the Vineyard

approximation. The evaluated data will be provided in the next JENDL.
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