
日本原子力研究開発機構

March 2020

Japan Atomic Energy Agency

JAEA-Review

2019-046

DOI:10.11484/jaea-review-2019-046

Survey of Computational Methods of Cross Sections

for Thermal Neutron Scattering by Liquids

Nuclear Data and Reactor Engineering Division
Nuclear Science and Engineering Center

Sector of Nuclear Science Research

Akira ICHIHARA



本レポートは国立研究開発法人日本原子力研究開発機構が不定期に発行する成果報告書です。

本レポートの入手並びに著作権利用に関するお問い合わせは、下記あてにお問い合わせ下さい。

なお、本レポートの全文は日本原子力研究開発機構ホームページ（https://www.jaea.go.jp）
より発信されています。

This report is issued irregularly by Japan Atomic Energy Agency.
Inquiries about availability and/or copyright of this report should be addressed to
Institutional Repository Section,
Intellectual Resources Management and R&D Collaboration Department,
Japan Atomic Energy Agency.
2-4 Shirakata, Tokai-mura, Naka-gun, Ibaraki-ken 319-1195 Japan
Tel +81-29-282-6387, Fax +81-29-282-5920, E-mail:ird-support@jaea.go.jp

© Japan Atomic Energy Agency, 2020

国立研究開発法人日本原子力研究開発機構 研究連携成果展開部 研究成果管理課

〒319-1195 茨城県那珂郡東海村大字白方 2 番地4
電話 029-282-6387, Fax 029-282-5920, E-mail:ird-support@jaea.go.jp



i 

JAEA-Review 2019-046 
 

Survey of Computational Methods of Cross Sections for Thermal Neutron Scattering by Liquids 
 

Akira ICHIHARA 
 

Nuclear Data and Reactor Engineering Division, 

Nuclear Science and Engineering Center, 
Sector of Nuclear Science Research, 

Japan Atomic Energy Agency 
Tokai-mura, Naka-gun, Ibaraki-ken 

 
(Received December 11, 2019) 

 
  Toward the revision of JENDL-4.0, we conducted a literature survey on how to compute the cross section 
of thermal neutrons scattered by a liquid. This report summarizes the computational methods for evaluating 
thermal neutron cross sections with molecular dynamics simulations. The cross section can be expressed with 
a function called “scattering law”. For light and heavy water, the scattering law data instead of the cross 
sections have been provided in nuclear databases. In this report we review the formulations of the scattering 

laws. The scattering laws can be derived from both the intermediate scattering function and the space-time 
correlation function. Features of the derived scattering laws are briefly explained. It is shown that the 
scattering law data can be evaluated using a molecular dynamics simulation of the liquid that is the target of 
thermal neutrons. 
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1. Introduction 
 

In nuclear power plants, light and heavy water are used as moderators. Thermal neutron scattering data for 
these materials are fundamental to the detailed design and theoretical analysis of reactor cores. Cross sections 
for the thermal neutron scattering can be expressed using a function called as “scattering law”. In nuclear 
data libraries such as ENDF/B-VIII.0,1) JEFF-3.32) and JENDL-4.0,3) the scattering law data have been 
provided for light and heavy water. 

In JENDL-4.0, the thermal scattering law data for light and heavy water in ENDF/B-VI,4) which were 
evaluated on the basis of the experimental data measured in 1960s, have been adopted. In ENDF/B-VIII.0, 
the scattering law data have been updated using recent experimental data and more sophisticated 
computational methods with molecular dynamics simulations. Damian et al.5,6) evaluated the thermal 
scattering data and their data have been compiled in ENDF/B-VIII.0. Their data for heavy water have also 
been adopted in JEFF-3.3. 

In Japan, a theoretical approach has been made by Abe et al.7,8) independently to evaluate the scattering 
law for light water. They also utilized the molecular dynamics simulation and obtained the results which were 
in good agreement with available experimental data. Their data will be adopted in the next version of JENDL-
4.0. 

Toward the development of the next JENDL, we plan to calculate the scattering law data for heavy water. 
For light water, measured thermal cross sections can be evaluated by using the scattering law for “incoherent” 

scattering.5-8) On the other hand, for heavy water, we should consider the “coherent” scattering.5,6) To evaluate 
the scattering law data for heavy water, we conducted a literature survey of the computational methods. 

This report summarizes the result of our survey, and is constructed as follows. In Section 2, general 
formulas of cross sections for thermal neutron scattering are presented. The cross sections have been 
formulated by the first order perturbation method of quantum mechanics. In Sec.3, three kinds of functions 
known as “intermediate scattering function”, “scattering law”, and “space-time correlation function” are 

introduced. In Sec.4, the scattering laws for incoherent scattering are derived from both the intermediate 
scattering function and the space-time correlation function. In Sec.5, the correlation functions for coherent 
scattering in Sec.3 are formulated into more practical forms. In Sec.6, some features of scattering laws such 
as “sum rules” and “quantum corrections” are briefly mentioned. In Sec.7 we mention the computational 
methods of thermal scattering laws for light and heavy water. Summary and concluding remarks are given in 
Sec.8. 

Theory of thermal neutron scattering for atomic systems was shown by Van Hove9) using the space-time 
correlation function in 1954. Since then the subject is being widely studied. It is noted that formulations in 
Sec.2 and Sec.3 are based on the textbook of Squires.10) The intermediate scattering function for incoherent 
scattering in Sec.4 is formulated on the basis of the work of Rahman et al.11) The works of Damian et al.5,6) 
and Abe et al.7,8) were referenced in the computational methods with molecular dynamics simulations in Sec.7. 
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2. Cross Section 
 

In this section angle-energy double differential cross section is formulated according to the prescription in 
the textbook of Squires.10) 
   
2.1  General Expression of Cross Sections 

Angle-energy double differential cross section for the direction (𝜃𝜃𝜃 𝜃𝜃� in the polar coordinate with the 

emission energy between 𝐸𝐸𝐸 and 𝐸𝐸𝐸 � 𝑑𝑑𝐸𝐸𝐸 is expressed by10) 

 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 �

number of neutrons scattered per unit time into a small solid angle 𝑑𝑑𝑑
in the direction �𝜃𝜃𝜃 𝜃𝜃� with emission energy in the range �𝐸𝐸�, 𝐸𝐸� � 𝑑𝑑𝐸𝐸��

Φ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  , 

where Φ is the flux of incident neutrons with energy E. Angle-differential cross section is expressed by 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑 � number of neutrons scattered per unit time into 𝑑𝑑𝑑 in the derection �𝜃𝜃𝜃 𝜃𝜃� 

Φ 𝑑𝑑𝑑  . 
Energy-differential cross section is 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑 � number of neutrons scattered per unit time with emission energy in �𝐸𝐸�, 𝐸𝐸� � 𝑑𝑑𝐸𝐸��  

Φ 𝑑𝑑𝑑𝑑𝑑  .            
The total cross section is obtained by 

𝜎𝜎 � number of neutrons scattered per unit time
Φ  . 

  The above cross sections are related with each other as follows.

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑 � � 𝑑𝑑�𝜎𝜎

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑
�

�
 , 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑 � � 𝑑𝑑�𝜎𝜎

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑 � 2𝜋𝜋 � 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 sin 𝜃𝜃 𝜃𝜃𝜃𝜃

�

�
 , 

𝜎𝜎 � � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑 𝑑𝑑𝑑 � 2� � 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑 sin 𝜃𝜃 𝑑𝑑𝜃𝜃 � � 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑�.

�

�

�

�
 

In Eqs.(2.6) and (2.7) we assume 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 depends only on the polar angle 𝜃𝜃 but not on the azimuth 𝜑𝜑. 
 
2.2  Scattering with a Target State Transition 

We consider a neutron with wavevector 𝑘𝑘�⃗  incident on a target in the state 𝜆𝜆. The wavevector 𝑘𝑘�⃗  is related 

to the momentum of the neutron by 𝑝⃗𝑝 � ℏ𝑘𝑘�⃗ , where ℏ is the Planck’s constant divided by 2𝜋𝜋. The neutron 

interacts with the target via the potential 𝑉𝑉𝑉 The neutron is finally scattered with the wavevector 𝑘𝑘𝑘���⃗ , and the 
target is transferred into the state 𝜆𝜆𝜆. We assume the target consists of 𝑁𝑁 nuclei. Their position vectors are 

denoted by 𝑅𝑅����⃗ �𝑙𝑙 � �𝜃2𝜃 � 𝑁𝑁�, and the position vector of the neutron is expressed by 𝑟𝑟𝑟. The neutron mass is 
written as 𝑚𝑚 and the mass of the 𝑙𝑙-th atom is denoted by 𝑀𝑀�. The energies for the incident and scattered 

neutron are given by 𝐸𝐸 � ℏ�𝑘𝑘�/2𝑚𝑚 and 𝐸𝐸𝐸 � ℏ�𝑘𝑘��/2𝑚𝑚. The energies of the target in the initial 𝜆𝜆 and 
final 𝜆𝜆𝜆 states are expressed by 𝐸𝐸� and 𝐸𝐸��, respectively. 

(2.5) 

(2.4) 

(2.3) 

(2.2) 

(2.1) 

(2.6) 

(2.7) 
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written as 𝑚𝑚 and the mass of the 𝑙𝑙-th atom is denoted by 𝑀𝑀�. The energies for the incident and scattered 

neutron are given by 𝐸𝐸 � ℏ�𝑘𝑘�/2𝑚𝑚 and 𝐸𝐸𝐸 � ℏ�𝑘𝑘��/2𝑚𝑚. The energies of the target in the initial 𝜆𝜆 and 
final 𝜆𝜆𝜆 states are expressed by 𝐸𝐸� and 𝐸𝐸��, respectively. 

(2.5) 

(2.4) 

(2.3) 

(2.2) 

(2.1) 

(2.6) 

(2.7) 

JAEA-Review 2019-046 

- 3 - 

The cross section can be formulated on the basis of the perturbation theory for which the interaction causes 
a transition.12) In the first order perturbation method, the transition probability per unit time from the initial 

state (𝑘𝑘�⃗ , 𝜆𝜆) to the final state �𝑘𝑘����⃗ , 𝜆𝜆𝑘� is expressed by 

𝑊𝑊��⃗ ,����,�����⃗ �� � 2𝜋𝜋
ℏ �� 𝑘𝑘𝑘���⃗ , 𝜆𝜆�|𝑉𝑉𝑉𝑉𝑉�⃗ , 𝜆𝜆 ��� 𝜌𝜌������⃗  , 

� 𝑘𝑘����⃗ , 𝜆𝜆�|𝑉𝑉𝑉𝑉𝑉�⃗ , 𝜆𝜆 � � � 𝑉𝑉������⃗
∗ 𝜒𝜒��∗ 𝑉𝑉𝑉𝑉��⃗ 𝜒𝜒�𝑑𝑑𝑑𝑑�⃗ 𝑑𝑑𝑑𝑑 , 

d𝑅𝑅�⃗  � 𝑑𝑑𝑑𝑑�����⃗ 𝑑𝑑𝑑𝑑�����⃗ … 𝑑𝑑𝑑𝑑������⃗   , 
where 𝜓𝜓��⃗   and 𝜓𝜓������⃗   are neutron wavefunctions in the states 𝑘𝑘�⃗   and 𝑘𝑘𝑘���⃗  , and 𝜒𝜒�  and 𝜒𝜒��  are target 
wavefunctions in the states 𝜆𝜆  and 𝜆𝜆� , respectively. We assume they are functions of space coordinates. 
Eq.(2.8) is known as “Fermi’s golden rule”. The quantity 𝜌𝜌������⃗  is the number of states in 𝑑𝑑𝑑 per unit energy 

range for neutrons in the state 𝑘𝑘����⃗ .  
The angle-differential cross section is given by 

�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑�

����
� 1

Φ
1

𝑑𝑑𝑑 𝑊𝑊��⃗ ,����,�����⃗ �� . 

To derive the cross section we apply “box normalization”,10) where the neutron and target system is in a 

large cubic box with the length 𝐿𝐿 and volume 𝑌𝑌 � 𝐿𝐿�. The neutron wavevectors form a lattice in 𝑘𝑘�⃗  space 
with the unit cell volume 

𝑣𝑣� � �2𝜋𝜋
𝐿𝐿 �

�
� �2𝜋𝜋��

𝑌𝑌  . 
The number of states in dΩ with energy between 𝐸𝐸𝐸 and 𝐸𝐸� � 𝑑𝑑𝐸𝐸𝑘 is 

𝜌𝜌������⃗ 𝑑𝑑𝑑𝑑� � 𝑘𝑘𝑘�𝑑𝑑𝑑𝑑�𝑑𝑑𝑑
𝑣𝑣��

 . 
Since the emission energy of the neutron is  

𝐸𝐸� � ℏ�

2𝑚𝑚 𝑘𝑘𝑘�, 
we have 

𝑑𝑑𝑑𝑑� � ℏ�

𝑚𝑚 𝑘𝑘�𝑑𝑑𝑑𝑑�. 
From Eqs.(2.12), (2.13) and (2.15), 𝜌𝜌������⃗  is given by 

𝜌𝜌������⃗ � 𝑌𝑌
�2𝜋𝜋��

𝑚𝑚
ℏ� 𝑘𝑘�𝑑𝑑𝑑𝑑𝑑 

In Eq. (2.9) we use a plain wave for the neutron wavefunction 

𝜓𝜓��⃗ � 1
√𝑌𝑌 �����𝑘𝑘�⃗ ∙ 𝑟𝑟� . 

(2.8) 

(2.9) 

(2.10) 

(2.12) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.11) 

(2.13) 
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From Eq.(2.17), Eq.(2.9) is written as 

� 𝑘𝑘����⃗ , 𝜆𝜆�|𝑉𝑉|𝑘𝑘�⃗ , 𝜆𝜆 � � 1
𝑌𝑌 � ������𝑘𝑘𝑘���⃗ ∙ 𝑟𝑟� ���∗ 𝑉𝑉 �����𝑘𝑘�⃗ ∙ 𝑟𝑟� ��𝑑𝑑𝑑𝑑�⃗ 𝑑𝑑𝑑𝑑 . 

We shall rewrite the left side to � 𝑘𝑘����⃗ , 𝜆𝜆�|𝑉𝑉𝑉𝑉𝑉�⃗ , 𝜆𝜆 �/𝑌𝑌. Then 

� 𝑘𝑘����⃗ , 𝜆𝜆�|𝑉𝑉|𝑘𝑘�⃗ , 𝜆𝜆 � � � ������𝑘𝑘𝑘���⃗ ∙ 𝑟𝑟� ���∗ 𝑉𝑉 �����𝑘𝑘�⃗ ∙ 𝑟𝑟� ��𝑑𝑑𝑑𝑑�⃗ 𝑑𝑑𝑑𝑑 . 

The flux of incident neutrons is the product of their density 1/𝑌𝑌 and velocity ℏ𝑘𝑘𝑘𝑘𝑘, 

Φ � 1
𝑌𝑌

ℏ𝑘𝑘
𝑚𝑚  . 

Substituting Eqs.(2.16), (2.19) and (2.20) into Eq.(2.11), the angle-differential cross section is given by 

�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑�

����
� 1

Φ
1

𝑑𝑑𝑑 𝑊𝑊��⃗ ,����,�����⃗ �� � 𝑘𝑘𝑘
𝑘𝑘 � 𝑚𝑚

2𝜋𝜋𝜋��
�

�� 𝑘𝑘𝑘���⃗ , 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆�⃗ , 𝜆𝜆 ��� . 
The expression for angle-energy double differential cross section is obtained using the Dirac delta function 

by,10,12) 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�����

� 𝑘𝑘𝑘
𝑘𝑘 � 𝑚𝑚

2𝜋𝜋𝜋��
�

�� 𝑘𝑘𝑘���⃗ , 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆�⃗ , 𝜆𝜆 ���  𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � 𝑑𝑑 � 𝑑𝑑�� . 

The 𝛿𝛿 function relates to the conservation of energy between the initial and final states. 
 
2.3  Fermi Pseudopotential 
  If the potential of the neutron due to the 𝑙𝑙-th atom is expressed by 𝑉𝑉��𝑟𝑟𝑟�, the potential for the whole 
scattering system is  

𝑉𝑉 � � 𝑉𝑉��𝑟𝑟𝑟�
�

���
 . 

In Eq.(2.23) we apply the “Fermi pseudopotential” for 𝑉𝑉�. The potential is defined by 

𝑉𝑉��𝑟𝑟� � 2𝜋𝜋𝜋�

𝑚𝑚  𝑏𝑏� 𝛿𝛿�𝑟𝑟 � 𝑑𝑑����⃗ � , 
where 𝑏𝑏� is the scattering length, and 𝛿𝛿�𝑥𝑥𝑥� is the three-dimensional Dirac delta function. 

The scattering length 𝑏𝑏� is for a fixed atom, and related to the “free” scattering length 𝑏𝑏�
� by 

 𝑏𝑏� � 𝑘𝑘 � 𝑀𝑀�
𝑀𝑀�

 𝑏𝑏�
�. 

For the free scattering length, the neutron mass in Eq.(2.24) is altered to the reduced mass 𝑚𝑚𝑚𝑚�/�𝑘𝑘 � 𝑀𝑀�� 
to treat the scattering in the center-of-mass system. 

(2.18) 

(2.21) 

(2.22) 

(2.23) 

(2.20) 

(2.24) 

(2.19) 

(2.25) 
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From Eq.(2.17), Eq.(2.9) is written as 

� 𝑘𝑘����⃗ , 𝜆𝜆�|𝑉𝑉|𝑘𝑘�⃗ , 𝜆𝜆 � � 1
𝑌𝑌 � ������𝑘𝑘𝑘���⃗ ∙ 𝑟𝑟� ���∗ 𝑉𝑉 �����𝑘𝑘�⃗ ∙ 𝑟𝑟� ��𝑑𝑑𝑑𝑑�⃗ 𝑑𝑑𝑑𝑑 . 

We shall rewrite the left side to � 𝑘𝑘����⃗ , 𝜆𝜆�|𝑉𝑉𝑉𝑉𝑉�⃗ , 𝜆𝜆 �/𝑌𝑌. Then 

� 𝑘𝑘����⃗ , 𝜆𝜆�|𝑉𝑉|𝑘𝑘�⃗ , 𝜆𝜆 � � � ������𝑘𝑘𝑘���⃗ ∙ 𝑟𝑟� ���∗ 𝑉𝑉 �����𝑘𝑘�⃗ ∙ 𝑟𝑟� ��𝑑𝑑𝑑𝑑�⃗ 𝑑𝑑𝑑𝑑 . 

The flux of incident neutrons is the product of their density 1/𝑌𝑌 and velocity ℏ𝑘𝑘𝑘𝑘𝑘, 

Φ � 1
𝑌𝑌

ℏ𝑘𝑘
𝑚𝑚  . 

Substituting Eqs.(2.16), (2.19) and (2.20) into Eq.(2.11), the angle-differential cross section is given by 

�𝑑𝑑𝑑𝑑
𝑑𝑑𝑑�

����
� 1

Φ
1

𝑑𝑑𝑑 𝑊𝑊��⃗ ,����,�����⃗ �� � 𝑘𝑘𝑘
𝑘𝑘 � 𝑚𝑚

2𝜋𝜋𝜋��
�

�� 𝑘𝑘𝑘���⃗ , 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆�⃗ , 𝜆𝜆 ��� . 
The expression for angle-energy double differential cross section is obtained using the Dirac delta function 

by,10,12) 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�����

� 𝑘𝑘𝑘
𝑘𝑘 � 𝑚𝑚

2𝜋𝜋𝜋��
�

�� 𝑘𝑘𝑘���⃗ , 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆�⃗ , 𝜆𝜆 ���  𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � 𝑑𝑑 � 𝑑𝑑�� . 

The 𝛿𝛿 function relates to the conservation of energy between the initial and final states. 
 
2.3  Fermi Pseudopotential 
  If the potential of the neutron due to the 𝑙𝑙-th atom is expressed by 𝑉𝑉��𝑟𝑟𝑟�, the potential for the whole 
scattering system is  

𝑉𝑉 � � 𝑉𝑉��𝑟𝑟𝑟�
�

���
 . 

In Eq.(2.23) we apply the “Fermi pseudopotential” for 𝑉𝑉�. The potential is defined by 

𝑉𝑉��𝑟𝑟� � 2𝜋𝜋𝜋�

𝑚𝑚  𝑏𝑏� 𝛿𝛿�𝑟𝑟 � 𝑑𝑑����⃗ � , 
where 𝑏𝑏� is the scattering length, and 𝛿𝛿�𝑥𝑥𝑥� is the three-dimensional Dirac delta function. 

The scattering length 𝑏𝑏� is for a fixed atom, and related to the “free” scattering length 𝑏𝑏�
� by 

 𝑏𝑏� � 𝑘𝑘 � 𝑀𝑀�
𝑀𝑀�

 𝑏𝑏�
�. 

For the free scattering length, the neutron mass in Eq.(2.24) is altered to the reduced mass 𝑚𝑚𝑚𝑚�/�𝑘𝑘 � 𝑀𝑀�� 
to treat the scattering in the center-of-mass system. 

(2.18) 

(2.21) 

(2.22) 

(2.23) 

(2.20) 

(2.24) 

(2.19) 

(2.25) 
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From Eqs.(2.19) and (2.24) we obtain 

� 𝑘𝑘����⃗ , 𝜆𝜆�|𝑉𝑉|𝑘𝑘�⃗ , 𝜆𝜆 � � � 𝑉𝑉𝑉��𝑖𝑖𝑘𝑘����⃗ ∙ 𝑟𝑟� 𝜒𝜒��∗  𝑉𝑉 𝑉𝑉𝑉�𝑖𝑖𝑖𝑖�⃗ ∙ 𝑟𝑟� 𝜒𝜒� 𝑑𝑑𝑑𝑑�⃗ 𝑑𝑑𝑑𝑑  

                    � 2𝜋𝜋𝜋�

𝑚𝑚 � �� � 𝜆𝜆�| exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �|𝜆𝜆 �
�

���
 , 

� 𝜆𝜆�| exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �|𝜆𝜆 � � � 𝜒𝜒��∗ exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ � 𝜒𝜒�𝑑𝑑𝑑𝑑�⃗  ,                                           

where 

𝜅𝜅 � 𝑘𝑘�⃗ � 𝑘𝑘����⃗  . 
The space variable 𝑟𝑟𝑟  of the neutron disappears in Eq.(2.27) because of the 𝛿𝛿  function in the Fermi 
pseudopotential in Eq.(2.24). The vector 𝜅𝜅𝜅 is known as “scattering vector”. (In nuclear data libraries, the 

variable 𝛼𝛼 in the scattering law is defined by 𝛼𝛼 � 𝜋�𝜅𝜅�𝑡�2𝑚𝑚𝐴𝐴�𝑘𝑘�𝑇𝑇�, where 𝐴𝐴� is the ratio of the mass of 
the atom to that of the neutron, 𝑘𝑘� is the Boltzmann constant, and 𝑇𝑇 the target temperature.) 
  From Eqs.(2.22) and (2.26) we obtain 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

����
�  𝑘𝑘�

𝑘𝑘 �� �� � 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 �
�

���
�

�
 𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � 𝑑𝑑 � 𝑑𝑑�� . 

 

2.4  Integral Representation of the Dirac 𝜹𝜹 Function 
The 𝛿𝛿 function can be expressed in the integral form by10,12) 

𝛿𝛿�𝑥𝑥� � 1
2𝜋𝜋 � 𝑉𝑉𝑉�𝑖𝑖𝑖𝑖𝑖𝑖�

�

��
𝑑𝑑𝑑𝑑𝑑𝑑 

𝛿𝛿�𝑥𝑥� is an even function, 

𝛿𝛿��𝑥𝑥� � 𝛿𝛿�𝑥𝑥� , 
and for a positive constant 𝑐𝑐, 

𝛿𝛿�𝑐𝑐𝑐𝑐� � 1
𝑐𝑐 𝛿𝛿�𝑥𝑥� . 

Using Eqs.(2.30), (2.31) and (2.32), the 𝛿𝛿 function in Eq.(2.29) is expressed as  

𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � 𝑑𝑑 � 𝑑𝑑�� � 1
2𝜋𝜋𝜋 � 𝑉𝑉𝑉�𝑖𝑖�𝐸𝐸�� � 𝑑𝑑��𝑡𝑡𝑡𝑡� 𝑉𝑉𝑉��𝑖𝑖𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 ,

�

��
 

where 𝜔𝜔 is defined by 

𝜋𝜔𝜔 � 𝑑𝑑 � 𝑑𝑑�. 
(In nuclear data libraries, the variable 𝛽𝛽 in the scattering law is defined by 𝛽𝛽 � �𝜋𝜔𝜔𝑡�𝑘𝑘�𝑇𝑇�.) 
  If we write the Hamiltonian of the target as 𝐻𝐻𝐻 we have 

𝑉𝑉𝑉��𝑖𝑖𝐻𝐻𝑡𝑡𝑡𝜋� |𝜆𝜆 � � 𝑉𝑉𝑉��𝑖𝑖𝑑𝑑�𝑡𝑡𝑡𝜋�|𝜆𝜆 � . 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2.31) 

(2.33) 

(2.34) 

(2.35) 

(2.32) 
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From Eqs.(2.29), (2.33) and (2.35) we obtain 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

����
�  𝑘𝑘�

𝑘𝑘 � 𝑏𝑏��𝑏𝑏� � 𝜆𝜆�exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ ��𝜆𝜆� �� 𝜆𝜆�|
�

��,���
exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �|𝜆𝜆 �                              

� 1
2𝜋𝜋𝜋 � exp�𝑖𝑖�𝐸𝐸�� � 𝑑𝑑��𝑡𝑡𝑡𝑡� exp��𝑖𝑖�𝑡𝑡� 𝑑𝑑𝑡𝑡

�

��
                                      

� 𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � 𝑏𝑏��𝑏𝑏� � � 𝜆𝜆�exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ ��𝜆𝜆� �                             
�

��

�

��,���
 

� � 𝜆𝜆�|exp�𝑖𝑖�𝑡𝑡𝑡𝜋� exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ � exp��𝑖𝑖�𝑡𝑡𝑡𝜋�|𝜆𝜆 � exp��𝑖𝑖�𝑡𝑡�𝑑𝑑𝑑𝑑𝑑𝑑 
The last step comes from Eq.(2.35). 
 

2.5  Scattering by a Target at Temperature 𝑻𝑻 

  We assume the target is in the thermal equilibrium state at temperature 𝑇𝑇𝑇 The cross section in Eq.(2.1) is 
obtained by summing the partial cross section of Eq.(2.36) over all final states with keeping the initial state 
fixed, and then by averaging over all initial states using the Boltzmann distribution. 

 The probability that the target is in the state 𝜆𝜆 at 𝑇𝑇 is given by 

𝑝𝑝� � 1
𝑍𝑍 exp��𝑑𝑑�𝛽𝛽� , 

𝑍𝑍 � � exp��𝑑𝑑�𝛽𝛽� ,
�

 

𝛽𝛽 � 1
𝑘𝑘�𝑇𝑇 , 

where 𝑘𝑘� is the Boltzmann constant, and 𝑍𝑍 is known as the “partition function” which ensures 

� 𝑝𝑝� � 1 𝑑
�

 

  Using the closure relation for a pair of operators 𝐴𝐴 and 𝐵𝐵, we have 

� � 𝜆𝜆|𝐴𝐴|𝜆𝜆� �� 𝜆𝜆�|𝐵𝐵|𝜆𝜆 ��� 𝜆𝜆|𝐴𝐴 � |𝜆𝜆� �� 𝜆𝜆�|
��

𝐵𝐵|𝜆𝜆 ��� 𝜆𝜆|𝐴𝐴𝐴𝐴|𝜆𝜆 �
��

 . 

From Eqs.(2.36), (2.37) and (2.41) we obtain 

𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� �  𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � 𝑏𝑏��𝑏𝑏� � exp��𝑖𝑖�𝑡𝑡� 𝑑𝑑𝑡𝑡 � 𝑝𝑝�
�

                              
�

��

�

��,���
 

� � 𝜆𝜆| exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ � exp�𝑖𝑖�𝑡𝑡𝑡𝜋� exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ � exp��𝑖𝑖�𝑡𝑡𝑡𝜋� |𝜆𝜆 � . 
Eq.(2.42) can be expressed using the Heisenberg operator 𝑅𝑅����⃗ �𝑡𝑡�, defined by 

𝑅𝑅����⃗ �𝑡𝑡� � exp�𝑖𝑖�𝑡𝑡𝑡𝜋� 𝑅𝑅����⃗  exp��𝑖𝑖�𝑡𝑡𝑡𝜋� 𝑑 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

(2.41) 

(2.42) 

(2.43) 

(2.40) 

JAEA-Review 2019-046

- 6 -



JAEA-Review 2019-046 

- 6 - 

From Eqs.(2.29), (2.33) and (2.35) we obtain 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

����
�  𝑘𝑘�

𝑘𝑘 � 𝑏𝑏��𝑏𝑏� � 𝜆𝜆�exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ ��𝜆𝜆� �� 𝜆𝜆�|
�

��,���
exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �|𝜆𝜆 �                              

� 1
2𝜋𝜋𝜋 � exp�𝑖𝑖�𝐸𝐸�� � 𝑑𝑑��𝑡𝑡𝑡𝑡� exp��𝑖𝑖�𝑡𝑡� 𝑑𝑑𝑡𝑡

�

��
                                      

� 𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � 𝑏𝑏��𝑏𝑏� � � 𝜆𝜆�exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ ��𝜆𝜆� �                             
�

��

�

��,���
 

� � 𝜆𝜆�|exp�𝑖𝑖�𝑡𝑡𝑡𝜋� exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ � exp��𝑖𝑖�𝑡𝑡𝑡𝜋�|𝜆𝜆 � exp��𝑖𝑖�𝑡𝑡�𝑑𝑑𝑑𝑑𝑑𝑑 
The last step comes from Eq.(2.35). 
 

2.5  Scattering by a Target at Temperature 𝑻𝑻 

  We assume the target is in the thermal equilibrium state at temperature 𝑇𝑇𝑇 The cross section in Eq.(2.1) is 
obtained by summing the partial cross section of Eq.(2.36) over all final states with keeping the initial state 
fixed, and then by averaging over all initial states using the Boltzmann distribution. 

 The probability that the target is in the state 𝜆𝜆 at 𝑇𝑇 is given by 

𝑝𝑝� � 1
𝑍𝑍 exp��𝑑𝑑�𝛽𝛽� , 

𝑍𝑍 � � exp��𝑑𝑑�𝛽𝛽� ,
�

 

𝛽𝛽 � 1
𝑘𝑘�𝑇𝑇 , 

where 𝑘𝑘� is the Boltzmann constant, and 𝑍𝑍 is known as the “partition function” which ensures 

� 𝑝𝑝� � 1 𝑑
�

 

  Using the closure relation for a pair of operators 𝐴𝐴 and 𝐵𝐵, we have 
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��

𝐵𝐵|𝜆𝜆 ��� 𝜆𝜆|𝐴𝐴𝐴𝐴|𝜆𝜆 �
��

 . 

From Eqs.(2.36), (2.37) and (2.41) we obtain 

𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� �  𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � 𝑏𝑏��𝑏𝑏� � exp��𝑖𝑖�𝑡𝑡� 𝑑𝑑𝑡𝑡 � 𝑝𝑝�
�

                              
�

��

�

��,���
 

� � 𝜆𝜆| exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ � exp�𝑖𝑖�𝑡𝑡𝑡𝜋� exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ � exp��𝑖𝑖�𝑡𝑡𝑡𝜋� |𝜆𝜆 � . 
Eq.(2.42) can be expressed using the Heisenberg operator 𝑅𝑅����⃗ �𝑡𝑡�, defined by 

𝑅𝑅����⃗ �𝑡𝑡� � exp�𝑖𝑖�𝑡𝑡𝑡𝜋� 𝑅𝑅����⃗  exp��𝑖𝑖�𝑡𝑡𝑡𝜋� 𝑑 

(2.36) 

(2.37) 

(2.38) 

(2.39) 

(2.41) 

(2.42) 

(2.43) 

(2.40) 
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From Eq.(2.43) we have 

exp� 𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� � exp�𝑖𝑖�𝑡𝑡�𝜋� exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ � exp��𝑖𝑖�𝑡𝑡�𝜋� . 
Regarding 𝑅𝑅�������⃗  , 

𝑅𝑅�������⃗ �0� � 𝑅𝑅�������⃗  , 

exp� �𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ �0�� � exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ � . 
From Eqs.(2.42), (2.44) and (2.46), we obtain 

𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� �  𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � 𝑏𝑏��𝑏𝑏� � � exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ �0�� exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp��𝑖𝑖�𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑
�

��

�

��,���
 

where  

� exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ �0��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��� � �� � 𝜆𝜆|
�,��

exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ �0��|𝜆𝜆� �� 𝜆𝜆�|exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �𝑡𝑡��|𝜆𝜆 � . 

 
2.6  Coherent and Incoherent Scattering 
  Eq.(2.47) is written as 

𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� �  𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � 𝑏𝑏��𝑏𝑏� � � exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�������⃗ �0�� exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp��𝑖𝑖�𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑
�

��

�

��,���
����

 

               � 𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � 𝑏𝑏�� � � exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �0�� exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp��𝑖𝑖�𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑
�

��

�

���
.             

We assume there is no correlation between the scattering length 𝑏𝑏  and the nuclear site in the bracket 
� � ��, and no correlation between the scattering lengths of different nuclei. 

The scattering length of an element may not be constant for different isotopes and nuclear spin states. If 

the value 𝑏𝑏� occurs with relative frequency 𝑓𝑓�, 

� 𝑓𝑓� � 1 ,
�

 

we use the average value 𝑏𝑏� for the element 

𝑏𝑏� � � 𝑓𝑓�𝑏𝑏�
�

 . 

Therefore 

𝑏𝑏�𝑏𝑏� � �� 𝑓𝑓�𝑏𝑏�
�

�
�

 . 

  

(2.44) 

(2.45) 

(2.47) 

(2.48) 

(2.49) 

(2.46) 

(2.51) 

(2.52) 

(2.50) 
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The average value of 𝑏𝑏� is 

𝑏𝑏���� � � ��𝑏𝑏��
�

 . 

Using Eqs.(2.52) and (2.53), for the target consisting of the element, Eq.(2.49) is rewritten as 

𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� � 𝑏𝑏�𝑏𝑏� 𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � � � exp����⃗ ∙ 𝑅𝑅�������⃗ �0�� exp���⃗ ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp����𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑
�

��

�

������
 

                        ��𝑏𝑏���� � 𝑏𝑏�𝑏𝑏�� 𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � � � exp����⃗ ∙ 𝑅𝑅����⃗ �0�� exp���⃗ ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp����𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑
�

��

�

���
 

The first term is known as the “coherent” and the second term as the “incoherent” cross section. Both the 
coherent and incoherent scattering depend on the correlation between the positions of the same atom at 
different times.10) Moreover, the coherent scattering depends on the correlation between the positions of the 

different atoms at different times, which gives “interference” effects.10) If the target consists of a single 

isotope with zero nuclear spin, all the 𝑏𝑏 values are equal, and the scattering is entirely coherent. 
  

(2.53) 

(2.54) 
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The average value of 𝑏𝑏� is 

𝑏𝑏���� � � ��𝑏𝑏��
�

 . 

Using Eqs.(2.52) and (2.53), for the target consisting of the element, Eq.(2.49) is rewritten as 

𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� � 𝑏𝑏�𝑏𝑏� 𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � � � exp����⃗ ∙ 𝑅𝑅�������⃗ �0�� exp���⃗ ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp����𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑
�

��

�

������
 

                        ��𝑏𝑏���� � 𝑏𝑏�𝑏𝑏�� 𝑘𝑘�

𝑘𝑘
1

2𝜋𝜋𝜋 � � � exp����⃗ ∙ 𝑅𝑅����⃗ �0�� exp���⃗ ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp����𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑
�

��

�

���
 

The first term is known as the “coherent” and the second term as the “incoherent” cross section. Both the 
coherent and incoherent scattering depend on the correlation between the positions of the same atom at 
different times.10) Moreover, the coherent scattering depends on the correlation between the positions of the 

different atoms at different times, which gives “interference” effects.10) If the target consists of a single 

isotope with zero nuclear spin, all the 𝑏𝑏 values are equal, and the scattering is entirely coherent. 
  

(2.53) 

(2.54) 
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3. Correlation Functions 
 

Formulation of this subject is due primarily to Van Hove.9) We introduce correlation functions according 
to the textbook of Squires.10) The target is assumed to be consisting of a single nuclide, for simplicity. 
 
3.1  Coherent Scattering 
  Angle-energy double differential cross section for coherent scattering is expressed using Eq.(2.54) as 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
� 𝜎𝜎���

4𝜋𝜋  𝑘𝑘
�

𝑘𝑘
1

2𝜋𝜋𝜋 � � � exp���𝜅𝜅 ∙ 𝑅𝑅�������⃗ �0�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑
�

��
,

�

��,���
 

with 

𝜎𝜎���
4𝜋𝜋 � 𝑏𝑏�𝑏𝑏� . 

We define a function 𝐼𝐼�𝜅𝜅, 𝑡𝑡�, known as the “intermediate scattering function”, by 

𝐼𝐼�𝜅𝜅, 𝑡𝑡� � 1
𝑁𝑁 � � exp���𝜅𝜅 ∙ 𝑅𝑅�������⃗ �0�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

��,���
 , 

where 𝑁𝑁 is the number of atoms in the target. 
We next define functions 𝐺𝐺�𝑟𝑟, 𝑡𝑡� and 𝑆𝑆�𝜅𝜅, 𝜔𝜔� by 

𝐺𝐺�𝑟𝑟, 𝑡𝑡� � 1
�2𝜋𝜋�� � 𝐼𝐼�𝜅𝜅, 𝑡𝑡� exp���𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝜅𝜅 ,                                 

𝑆𝑆�𝜅𝜅, 𝜔𝜔� � 1
2𝜋𝜋𝜋 � 𝐼𝐼�𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

��
                                      

𝐺𝐺�𝑟𝑟, 𝑡𝑡�  is known as the “space-time correlation function”, where 𝑟𝑟𝑟  is the space variable of the target. 
𝑆𝑆�𝜅𝜅, 𝜔𝜔�  is known as the “scattering law”. Note that 𝐼𝐼�𝜅𝜅, 𝑡𝑡�  is dimensionless, 𝐺𝐺�𝑟𝑟, 𝑡𝑡�  has dimensions 

[volume���, and 𝑆𝑆�𝜅𝜅, 𝜔𝜔� has dimensions [energy���. 
  From the inverse relations for Fourier transforms, we have 

𝐼𝐼�𝜅𝜅, 𝑡𝑡� � � 𝐺𝐺�𝑟𝑟, 𝑡𝑡� exp��𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 ,                                            

𝐼𝐼�𝜅𝜅, 𝑡𝑡� � 𝜋 � 𝑆𝑆�𝜅𝜅, 𝜔𝜔� exp��𝜔𝜔𝑡𝑡�
�

��
 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

and 

𝐺𝐺�𝑟𝑟, 𝑡𝑡� � ℏ
�2𝜋𝜋�� � 𝑆𝑆�𝜅𝜅, 𝜔𝜔� exp����𝜅𝜅 ∙ 𝑟𝑟 � 𝜔𝜔𝑡𝑡�� 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

𝑆𝑆�𝜅𝜅, 𝜔𝜔� � 1
2𝜋𝜋𝜋 � 𝐺𝐺�𝑟𝑟, 𝑡𝑡� exp���𝜅𝜅 ∙ 𝑟𝑟 � 𝜔𝜔𝑡𝑡�� 𝑑𝑑𝑟𝑟 𝑑𝑑𝑡𝑡 .                  

The functions 𝐼𝐼�𝜅𝜅, 𝑡𝑡�, 𝐺𝐺�𝑟𝑟, 𝑡𝑡� and 𝑆𝑆�𝜅𝜅, 𝜔𝜔� are related to each other by the Fourier transforms, aside from 

the constant factor ℏ. 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 
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From Eqs.(3.1), (3.3) and (3.5), the cross section is obtained by 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
�  𝜎𝜎���

4𝜋𝜋
𝑘𝑘�

𝑘𝑘 𝑁𝑁𝑁𝑁�𝜅𝜅, 𝜔𝜔� . 

 
3.2  Incoherent Scattering 
  Similarly with coherent scattering, angle-energy double differential cross section for incoherent scattering 
is expressed using Eq.(2.54) as 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
� 𝜎𝜎���

4𝜋𝜋  𝑘𝑘
�

𝑘𝑘
1

2𝜋𝜋𝜋 � � � exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑
�

��
,

�

���
 

with 

𝜎𝜎���
4𝜋𝜋 � 𝑏𝑏���� � 𝑏𝑏�𝑏𝑏� . 

We define a function 𝐼𝐼��𝜅𝜅, 𝑡𝑡�, known as the “self-intermediate scattering function”, by 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 1
𝑁𝑁 � � exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

���
 .         

We next define functions 𝐺𝐺��𝑟𝑟, 𝑡𝑡� and 𝑆𝑆��𝜅𝜅, 𝜔𝜔� by 

𝐺𝐺��𝑟𝑟, 𝑡𝑡� � 1
�2𝜋𝜋�� � 𝐼𝐼��𝜅𝜅, 𝑡𝑡� exp���𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝜅𝜅 ,                                 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� � 1
2𝜋𝜋𝜋 � 𝐼𝐼��𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

��
                                      

𝐺𝐺��𝑟𝑟, 𝑡𝑡� is known as the “space-time self-correlation function” of the target system. 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is known as 

the “self-scattering law”. Note that 𝐼𝐼��𝜅𝜅, 𝑡𝑡�  is dimensionless, 𝐺𝐺��𝑟𝑟, 𝑡𝑡�  has dimensions [volume��� , and 
𝑆𝑆��𝜅𝜅, 𝜔𝜔� has dimensions [energy���. 
  From the inverse relations for Fourier transforms, we have 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � � 𝐺𝐺��𝑟𝑟, 𝑡𝑡� exp��𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 ,                                              

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 𝜋 � 𝑁𝑁��𝜅𝜅, 𝜔𝜔� exp��𝜔𝜔𝑡𝑡�
�

��
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

and 

𝐺𝐺��𝑟𝑟, 𝑡𝑡� � ℏ
�2𝜋𝜋�� � 𝑁𝑁��𝜅𝜅, 𝜔𝜔� exp����𝜅𝜅 ∙ 𝑟𝑟 � 𝜔𝜔𝑡𝑡�� 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� � 1
2𝜋𝜋𝜋 � 𝐺𝐺��𝑟𝑟, 𝑡𝑡� exp���𝜅𝜅 ∙ 𝑟𝑟 � 𝜔𝜔𝑡𝑡�� 𝑑𝑑𝑟𝑟 𝑑𝑑𝑡𝑡 .                    

Aside from the constant factor ℏ, the functions 𝐼𝐼��𝜅𝜅, 𝑡𝑡�, 𝐺𝐺��𝑟𝑟, 𝑡𝑡� and 𝑆𝑆��𝜅𝜅, 𝜔𝜔� are related to each other by 
the Fourier transforms. 

 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.10) 
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From Eqs.(3.1), (3.3) and (3.5), the cross section is obtained by 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
�  𝜎𝜎���

4𝜋𝜋
𝑘𝑘�

𝑘𝑘 𝑁𝑁𝑁𝑁�𝜅𝜅, 𝜔𝜔� . 

 
3.2  Incoherent Scattering 
  Similarly with coherent scattering, angle-energy double differential cross section for incoherent scattering 
is expressed using Eq.(2.54) as 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
� 𝜎𝜎���

4𝜋𝜋  𝑘𝑘
�

𝑘𝑘
1

2𝜋𝜋𝜋 � � � exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑
�

��
,

�

���
 

with 

𝜎𝜎���
4𝜋𝜋 � 𝑏𝑏���� � 𝑏𝑏�𝑏𝑏� . 

We define a function 𝐼𝐼��𝜅𝜅, 𝑡𝑡�, known as the “self-intermediate scattering function”, by 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 1
𝑁𝑁 � � exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

���
 .         

We next define functions 𝐺𝐺��𝑟𝑟, 𝑡𝑡� and 𝑆𝑆��𝜅𝜅, 𝜔𝜔� by 

𝐺𝐺��𝑟𝑟, 𝑡𝑡� � 1
�2𝜋𝜋�� � 𝐼𝐼��𝜅𝜅, 𝑡𝑡� exp���𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝜅𝜅 ,                                 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� � 1
2𝜋𝜋𝜋 � 𝐼𝐼��𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

��
                                      

𝐺𝐺��𝑟𝑟, 𝑡𝑡� is known as the “space-time self-correlation function” of the target system. 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is known as 

the “self-scattering law”. Note that 𝐼𝐼��𝜅𝜅, 𝑡𝑡�  is dimensionless, 𝐺𝐺��𝑟𝑟, 𝑡𝑡�  has dimensions [volume��� , and 
𝑆𝑆��𝜅𝜅, 𝜔𝜔� has dimensions [energy���. 
  From the inverse relations for Fourier transforms, we have 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � � 𝐺𝐺��𝑟𝑟, 𝑡𝑡� exp��𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 ,                                              

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 𝜋 � 𝑁𝑁��𝜅𝜅, 𝜔𝜔� exp��𝜔𝜔𝑡𝑡�
�

��
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

and 

𝐺𝐺��𝑟𝑟, 𝑡𝑡� � ℏ
�2𝜋𝜋�� � 𝑁𝑁��𝜅𝜅, 𝜔𝜔� exp����𝜅𝜅 ∙ 𝑟𝑟 � 𝜔𝜔𝑡𝑡�� 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� � 1
2𝜋𝜋𝜋 � 𝐺𝐺��𝑟𝑟, 𝑡𝑡� exp���𝜅𝜅 ∙ 𝑟𝑟 � 𝜔𝜔𝑡𝑡�� 𝑑𝑑𝑟𝑟 𝑑𝑑𝑡𝑡 .                    

Aside from the constant factor ℏ, the functions 𝐼𝐼��𝜅𝜅, 𝑡𝑡�, 𝐺𝐺��𝑟𝑟, 𝑡𝑡� and 𝑆𝑆��𝜅𝜅, 𝜔𝜔� are related to each other by 
the Fourier transforms. 

 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.10) 
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From Eqs.(3.11), (3.13) and (3.15), the cross section is obtained by 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
�  𝜎𝜎���

4𝜋𝜋
𝑘𝑘�

𝑘𝑘 𝑁𝑁𝑁𝑁��𝜅𝜅, 𝜔𝜔� . 

 
3.3  Physical Interpretation of Space-time Correlation Function 
  Here we discuss space-time correlation functions according to the textbook of Squires.10) From Eqs.(3.3) 
and (3.4) we have 

𝐺𝐺�𝑟𝑟, 𝑡𝑡� � 1
�2𝜋𝜋��

1
𝑁𝑁 � � � exp���𝜅𝜅 ∙ 𝑅𝑅�������⃗ �0�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

��,���
exp���𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑑𝑑 .    

If we write 

� exp���𝜅𝜅 ∙ 𝑅𝑅�������⃗ �0�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��� � � ��𝑟𝑟����⃗ � 𝑅𝑅�������⃗ �0��exp���𝜅𝜅 ∙ 𝑟𝑟����⃗ � exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� �� 𝑑𝑑𝑑𝑑𝑑��⃗  ,  

we have 

𝐺𝐺�𝑟𝑟, 𝑡𝑡� � 1
�2𝜋𝜋��

1
𝑁𝑁 � � � ��𝑟𝑟����⃗ � 𝑅𝑅�������⃗ �0�� exp���𝜅𝜅 ∙ 𝑟𝑟����⃗ � exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

��,���
exp���𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝜅𝜅𝑑𝑑𝑑𝑑𝑑��⃗           

� 1
�2𝜋𝜋��

1
𝑁𝑁 � � � ��𝑟𝑟����⃗ � 𝑅𝑅�������⃗ �0�� �� exp���𝜅𝜅 ∙ 𝑟𝑟 � �𝜅𝜅 ∙ 𝑟𝑟����⃗ � �𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� 𝑑𝑑𝜅𝜅� ��

�

��,���
𝑑𝑑𝑑𝑑����⃗  . 

From Eqs.(2.30) and (2.31), 

1
�2𝜋𝜋�� � exp���𝜅𝜅 ∙ 𝑟𝑟 � �𝜅𝜅 ∙ 𝑟𝑟����⃗ � �𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� 𝑑𝑑𝜅𝜅 � ��𝑟𝑟����⃗ � 𝑟𝑟 � 𝑅𝑅����⃗ �𝑡𝑡�� . 

Thus we have 

𝐺𝐺�𝑟𝑟, 𝑡𝑡� � 1
𝑁𝑁 � � � ��𝑟𝑟����⃗ � 𝑅𝑅�������⃗ �0�� ��𝑟𝑟����⃗ � 𝑟𝑟 � 𝑅𝑅����⃗ �𝑡𝑡�� �� 𝑑𝑑𝑑𝑑𝑑��⃗  

�

��,���
.   

Similarly, for incoherent scattering, 

𝐺𝐺��𝑟𝑟, 𝑡𝑡� � 1
𝑁𝑁 � � � ��𝑟𝑟����⃗ � 𝑅𝑅����⃗ �0�� ��𝑟𝑟����⃗ � 𝑟𝑟 � 𝑅𝑅����⃗ �𝑡𝑡�� �� 𝑑𝑑𝑑𝑑𝑑��⃗  

�

���
.   

Since the Heisenberg operator 𝑅𝑅����⃗ �𝑡𝑡�  is defined by 𝑅𝑅����⃗ �𝑡𝑡� � exp��𝐻𝐻𝑡𝑡��� 𝑅𝑅����⃗  exp���𝐻𝐻𝑡𝑡���  and the 
Hamiltonian 𝐻𝐻 includes momentum operators, the operators 𝑅𝑅�������⃗ �0� and 𝑅𝑅����⃗ �𝑡𝑡� do not commute except the 
time 𝑡𝑡 � 0.  Therefore, we must preserve the order of the operators and keep 𝑅𝑅�������⃗ �0� on the left of 𝑅𝑅����⃗ �𝑡𝑡�. 
   
  

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 
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If we ignore the commutation relation between 𝑅𝑅�������⃗ �0� and 𝑅𝑅����⃗ �𝑡𝑡�, we can carry out the integration in 
Eq.(3.25). The result, known as the classical form of 𝐺𝐺�𝑟𝑟, 𝑡𝑡�, is 

𝐺𝐺���𝑟𝑟, 𝑡𝑡� � 1
𝑁𝑁 � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �𝑡𝑡� � 𝑅𝑅�������⃗ �0�� ��

�

��,���
 .  

For simplicity, we assume that all the nuclei are equivalent. Then, for fixed 𝑙𝑙𝑙, the sum over 𝑙𝑙 gives the same 
value whatever the value of 𝑙𝑙𝑙 . So the sum over 𝑙𝑙  and 𝑙𝑙𝑙  is 𝑁𝑁  times the sum over 𝑙𝑙  for fixed 𝑙𝑙𝑙 � � . 
Therefore, 

𝐺𝐺���𝑟𝑟, 𝑡𝑡� � � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �𝑡𝑡� � 𝑅𝑅�����⃗ �0�� ��
�

���
 .  

𝐺𝐺���𝑟𝑟, 𝑡𝑡�𝑑𝑑𝑑𝑑 is interpreted as the probability that, given a particle is at the origin at time 𝑡𝑡 � 0, any particle 
including the origin particle is in the volume d𝑟𝑟  at position 𝑟𝑟𝑟  at time 𝑡𝑡 .10) In Eq.(3.28) the correlation 

function 𝐺𝐺���𝑟𝑟, 𝑡𝑡� does not depend on the properties of the neutron at all. 
  Similarly, from Eq.(3.26) we have 

𝐺𝐺����𝑟𝑟, 𝑡𝑡� � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅�����⃗ �𝑡𝑡� � 𝑅𝑅�����⃗ �0�� �� . 
𝐺𝐺����𝑟𝑟, 𝑡𝑡�𝑑𝑑𝑑𝑑 is interpreted as the probability that, given a particle is at the origin at time 𝑡𝑡 � 0, the same 
particle is in the volume d𝑟𝑟 at position 𝑟𝑟𝑟 at time 𝑡𝑡.10) 
  From these formulations we obtain 

� 𝐺𝐺���𝑟𝑟, 𝑡𝑡�𝑑𝑑𝑑𝑑 � 𝑁𝑁 ,   

� 𝐺𝐺����𝑟𝑟, 𝑡𝑡�𝑑𝑑𝑑𝑑 � 1 .  

  At time 𝑡𝑡 � 0, two operators 𝑅𝑅�������⃗ �0� and 𝑅𝑅����⃗ �𝑡𝑡� in Eq.(3.25) commute, so we have 

𝐺𝐺�𝑟𝑟, 0� � 1
𝑁𝑁 � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�������⃗ �0�� ��

�

��,���
                                        

� � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�����⃗ �0�� �� � 𝛿𝛿�𝑟𝑟𝑟� �
�

���
𝑔𝑔�𝑟𝑟𝑟� ,  

where 

𝛿𝛿�𝑟𝑟𝑟� � 𝐺𝐺��𝑟𝑟, 0� , 
and 

𝑔𝑔�𝑟𝑟𝑟� � 1
𝑁𝑁 � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�������⃗ �0�� �� � � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�����⃗ �0�� ��

�

������

 .
�

��,���
����

 

 The function 𝑔𝑔�𝑟𝑟� is known as the “static pair-distribution function”. 

(3.27) 

(3.29) 

(3.28) 

(3.30) 

(3.31) 

(3.32) 

(3.33) 

(3.34) 
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If we ignore the commutation relation between 𝑅𝑅�������⃗ �0� and 𝑅𝑅����⃗ �𝑡𝑡�, we can carry out the integration in 
Eq.(3.25). The result, known as the classical form of 𝐺𝐺�𝑟𝑟, 𝑡𝑡�, is 

𝐺𝐺���𝑟𝑟, 𝑡𝑡� � 1
𝑁𝑁 � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �𝑡𝑡� � 𝑅𝑅�������⃗ �0�� ��

�

��,���
 .  

For simplicity, we assume that all the nuclei are equivalent. Then, for fixed 𝑙𝑙𝑙, the sum over 𝑙𝑙 gives the same 
value whatever the value of 𝑙𝑙𝑙 . So the sum over 𝑙𝑙  and 𝑙𝑙𝑙  is 𝑁𝑁  times the sum over 𝑙𝑙  for fixed 𝑙𝑙𝑙 � � . 
Therefore, 

𝐺𝐺���𝑟𝑟, 𝑡𝑡� � � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �𝑡𝑡� � 𝑅𝑅�����⃗ �0�� ��
�

���
 .  

𝐺𝐺���𝑟𝑟, 𝑡𝑡�𝑑𝑑𝑑𝑑 is interpreted as the probability that, given a particle is at the origin at time 𝑡𝑡 � 0, any particle 
including the origin particle is in the volume d𝑟𝑟  at position 𝑟𝑟𝑟  at time 𝑡𝑡 .10) In Eq.(3.28) the correlation 

function 𝐺𝐺���𝑟𝑟, 𝑡𝑡� does not depend on the properties of the neutron at all. 
  Similarly, from Eq.(3.26) we have 

𝐺𝐺����𝑟𝑟, 𝑡𝑡� � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅�����⃗ �𝑡𝑡� � 𝑅𝑅�����⃗ �0�� �� . 
𝐺𝐺����𝑟𝑟, 𝑡𝑡�𝑑𝑑𝑑𝑑 is interpreted as the probability that, given a particle is at the origin at time 𝑡𝑡 � 0, the same 
particle is in the volume d𝑟𝑟 at position 𝑟𝑟𝑟 at time 𝑡𝑡.10) 
  From these formulations we obtain 

� 𝐺𝐺���𝑟𝑟, 𝑡𝑡�𝑑𝑑𝑑𝑑 � 𝑁𝑁 ,   

� 𝐺𝐺����𝑟𝑟, 𝑡𝑡�𝑑𝑑𝑑𝑑 � 1 .  

  At time 𝑡𝑡 � 0, two operators 𝑅𝑅�������⃗ �0� and 𝑅𝑅����⃗ �𝑡𝑡� in Eq.(3.25) commute, so we have 

𝐺𝐺�𝑟𝑟, 0� � 1
𝑁𝑁 � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�������⃗ �0�� ��

�

��,���
                                        

� � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�����⃗ �0�� �� � 𝛿𝛿�𝑟𝑟𝑟� �
�

���
𝑔𝑔�𝑟𝑟𝑟� ,  

where 

𝛿𝛿�𝑟𝑟𝑟� � 𝐺𝐺��𝑟𝑟, 0� , 
and 

𝑔𝑔�𝑟𝑟𝑟� � 1
𝑁𝑁 � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�������⃗ �0�� �� � � � 𝛿𝛿�𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�����⃗ �0�� ��

�

������

 .
�

��,���
����

 

 The function 𝑔𝑔�𝑟𝑟� is known as the “static pair-distribution function”. 

(3.27) 

(3.29) 

(3.28) 

(3.30) 

(3.31) 

(3.32) 

(3.33) 

(3.34) 
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4. Incoherent Scattering 
 

In this section we formulate correlation functions into more useful forms. We discuss the incoherent 
scattering prior to coherent scattering, because the correlation between different atoms is not included in the 
incoherent scattering. The formulation presented here can be partly extended to coherent scattering. Moreover, 
correlation functions for coherent scattering can be estimated approximately using the incoherent correlation 
functions. They will be discussed in the next section. We assume that the target consists of a single nuclide. 

 
4.1  Self-intermediate Scattering Function 
4.1.1 Gaussian Approximation 
  The formulation is based on the work of Rahman et al.11) The self-intermediate scattering function is 
defined in Eq.(3.13) by 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 1
𝑁𝑁 � � exp��𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� exp�𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

���
 .   

We assume the target is isotropic. Then dropping the averaging �1𝑡𝑁𝑁��� and putting � � o in Eq.(4.1), we 
have 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� �� exp��𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅�����⃗ �0�� exp�𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅�����⃗ �𝑡𝑡�� �� .   
From Eq.(2.44), Eq.(4.2) is written as 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� �� exp��𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅�����⃗ �0�� exp�𝑖𝑖𝐻𝐻𝑡𝑡𝑡𝑖� exp�𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅�����⃗ �0�� exp��𝑖𝑖𝐻𝐻𝑡𝑡𝑡𝑖� ��  
� exp�𝑖𝑖𝑖𝜅𝜅�𝑡𝑡𝑡𝑡𝑀𝑀� � exp�𝑖𝑖𝐻𝐻�𝑡𝑡𝑡𝑖� exp��𝑖𝑖𝐻𝐻𝑡𝑡𝑡𝑖�  �� ,             

𝐻𝐻� � 𝐻𝐻 � 𝑖�𝜅𝜅 ∙ 𝑣𝑣����⃗ � ,                                                                                                          
where 𝑀𝑀 is the atomic mass and 𝑣𝑣����⃗  is the velocity vector of the atom o. 

  Eqs.(4.3) and (4.4) are derived using the relation for the Hamiltonian 𝐻𝐻 � 𝐻𝐻�𝑅𝑅�����⃗  , 𝑃𝑃����⃗ �, 

exp��𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅�����⃗ � 𝐻𝐻�𝑅𝑅�����⃗  , 𝑃𝑃����⃗ � exp�𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅�����⃗ � � 𝐻𝐻�𝑅𝑅�����⃗  , 𝑃𝑃����⃗ � 𝑖𝜅𝜅� , 
where 𝑃𝑃����⃗   is the momentum vector of the atom o . The above relation may be obtained by expanding 
exponential functions in terms of 𝑅𝑅�����⃗  and applying the commutation relations, 

𝑃𝑃� � �𝑖𝑖𝑖��𝑡�𝑅𝑅��, �𝑅𝑅�, 𝑃𝑃�� � 𝑅𝑅�𝑃𝑃� � 𝑃𝑃�𝑅𝑅� � 𝑖𝑖𝑖, �𝑅𝑅�, 𝑅𝑅�� � 0, �𝑃𝑃�, 𝑃𝑃�� � 0 . 
The factors 𝑖𝑖𝑖𝑖𝑖�𝑡𝑡𝑡𝑡𝑡𝑡 in Eq.(4.3) and 𝑖�𝜅𝜅 ∙ 𝑣𝑣����⃗ � in Eq.(4.4) are formed by Eq.(4.5), where the momentum 

𝑃𝑃����⃗  is converted to 𝑃𝑃����⃗ � 𝑖𝜅𝜅 and the kinetic energy 𝑃𝑃��/2𝑀𝑀 is altered to 

�𝑃𝑃����⃗ � 𝑖𝜅𝜅��𝑡𝑡𝑀𝑀 � 𝑃𝑃��𝑡𝑡𝑀𝑀 � 𝑖�𝜅𝜅 ∙ 𝑣𝑣����⃗ � � 𝑖�𝜅𝜅�/2𝑀𝑀. 

  Introducing the notation 

𝐴𝐴�𝜅𝜅, 𝑡𝑡� � exp�𝑖𝑖𝐻𝐻�𝑡𝑡𝑡𝑖� exp��𝑖𝑖𝐻𝐻𝑡𝑡𝑡𝑖� , 

(4.1) 

(4.2) 

(4.3) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.4) 
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we have a following equation for 𝜕𝜕�𝜅𝜅, 𝑡𝑡�,  

𝜕𝜕𝜕𝜕�𝜅𝜅, 𝑡𝑡�/𝜕𝜕𝑡𝑡 � 𝑖𝑖𝜅𝜅𝑣𝑣��𝑡𝑡�𝐴𝐴�𝜅𝜅, 𝑡𝑡� , 
where 𝑣𝑣��𝑡𝑡� is the projection of 𝑣𝑣����⃗ �𝑡𝑡� along the direction of 𝜅𝜅𝜅. Eq.(4.9) can be solved by iteration, giving 
the formal solution 

𝐴𝐴�𝜅𝜅, 𝑡𝑡� � ��𝑖𝑖𝜅𝜅�� � 𝑑𝑑𝑡𝑡� � 𝑑𝑑𝑡𝑡� ⋯ � 𝑑𝑑𝑡𝑡��𝑣𝑣��𝑡𝑡�� ⋯ 𝑣𝑣��𝑡𝑡���
����

�

��

�

�

�

�

���
 . 

In Eq.(4.10) every coefficient of the odd power of 𝜅𝜅 involves an average of an odd power of the velocity, 
and thus disappears. From Eq.(4.10) we have 

� e�p�𝑖𝑖�𝑡𝑡𝑡/𝑖� e�p��𝑖𝑖�𝑡𝑡/𝑖� ��� 1 � 𝜅𝜅� � 𝑑𝑑𝑡𝑡� � 𝑑𝑑𝑡𝑡� � 𝑣𝑣��𝑡𝑡��𝑣𝑣��𝑡𝑡�� ��� ⋯
��

�

�

�
 

As the first approximation we obtain 

� e�p�𝑖𝑖�𝑡𝑡𝑡/𝑖� e�p��𝑖𝑖�𝑡𝑡/𝑖�  ��� e�p ��𝜅𝜅� � 𝑑𝑑𝑡𝑡� � 𝑑𝑑𝑡𝑡� � 𝑣𝑣��𝑡𝑡��𝑣𝑣��𝑡𝑡�� ��
��

�

�

�
� . 

Assuming the isotropy of the target and ignoring the dependence of the direction of 𝜅𝜅𝜅, we obtain so called 
the “Gaussian approximation”, 

𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � � e�p��𝜅𝜅�𝛾𝛾��𝑡𝑡�� ,   

𝛾𝛾��𝑡𝑡� � � 𝑖𝑖𝑖𝑖𝑖
2𝑀𝑀 � 1

3 � �𝑡𝑡 � 𝑡𝑡𝑡� �
�

�
𝑣𝑣𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡�� �� 𝑑𝑑𝑑𝑑�. 

Here we use the relation10) 

� 𝑑𝑑𝑡𝑡� � 𝑑𝑑𝑡𝑡� � 𝑣⃗𝑣�𝑡𝑡�� ∙ 𝑣⃗𝑣�𝑡𝑡�� ��
��

�

�

�
� � �𝑡𝑡 � 𝑡𝑡𝑡� �

�

�
𝑣𝑣𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡𝑡� �� 𝑑𝑑𝑑𝑑� . 

The factor 1/3 in Eq.(4.14) is due to the isotropy (with respect to 𝑥𝑥-, y-, z-axis) of the target. To see Eq.(4.15), 
the integration areas are shown in Fig.4.1. The double integral in Eq.(4.15) covers the shaded triangle in 

Fig.4.1(a). Since � 𝑣⃗𝑣�𝑡𝑡�� ∙ 𝑣⃗𝑣�𝑡𝑡�� ��  depends only on the time difference 𝑡𝑡� � 𝑡𝑡�  owing to the time 

translation invariance, the integration can be carried out with the shaded part of Fig.4.1(b) for which 𝑡𝑡� � 𝑡𝑡� 
is constant. The shaded area is 

√2�𝑡𝑡 � 𝑡𝑡�� 𝑑𝑑𝑑𝑑�

√2 � �𝑡𝑡 � 𝑡𝑡��𝑑𝑑𝑑𝑑�. 

 
 

 
 
 
 
 

Fig.4.1 Diagrams showing the region of integration in Eq.(4.15). (a) The double integration. 

(b) The integration by 𝑡𝑡𝑡. 
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�
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�

�

�

�

���
 . 

In Eq.(4.10) every coefficient of the odd power of 𝜅𝜅 involves an average of an odd power of the velocity, 
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��

�

�

�
 

As the first approximation we obtain 

� e�p�𝑖𝑖�𝑡𝑡𝑡/𝑖� e�p��𝑖𝑖�𝑡𝑡/𝑖�  ��� e�p ��𝜅𝜅� � 𝑑𝑑𝑡𝑡� � 𝑑𝑑𝑡𝑡� � 𝑣𝑣��𝑡𝑡��𝑣𝑣��𝑡𝑡�� ��
��

�

�

�
� . 

Assuming the isotropy of the target and ignoring the dependence of the direction of 𝜅𝜅𝜅, we obtain so called 
the “Gaussian approximation”, 

𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � � e�p��𝜅𝜅�𝛾𝛾��𝑡𝑡�� ,   

𝛾𝛾��𝑡𝑡� � � 𝑖𝑖𝑖𝑖𝑖
2𝑀𝑀 � 1

3 � �𝑡𝑡 � 𝑡𝑡𝑡� �
�
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��

�

�

�
� � �𝑡𝑡 � 𝑡𝑡𝑡� �

�

�
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4.1.2 Principle of Detailed Balance 
  Here we mention the principle of detailed balance to derive the fluctuation-dissipation theorem. The 
incoherent cross section is written from Eqs.(2.29), (2.37) and (3.12) as 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
�  𝜎𝜎���

4𝜋𝜋
𝑘𝑘�

𝑘𝑘 � � 𝑝𝑝�
�

��� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 ���

��

�

���
 𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � 𝑑𝑑 � 𝑑𝑑�� . 

The cross section is obtained by summing over all final 𝜆𝜆𝜆 states with keeping the initial 𝜆𝜆 state fixed, and 

then by averaging over all initial 𝜆𝜆 states using the Boltzmann distribution. 
From Eqs.(3.20) and (4.17), the self-scattering law is written as 

𝑆𝑆��𝑖𝑖, 𝜔𝜔� �  1
𝑁𝑁 � � 𝑝𝑝�

�
��� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 ���

��
 𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � �𝜔𝜔�

�

���
 , 

with                                                                           �𝜔𝜔 � 𝑑𝑑 � 𝑑𝑑� .  
If we assume 𝜔𝜔 is positive, the neutron loses the energy and the target gain the energy by �𝜔𝜔 � 𝑑𝑑�� � 𝑑𝑑�. 
Fig.4.2 shows a diagram of the energy levels. If we consider the function 𝑆𝑆���𝑖𝑖, �𝜔𝜔�, this represents the 
process in which the neutron gains the energy and the target loses the energy, and now 𝜆𝜆𝜆 is the target initial 
state and 𝜆𝜆  is the final state. Therefore, the probabilities of the target initial states for 𝑆𝑆��𝜅𝜅, 𝜔𝜔�  and 
𝑆𝑆���𝑖𝑖, �𝜔𝜔� differ by the factor 

𝑝𝑝��/𝑝𝑝� � exp���𝑑𝑑�� � 𝑑𝑑��𝛽𝛽� � exp�� �𝜔𝜔𝛽𝛽� . 
Actually, from Eq.(4.18) and the hermicity of � 𝜆𝜆𝜆�exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 �, with the help of Eqs.(2.31) and (2.37), 
we obtain10) 

𝑆𝑆���𝑖𝑖, �𝜔𝜔� �  1
𝑁𝑁 � � 𝑝𝑝��

��
��� 𝜆𝜆�exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ ��𝜆𝜆𝜆 ���

�
 𝛿𝛿�𝐸𝐸�� � 𝑑𝑑� � �𝜔𝜔�                                                 

�

���
 

�  1
𝑁𝑁𝑁𝑁 � � exp��𝑑𝑑��𝛽𝛽�

��
��� 𝜆𝜆�exp��𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ ��𝜆𝜆𝜆 ���

�
 𝛿𝛿�𝐸𝐸�� � 𝑑𝑑� � �𝜔𝜔�

�

���
     

� exp���𝜔𝜔𝛽𝛽� 1
𝑁𝑁𝑁𝑁  � � exp��𝑑𝑑�𝛽𝛽� ��� 𝜆𝜆𝜆�exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 ��� 𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � �𝜔𝜔�             

���

�

���
 

� exp���𝜔𝜔𝛽𝛽� 𝑆𝑆��𝜅𝜅, 𝜔𝜔� .                                                                                                    
Eq.(4.21) is known as the “principle of detailed balance”. In the disordered systems such as gases and liquids, 

reversal of 𝜅𝜅𝜅 has no effect and thus 

𝑆𝑆���𝑖𝑖, 𝜔𝜔� � 𝑆𝑆��𝜅𝜅, 𝜔𝜔� , 

𝑆𝑆��𝜅𝜅, �𝜔𝜔� � exp���𝜔𝜔𝛽𝛽� 𝑆𝑆��𝜅𝜅, 𝜔𝜔� . 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

JAEA-Review 2019-046

- 15 -



JAEA-Review 2019-046 

- 16 - 

 

 

 

 

 
 

Fig.4.2 Diagram of energy levels and their statistical probabilities. 

 
4.1.3 Fluctuation-dissipation Theorem 

From Eq.(3.20) the scattering law 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is a real function while the intermediate scattering function 
𝐼𝐼��𝜅𝜅, 𝑡𝑡� is a complex function. If both 𝐼𝐼��𝜅𝜅, 𝑡𝑡� and 𝑆𝑆��𝜅𝜅, 𝜔𝜔� are real, from Eq.(3.15), 𝐼𝐼��𝜅𝜅, 𝑡𝑡� is an even 
function of 𝑡𝑡, and 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is an even function of 𝜔𝜔, so the principle of detailed balance is not satisfied. 
We can derive a relation between real and imaginary parts of 𝐼𝐼��𝜅𝜅, 𝑡𝑡� using the principle of detailed balance. 

If we write the complex conjugate of 𝐼𝐼��𝜅𝜅, 𝑡𝑡� in Eq.(3.13) as 𝐼𝐼�∗�𝜅𝜅, 𝑡𝑡�, we obtain13) 

1
2𝜋𝜋𝜋 � 𝐼𝐼�∗�𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 � 1

2𝜋𝜋𝜋
1
𝑁𝑁 � � � exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� �� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑

�

��

�

���

�

��
  

         � 1
2𝜋𝜋𝜋

1
𝑁𝑁 � � � ��

�
� � 𝜆𝜆�exp���𝑡𝑡/𝜋� exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ � exp����𝑡𝑡/𝜋��𝜆𝜆𝜆 �

��

�

��
     

�

���
 

� � 𝜆𝜆𝜆�exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 � exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑 

� 1
𝑁𝑁 � � ��

�
��� 𝜆𝜆𝜆�exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 ���

��
 𝛿𝛿�𝐸𝐸� � 𝐸𝐸�� � 𝜋𝜔𝜔�

�

���
                            

� 1
𝑁𝑁 � � ���

��
��� 𝜆𝜆�exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝜆𝜆𝜆 ���

�
 𝛿𝛿�𝐸𝐸�� � 𝐸𝐸� � 𝜋𝜔𝜔�

�

���
                        

� exp��𝜋𝜔𝜔�� 𝑆𝑆��𝜅𝜅, 𝜔𝜔� .                                                                                                 
The second step uses Eq.(2.44) for the Heisenberg operator, and the third step utilizes the integral 

representation of the 𝛿𝛿  function in Eqs.(2.30) to (2.34). In the fourth step the indices 𝜆𝜆𝜆  and 𝜆𝜆  is 

interchanged using the hermicity of � 𝜆𝜆𝜆�exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 �, and the final result is obtained from Eq.(4.21). 
From Eq.(4.24) we have 

1
2𝜋𝜋𝜋 � 𝐼𝐼�∗�𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 � exp��𝜋𝜔𝜔�� 𝑆𝑆��𝜅𝜅, 𝜔𝜔� .

�

��
 

Also, Eq.(3.15) is 

1
2𝜋𝜋𝜋 � 𝐼𝐼��𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 � 𝑆𝑆��𝜅𝜅, 𝜔𝜔� .

�

��
                       

(4.24) 

(4.25) 

𝑬𝑬𝝀𝝀� 

𝑬𝑬𝝀𝝀 

𝜋� � 𝑬𝑬𝝀𝝀� � 𝑬𝑬𝝀𝝀 

𝒑𝒑𝝀𝝀� � 𝟏𝟏
𝒁𝒁 ����� 𝑬𝑬𝝀𝝀��� 

𝒑𝒑𝝀𝝀 � 𝟏𝟏
𝒁𝒁 ����� 𝑬𝑬𝝀𝝀�� 

𝒁𝒁 � � �����
𝝀𝝀

𝑬𝑬𝝀𝝀�� 

� � 𝟏𝟏/�𝑩𝑩𝑻𝑻 

𝒑𝒑𝝀𝝀�/𝒑𝒑𝝀𝝀 � �����𝜋���  

(4.26) 

JAEA-Review 2019-046

- 16 -



JAEA-Review 2019-046 

- 16 - 

 

 

 

 

 
 

Fig.4.2 Diagram of energy levels and their statistical probabilities. 

 
4.1.3 Fluctuation-dissipation Theorem 

From Eq.(3.20) the scattering law 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is a real function while the intermediate scattering function 
𝐼𝐼��𝜅𝜅, 𝑡𝑡� is a complex function. If both 𝐼𝐼��𝜅𝜅, 𝑡𝑡� and 𝑆𝑆��𝜅𝜅, 𝜔𝜔� are real, from Eq.(3.15), 𝐼𝐼��𝜅𝜅, 𝑡𝑡� is an even 
function of 𝑡𝑡, and 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is an even function of 𝜔𝜔, so the principle of detailed balance is not satisfied. 
We can derive a relation between real and imaginary parts of 𝐼𝐼��𝜅𝜅, 𝑡𝑡� using the principle of detailed balance. 

If we write the complex conjugate of 𝐼𝐼��𝜅𝜅, 𝑡𝑡� in Eq.(3.13) as 𝐼𝐼�∗�𝜅𝜅, 𝑡𝑡�, we obtain13) 

1
2𝜋𝜋𝜋 � 𝐼𝐼�∗�𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 � 1

2𝜋𝜋𝜋
1
𝑁𝑁 � � � exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� �� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑
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���
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𝑁𝑁 � � � ��

�
� � 𝜆𝜆�exp���𝑡𝑡/𝜋� exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ � exp����𝑡𝑡/𝜋��𝜆𝜆𝜆 �

��

�

��
     

�

���
 

� � 𝜆𝜆𝜆�exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 � exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑 

� 1
𝑁𝑁 � � ��

�
��� 𝜆𝜆𝜆�exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 ���

��
 𝛿𝛿�𝐸𝐸� � 𝐸𝐸�� � 𝜋𝜔𝜔�

�

���
                            

� 1
𝑁𝑁 � � ���

��
��� 𝜆𝜆�exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝜆𝜆𝜆 ���

�
 𝛿𝛿�𝐸𝐸�� � 𝐸𝐸� � 𝜋𝜔𝜔�

�

���
                        

� exp��𝜋𝜔𝜔�� 𝑆𝑆��𝜅𝜅, 𝜔𝜔� .                                                                                                 
The second step uses Eq.(2.44) for the Heisenberg operator, and the third step utilizes the integral 

representation of the 𝛿𝛿  function in Eqs.(2.30) to (2.34). In the fourth step the indices 𝜆𝜆𝜆  and 𝜆𝜆  is 

interchanged using the hermicity of � 𝜆𝜆𝜆�exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝜆𝜆 �, and the final result is obtained from Eq.(4.21). 
From Eq.(4.24) we have 

1
2𝜋𝜋𝜋 � 𝐼𝐼�∗�𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 � exp��𝜋𝜔𝜔�� 𝑆𝑆��𝜅𝜅, 𝜔𝜔� .

�

��
 

Also, Eq.(3.15) is 

1
2𝜋𝜋𝜋 � 𝐼𝐼��𝜅𝜅, 𝑡𝑡� exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 � 𝑆𝑆��𝜅𝜅, 𝜔𝜔� .

�

��
                       

(4.24) 

(4.25) 

𝑬𝑬𝝀𝝀� 

𝑬𝑬𝝀𝝀 

𝜋� � 𝑬𝑬𝝀𝝀� � 𝑬𝑬𝝀𝝀 

𝒑𝒑𝝀𝝀� � 𝟏𝟏
𝒁𝒁 ����� 𝑬𝑬𝝀𝝀��� 

𝒑𝒑𝝀𝝀 � 𝟏𝟏
𝒁𝒁 ����� 𝑬𝑬𝝀𝝀�� 

𝒁𝒁 � � �����
𝝀𝝀

𝑬𝑬𝝀𝝀�� 

� � 𝟏𝟏/�𝑩𝑩𝑻𝑻 

𝒑𝒑𝝀𝝀�/𝒑𝒑𝝀𝝀 � �����𝜋���  

(4.26) 
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If we write 𝐼𝐼��𝜅𝜅, 𝑡𝑡� � Re�𝐼𝐼��𝜅𝜅, 𝑡𝑡�� � �𝑑Im�𝐼𝐼��𝜅𝜅, 𝑡𝑡��, Eqs.(4.25) and (4.26) give the relation 

� Im�𝐼𝐼��𝜅𝜅, 𝑡𝑡�� exp���𝜔𝜔𝑡𝑡�𝑑𝑑𝑑𝑡𝑡 � 𝑑�� 1 � exp��ℏ𝜔𝜔𝜔𝜔�
1 � exp��ℏ𝜔𝜔𝜔𝜔�� Re�𝐼𝐼��𝜅𝜅, 𝑡𝑡��

�

��
exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑

�

��
 

�𝑑��𝑑��n� �ℏ𝜔𝜔𝜔𝜔2 �� Re�𝐼𝐼��𝜅𝜅, 𝑡𝑡��
�

��
exp���𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑𝑑 

Eq.(4.27) was derived using the principle of detailed balance based on the statistical physics. The relation in 

Eq.(4.27) corresponds to the “fluctuation-dissipation theorem.”11) Since the scattering law 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is real, 

Re�𝐼𝐼��𝜅𝜅, 𝑡𝑡�� is an even function of 𝑡𝑡 and Im�𝐼𝐼��𝜅𝜅, 𝑡𝑡�� is an odd function of 𝑡𝑡𝑡 Thus 

� Im�𝐼𝐼��𝜅𝜅, 𝑡𝑡�� sin�𝜔𝜔𝜔𝜔�𝑑𝑑𝑑𝑡𝑡 � ��n� �ℏ𝜔𝜔𝜔𝜔2 �� Re�𝐼𝐼��𝜅𝜅, 𝑡𝑡��
�

�
cos�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
 . 

  In the disordered systems such as gases and liquids, reversal of 𝜅𝜅𝜅 has no effect, and thus 

𝐼𝐼���𝜅𝜅, 𝑡𝑡� � 𝐼𝐼��𝜅𝜅, 𝑡𝑡� . 
𝐼𝐼�∗�𝜅𝜅, 𝑡𝑡� in Eq.(4.25) has a following relation, 

𝐼𝐼�∗�𝜅𝜅,�𝑑𝑡𝑡� � 1
𝑁𝑁� � exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ ��𝑡𝑡��𝑑exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� ��𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

�

���
 

� 1
𝑁𝑁� � exp���𝜅𝜅 ∙ 𝑅𝑅����⃗ �0��𝑑exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��� 𝐼𝐼��𝜅𝜅, 𝑡𝑡�

�

���
 .        

 

4.1.4 Velocity Autocorrelation Function 
  We define the velocity autocorrelation function � 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� �� in Eq.(4.14) according to the work of 
Rahman et al.11) by 

Im�� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� ��� � 3ℏ
2𝑀𝑀� 𝜔𝜔��𝜔𝜔� sin�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
 ,  

Re�� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� ��� � 3ℏ
2𝑀𝑀𝑀𝑀� 𝑔𝑔�𝜔𝜔� cos�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
 . 

In Eq.(4.32), 𝜀𝜀 is a constant which has the dimension of [time]. � 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� �� is a replacement of the 

Heisenberg operator from exp��𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� to 𝑣⃗𝑣�𝑡𝑡� in the thermal averaging of Eq.(2.48). Thus the equation 
similar to Eq.(4.18) can be derived by using Eqs. (2.33), (2.35), (2.43) and (3.15), and that satisfies the 

principle of detailed balance. 
  We apply the fluctuation-dissipation theorem to the velocity autocorrelation function. From Eqs. (4.31) 

and (4.32), for 𝜔𝜔 � 0, we obtain the following relation 

𝑔𝑔�𝜔𝜔� � 𝑑𝑀𝑀𝜔𝜔 co�� �ℏ𝜔𝜔𝜔𝜔2 � ��𝜔𝜔�𝑑𝑑 
  

(4.29) 

(4.30) 

(4.31) 

(4.28) 

(4.32) 

(4.33) 

(4.27) 
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With the help of Eq.(2.30), Eq.(4.33) is derived from Eq.(4.28) by 

3ℏ
2𝑀𝑀 � �� 𝜔𝜔�𝑓𝑓�𝜔𝜔�� sin�𝜔𝜔�𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

�
� sin�𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡

�

�
� 3ℏ

2𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� �� sin�𝜔𝜔�𝑡𝑡� sin�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑
�

�
� 𝑑𝑑𝜔𝜔𝑑

�

�
 

� 3ℏ
2𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� �� 1

2 �cos��𝜔𝜔� � 𝜔𝜔�𝑡𝑡� � cos��𝜔𝜔� � 𝜔𝜔�𝑡𝑡��
�

�
𝑑𝑑𝑡𝑡� 𝑑𝑑𝜔𝜔�                         

�

�
 

� 3ℏ
2𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� �� 1

4 �exp�𝑖𝑖�𝜔𝜔� � 𝜔𝜔�𝑡𝑡� � exp��𝑖𝑖�𝜔𝜔� � 𝜔𝜔�𝑡𝑡��
�

�
𝑑𝑑𝑡𝑡� 𝑑𝑑𝜔𝜔𝑑

�

�
                   

� 3ℏ
8𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� �� exp�𝑖𝑖�𝜔𝜔� � 𝜔𝜔�𝑡𝑡�  𝑑𝑑𝑑𝑑

�

��
� 𝑑𝑑𝜔𝜔𝑑

�

�
� 3𝜋𝜋𝜋

4𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� 𝛿𝛿�𝜔𝜔� � 𝜔𝜔�𝑑𝑑𝑑𝑑𝑑
�

�
 

� 3𝜋𝜋𝜋
4𝑀𝑀 𝜔𝜔𝜔𝜔𝜔�𝜔𝜔� ,                                                                                                                                 

and 

3ℏ
2𝑀𝑀𝑀𝑀 � �� 𝑔𝑔�𝜔𝜔�� cos�𝜔𝜔�𝑡𝑡�  𝑑𝑑𝑑𝑑𝑑

�

�
�

�

�
cos�𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 � 3ℏ

2𝑀𝑀𝑀𝑀 � 𝑔𝑔�𝜔𝜔�� �� cos�𝜔𝜔�𝑡𝑡� cos�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑
�

�
� 𝑑𝑑𝜔𝜔�

�

�
 

� 3ℏ
2𝑀𝑀𝑀𝑀 � 𝑔𝑔�𝜔𝜔�� �� 1

2 �cos��𝜔𝜔� � 𝜔𝜔�𝑡𝑡� � cos��𝜔𝜔� � 𝜔𝜔�𝑡𝑡��
�

�
𝑑𝑑𝑡𝑡� 𝑑𝑑𝜔𝜔�                           

�

�
 

� 3ℏ
8𝑀𝑀𝑀𝑀 � 𝑔𝑔�𝜔𝜔�� �� exp�𝑖𝑖�𝜔𝜔� � 𝜔𝜔�𝑡𝑡�  𝑑𝑑𝑑𝑑

�

��
� 𝑑𝑑𝜔𝜔𝑑

�

�
� 3𝜋𝜋𝜋

4𝑀𝑀𝑀𝑀 � 𝑔𝑔�𝜔𝜔�� 𝛿𝛿�𝜔𝜔� � 𝜔𝜔�𝑑𝑑𝑑𝑑�   
�

�
   

� 3𝜋𝜋𝜋
4𝑀𝑀𝑀𝑀 𝑔𝑔�𝜔𝜔� .                                                                                                                                   

The left-hand side of Eq.(4.31) is written as 

Im�� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� ��� � 1
2𝑖𝑖 �� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� �� �� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� ��∗ �  

                                          � 1
2𝑖𝑖 �� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� �� �� 𝑣⃗𝑣�𝑡𝑡� ∙ 𝑣⃗𝑣�0� ���  

                                           � 1
2𝑖𝑖 � �𝑣𝑣𝑣�0�, 𝑣⃗𝑣�𝑡𝑡�� �� ,                                       

where ��, �� � �� � ��, and thus 

� Im�� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� ���𝑑𝑑𝑑𝑑
�

�
                                                                                                                                              

� 1
2𝑖𝑖 � �� �𝑣𝑣��0�, 𝑣𝑣��𝑡𝑡�� ���� �𝑣𝑣��0�, 𝑣𝑣��𝑡𝑡�� ���� �𝑣𝑣��0�, 𝑣𝑣��𝑡𝑡�� ���

�

�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

� 1
2𝑖𝑖 �� �𝑣𝑣��0�, 𝑥𝑥�∞�� ���� �𝑣𝑣��0�, 𝑥𝑥�0�� ���� �𝑣𝑣��0�, 𝑦𝑦�∞�� ���� �𝑣𝑣��0�, 𝑦𝑦�0�� ��

�� �𝑣𝑣��0�, 𝑧𝑧�∞�� ���� �𝑣𝑣��0�, 𝑧𝑧�0�� ��� 

� 3ℏ
2𝑀𝑀 .                       � �𝑣𝑣��0�, 𝑥𝑥�0�� � �𝑣𝑣��0�, 𝑦𝑦�0�� � �𝑣𝑣��0�, 𝑧𝑧�0�� � � 𝑖𝑖𝑖

𝑀𝑀 �                           
  

(4.34) 

(4.35) 

(4.36) 

(4.37) 
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With the help of Eq.(2.30), Eq.(4.33) is derived from Eq.(4.28) by 

3ℏ
2𝑀𝑀 � �� 𝜔𝜔�𝑓𝑓�𝜔𝜔�� sin�𝜔𝜔�𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

�
� sin�𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡

�

�
� 3ℏ

2𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� �� sin�𝜔𝜔�𝑡𝑡� sin�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑
�

�
� 𝑑𝑑𝜔𝜔𝑑

�

�
 

� 3ℏ
2𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� �� 1

2 �cos��𝜔𝜔� � 𝜔𝜔�𝑡𝑡� � cos��𝜔𝜔� � 𝜔𝜔�𝑡𝑡��
�

�
𝑑𝑑𝑡𝑡� 𝑑𝑑𝜔𝜔�                         

�

�
 

� 3ℏ
2𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� �� 1

4 �exp�𝑖𝑖�𝜔𝜔� � 𝜔𝜔�𝑡𝑡� � exp��𝑖𝑖�𝜔𝜔� � 𝜔𝜔�𝑡𝑡��
�

�
𝑑𝑑𝑡𝑡� 𝑑𝑑𝜔𝜔𝑑

�

�
                   

� 3ℏ
8𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� �� exp�𝑖𝑖�𝜔𝜔� � 𝜔𝜔�𝑡𝑡�  𝑑𝑑𝑑𝑑

�

��
� 𝑑𝑑𝜔𝜔𝑑

�

�
� 3𝜋𝜋𝜋

4𝑀𝑀 � 𝜔𝜔�𝑓𝑓�𝜔𝜔�� 𝛿𝛿�𝜔𝜔� � 𝜔𝜔�𝑑𝑑𝑑𝑑𝑑
�

�
 

� 3𝜋𝜋𝜋
4𝑀𝑀 𝜔𝜔𝜔𝜔𝜔�𝜔𝜔� ,                                                                                                                                 

and 

3ℏ
2𝑀𝑀𝑀𝑀 � �� 𝑔𝑔�𝜔𝜔�� cos�𝜔𝜔�𝑡𝑡�  𝑑𝑑𝑑𝑑𝑑

�

�
�

�

�
cos�𝜔𝜔𝑡𝑡� 𝑑𝑑𝑡𝑡 � 3ℏ

2𝑀𝑀𝑀𝑀 � 𝑔𝑔�𝜔𝜔�� �� cos�𝜔𝜔�𝑡𝑡� cos�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑
�

�
� 𝑑𝑑𝜔𝜔�

�

�
 

� 3ℏ
2𝑀𝑀𝑀𝑀 � 𝑔𝑔�𝜔𝜔�� �� 1

2 �cos��𝜔𝜔� � 𝜔𝜔�𝑡𝑡� � cos��𝜔𝜔� � 𝜔𝜔�𝑡𝑡��
�

�
𝑑𝑑𝑡𝑡� 𝑑𝑑𝜔𝜔�                           

�

�
 

� 3ℏ
8𝑀𝑀𝑀𝑀 � 𝑔𝑔�𝜔𝜔�� �� exp�𝑖𝑖�𝜔𝜔� � 𝜔𝜔�𝑡𝑡�  𝑑𝑑𝑑𝑑

�

��
� 𝑑𝑑𝜔𝜔𝑑

�

�
� 3𝜋𝜋𝜋

4𝑀𝑀𝑀𝑀 � 𝑔𝑔�𝜔𝜔�� 𝛿𝛿�𝜔𝜔� � 𝜔𝜔�𝑑𝑑𝑑𝑑�   
�

�
   

� 3𝜋𝜋𝜋
4𝑀𝑀𝑀𝑀 𝑔𝑔�𝜔𝜔� .                                                                                                                                   

The left-hand side of Eq.(4.31) is written as 

Im�� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� ��� � 1
2𝑖𝑖 �� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� �� �� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� ��∗ �  

                                          � 1
2𝑖𝑖 �� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� �� �� 𝑣⃗𝑣�𝑡𝑡� ∙ 𝑣⃗𝑣�0� ���  

                                           � 1
2𝑖𝑖 � �𝑣𝑣𝑣�0�, 𝑣⃗𝑣�𝑡𝑡�� �� ,                                       

where ��, �� � �� � ��, and thus 

� Im�� 𝑣⃗𝑣�0� ∙ 𝑣⃗𝑣�𝑡𝑡� ���𝑑𝑑𝑑𝑑
�

�
                                                                                                                                              

� 1
2𝑖𝑖 � �� �𝑣𝑣��0�, 𝑣𝑣��𝑡𝑡�� ���� �𝑣𝑣��0�, 𝑣𝑣��𝑡𝑡�� ���� �𝑣𝑣��0�, 𝑣𝑣��𝑡𝑡�� ���

�

�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

� 1
2𝑖𝑖 �� �𝑣𝑣��0�, 𝑥𝑥�∞�� ���� �𝑣𝑣��0�, 𝑥𝑥�0�� ���� �𝑣𝑣��0�, 𝑦𝑦�∞�� ���� �𝑣𝑣��0�, 𝑦𝑦�0�� ��

�� �𝑣𝑣��0�, 𝑧𝑧�∞�� ���� �𝑣𝑣��0�, 𝑧𝑧�0�� ��� 

� 3ℏ
2𝑀𝑀 .                       � �𝑣𝑣��0�, 𝑥𝑥�0�� � �𝑣𝑣��0�, 𝑦𝑦�0�� � �𝑣𝑣��0�, 𝑧𝑧�0�� � � 𝑖𝑖𝑖

𝑀𝑀 �                           
  

(4.34) 

(4.35) 

(4.36) 

(4.37) 
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The right-hand side of Eq.(4.31) is written as 

3ℏ
2𝑀𝑀 � 𝑑𝑑𝜔𝜔

�

�
� 𝜔𝜔𝑓𝑓�𝜔𝜔� sin�𝜔𝜔𝜔𝜔� 𝑑𝑑𝜔𝜔 � 3ℏ

2𝑀𝑀
�

�
 � �� cos�𝜔𝜔𝜔𝜔� 𝑓𝑓�𝜔𝜔�������� 𝑑𝑑𝑑𝑑

�

�
� 3ℏ

2𝑀𝑀 � 𝑓𝑓�𝜔𝜔� 𝑑𝑑𝑑𝑑
�

�
 .        

From Eqs.(4.37) and (4.38) we obtain 

� 𝑓𝑓�𝜔𝜔�𝑑𝑑𝜔𝜔
�

�
� 1 . 

Using the representation in Eq.(4.14) 

𝛾𝛾��𝑡𝑡� � � 𝑖𝑖𝑖𝑖𝑖
2𝑀𝑀 � 1

3 � �𝜔𝜔 � 𝜔𝜔𝜔� � 𝑣𝑣���� � 𝑣𝑣��𝜔𝜔𝜔�
�

�
�� 𝑑𝑑𝑑𝑑�, 

𝛾𝛾��𝑡𝑡� is given by 

𝛾𝛾��𝑡𝑡� � ℏ
2𝑀𝑀 � 𝑓𝑓�𝜔𝜔�

𝜔𝜔
�

�
�co�� �ℏ𝜔𝜔𝜔𝜔

2 � �1 � cos�𝜔𝜔𝜔𝜔�� � 𝑖𝑖 sin �𝜔𝜔𝜔𝜔�� 𝑑𝑑𝜔𝜔 . 

Eq.(4.40) is proved as follows. 
1
3 � �𝜔𝜔 � 𝜔𝜔𝜔� ����

�

�
𝑣𝑣���� � 𝑣𝑣��𝜔𝜔𝜔� ���𝑑𝑑𝜔𝜔� � ℏ

2𝑀𝑀 � 𝜔𝜔𝑓𝑓�𝜔𝜔� � �𝜔𝜔 � 𝜔𝜔�� sin�𝜔𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
�

�

�

�
                         

� ℏ
2𝑀𝑀 � 𝜔𝜔𝑓𝑓�𝜔𝜔� �𝜔𝜔 �  sin�𝜔𝜔𝜔𝜔𝜔� 𝑑𝑑𝜔𝜔𝜔 � � 𝜔𝜔𝜔 sin�𝜔𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑𝑑𝑑

�

�

�

�
�

�

�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

� ℏ
2𝑀𝑀 � 𝜔𝜔𝑓𝑓�𝜔𝜔� ��𝜔𝜔 �cos�𝜔𝜔𝜔𝜔��

𝜔𝜔 �
�

�
� �𝜔𝜔� cos�𝜔𝜔𝜔𝜔��

𝜔𝜔 �
�

�
� � cos�𝜔𝜔𝜔𝜔��

𝜔𝜔  𝑑𝑑𝑑𝑑𝑑𝑑
�

�
 �

�

�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

� ℏ
2𝑀𝑀 � 𝜔𝜔𝑓𝑓�𝜔𝜔� � 𝑡𝑡

𝜔𝜔 � sin�𝜔𝜔𝜔𝜔�
𝜔𝜔�  � 𝑑𝑑𝜔𝜔

�

�
� ℏ𝑡𝑡

2𝑀𝑀 � ℏ
2𝑀𝑀 � 𝑓𝑓�𝜔𝜔�

𝜔𝜔 sin�𝜔𝜔𝜔𝜔�
�

�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

1
3 � �𝜔𝜔 � 𝜔𝜔𝜔� ����

�

�
𝑣𝑣���� � 𝑣𝑣��𝜔𝜔𝜔� ���𝑑𝑑𝜔𝜔� � ℏ

2𝑀𝑀 � 𝜔𝜔 co�� �ℏ𝜔𝜔𝜔𝜔
2 � 𝑓𝑓�𝜔𝜔� � �𝜔𝜔 � 𝜔𝜔�� cos�𝜔𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

�

�

�

�
 

� ℏ
2𝑀𝑀 � 𝜔𝜔 co�� �ℏ𝜔𝜔𝜔𝜔

2 � 𝑓𝑓�𝜔𝜔� �𝜔𝜔 �sin �𝜔𝜔𝜔𝜔��
𝜔𝜔 �

�

�
� �𝜔𝜔� sin �𝜔𝜔𝜔𝜔��

𝜔𝜔 �
�

�
� � sin�𝜔𝜔𝜔𝜔𝜔�

𝜔𝜔  𝑑𝑑𝑑𝑑𝑑𝑑
�

�
 � 𝑑𝑑𝜔𝜔 

�

�
 

� ℏ
2𝑀𝑀 � 𝜔𝜔 co�� �ℏ𝜔𝜔𝜔𝜔

2 � 𝑓𝑓�𝜔𝜔� �� cos�𝜔𝜔𝜔𝜔�
𝜔𝜔� � 1
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�
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𝜔𝜔  co�� �ℏ𝜔𝜔𝜔𝜔
2 � �1 � cos�𝜔𝜔𝜔𝜔�� 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑                

�

�
 

𝛾𝛾��𝑡𝑡� � � 𝑖𝑖𝑖𝑖𝑖
2𝑀𝑀 � 1
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�

�
�� 𝑑𝑑𝑑𝑑�                                                                                          

            � � 𝑖𝑖𝑖𝑖𝑖
2𝑀𝑀 � ℏ

2𝑀𝑀 � 𝑓𝑓�𝜔𝜔�
𝜔𝜔  co�� �ℏ𝜔𝜔𝜔𝜔
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2𝑀𝑀 � ℏ

2𝑀𝑀 � 𝑓𝑓�𝜔𝜔�
𝜔𝜔 sin�𝜔𝜔𝜔𝜔�

�

�
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�
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�

�
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  It is pointed out that Eqs.(4.13) and (4.40) which characterize the Gaussian approximation can be derived 

from a harmonic solid model, if 𝐼𝐼��𝜅𝜅, 𝑡𝑡� is formulated by the first order perturbation method for one phonon 

scattering.10,11,13,14) We can express the phonon states and their energies explicitly, and 𝑅𝑅����⃗ �𝑡𝑡�  can be 
represented with creation and annihilation operators of the phonon. Eqs.(4.13) and (4.40) can be derived from 
Eq.(3.13) using these quantities. The Gaussian function of Eq.(4.13) is formed in elastic and one phonon 
processes, and the relation in Eq.(4.40) is obtained through the formulation. In this report we did not specify 
the target state except that the target is isotropic, and applied the fluctuation-dissipation theorem. We note 

that the difference between liquids and harmonic solids arises in the frequency distribution 𝑓𝑓�𝜔𝜔�. 
The function 𝑓𝑓�𝜔𝜔�, which gives the frequency distribution, is obtained from Eqs. (4.31) to (4.35) as, 

𝑓𝑓�𝜔𝜔� � 4𝑀𝑀
3𝜋𝜋𝜋

1
𝜔𝜔 � ���� �⃗�0� ∙ �⃗�𝑡𝑡� ��� sin�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
                                      

� 4𝑀𝑀
3𝜋𝜋𝜋

��n��𝜋𝜔𝜔��2�
𝜔𝜔 � �e�� �⃗�0� ∙ �⃗�𝑡𝑡� ��� cos�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
 .  

  The self-scattering law 𝑆𝑆��𝜅𝜅, 𝜔𝜔�  is obtained by the Fourier transform of 𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 �  in Eq.(4.13). From 
Eq.(3.15), 

𝑆𝑆��𝜅𝜅𝜅𝜅𝜅 � � 1
2𝜋𝜋𝜋 � 𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � exp��𝑖𝑖𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

��
 

 
4.2  Classical Space-time Self-correlation Function 
  The classical space-time self-correlation function 𝐺𝐺����𝑟𝑟, 𝑡𝑡� is given from Eq.(3.29) by 

𝐺𝐺����𝑟𝑟, 𝑡𝑡� �� �� 𝑟𝑟 � 𝑅𝑅�����⃗ �𝑡𝑡� � 𝑅𝑅�����⃗ �0� � �� . 
 If the target is isotropic, 𝐺𝐺����𝑟𝑟, 𝑡𝑡� depends only on scalars 𝑟𝑟 and 𝑡𝑡. 𝐺𝐺����𝑟𝑟𝑟𝑟𝑟 �𝑑𝑑𝑑𝑑 is the probability that, 

given an atom is at the origin at time 𝑡𝑡 � 0, the same atom is in the thin shell 𝑑𝑑𝑑𝑑 � 4𝜋𝜋𝑟𝑟�𝑑𝑑𝑑𝑑 at distance 𝑟𝑟 

from the origin at time 𝑡𝑡𝑡8) The classical self-intermediate scattering function 𝐼𝐼����𝜅𝜅𝜅𝜅𝜅 � is evaluated from 
Eq.(3.16) by 

𝐼𝐼����𝜅𝜅, 𝑡𝑡� � �  𝐺𝐺����𝑟𝑟𝑟𝑟𝑟 � exp�𝑖𝑖𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 � 2𝜋𝜋 � 𝑟𝑟� 𝑑𝑑𝑟𝑟 � sin𝑖𝑖 𝑑𝑑𝑖𝑖 𝐺𝐺����𝑟𝑟𝑟𝑟𝑟 � exp�𝑖𝑖𝜅𝜅𝑟𝑟 cos 𝑖𝑖�
�

�

�

�
 

� 2𝜋𝜋 � 𝑟𝑟�𝑑𝑑𝑑𝑑𝑑𝑑𝑑����𝑟𝑟𝑟𝑟𝑟 � � exp�𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑖𝑖� 𝑑𝑑�cos 𝑖𝑖�
�

��

�

�
                                      

� 4𝜋𝜋
𝜅𝜅 � 𝑟𝑟 𝐺𝐺����𝑟𝑟𝑟𝑟𝑟 � sin�𝜅𝜅𝜅𝜅� 𝑑𝑑𝑑𝑑

�

�
 .                                                                           

The classical self-scattering law 𝑆𝑆����𝜅𝜅, 𝜔𝜔� is obtained by the Fourier transform of 𝐼𝐼����𝜅𝜅𝜅𝜅𝜅 �. From Eq.(3.15), 

𝑆𝑆����𝜅𝜅𝜅𝜅𝜅 � � 1
2𝜋𝜋𝜋 � 𝐼𝐼����𝜅𝜅𝜅𝜅𝜅 � exp��𝑖𝑖𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

��
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  It is pointed out that Eqs.(4.13) and (4.40) which characterize the Gaussian approximation can be derived 

from a harmonic solid model, if 𝐼𝐼��𝜅𝜅, 𝑡𝑡� is formulated by the first order perturbation method for one phonon 

scattering.10,11,13,14) We can express the phonon states and their energies explicitly, and 𝑅𝑅����⃗ �𝑡𝑡�  can be 
represented with creation and annihilation operators of the phonon. Eqs.(4.13) and (4.40) can be derived from 
Eq.(3.13) using these quantities. The Gaussian function of Eq.(4.13) is formed in elastic and one phonon 
processes, and the relation in Eq.(4.40) is obtained through the formulation. In this report we did not specify 
the target state except that the target is isotropic, and applied the fluctuation-dissipation theorem. We note 

that the difference between liquids and harmonic solids arises in the frequency distribution 𝑓𝑓�𝜔𝜔�. 
The function 𝑓𝑓�𝜔𝜔�, which gives the frequency distribution, is obtained from Eqs. (4.31) to (4.35) as, 

𝑓𝑓�𝜔𝜔� � 4𝑀𝑀
3𝜋𝜋𝜋

1
𝜔𝜔 � ���� �⃗�0� ∙ �⃗�𝑡𝑡� ��� sin�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
                                      

� 4𝑀𝑀
3𝜋𝜋𝜋

��n��𝜋𝜔𝜔��2�
𝜔𝜔 � �e�� �⃗�0� ∙ �⃗�𝑡𝑡� ��� cos�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
 .  

  The self-scattering law 𝑆𝑆��𝜅𝜅, 𝜔𝜔�  is obtained by the Fourier transform of 𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 �  in Eq.(4.13). From 
Eq.(3.15), 

𝑆𝑆��𝜅𝜅𝜅𝜅𝜅 � � 1
2𝜋𝜋𝜋 � 𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � exp��𝑖𝑖𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

��
 

 
4.2  Classical Space-time Self-correlation Function 
  The classical space-time self-correlation function 𝐺𝐺����𝑟𝑟, 𝑡𝑡� is given from Eq.(3.29) by 

𝐺𝐺����𝑟𝑟, 𝑡𝑡� �� �� 𝑟𝑟 � 𝑅𝑅�����⃗ �𝑡𝑡� � 𝑅𝑅�����⃗ �0� � �� . 
 If the target is isotropic, 𝐺𝐺����𝑟𝑟, 𝑡𝑡� depends only on scalars 𝑟𝑟 and 𝑡𝑡. 𝐺𝐺����𝑟𝑟𝑟𝑟𝑟 �𝑑𝑑𝑑𝑑 is the probability that, 

given an atom is at the origin at time 𝑡𝑡 � 0, the same atom is in the thin shell 𝑑𝑑𝑑𝑑 � 4𝜋𝜋𝑟𝑟�𝑑𝑑𝑑𝑑 at distance 𝑟𝑟 

from the origin at time 𝑡𝑡𝑡8) The classical self-intermediate scattering function 𝐼𝐼����𝜅𝜅𝜅𝜅𝜅 � is evaluated from 
Eq.(3.16) by 

𝐼𝐼����𝜅𝜅, 𝑡𝑡� � �  𝐺𝐺����𝑟𝑟𝑟𝑟𝑟 � exp�𝑖𝑖𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 � 2𝜋𝜋 � 𝑟𝑟� 𝑑𝑑𝑟𝑟 � sin𝑖𝑖 𝑑𝑑𝑖𝑖 𝐺𝐺����𝑟𝑟𝑟𝑟𝑟 � exp�𝑖𝑖𝜅𝜅𝑟𝑟 cos 𝑖𝑖�
�

�

�

�
 

� 2𝜋𝜋 � 𝑟𝑟�𝑑𝑑𝑑𝑑𝑑𝑑𝑑����𝑟𝑟𝑟𝑟𝑟 � � exp�𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  𝑖𝑖� 𝑑𝑑�cos 𝑖𝑖�
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�

�
                                      

� 4𝜋𝜋
𝜅𝜅 � 𝑟𝑟 𝐺𝐺����𝑟𝑟𝑟𝑟𝑟 � sin�𝜅𝜅𝜅𝜅� 𝑑𝑑𝑑𝑑
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The classical self-scattering law 𝑆𝑆����𝜅𝜅, 𝜔𝜔� is obtained by the Fourier transform of 𝐼𝐼����𝜅𝜅𝜅𝜅𝜅 �. From Eq.(3.15), 

𝑆𝑆����𝜅𝜅𝜅𝜅𝜅 � � 1
2𝜋𝜋𝜋 � 𝐼𝐼����𝜅𝜅𝜅𝜅𝜅 � exp��𝑖𝑖𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�
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5. Coherent Scattering 
 

In this section correlation functions for coherent scattering are formulated into more practical forms. We 
apply the Vineyard approximation14) to take into account the correlation between different atoms. We also 
derive the classical expression for the space-time correlation function according to the textbook of Squires.10) 

The target is assumed to be consisting of a single nuclide. 
 

5.1  Vineyard Approximation of Intermediate Scattering Function 
  The intermediate scattering function 𝐼𝐼�𝜅𝜅, 𝑡𝑡� is defined in Eq.(3.3) by 

𝐼𝐼�𝜅𝜅, 𝑡𝑡� � 1
𝑁𝑁 � � ������𝜅𝜅 ∙ 𝑅𝑅�������⃗ �0�� �����𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

��,���
 . 

The evaluation of 𝐼𝐼�𝜅𝜅, 𝑡𝑡� includes the sum which is 𝑁𝑁 times the evaluation of 𝐼𝐼��𝜅𝜅, 𝑡𝑡� in Eq.(3.13) for 
incoherent scattering, 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 1
𝑁𝑁 � � ������𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� �����𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

���
 .   

The calculation of 𝐼𝐼�𝜅𝜅, 𝑡𝑡� is difficult for the target system which is composed of large number of atoms. 
  Vineyard showed a method to estimate 𝐼𝐼�𝜅𝜅, 𝑡𝑡�. This is expressed as11,14) 

𝐼𝐼�𝜅𝜅, 𝑡𝑡� � 𝐼𝐼�𝜅𝜅, 0� 𝐼𝐼��𝜅𝜅, 𝑡𝑡� . 
Eq.(5.3) is known as the “Vineyard approximation”. In Eq.(5.3) the correlation between different atoms is 

evaluated at time 𝑡𝑡 � 0. 
From Eq.(3.6), 𝐼𝐼�𝜅𝜅, 0� is given by 

𝐼𝐼�𝜅𝜅, 0� � � 𝐺𝐺�𝑟𝑟, 0� �����𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 . 

From Eqs.(3.32) and (3.34), we have 

𝐺𝐺�𝑟𝑟, 0� � � � ��𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�����⃗ �0�� ��� ��𝑟𝑟𝑟� �
�

���
𝑔𝑔�𝑟𝑟� ,  

and 

𝑔𝑔�𝑟𝑟𝑟� � � � ��𝑟𝑟 � 𝑅𝑅����⃗ �0� � 𝑅𝑅�����⃗ �0�� ��
�

������

 .  

𝑔𝑔�𝑟𝑟𝑟�𝑑𝑑𝑑𝑑 is the probability that, given an atom is at the origin at time 𝑡𝑡 � 0, any other atom is in the volume 
d𝑟𝑟 at position 𝑟𝑟𝑟 at the same time.10) The function 𝑔𝑔�𝑟𝑟𝑟� gives the average particle-density with respect to 
any atom as the origin.10) 
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 5.2  Classical Space-time Correlation Function 
The classical space-time correlation function 𝐺𝐺���𝑟𝑟, 𝑡𝑡� is given from Eq.(3.28) by 

𝐺𝐺���𝑟𝑟, 𝑡𝑡� � � � ��𝑟𝑟 � �����⃗ �𝑡𝑡� � ������⃗ �0�� ��
�

���
 .  

If the target is isotropic, 𝐺𝐺���𝑟𝑟, 𝑡𝑡� depends only on scalars 𝑟𝑟 and 𝑡𝑡. 𝐺𝐺���𝑟𝑟𝑟𝑟𝑟 �𝑑𝑑𝑑𝑑 is the probability that, 
given an atom is at the origin at time 𝑡𝑡 � 0, any atom including the same atom is in the thin shell 𝑑𝑑𝑑𝑑 �
4𝜋𝜋𝜋𝜋�𝑑𝑑𝑑𝑑 at distance 𝑟𝑟 from the origin at time 𝑡𝑡𝑡10) The classical intermediate scattering function 𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � 
is evaluated from Eq.(3.6) by 

𝐼𝐼���𝜅𝜅, 𝑡𝑡� � �  𝐺𝐺���𝑟𝑟𝑟𝑟𝑟 � exp�𝑖𝑖𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 � 2𝜋𝜋 � 𝑟𝑟� 𝑑𝑑𝑟𝑟 � 𝑖in𝑖𝑖 𝑑𝑑𝑖𝑖 𝐺𝐺���𝑟𝑟𝑟𝑟𝑟 � exp�𝑖𝑖𝜅𝜅𝑟𝑟 𝑖𝑖𝑖 𝑖𝑖�
�

�

�

�
 

� 2𝜋𝜋 � 𝑟𝑟�𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑���𝑟𝑟𝑟𝑟𝑟 � � exp�𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖 𝑖𝑖� 𝑑𝑑�𝑖𝑖𝑖 𝑖𝑖�
�

��

�

�
                                     

� 4𝜋𝜋
𝜅𝜅 � 𝑟𝑟 𝐺𝐺���𝑟𝑟𝑟𝑟𝑟 � sin�𝜅𝜅𝜅𝜅� 𝑑𝑑𝑑𝑑

�

�
 .                                                                           

The classical scattering law 𝑆𝑆���𝜅𝜅, 𝜅𝜅� is obtained from 𝐼𝐼���𝜅𝜅, 𝑡𝑡� by the Fourier transform of Eq.(3.5), 

𝑆𝑆���𝜅𝜅𝜅 𝜅𝜅� � 1
2𝜋𝜋𝜋 � 𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � exp��𝑖𝑖𝜅𝜅𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

��
 

 

  

(5.8) 

(5.7) 

(5.9) 
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 5.2  Classical Space-time Correlation Function 
The classical space-time correlation function 𝐺𝐺���𝑟𝑟, 𝑡𝑡� is given from Eq.(3.28) by 

𝐺𝐺���𝑟𝑟, 𝑡𝑡� � � � ��𝑟𝑟 � �����⃗ �𝑡𝑡� � ������⃗ �0�� ��
�

���
 .  

If the target is isotropic, 𝐺𝐺���𝑟𝑟, 𝑡𝑡� depends only on scalars 𝑟𝑟 and 𝑡𝑡. 𝐺𝐺���𝑟𝑟𝑟𝑟𝑟 �𝑑𝑑𝑑𝑑 is the probability that, 
given an atom is at the origin at time 𝑡𝑡 � 0, any atom including the same atom is in the thin shell 𝑑𝑑𝑑𝑑 �
4𝜋𝜋𝜋𝜋�𝑑𝑑𝑑𝑑 at distance 𝑟𝑟 from the origin at time 𝑡𝑡𝑡10) The classical intermediate scattering function 𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � 
is evaluated from Eq.(3.6) by 

𝐼𝐼���𝜅𝜅, 𝑡𝑡� � �  𝐺𝐺���𝑟𝑟𝑟𝑟𝑟 � exp�𝑖𝑖𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 � 2𝜋𝜋 � 𝑟𝑟� 𝑑𝑑𝑟𝑟 � 𝑖in𝑖𝑖 𝑑𝑑𝑖𝑖 𝐺𝐺���𝑟𝑟𝑟𝑟𝑟 � exp�𝑖𝑖𝜅𝜅𝑟𝑟 𝑖𝑖𝑖 𝑖𝑖�
�

�

�

�
 

� 2𝜋𝜋 � 𝑟𝑟�𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑���𝑟𝑟𝑟𝑟𝑟 � � exp�𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖 𝑖𝑖� 𝑑𝑑�𝑖𝑖𝑖 𝑖𝑖�
�

��

�

�
                                     

� 4𝜋𝜋
𝜅𝜅 � 𝑟𝑟 𝐺𝐺���𝑟𝑟𝑟𝑟𝑟 � sin�𝜅𝜅𝜅𝜅� 𝑑𝑑𝑑𝑑

�

�
 .                                                                           

The classical scattering law 𝑆𝑆���𝜅𝜅, 𝜅𝜅� is obtained from 𝐼𝐼���𝜅𝜅, 𝑡𝑡� by the Fourier transform of Eq.(3.5), 

𝑆𝑆���𝜅𝜅𝜅 𝜅𝜅� � 1
2𝜋𝜋𝜋 � 𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � exp��𝑖𝑖𝜅𝜅𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑

�

��
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6. Discussion on Scattering Laws 
 

In this section we review some features of scattering laws. We first introduce the scattering laws for a 
single free atom in the classical and quantum cases. We then mention the sum rules and the quantum 
corrections by referring to the correlation functions of the free atom. 
 
6.1  Scattering from a Free Atom 
  We introduce correlation functions of a single free atom, for later discussion. The results for the free atom 
can apply to a perfect gas consisting of identical atoms. 
 
6.1.1 Classical Case 
  The probability that the atom with mass 𝑀𝑀 has the velocity 𝑣𝑣𝑣 at temperature 𝑇𝑇 is given statistically 
by15) 

𝑓𝑓�𝑣𝑣𝑣� � �𝑀𝑀𝑀𝑀
2𝜋𝜋 �

�
� exp �� 𝑀𝑀𝑀𝑀�𝛽𝛽

2 � , 
where 𝑀𝑀 � 1����𝑇𝑇� is defined in Eq.(2.39). We suppose the atom is at the origin at time 𝑡𝑡 � � and is 𝑟𝑟𝑟 
at time 𝑡𝑡. Since 𝑣𝑣 � 𝑟𝑟�𝑡𝑡, we have the space-time self-correlation function10,14) 

𝐺𝐺����𝑟𝑟, 𝑡𝑡� � � 𝑀𝑀𝑀𝑀
2𝜋𝜋𝜋𝜋��

�
� exp �� 𝑀𝑀𝑀𝑀�𝛽𝛽

2𝑡𝑡� � . 
The normalization factor is altered from Eq.(6.1). Eq.(6.2) corresponds to Eq.(3.29) for the free atom. 

Analytic solutions for 𝐼𝐼����𝜅𝜅𝑣, 𝑡𝑡�  and 𝑆𝑆����𝜅𝜅𝑣, 𝜔𝜔�  are obtained directly by the Fourier transforms of 
𝐺𝐺����𝑟𝑟, 𝑡𝑡�. From Eqs.(3.15) and (3.16) we have 

𝐼𝐼����𝜅𝜅, 𝑡𝑡� � � 𝐺𝐺����𝑟𝑟, 𝑡𝑡� exp�𝑖𝑖𝑖𝑖 ∙ 𝑟𝑟� 𝑑𝑑𝑑𝑑𝑣 � exp �� 𝜅𝜅�𝑡𝑡�

2𝑀𝑀𝑀𝑀� ,                              

𝑆𝑆����𝜅𝜅, 𝜔𝜔� � 1
2𝜋𝜋𝜋 � 𝐼𝐼����𝜅𝜅, 𝑡𝑡� exp��𝑖𝑖𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑

�

��
� � 𝛽𝛽

4𝜋𝜋𝜋𝜋�
�

�
� exp �� ℏ�𝜔𝜔�𝛽𝛽

4𝐸𝐸�
� , 

where 

𝐸𝐸� � ℏ�𝜅𝜅�

2𝑀𝑀  . 
In deriving Eqs.(6.3) and (6.4), we used following math formulas10) 

� exp �� 𝑟𝑟�

2𝜎𝜎��  exp�𝑖𝑖𝑖𝑖 ∙ 𝑟𝑟� 𝑑𝑑𝑑𝑑𝑣 � �2𝜋𝜋𝜋𝜋���
� exp �� 𝜅𝜅�𝜎𝜎�

2 � , 

� exp �� 𝑡𝑡�

2𝜎𝜎��  exp��𝑖𝑖𝜔𝜔𝑡𝑡� 𝑑𝑑𝑑𝑑
�

��
� �2𝜋𝜋𝜋𝜋���

� exp �� 𝜔𝜔�𝜎𝜎�

2 � .    

From Eq.(6.4) we have 

𝑆𝑆����𝜅𝜅𝑣, �𝜔𝜔� � 𝑆𝑆����𝜅𝜅, 𝜔𝜔� . 

The classical self-scattering law 𝑆𝑆����𝜅𝜅, 𝜔𝜔� does not satisfy the principle of detailed balance. 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

(6.7) 

(6.8) 
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6.1.2 Quantum Case 
  We derive 𝑆𝑆��𝜅𝜅, 𝜔𝜔� according to the textbook of Squires.10) From Eq.(4.17), the incoherent cross section 
is written as 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
� 𝜎𝜎���

4𝜋𝜋  𝑘𝑘
�

𝑘𝑘 � �� ��� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 ���

���
 𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � 𝑑𝑑 � 𝑑𝑑𝜉� . 

From Eq.(3.20), 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is given by 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� �  � �� ��� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 ���

���
 𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � ℏ𝜔𝜔� , 

with 

ℏ𝜔𝜔 � 𝑑𝑑 � 𝑑𝑑�. 
We use a plane wave for the target wavefunction �𝜆𝜆 �, 

�𝜆𝜆 �� 1
√𝑌𝑌  exp�𝑖𝑖𝜉𝜉 ∙ 𝑅𝑅�⃗ � , 

where 1/√𝑌𝑌 is the normalization factor introduced in Eq.(2.17), and 𝜉𝜉 is the wavevector of the free atom 
in the state 𝜆𝜆. In Eq.(6.10) we have 

� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 �� 1
𝑌𝑌 � exp�𝑖𝑖�𝜅𝜅 � 𝜉𝜉 � 𝜉𝜉𝜉��⃗ � ∙ 𝑅𝑅�⃗ �  𝑑𝑑𝑅𝑅�⃗  , 

where 𝜉𝜉𝜉��⃗  is the wavevector of the free atom in the state 𝜆𝜆𝜆. The integral is zero unless 

𝜅𝜅 � 𝑘𝑘�⃗ � 𝑘𝑘����⃗ � 𝜉𝜉����⃗ � 𝜉𝜉 . 
The scattering vector 𝜅𝜅 � 𝑘𝑘�⃗ � 𝑘𝑘����⃗  is defined in Eq.(2.28). Eq.(6.14) implies the conservation of momentum. 
This can be confirmed by multiplying wavevectors by ℏ. If the condition is satisfied 

� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 �� 1 , 
and thus 

��� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 ��� � 1 .
��

 

Since 𝜉𝜉𝜉��⃗ � 𝜅𝜅 � 𝜉𝜉 , we have 

𝐸𝐸� � 𝑑𝑑�� � ℏ�

2𝑀𝑀 �𝜉𝜉� � 𝜉𝜉𝜉�� � � ℏ�

2𝑀𝑀 �𝜅𝜅� � 2𝜅𝜅 ∙ 𝜉𝜉� . 
Inserting the relation of Eq.(6.17) into the 𝛿𝛿 function of Eq.(6.10) and applying Eq.(6.16) , we obtain 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� � � exp��ℏ�𝜉𝜉�𝛽𝛽𝛽𝛽𝛽𝛽� 𝛿𝛿�ℏ𝜔𝜔 � �ℏ�/2𝑀𝑀��𝜅𝜅� � 2𝜅𝜅 ∙ 𝜉𝜉��𝑑𝑑𝜉𝜉 
� exp��ℏ�𝜉𝜉�𝛽𝛽𝛽𝛽𝛽𝛽� 𝑑𝑑𝑑𝑑  

� � 𝛽𝛽
4𝜋𝜋𝜋𝜋�

�
�
� exp �� 𝛽𝛽

4𝐸𝐸�
�ℏ𝜔𝜔 � 𝑑𝑑���� .                

(6.9) 

(6.10) 

(6.11) 

(6.12) 

(6.13) 

(6.15) 

(6.16) 

(6.17) 

(6.18) 

(6.14) 
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  We derive 𝑆𝑆��𝜅𝜅, 𝜔𝜔� according to the textbook of Squires.10) From Eq.(4.17), the incoherent cross section 
is written as 

� 𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑��

���
� 𝜎𝜎���

4𝜋𝜋  𝑘𝑘
�

𝑘𝑘 � �� ��� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 ���

���
 𝛿𝛿�𝐸𝐸� � 𝑑𝑑�� � 𝑑𝑑 � 𝑑𝑑𝜉� . 

From Eq.(3.20), 𝑆𝑆��𝜅𝜅, 𝜔𝜔� is given by 
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with 

ℏ𝜔𝜔 � 𝑑𝑑 � 𝑑𝑑�. 
We use a plane wave for the target wavefunction �𝜆𝜆 �, 

�𝜆𝜆 �� 1
√𝑌𝑌  exp�𝑖𝑖𝜉𝜉 ∙ 𝑅𝑅�⃗ � , 

where 1/√𝑌𝑌 is the normalization factor introduced in Eq.(2.17), and 𝜉𝜉 is the wavevector of the free atom 
in the state 𝜆𝜆. In Eq.(6.10) we have 

� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 �� 1
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where 𝜉𝜉𝜉��⃗  is the wavevector of the free atom in the state 𝜆𝜆𝜆. The integral is zero unless 

𝜅𝜅 � 𝑘𝑘�⃗ � 𝑘𝑘����⃗ � 𝜉𝜉����⃗ � 𝜉𝜉 . 
The scattering vector 𝜅𝜅 � 𝑘𝑘�⃗ � 𝑘𝑘����⃗  is defined in Eq.(2.28). Eq.(6.14) implies the conservation of momentum. 
This can be confirmed by multiplying wavevectors by ℏ. If the condition is satisfied 

� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 �� 1 , 
and thus 

��� 𝜆𝜆��exp�𝑖𝑖𝑖𝑖 ∙ 𝑅𝑅�⃗ ��𝜆𝜆 ��� � 1 .
��

 

Since 𝜉𝜉𝜉��⃗ � 𝜅𝜅 � 𝜉𝜉 , we have 

𝐸𝐸� � 𝑑𝑑�� � ℏ�

2𝑀𝑀 �𝜉𝜉� � 𝜉𝜉𝜉�� � � ℏ�

2𝑀𝑀 �𝜅𝜅� � 2𝜅𝜅 ∙ 𝜉𝜉� . 
Inserting the relation of Eq.(6.17) into the 𝛿𝛿 function of Eq.(6.10) and applying Eq.(6.16) , we obtain 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� � � exp��ℏ�𝜉𝜉�𝛽𝛽𝛽𝛽𝛽𝛽� 𝛿𝛿�ℏ𝜔𝜔 � �ℏ�/2𝑀𝑀��𝜅𝜅� � 2𝜅𝜅 ∙ 𝜉𝜉��𝑑𝑑𝜉𝜉 
� exp��ℏ�𝜉𝜉�𝛽𝛽𝛽𝛽𝛽𝛽� 𝑑𝑑𝑑𝑑  

� � 𝛽𝛽
4𝜋𝜋𝜋𝜋�

�
�
� exp �� 𝛽𝛽

4𝐸𝐸�
�ℏ𝜔𝜔 � 𝑑𝑑���� .                

(6.9) 

(6.10) 

(6.11) 

(6.12) 

(6.13) 

(6.15) 

(6.16) 

(6.17) 

(6.18) 

(6.14) 
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Analytic formulas for 𝐼𝐼��𝜅𝜅, 𝑡𝑡� and 𝐺𝐺��𝑟𝑟, 𝑡𝑡� are obtained by the Fourier transforms of 𝑆𝑆��𝜅𝜅, 𝜔𝜔�. From 
Eqs.(3.14) and (3.17) we obtain 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � ℏ � 𝑆𝑆��𝜅𝜅, 𝜔𝜔� exp�𝑖𝑖𝑖𝑖𝑖𝑖� 𝑑𝑑𝜔𝜔 � exp ��𝜅𝜅� 𝑡𝑡�𝑡𝑡 � 𝑖𝑖ℏ𝑀𝑀�
2𝑀𝑀𝑀𝑀 �

�

��
 ,                                            

𝐺𝐺��𝑟𝑟, 𝑡𝑡� � 1
�2𝜋𝜋�� � 𝐼𝐼��𝜅𝜅, 𝑡𝑡� exp��𝑖𝑖𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑑𝑑 � � 𝑀𝑀𝑀𝑀

2𝜋𝜋𝑡𝑡�𝑡𝑡 � 𝑖𝑖ℏ𝑀𝑀��
�
� exp ��𝑟𝑟� 𝑀𝑀𝑀𝑀

2𝑡𝑡�𝑡𝑡 � 𝑖𝑖ℏ𝑀𝑀�� . 
From the definition of 𝐸𝐸� in Eq.(6.5) and the conservation of momentum of Eq.(6.14), we find 𝐸𝐸� in 

Eq.(6.18) corresponds to the “recoil energy” of the atom. According to Eq.(6.18), 

𝑆𝑆��𝜅𝜅, �𝜔𝜔� � exp��ℏ𝜔𝜔𝑀𝑀� 𝑆𝑆��𝜅𝜅, 𝜔𝜔� , 
so the principle of detailed balance is satisfied. 

It is noted that from Eq.(6.18) we have 

� 𝑆𝑆��𝜅𝜅, 𝜔𝜔�
�

��
 𝑑𝑑�ℏ𝜔𝜔� � 1 , 

� 𝑆𝑆��𝜅𝜅, 𝜔𝜔�
�

��
ℏ𝜔𝜔𝜔𝜔𝜔�ℏ𝜔𝜔� � 𝐸𝐸� ,     

where we used the math formulas10,15) 

� exp �� 𝑥𝑥�

2𝜎𝜎��  𝑑𝑑𝑥𝑥
�

��
� √2𝜋𝜋 𝜎𝜎𝜎 

� 𝑥𝑥 exp �� 𝑥𝑥�

2𝜎𝜎��  𝑑𝑑𝑥𝑥
�

��
� 0 .             

 
Eqs.(6.22) and (6.23) represent the “sum rules” for the free atom. 
   
6.2  Sum Rules 
  We define the 𝑛𝑛-th moment by10) 

𝑆𝑆���𝜅𝜅𝜅� � � 𝑆𝑆��𝜅𝜅, 𝜔𝜔�
�

��
�ℏ𝜔𝜔�� 𝑑𝑑�ℏ𝜔𝜔� .   

𝑆𝑆���𝜅𝜅𝜅� is expressed with 𝐼𝐼��𝜅𝜅, 𝑡𝑡� in Eq.(3.17) as 

𝑆𝑆���𝜅𝜅𝜅� � �ℏ
𝑖𝑖 �

�
� 𝜕𝜕�

𝜕𝜕𝜕𝜕� 𝐼𝐼��𝜅𝜅, 𝑡𝑡��
���

,            

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � ℏ � 𝑆𝑆��𝜅𝜅, 𝜔𝜔� exp�𝑖𝑖𝜔𝜔𝑡𝑡�
�

��
𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

where 𝐼𝐼��𝜅𝜅, 𝑡𝑡� is differentiated by time 𝑡𝑡 at 𝑡𝑡 � 0.  
𝐼𝐼��𝜅𝜅, 𝑡𝑡� is written in Eq.(3.13) as 

 𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 1
𝑁𝑁 � � exp��𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅����⃗ �0�� exp�𝑖𝑖𝜅𝜅 ∙ 𝑅𝑅����⃗ �𝑡𝑡�� ��

�

���
 .   

(6.19) 

(6.20) 

(6.22) 

(6.23) 

(6.24) 

(6.25) 

(6.26) 

(6.27) 

(6.28) 

(6.29) 

(6.21) 
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Provided the interactions between atoms depend only on their positions and not on their momenta, operators 

in the interactions commute with 𝐼𝐼��𝜅𝜅𝜅, 𝑡𝑡� at 𝑡𝑡 � 0, so Eq.(6.27) is independent of the interactions at 𝑡𝑡 �
0.10) In such a case Eqs.(6.22) and (6.23) for the perfect gas are derived, 

𝑆𝑆���𝜅𝜅𝜅� � 𝐼𝐼��𝜅𝜅, 0� � � ,   

𝑆𝑆���𝜅𝜅𝜅� � 𝜋𝜋� . 
The above relations are known as the sum rules. 

 
6.3  Quantum Correction 
  We first mention quantum corrections using the free atom. From Eqs.(6.3) and (6.19) we have 

𝐼𝐼����𝜅𝜅, 𝑡𝑡� � ��� �� 𝜅𝜅�𝑡𝑡�

2𝑀𝑀𝑀𝑀� ,                

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � ��� ��𝜅𝜅� 𝑡𝑡�𝑡𝑡 � �ℏ𝑀𝑀�
2𝑀𝑀𝑀𝑀 � . 

Schofield proposed the quantum correction for 𝐼𝐼����𝜅𝜅, 𝑡𝑡� by16) 
𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 𝐼𝐼����𝜅𝜅𝜅, 𝑡𝑡 � �ℏ𝑀𝑀�2� . 

For a free atom, 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 𝐼𝐼����𝜅𝜅𝜅, 𝑡𝑡 � �ℏ𝑀𝑀�2� � ��� �� 𝜅𝜅��𝑡𝑡 � �ℏ𝑀𝑀�2��

2𝑀𝑀𝑀𝑀 � . 

From Eq.(6.35) we obtain 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� � � 𝛽𝛽
4𝜋𝜋𝜋𝜋�

�
�
� ��� �� 𝛽𝛽

4𝐸𝐸�
�ℏ�𝜔𝜔� � 2ℏ𝜔𝜔𝜋𝜋��� ,         

which satisfies the principle of detailed balance and is a good approximation for 𝐸𝐸� ≪ ℏ𝜔𝜔. 
Egelstaff proposed the quantum correction by17) 

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � 𝐼𝐼��� �𝜅𝜅, �𝑡𝑡� � �ℏ𝑀𝑀𝑡𝑡� . 

Aamodt et al. proposed18)  

𝐼𝐼��𝜅𝜅, 𝑡𝑡� � �����
� 𝐼𝐼����𝜅𝜅𝜅, 𝑡𝑡 � �ℏ𝑀𝑀�2� . 

Both Eqs. (6.37) and (6.38) produce Eq.(6.33) and that gives Eq.(6.18). 

We next mention a quantum correction proposed by Abe et al.8) This correction has been applied to light 

water. From Eqs.(4.13) and (4.40), 𝐼𝐼���𝜅𝜅, 𝑡𝑡� is expressed by 

𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � � �����𝜅𝜅�𝛾𝛾��𝑡𝑡�� , 
with 

𝛾𝛾��𝑡𝑡� � ℏ
2𝑀𝑀 � ��𝜔𝜔�

𝜔𝜔
�

�
����� �ℏ𝜔𝜔𝜔𝜔

2 � �� � ����𝜔𝜔𝜔𝜔�� � � ��� �𝜔𝜔𝑡𝑡�� �𝜔𝜔 . 

(6.30) 

(6.31) 

(6.32) 

(6.33) 

(6.34) 

(6.35) 

(6.37) 

(6.38) 

(6.40) 

(6.39) 

(6.36) 
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�
�
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Both Eqs. (6.37) and (6.38) produce Eq.(6.33) and that gives Eq.(6.18). 

We next mention a quantum correction proposed by Abe et al.8) This correction has been applied to light 

water. From Eqs.(4.13) and (4.40), 𝐼𝐼���𝜅𝜅, 𝑡𝑡� is expressed by 

𝐼𝐼���𝜅𝜅𝜅𝜅𝜅 � � �����𝜅𝜅�𝛾𝛾��𝑡𝑡�� , 
with 

𝛾𝛾��𝑡𝑡� � ℏ
2𝑀𝑀 � ��𝜔𝜔�

𝜔𝜔
�

�
����� �ℏ𝜔𝜔𝜔𝜔

2 � �� � ����𝜔𝜔𝜔𝜔�� � � ��� �𝜔𝜔𝑡𝑡�� �𝜔𝜔 . 

(6.30) 

(6.31) 

(6.32) 

(6.33) 

(6.34) 

(6.35) 

(6.37) 

(6.38) 

(6.40) 

(6.39) 

(6.36) 
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The classical limit of 𝛾𝛾��𝑡𝑡� is obtained from Eq.(6.40) by taking ℏ → 0 and neglecting the imaginary part, 

𝛾𝛾��𝜅��𝑡𝑡� � 1
𝑀𝑀𝑀𝑀�

𝑓𝑓�𝜔𝜔�
𝜔𝜔�

�

�
�1 � ����𝜔𝜔𝜔𝜔��𝑑𝑑𝑑𝑑𝑑𝑑 

If we write 

𝐼𝐼���𝜅��𝜅𝜅𝜅 𝜅𝜅� � �����𝜅𝜅�𝛾𝛾��𝜅��𝑡𝑡�� , 
the quantum correction for the classical self-intermediate scattering function 𝐼𝐼����𝜅𝜅𝜅 𝜅𝜅� can be expressed by8) 

𝐼𝐼��𝜅𝜅𝜅 𝜅𝜅� � 𝐼𝐼���𝜅𝜅𝜅 𝜅𝜅�
𝐼𝐼���𝜅��𝜅𝜅𝜅 𝜅𝜅�

𝐼𝐼����𝜅𝜅𝜅 𝜅𝜅� . 

𝑆𝑆��𝜅𝜅𝜅 𝜅𝜅� is obtained by the Fourier transform of 𝐼𝐼��𝜅𝜅𝜅 𝜅𝜅� in Eq.(3.15). 
    

(6.41) 

(6.42) 

(6.43) 

JAEA-Review 2019-046

- 27 -



JAEA-Review 2019-046 

- 28 - 

7. Application to Light and Heavy Water 
 

We mention the methods to evaluate thermal cross sections for light and heavy water. 

Table 7.1 shows the cross sections of coherent �𝜎𝜎���� and incoherent �𝜎𝜎���� scattering for hydrogen (H), 
deuterium (D), and oxygen (O) atoms. Tabulated values are obtained from the recommended values of 
Mughabghab19) for free nuclear scattering. Each value is multiplied by a factor �� �𝑀𝑀���/𝑀𝑀�� for the fixed 

nucleus (𝜇𝜇=H, D, O, see Sec.2.3). 
 

Table 7.1 Cross sections for coherent �𝜎𝜎���� � and incoherent �𝜎𝜎���� � scattering 

𝝁𝝁 H D O 

𝝈𝝈𝒄𝒄𝒄𝒄𝒄𝒄𝝁𝝁  (b) 1.76 5.59 4.25 
𝝈𝝈𝒊𝒊𝒊𝒊𝒊𝒊𝝁𝝁  (b) 80.3 2.04 ⸺⸺ 

 

7.1  Light Water 
  As can be seen from Table 7.1, in light water, incoherent scattering for H dominates, so the coherent 
scattering laws for H and O have been approximated by the self-scattering laws (incoherent  
approximation)5-8). We mention two kinds of evaluation methods. The first method is based on the Gaussian 
approximation and the second method directly evaluates the space-time self-correlation function. 
 

7.1.1 Gaussian Approximation 
  From Eqs.(3.15), (3.20), (4.13), (4.40) and (4.41), the angle-energy double differential cross section per 

atom for 𝜇𝜇𝜇= H, O can be evaluated using7) 

𝑑𝑑�𝜎𝜎�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� � 𝜇

𝜎𝜎����
4𝜋𝜋

𝑘𝑘�
𝑘𝑘 𝑆𝑆�

��𝜅𝜅𝜅 𝜅𝜅� ,                                                                                   

𝑆𝑆���𝜅𝜅𝜅 𝜅𝜅� � 1
2𝜋𝜋𝜋� 𝐼𝐼���𝜅𝜅𝜅 𝜅𝜅� exp���𝜅𝜅𝜅𝜅� 𝑑𝑑𝑑𝑑𝑑

�

��
                                                            

𝐼𝐼���𝜅𝜅𝜅 𝜅𝜅� � exp��𝜅𝜅�𝛾𝛾�𝜅��𝜅𝜅�� ,                                                                                   

𝛾𝛾�𝜅��𝑡𝑡� � ℏ
2𝑀𝑀�

� 𝑓𝑓��𝜅𝜅�
𝜔𝜔

�

�
�co�� �ℏ𝜔𝜔𝜔𝜔2 � �1 � cos�𝜔𝜔𝜔𝜔�� � �𝜇s��𝜇�𝜅𝜅𝜅𝜅�� 𝑑𝑑𝜅𝜅𝜇𝜅 

𝑓𝑓��𝜅𝜅� � 4𝑀𝑀�
3𝜋𝜋𝜋

�����𝜋𝜅𝜅𝜔𝜔/2�
𝜔𝜔 � �e�� 𝑣𝑣�����⃗ �0� ∙ 𝑣𝑣�����⃗ �𝜅𝜅� ��� cos�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
 ,     

or its classical limit ℏ → 0,  

𝑓𝑓��𝜔𝜔� � 2𝑀𝑀�𝛽𝛽
3𝜋𝜋 � � 𝑣𝑣�����⃗ �0� ∙ 𝑣𝑣�����⃗ �𝑡𝑡� �� cos�𝜅𝜅𝜅𝜅� 𝑑𝑑𝜅𝜅𝜇�

�

�
                                     

The frequency distribution 𝑓𝑓��𝜅𝜅� in Eqs.(7.5) and (7.6) is normalized to satisfy Eq.(4.39), 

� 𝑓𝑓��𝜅𝜅�𝑑𝑑𝜅𝜅
�

�
� 1𝜇� 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

JAEA-Review 2019-046

- 28 -



JAEA-Review 2019-046 

- 28 - 

7. Application to Light and Heavy Water 
 

We mention the methods to evaluate thermal cross sections for light and heavy water. 

Table 7.1 shows the cross sections of coherent �𝜎𝜎���� and incoherent �𝜎𝜎���� scattering for hydrogen (H), 
deuterium (D), and oxygen (O) atoms. Tabulated values are obtained from the recommended values of 
Mughabghab19) for free nuclear scattering. Each value is multiplied by a factor �� �𝑀𝑀���/𝑀𝑀�� for the fixed 

nucleus (𝜇𝜇=H, D, O, see Sec.2.3). 
 

Table 7.1 Cross sections for coherent �𝜎𝜎���� � and incoherent �𝜎𝜎���� � scattering 

𝝁𝝁 H D O 

𝝈𝝈𝒄𝒄𝒄𝒄𝒄𝒄𝝁𝝁  (b) 1.76 5.59 4.25 
𝝈𝝈𝒊𝒊𝒊𝒊𝒊𝒊𝝁𝝁  (b) 80.3 2.04 ⸺⸺ 

 

7.1  Light Water 
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𝑑𝑑�𝜎𝜎�
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� � 𝜇

𝜎𝜎����
4𝜋𝜋

𝑘𝑘�
𝑘𝑘 𝑆𝑆�

��𝜅𝜅𝜅 𝜅𝜅� ,                                                                                   

𝑆𝑆���𝜅𝜅𝜅 𝜅𝜅� � 1
2𝜋𝜋𝜋� 𝐼𝐼���𝜅𝜅𝜅 𝜅𝜅� exp���𝜅𝜅𝜅𝜅� 𝑑𝑑𝑑𝑑𝑑

�

��
                                                            

𝐼𝐼���𝜅𝜅𝜅 𝜅𝜅� � exp��𝜅𝜅�𝛾𝛾�𝜅��𝜅𝜅�� ,                                                                                   

𝛾𝛾�𝜅��𝑡𝑡� � ℏ
2𝑀𝑀�

� 𝑓𝑓��𝜅𝜅�
𝜔𝜔

�

�
�co�� �ℏ𝜔𝜔𝜔𝜔2 � �1 � cos�𝜔𝜔𝜔𝜔�� � �𝜇s��𝜇�𝜅𝜅𝜅𝜅�� 𝑑𝑑𝜅𝜅𝜇𝜅 

𝑓𝑓��𝜅𝜅� � 4𝑀𝑀�
3𝜋𝜋𝜋

�����𝜋𝜅𝜅𝜔𝜔/2�
𝜔𝜔 � �e�� 𝑣𝑣�����⃗ �0� ∙ 𝑣𝑣�����⃗ �𝜅𝜅� ��� cos�𝜔𝜔𝜔𝜔� 𝑑𝑑𝑑𝑑

�

�
 ,     

or its classical limit ℏ → 0,  

𝑓𝑓��𝜔𝜔� � 2𝑀𝑀�𝛽𝛽
3𝜋𝜋 � � 𝑣𝑣�����⃗ �0� ∙ 𝑣𝑣�����⃗ �𝑡𝑡� �� cos�𝜅𝜅𝜅𝜅� 𝑑𝑑𝜅𝜅𝜇�

�

�
                                     

The frequency distribution 𝑓𝑓��𝜅𝜅� in Eqs.(7.5) and (7.6) is normalized to satisfy Eq.(4.39), 

� 𝑓𝑓��𝜅𝜅�𝑑𝑑𝜅𝜅
�

�
� 1𝜇� 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

(7.7) 
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The velocity autocorrelation function in Eq.(7.6) can be evaluated using a molecular dynamics simulation 
of the target atoms. Abe et al. employed7) 

� 𝑣𝑣�����⃗ �0� ∙ 𝑣𝑣�����⃗ �𝑗𝑗𝑗𝑗𝑗� ��� 1
𝑁𝑁��𝑁𝑁� � 𝑗𝑗� � � 𝑣𝑣�,�������⃗ �𝑖𝑖𝑖𝑖𝑖� ∙

������

���

��

���
 𝑣𝑣�,�������⃗ �𝑖𝑖𝑗𝑗𝑗 � 𝑗𝑗𝑗𝑗𝑗� ,      

where ∆𝑡𝑡 is the time step interval, 𝑁𝑁� is the total number of time steps, and 𝑁𝑁� is the number of the 𝜇𝜇 
atoms in the simulation. 𝑣𝑣�,�������⃗ �𝑖𝑖𝑖𝑖𝑖� is the velocity vector of the 𝑙𝑙-th 𝜇𝜇 atom at the 𝑖𝑖-th time step at the 

equilibrium temperature 𝑇𝑇. The average over 𝑖𝑖 is based on the time translation invariance of the velocity 
autocorrelation function. Abe et al. employed 𝑗𝑗𝑗 � 0.0��0.1  fs, 𝑁𝑁� � 10� , 𝑁𝑁��� � 4�2 , and 𝑁𝑁��� �
216.7) Damian et al. performed the molecular dynamics simulation with 𝑗𝑗𝑗 � 0.1 fs, 𝑁𝑁� � 10�, 𝑁𝑁��� �
1024, and 𝑁𝑁��� � �12.6) The SPC20) and TIP4P/2005f21) models have been employed for intra- and inter-

molecular potentials. 
  The angle- and energy-differential cross sections and the total cross section per atom are obtained from the 

double-differential cross section using Eqs.(2.5) to (2.7) by 

𝑑𝑑𝑑𝑑�

𝑑𝑑𝑑 � � 𝑑𝑑�𝜎𝜎�

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑
�

�
 , 

𝑑𝑑𝑑𝑑�

𝑑𝑑𝑑𝑑𝑑 � � 𝑑𝑑�𝜎𝜎�

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑 � 2� � 𝑑𝑑�𝜎𝜎�

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 sin 𝜃𝜃 𝜃𝜃𝜃𝜃
�

�
 , 

𝜎𝜎� � � 𝑑𝑑𝑑𝑑�

𝑑𝑑𝑑 𝑑𝑑𝑑 � 2� � 𝑑𝑑𝑑𝑑�

𝑑𝑑𝑑 sin 𝜃𝜃 𝑑𝑑𝜃𝜃 � � 𝑑𝑑𝑑𝑑�

𝑑𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑�.
�

�

�

�
 

As an illustration, the total cross section per molecule at around the room temperature is shown in Fig.7.1 as 
a function of incident neutron energy. 
 
 
 

 
 
 
 
 
 

 
 
 
 
 

Fig.7.1 Thermal neutron cross section for light water at around the room temperature. Cross sections for 

ENDF/B-VIII.0, JEFF-3.3 and JENDL-4.0 have been produced from the hydrogen data in their libraries. 
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7.1.2 Evaluation of Space-time Self-correlation Function 

  The classical space-time self-correlation function 𝐺𝐺�
�,���𝑟𝑟, 𝑡𝑡� for the 𝜇𝜇 atom is given from Eq.(4.43) by 

𝐺𝐺�
�,���𝑟𝑟, 𝑡𝑡� �� �� 𝑟𝑟 � ������⃗ �𝑡𝑡� � ������⃗ �0� � �� . 

Assuming the target is isotropic, the classical self-intermediate scattering function 𝐼𝐼�
�,���𝜅𝜅𝜅𝜅𝜅 �  for 𝜇𝜇  is 

obtained from Eq.(4.44) as 

𝐼𝐼�
�,���𝜅𝜅𝜅𝜅𝜅 � � 4𝜋𝜋

𝜅𝜅 � 𝑟𝑟 𝐺𝐺�
�,���𝑟𝑟𝑟𝑟𝑟 � sin�𝜅𝜅𝜅𝜅� 𝑑𝑑𝑑𝑑

�

�
 . 

The function 𝐺𝐺�
�,���𝑟𝑟𝑟𝑟𝑟 � in Eq.(7.13) can be evaluated using the molecular dynamics simulation. On the 

calculation, the radial range is divided into small bins. 𝐺𝐺�
�,���𝑟𝑟𝑟𝑟𝑟 � can be obtained by counting the number 

of atoms in each bin. Abe et al. took the radial range up to 15 Å and divided the range into 10� bins.8) As 

the same with Eq.(7.8), 𝐺𝐺�
�,���𝑟𝑟𝑟𝑟𝑟 �  has been averaged over the 𝑁𝑁�  atoms and the initial time 

���𝑡𝑡 in ��. ��.��� for the fixed lag-time 𝑡𝑡. 

The function 𝐼𝐼�
��𝜅𝜅𝜅𝜅𝜅 � in Eq.(7.2) can be estimated from 𝐼𝐼�

�,���𝜅𝜅𝜅𝜅𝜅 � using the quantum correction by Abe 
et al.8) From Eqs.(6.39) to (6.43) we have 

𝐼𝐼�
��𝜅𝜅𝜅𝜅𝜅 � � 𝐼𝐼�

�,��𝜅𝜅𝜅𝜅𝜅 �
𝐼𝐼�

�,��,��𝜅𝜅𝜅𝜅𝜅 � 𝐼𝐼�
�,���𝜅𝜅𝜅𝜅𝜅 � ,                                                                            

𝐼𝐼�
�,��𝜅𝜅𝜅𝜅𝜅 � � �����𝜅𝜅�𝛾𝛾�,��𝑡𝑡�� ,                                                                                      

𝛾𝛾�,��𝑡𝑡� � ℏ
2𝑀𝑀�

� 𝑓𝑓��𝜔𝜔�
𝜔𝜔

�

�
����� �ℏ𝜔𝜔𝜔𝜔

2 � �1 � ��s�𝜔𝜔𝜔𝜔�� � � sin �𝜔𝜔𝑡𝑡�� 𝑑𝑑𝜔𝜔 , 

𝐼𝐼�
�,��,��𝜅𝜅𝜅𝜅𝜅 � � �����𝜅𝜅�𝛾𝛾�,��,��𝑡𝑡�� ,                                                                                      

𝛾𝛾�,��,��𝑡𝑡� � 1
𝑀𝑀�𝛽𝛽 � 𝑓𝑓��𝜔𝜔�

𝜔𝜔�
�

�
�1 � ��s�𝜔𝜔𝜔𝜔��𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 

The cross section in Eq.(7.1) is obtained from Eq.(7.2) and 𝐼𝐼�
��𝜅𝜅𝜅𝜅𝜅 � in Eq.(7.14). The function 𝑓𝑓��𝜔𝜔� in 

Eqs.(7.16) and (7.18) is estimated using Eqs.(7.6) to (7.8). 
It is pointed out that the quantum corrections8) in Eq.(6.34) by Schofield,16) Eq.(6.37) by Egelstaff,17) and 

Eq.(6.38) by Aamodt et al.18) are applicable if 𝐼𝐼�
�,���𝜅𝜅𝜅𝜅𝜅 � is fitted to an analytic form such as the spline 

function. 
 
7.2  Heavy Water 
  In order to evaluate the scattering law for heavy water, we use the coherent and incoherent scattering 
lengths obtained from 

𝑏𝑏���
� � �𝜎𝜎���

�

4𝜋𝜋  ,         𝑏𝑏���
� � �𝜎𝜎���

�

4𝜋𝜋   . 

The index 𝜇𝜇 specifies atoms in the molecule, e.g., 𝜇𝜇=1,2 correspond to D, and 𝜇𝜇=3 corresponds to O. 

(7.12) 

(7.13) 

(7.14) 

(7.15) 

(7.16) 

(7.17) 

(7.18) 

(7.19) 
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�,���𝑟𝑟𝑟𝑟𝑟 � can be obtained by counting the number 

of atoms in each bin. Abe et al. took the radial range up to 15 Å and divided the range into 10� bins.8) As 

the same with Eq.(7.8), 𝐺𝐺�
�,���𝑟𝑟𝑟𝑟𝑟 �  has been averaged over the 𝑁𝑁�  atoms and the initial time 

���𝑡𝑡 in ��. ��.��� for the fixed lag-time 𝑡𝑡. 

The function 𝐼𝐼�
��𝜅𝜅𝜅𝜅𝜅 � in Eq.(7.2) can be estimated from 𝐼𝐼�

�,���𝜅𝜅𝜅𝜅𝜅 � using the quantum correction by Abe 
et al.8) From Eqs.(6.39) to (6.43) we have 

𝐼𝐼�
��𝜅𝜅𝜅𝜅𝜅 � � 𝐼𝐼�

�,��𝜅𝜅𝜅𝜅𝜅 �
𝐼𝐼�

�,��,��𝜅𝜅𝜅𝜅𝜅 � 𝐼𝐼�
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2𝑀𝑀�
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𝜔𝜔

�

�
����� �ℏ𝜔𝜔𝜔𝜔

2 � �1 � ��s�𝜔𝜔𝜔𝜔�� � � sin �𝜔𝜔𝑡𝑡�� 𝑑𝑑𝜔𝜔 , 

𝐼𝐼�
�,��,��𝜅𝜅𝜅𝜅𝜅 � � �����𝜅𝜅�𝛾𝛾�,��,��𝑡𝑡�� ,                                                                                      
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𝜔𝜔�
�

�
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The cross section in Eq.(7.1) is obtained from Eq.(7.2) and 𝐼𝐼�
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Eq.(6.38) by Aamodt et al.18) are applicable if 𝐼𝐼�
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7.2  Heavy Water 
  In order to evaluate the scattering law for heavy water, we use the coherent and incoherent scattering 
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� � �𝜎𝜎���
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�
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From Eqs.(2.49), (3.2), (3.3), (3.5), (3.12), (3.13) and (3.15), the angle-energy double differential cross 
section per molecule may be expressed by 

𝑑𝑑�𝜎𝜎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑� �  𝑘𝑘�

𝑘𝑘 � � 𝑏𝑏����  𝑏𝑏���
�  𝑆𝑆�

���𝜅𝜅
�

�,���
, 𝜔𝜔� � ���𝑏𝑏���

� �� � �𝑏𝑏���
� ��� 𝑆𝑆�

��𝜅𝜅
�

���
, 𝜔𝜔�� . 

Caution is necessary that in the first term the sum is taken for different atomic combinations. The subscript 
“𝑑𝑑” in 𝑆𝑆�

�� is the abbreviation of “distinct” which refers to pairs of distinct atoms in coherent scattering.9) 

If the number of molecules is 𝑁𝑁�, there are 9𝑁𝑁��  atomic pairs including the pairs for the identical atom. 
The 9𝑁𝑁�� � 3𝑁𝑁�  pairs contribute to 𝑆𝑆�

���𝜅𝜅, 𝜔𝜔�  and remaining 3𝑁𝑁�  contribute to 𝑆𝑆�
��𝜅𝜅, 𝜔𝜔� . Regarding 

𝑆𝑆�
��𝜅𝜅, 𝜔𝜔�, it can be evaluated using the prescriptions of the previous subsection. We mention the methods to 

evaluate 𝑆𝑆�
���𝜅𝜅, 𝜔𝜔�. 

 
7.2.1 Vineyard Approximation 
  We can estimate 𝑆𝑆�

���𝜅𝜅, 𝜔𝜔� in Eq.(7.20) for the 𝜇𝜇 atom using the Vineyard approximation14) in Sec.5.1. 
The function 𝐼𝐼�

���𝜅𝜅, 𝑡𝑡� corresponding to 𝑆𝑆�
���𝜅𝜅, 𝜔𝜔� may be written as 

 𝐼𝐼�
���𝜅𝜅, 𝑡𝑡� �  𝐼𝐼�

���𝜅𝜅, 0� 𝐼𝐼�
��𝜅𝜅, 𝑡𝑡� , 

where 𝐼𝐼�
��𝜅𝜅, 𝑡𝑡� is the self-intermediate scattering function for the 𝜇𝜇 atom. From Eq.(7.21), 𝑆𝑆�

���𝜅𝜅, 𝜔𝜔� may 

be written using Eq.(3.5) as 

𝑆𝑆�
���𝜅𝜅, 𝜔𝜔� �  𝑠𝑠�

���𝜅𝜅𝜅� 𝑆𝑆�
��𝜅𝜅, 𝜔𝜔� . 

The factor 𝑠𝑠�
���𝜅𝜅𝜅� is called as the “partial structure factor”.5,6) 𝑠𝑠�

���𝜅𝜅𝜅� may be obtained using Eqs.(5.1) and 

(5.4) to (5.6) by 

𝑠𝑠�
���𝜅𝜅𝜅� � 𝐼𝐼�

���𝜅𝜅, 0� � � ��
���𝑟𝑟, 0� ����� 𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 �  � 𝑔𝑔�

���𝑟𝑟𝑟� ����� 𝜅𝜅 ∙ 𝑟𝑟� 𝑑𝑑𝑟𝑟 , 

with 

𝑔𝑔�
���𝑟𝑟𝑟� � ��

���𝑟𝑟, 0� � 1
𝑁𝑁�

� � �� 𝑟𝑟 � 𝑅𝑅�,�������⃗ �0� � 𝑅𝑅�,����������⃗ �0� 
��

��,�����,�′�
� �� , 

where 𝑅𝑅�,�������⃗  is the position vector of the 𝑙𝑙-th 𝜇𝜇 atom. The sum is taken for different atomic combinations. 
  If the target is isotropic, 𝑔𝑔�

���𝑟𝑟� depends only on the scalar 𝑟𝑟. We consider that the pair correlation is 
zero at 𝑟𝑟 𝑟 𝑟, and subtract 𝑔𝑔�

���∞� � 𝜋𝜋� from 𝑔𝑔�
���𝑟𝑟�. Then Eqs.(7.23) and (7.24) are rewritten using 

Eq.(5.8) as 

𝑠𝑠�
���𝜅𝜅� � 4𝜋𝜋𝜋𝜋�

𝜅𝜅 � 𝑟𝑟 �𝑔𝑔�
���𝑟𝑟� � 1� ����𝜅𝜅𝑟𝑟�  𝑑𝑑𝑟𝑟 ,

�

�
                      

and 

𝑔𝑔�
���𝑟𝑟� � 1

𝜌𝜌� ∙ 𝑁𝑁�
1

4𝜋𝜋𝜋𝜋� � � ��𝑟𝑟 � �𝑅𝑅�,�������⃗ �0� � 𝑅𝑅�,����������⃗ �0��
��

��,�����,�′�
� �� . 

(7.20) 

(7.21) 

(7.22) 

(7.25) 

(7.23) 

(7.24) 

(7.26) 

JAEA-Review 2019-046

- 31 -



JAEA-Review 2019-046 

- 32 - 

𝜌𝜌� gives the distribution of the 𝜈𝜈 atoms viewed from the distant 𝜇𝜇 atom, and corresponds to the number 
density of 𝜈𝜈. The radial distribution function 𝑔𝑔�

���𝑟𝑟� is normalized to unity at 𝑟𝑟 𝑟 𝑟.25) Damian et al.5,6) 

have employed the partial structure factor equivalent to Eq.(7.25) shown in the literature of Soper and 
Benmore.26) 
  The factor 𝑠𝑠�

���𝜅𝜅� can be estimated from Eqs.(7.25) and (7.26) using the molecular dynamics simulation. 
On the calculation the radial range is divided into small bins. 𝑔𝑔�

���𝑟𝑟� can be evaluated by counting the 
number of atomic pairs assigned in each bin. As in Eq.(7.8), 𝑔𝑔�

���𝑟𝑟� may be averaged over the time step 

(𝑖𝑖𝑖𝑖𝑖 in Eq.(7.8)). 
 
7.2.2 Sköld Approximation 
  The angle-energy double differential cross section for the 𝜇𝜇 atom may be obtained from Eq.(7.20) by 

𝑑𝑑�𝜎𝜎�

𝑑𝑑𝑑𝑑𝑑𝑑𝑑� �  𝑘𝑘�

𝑘𝑘 �� 𝑏𝑏����  𝑏𝑏���
�  𝑆𝑆�

���𝜅𝜅
�

���
, 𝜔𝜔� � ��𝑏𝑏���

� �� � �𝑏𝑏���
� ��� 𝑆𝑆�

��𝜅𝜅, 𝜔𝜔�� . 

Eq.(7.27) is written with the Vineyard approximation in Eq.(7.22) as 

𝑑𝑑�𝜎𝜎�

𝑑𝑑𝑑𝑑𝑑𝑑𝑑� �  𝑘𝑘�

𝑘𝑘 �𝑏𝑏���
� � 𝑏𝑏����  𝑠𝑠�

���𝜅𝜅
�

���
� 𝑆𝑆�

��𝜅𝜅, 𝜔𝜔� � ��𝑏𝑏���
� �� � �𝑏𝑏���

� ��� 𝑆𝑆�
��𝜅𝜅, 𝜔𝜔�� . 

From Eqs.(3.10) and (7.19) the coherent scattering law for the 𝜇𝜇 atom may be given by 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� � � � � � 𝑏𝑏����

𝑏𝑏���
�  𝑠𝑠�

���𝜅𝜅
�

���
�� 𝑆𝑆�

��𝜅𝜅, 𝜔𝜔� � 𝑠𝑠��𝜅𝜅𝜅� 𝑆𝑆�
��𝜅𝜅, 𝜔𝜔� , 

where 

𝑠𝑠��𝜅𝜅𝜅� � � � � � 𝑏𝑏����

𝑏𝑏���
�  𝑠𝑠�

���𝜅𝜅
�

���
�� . 

𝑠𝑠��𝜅𝜅𝜅� is the “structure factor” for the 𝜇𝜇 atom. 
  Sköld suggested that “the coherently scattered neutron intensity is composed of the scattering from several 

atoms, the structure factor 𝑠𝑠��𝜅𝜅� being a measure of the effective number of atoms which contribute to the 
intensity at the wavevector 𝜅𝜅.  The recoil energy transferred to the atomic system is therefore 
ℏ�𝜅𝜅����𝑀𝑀�𝑠𝑠��𝜅𝜅��, i.e., the same as if the recoiling mass were 𝑀𝑀�𝑠𝑠��𝜅𝜅�.”27) Sköld proposed the following 

correction for Eq.(7.29), 

𝑆𝑆��𝜅𝜅, 𝜔𝜔� �  𝑠𝑠��𝜅𝜅𝜅� 𝑆𝑆�
� �𝜅𝜅 �𝑠𝑠��𝜅𝜅𝜅����

�, 𝜔𝜔� . 
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𝜌𝜌� gives the distribution of the 𝜈𝜈 atoms viewed from the distant 𝜇𝜇 atom, and corresponds to the number 
density of 𝜈𝜈. The radial distribution function 𝑔𝑔�

���𝑟𝑟� is normalized to unity at 𝑟𝑟 𝑟 𝑟.25) Damian et al.5,6) 

have employed the partial structure factor equivalent to Eq.(7.25) shown in the literature of Soper and 
Benmore.26) 
  The factor 𝑠𝑠�

���𝜅𝜅� can be estimated from Eqs.(7.25) and (7.26) using the molecular dynamics simulation. 
On the calculation the radial range is divided into small bins. 𝑔𝑔�

���𝑟𝑟� can be evaluated by counting the 
number of atomic pairs assigned in each bin. As in Eq.(7.8), 𝑔𝑔�

���𝑟𝑟� may be averaged over the time step 

(𝑖𝑖𝑖𝑖𝑖 in Eq.(7.8)). 
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�, 𝜔𝜔� . 
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7.2.3 Evaluation of Space-time Correlation Function 
The another method for obtaining 𝑆𝑆�

���𝜅𝜅, 𝜅𝜅� in Eq.(7.20) is to evaluate 𝐺𝐺�
���𝑟𝑟, 𝑡𝑡� directly. The classical 

function 𝐺𝐺�
��,���𝑟𝑟, 𝑡𝑡� may be given from Eq.(3.27) by 

𝐺𝐺�
��,���𝑟𝑟, 𝑡𝑡� � 1

𝑁𝑁�
� � �� 𝑟𝑟 � 𝑅𝑅�,�������⃗ �𝑡𝑡� � 𝑅𝑅�,����������⃗ �0�
��

��,�����,�′′�
 � ��  . 

For a liquid with uniform density, 𝐺𝐺�
��,���𝑟𝑟, ∞� would give a mean number density 𝜌𝜌.10) From Eq.(3.6) we 

obtain 

𝐼𝐼�
��,���𝜅𝜅, ∞� � � 𝐺𝐺�

��,���𝑟𝑟, ∞� exp�𝑖𝑖𝑖𝑖 ∙ 𝑟𝑟� 𝑑𝑑𝑑𝑑 � ��𝜅𝜅� . 

This is not elastic scattering, which corresponds to the neutrons continuing in the forward direction.10) Thus 

we subtract 𝜌𝜌 from 𝐺𝐺�
��,���𝑟𝑟, 𝑡𝑡�. Eq.(7.33) may be rewritten as 

𝐼𝐼�
��,���𝜅𝜅, 𝑡𝑡� � ��𝐺𝐺�

��,���𝑟𝑟, 𝑡𝑡� � 𝜌𝜌� exp�𝑖𝑖𝑖𝑖 ∙ 𝑟𝑟� 𝑑𝑑𝑑𝑑 . 

If the target is isotropic, 𝐺𝐺�
��,���𝑟𝑟, 𝑡𝑡� depends on the scalars 𝑟𝑟 and 𝑡𝑡. 𝐺𝐺�

��,���𝑟𝑟𝑟𝑟𝑟 � can be estimated using 
the molecular dynamics simulation. On the calculation, the radial range is divided into small bins. 

𝐺𝐺�
��,���𝑟𝑟𝑟𝑟𝑟 � can be evaluated by counting the number that |𝑅𝑅�,�������⃗ �𝑡𝑡� � 𝑅𝑅�,����������⃗ �0�| is found in each bin. From 

Eq.(5.8) we have 

𝐼𝐼�
��,���𝜅𝜅𝜅𝜅𝜅 � � 4𝜋𝜋

𝜅𝜅 � 𝑟𝑟 �𝐺𝐺�
��,���𝑟𝑟𝑟𝑟𝑟 � � 𝜌𝜌�� ����𝜅𝜅𝑟𝑟�  𝑑𝑑𝑟𝑟 ,

�

�
 

where 𝐺𝐺�
��,���𝑟𝑟𝑟𝑟 � � 𝜌𝜌�. Within the classical treatment, the scattering law 𝑆𝑆�

��,���𝜅𝜅𝜅𝜅𝜅 � can be evaluated 
using Eq.(3.5) by 

𝑆𝑆�
��,���𝜅𝜅𝜅 𝜅𝜅� � 1

2𝜋𝜋𝜋 � 𝐼𝐼�
��,���𝜅𝜅𝜅𝜅𝜅 � exp��𝑖𝑖𝜅𝜅𝑡𝑡� 𝑑𝑑𝑑𝑑𝑑𝑑 
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8. Summary and Concluding Remarks 
 

In this report we reviewed the computational methods of the thermal neutron scattering cross section for 
liquids. The angle-energy double differential cross section for targets in the thermal equilibrium states was 
formulated using the first order perturbation method and the Fermi pseudopotential which describes the 
interaction between the neutron and the target atom.10) The formulation was done with the help of the Dirac 
delta function and its integral representation. Through the formulation, the coherent and incoherent scattering 

components were derived. Three kinds of correlation functions known as the scattering law, the intermediate 
scattering function, and the space-time correlation function were introduced, and the thermal cross section 
was expressed in terms of the scattering law. These correlation functions are equivalent and related with each 
other by the Fourier transforms. In the incoherent scattering, the cross section was expressed with the self-
scattering law. The self-scattering law was derived from the self-intermediate scattering function which was 
formulated using the Gaussian approximation and the velocity autocorrelation function.11) The self-scattering 

law was also derived from the space-time self-correlation function. In the coherent scattering, the 
intermediate scattering function was derived using the Vineyard approximation.14) To gain understanding of 
the present subject, the sum rules and the quantum corrections were discussed with the aid of the correlation 
functions for the perfect gas. As applications, the methods for evaluating scattering laws were mentioned for 
light and heavy water. Input parameters employed by Damian et al.5,6) and Abe et al.7,8) in their simulations 
were referred. It was shown that the correlation functions can be estimated with the molecular dynamics 

simulation of the target atoms. 
We note that the space-time correlation functions depend only on the relative positions and motions of the 

target atoms, but do not depend on the properties of the neutron at all.10) By introducing the Fermi 
pseudopotential, the interaction between the neutron and the target atom was integrated into the scattering 
length. In the thermal averaging, the principle of detailed balance was taken into account. On the basis of the 
fluctuation-dissipation theorem, the self-intermediate scattering function for the harmonic solid was 

reproduced.11) 
The present work was performed for the theoretical calculation of the thermal neutron scattering cross 

section. We surveyed the methods applicable to liquids, and reviewed them. We plan to compute the scattering 
law for heavy water with the molecular dynamic simulation. We will evaluate the incoherent scattering 
component by the Gaussian approximation, and estimate the coherent component using the Vineyard 
approximation. The evaluated data will be provided in the next JENDL. 
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国際単位系（SI）

1024 ヨ タ Ｙ 10-1 デ シ d
1021 ゼ タ Ｚ 10-2 セ ン チ c
1018 エ ク サ Ｅ 10-3 ミ リ m
1015 ペ タ Ｐ 10-6 マイクロ µ
1012 テ ラ Ｔ 10-9 ナ ノ n
109 ギ ガ Ｇ 10-12 ピ コ p
106 メ ガ Ｍ 10-15 フェムト f
103 キ ロ ｋ 10-18 ア ト a
102 ヘ ク ト ｈ 10-21 ゼ プ ト z
101 デ カ da 10-24 ヨ ク ト y

表５．SI 接頭語

名称 記号 SI 単位による値

分 min 1 min=60 s
時 h 1 h =60 min=3600 s
日 d 1 d=24 h=86 400 s
度 ° 1°=(π/180) rad
分 ’ 1’=(1/60)°=(π/10 800) rad
秒 ” 1”=(1/60)’=(π/648 000) rad

ヘクタール ha 1 ha=1 hm2=104m2

リットル L，l 1 L=1 l=1 dm3=103cm3=10-3m3

トン t 1 t=103 kg

表６．SIに属さないが、SIと併用される単位

名称 記号 SI 単位で表される数値

電 子 ボ ル ト eV 1 eV=1.602 176 53(14)×10-19J
ダ ル ト ン Da 1 Da=1.660 538 86(28)×10-27kg
統一原子質量単位 u 1 u=1 Da
天 文 単 位 ua 1 ua=1.495 978 706 91(6)×1011m

表７．SIに属さないが、SIと併用される単位で、SI単位で
表される数値が実験的に得られるもの

名称 記号 SI 単位で表される数値

キ ュ リ ー Ci 1 Ci=3.7×1010Bq
レ ン ト ゲ ン R 1 R = 2.58×10-4C/kg
ラ ド rad 1 rad=1cGy=10-2Gy
レ ム rem 1 rem=1 cSv=10-2Sv
ガ ン マ γ 1γ=1 nT=10-9T
フ ェ ル ミ 1フェルミ=1 fm=10-15m
メートル系カラット 1 メートル系カラット = 0.2 g = 2×10-4kg
ト ル Torr 1 Torr = (101 325/760) Pa
標 準 大 気 圧 atm 1 atm = 101 325 Pa

1 cal=4.1858J（｢15℃｣カロリー），4.1868J
（｢IT｣カロリー），4.184J （｢熱化学｣カロリー）

ミ ク ロ ン µ  1 µ =1µm=10-6m

表10．SIに属さないその他の単位の例

カ ロ リ ー cal

(a)SI接頭語は固有の名称と記号を持つ組立単位と組み合わせても使用できる。しかし接頭語を付した単位はもはや
　コヒーレントではない。
(b)ラジアンとステラジアンは数字の１に対する単位の特別な名称で、量についての情報をつたえるために使われる。

　実際には、使用する時には記号rad及びsrが用いられるが、習慣として組立単位としての記号である数字の１は明
　示されない。
(c)測光学ではステラジアンという名称と記号srを単位の表し方の中に、そのまま維持している。

(d)ヘルツは周期現象についてのみ、ベクレルは放射性核種の統計的過程についてのみ使用される。

(e)セルシウス度はケルビンの特別な名称で、セルシウス温度を表すために使用される。セルシウス度とケルビンの

　 単位の大きさは同一である。したがって、温度差や温度間隔を表す数値はどちらの単位で表しても同じである。

(f)放射性核種の放射能（activity referred to a radionuclide）は、しばしば誤った用語で”radioactivity”と記される。

(g)単位シーベルト（PV,2002,70,205）についてはCIPM勧告2（CI-2002）を参照。

（a）量濃度（amount concentration）は臨床化学の分野では物質濃度

　　（substance concentration）ともよばれる。
（b）これらは無次元量あるいは次元１をもつ量であるが、そのこと
 　　を表す単位記号である数字の１は通常は表記しない。

名称 記号
SI 基本単位による

表し方

秒ルカスパ度粘 Pa s m-1 kg s-1

力 の モ ー メ ン ト ニュートンメートル N m m2 kg s-2

表 面 張 力 ニュートン毎メートル N/m kg s-2

角 速 度 ラジアン毎秒 rad/s m m-1 s-1=s-1

角 加 速 度 ラジアン毎秒毎秒 rad/s2 m m-1 s-2=s-2

熱 流 密 度 , 放 射 照 度 ワット毎平方メートル W/m2 kg s-3

熱 容 量 , エ ン ト ロ ピ ー ジュール毎ケルビン J/K m2 kg s-2 K-1

比熱容量，比エントロピー ジュール毎キログラム毎ケルビン J/(kg K) m2 s-2 K-1

比 エ ネ ル ギ ー ジュール毎キログラム J/kg m2 s-2

熱 伝 導 率 ワット毎メートル毎ケルビン W/(m K) m kg s-3 K-1

体 積 エ ネ ル ギ ー ジュール毎立方メートル J/m3 m-1 kg s-2

電 界 の 強 さ ボルト毎メートル V/m m kg s-3 A-1

電 荷 密 度 クーロン毎立方メートル C/m3 m-3 s A
表 面 電 荷 クーロン毎平方メートル C/m2 m-2 s A
電 束 密 度 ， 電 気 変 位 クーロン毎平方メートル C/m2 m-2 s A
誘 電 率 ファラド毎メートル F/m m-3 kg-1 s4 A2

透 磁 率 ヘンリー毎メートル H/m m kg s-2 A-2

モ ル エ ネ ル ギ ー ジュール毎モル J/mol m2 kg s-2 mol-1

モルエントロピー, モル熱容量ジュール毎モル毎ケルビン J/(mol K) m2 kg s-2 K-1 mol-1

照射線量（Ｘ線及びγ線） クーロン毎キログラム C/kg kg-1 s A
吸 収 線 量 率 グレイ毎秒 Gy/s m2 s-3

放 射 強 度 ワット毎ステラジアン W/sr m4 m-2 kg s-3=m2 kg s-3

放 射 輝 度 ワット毎平方メートル毎ステラジアン W/(m2 sr) m2 m-2 kg s-3=kg s-3

酵 素 活 性 濃 度 カタール毎立方メートル kat/m3 m-3 s-1 mol

表４．単位の中に固有の名称と記号を含むSI組立単位の例

組立量
SI 組立単位

名称 記号

面 積 平方メートル m2

体 積 立方メートル m3

速 さ ， 速 度 メートル毎秒 m/s
加 速 度 メートル毎秒毎秒 m/s2

波 数 毎メートル m-1

密 度 ， 質 量 密 度 キログラム毎立方メートル kg/m3

面 積 密 度 キログラム毎平方メートル kg/m2

比 体 積 立方メートル毎キログラム m3/kg
電 流 密 度 アンペア毎平方メートル A/m2

磁 界 の 強 さ アンペア毎メートル A/m
量 濃 度 (a) ， 濃 度 モル毎立方メートル mol/m3

質 量 濃 度 キログラム毎立方メートル kg/m3

輝 度 カンデラ毎平方メートル cd/m2

屈 折 率 (b) （数字の）　１ 1
比 透 磁 率 (b) （数字の）　１ 1

組立量
SI 組立単位

表２．基本単位を用いて表されるSI組立単位の例

名称 記号
他のSI単位による

表し方
SI基本単位による

表し方
平 面 角 ラジアン(ｂ) rad 1（ｂ） m/m
立 体 角 ステラジアン(ｂ) sr(c) 1（ｂ） m2/m2

周 波 数 ヘルツ（ｄ） Hz s-1

ントーュニ力 N m kg s-2

圧 力 , 応 力 パスカル Pa N/m2 m-1 kg s-2

エ ネ ル ギ ー , 仕 事 , 熱 量 ジュール J N m m2 kg s-2

仕 事 率 ， 工 率 ， 放 射 束 ワット W J/s m2 kg s-3

電 荷 , 電 気 量 クーロン A sC
電 位 差 （ 電 圧 ） , 起 電 力 ボルト V W/A m2 kg s-3 A-1

静 電 容 量 ファラド F C/V m-2 kg-1 s4 A2

電 気 抵 抗 オーム Ω V/A m2 kg s-3 A-2

コ ン ダ ク タ ン ス ジーメンス S A/V m-2 kg-1 s3 A2

バーエウ束磁 Wb Vs m2 kg s-2 A-1

磁 束 密 度 テスラ T Wb/m2 kg s-2 A-1

イ ン ダ ク タ ン ス ヘンリー H Wb/A m2 kg s-2 A-2

セ ル シ ウ ス 温 度 セルシウス度(ｅ) ℃ K
ンメール束光 lm cd sr(c) cd

スクル度照 lx lm/m2 m-2 cd
放射性核種の放射能（ ｆ ） ベクレル（ｄ） Bq s-1

吸収線量, 比エネルギー分与,
カーマ

グレイ Gy J/kg m2 s-2

線量当量, 周辺線量当量,
方向性線量当量, 個人線量当量

シーベルト（ｇ） Sv J/kg m2 s-2

酸 素 活 性 カタール kat s-1 mol

表３．固有の名称と記号で表されるSI組立単位
SI 組立単位

組立量

名称 記号 SI 単位で表される数値

バ ー ル bar １bar=0.1MPa=100 kPa=105Pa
水銀柱ミリメートル mmHg １mmHg≈133.322Pa
オングストローム Å １Å=0.1nm=100pm=10-10m
海 里 Ｍ １M=1852m
バ ー ン b １b=100fm2=(10-12cm)  =10-28m22

ノ ッ ト kn １kn=(1852/3600)m/s
ネ ー パ Np
ベ ル Ｂ

デ シ ベ ル dB       

表８．SIに属さないが、SIと併用されるその他の単位

SI単位との数値的な関係は、
　　　　対数量の定義に依存。

名称 記号

長 さ メ ー ト ル m
質 量 キログラム kg
時 間 秒 s
電 流 ア ン ペ ア A
熱力学温度 ケ ル ビ ン K
物 質 量 モ ル mol
光 度 カ ン デ ラ cd

基本量
SI 基本単位

表１．SI 基本単位

名称 記号 SI 単位で表される数値

エ ル グ erg 1 erg=10-7 J
ダ イ ン dyn 1 dyn=10-5N
ポ ア ズ P 1 P=1 dyn s cm-2=0.1Pa s
ス ト ー ク ス St 1 St =1cm2 s-1=10-4m2 s-1

ス チ ル ブ sb 1 sb =1cd cm-2=104cd m-2

フ ォ ト ph 1 ph=1cd sr cm-2 =104lx
ガ ル Gal 1 Gal =1cm s-2=10-2ms-2

マ ク ス ウ エ ル Mx 1 Mx = 1G cm2=10-8Wb
ガ ウ ス G 1 G =1Mx cm-2 =10-4T
エルステッド（ ａ ） Oe 1 Oe　  (103/4π)A m-1

表９．固有の名称をもつCGS組立単位

（a）３元系のCGS単位系とSIでは直接比較できないため、等号「　　 」

　　 は対応関係を示すものである。
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乗数 名称 名称記号 記号乗数



国際単位系（SI）

1024 ヨ タ Ｙ 10-1 デ シ d
1021 ゼ タ Ｚ 10-2 セ ン チ c
1018 エ ク サ Ｅ 10-3 ミ リ m
1015 ペ タ Ｐ 10-6 マイクロ µ
1012 テ ラ Ｔ 10-9 ナ ノ n
109 ギ ガ Ｇ 10-12 ピ コ p
106 メ ガ Ｍ 10-15 フェムト f
103 キ ロ ｋ 10-18 ア ト a
102 ヘ ク ト ｈ 10-21 ゼ プ ト z
101 デ カ da 10-24 ヨ ク ト y

表５．SI 接頭語

名称 記号 SI 単位による値

分 min 1 min=60 s
時 h 1 h =60 min=3600 s
日 d 1 d=24 h=86 400 s
度 ° 1°=(π/180) rad
分 ’ 1’=(1/60)°=(π/10 800) rad
秒 ” 1”=(1/60)’=(π/648 000) rad

ヘクタール ha 1 ha=1 hm2=104m2

リットル L，l 1 L=1 l=1 dm3=103cm3=10-3m3

トン t 1 t=103 kg

表６．SIに属さないが、SIと併用される単位

名称 記号 SI 単位で表される数値

電 子 ボ ル ト eV 1 eV=1.602 176 53(14)×10-19J
ダ ル ト ン Da 1 Da=1.660 538 86(28)×10-27kg
統一原子質量単位 u 1 u=1 Da
天 文 単 位 ua 1 ua=1.495 978 706 91(6)×1011m

表７．SIに属さないが、SIと併用される単位で、SI単位で
表される数値が実験的に得られるもの

名称 記号 SI 単位で表される数値

キ ュ リ ー Ci 1 Ci=3.7×1010Bq
レ ン ト ゲ ン R 1 R = 2.58×10-4C/kg
ラ ド rad 1 rad=1cGy=10-2Gy
レ ム rem 1 rem=1 cSv=10-2Sv
ガ ン マ γ 1γ=1 nT=10-9T
フ ェ ル ミ 1フェルミ=1 fm=10-15m
メートル系カラット 1 メートル系カラット = 0.2 g = 2×10-4kg
ト ル Torr 1 Torr = (101 325/760) Pa
標 準 大 気 圧 atm 1 atm = 101 325 Pa

1 cal=4.1858J（｢15℃｣カロリー），4.1868J
（｢IT｣カロリー），4.184J （｢熱化学｣カロリー）

ミ ク ロ ン µ  1 µ =1µm=10-6m

表10．SIに属さないその他の単位の例

カ ロ リ ー cal

(a)SI接頭語は固有の名称と記号を持つ組立単位と組み合わせても使用できる。しかし接頭語を付した単位はもはや
　コヒーレントではない。
(b)ラジアンとステラジアンは数字の１に対する単位の特別な名称で、量についての情報をつたえるために使われる。

　実際には、使用する時には記号rad及びsrが用いられるが、習慣として組立単位としての記号である数字の１は明
　示されない。
(c)測光学ではステラジアンという名称と記号srを単位の表し方の中に、そのまま維持している。

(d)ヘルツは周期現象についてのみ、ベクレルは放射性核種の統計的過程についてのみ使用される。

(e)セルシウス度はケルビンの特別な名称で、セルシウス温度を表すために使用される。セルシウス度とケルビンの

　 単位の大きさは同一である。したがって、温度差や温度間隔を表す数値はどちらの単位で表しても同じである。

(f)放射性核種の放射能（activity referred to a radionuclide）は、しばしば誤った用語で”radioactivity”と記される。

(g)単位シーベルト（PV,2002,70,205）についてはCIPM勧告2（CI-2002）を参照。

（a）量濃度（amount concentration）は臨床化学の分野では物質濃度

　　（substance concentration）ともよばれる。
（b）これらは無次元量あるいは次元１をもつ量であるが、そのこと
 　　を表す単位記号である数字の１は通常は表記しない。

名称 記号
SI 基本単位による

表し方

秒ルカスパ度粘 Pa s m-1 kg s-1

力 の モ ー メ ン ト ニュートンメートル N m m2 kg s-2

表 面 張 力 ニュートン毎メートル N/m kg s-2

角 速 度 ラジアン毎秒 rad/s m m-1 s-1=s-1

角 加 速 度 ラジアン毎秒毎秒 rad/s2 m m-1 s-2=s-2

熱 流 密 度 , 放 射 照 度 ワット毎平方メートル W/m2 kg s-3

熱 容 量 , エ ン ト ロ ピ ー ジュール毎ケルビン J/K m2 kg s-2 K-1

比熱容量，比エントロピー ジュール毎キログラム毎ケルビン J/(kg K) m2 s-2 K-1

比 エ ネ ル ギ ー ジュール毎キログラム J/kg m2 s-2

熱 伝 導 率 ワット毎メートル毎ケルビン W/(m K) m kg s-3 K-1

体 積 エ ネ ル ギ ー ジュール毎立方メートル J/m3 m-1 kg s-2

電 界 の 強 さ ボルト毎メートル V/m m kg s-3 A-1

電 荷 密 度 クーロン毎立方メートル C/m3 m-3 s A
表 面 電 荷 クーロン毎平方メートル C/m2 m-2 s A
電 束 密 度 ， 電 気 変 位 クーロン毎平方メートル C/m2 m-2 s A
誘 電 率 ファラド毎メートル F/m m-3 kg-1 s4 A2

透 磁 率 ヘンリー毎メートル H/m m kg s-2 A-2

モ ル エ ネ ル ギ ー ジュール毎モル J/mol m2 kg s-2 mol-1

モルエントロピー, モル熱容量ジュール毎モル毎ケルビン J/(mol K) m2 kg s-2 K-1 mol-1

照射線量（Ｘ線及びγ線） クーロン毎キログラム C/kg kg-1 s A
吸 収 線 量 率 グレイ毎秒 Gy/s m2 s-3

放 射 強 度 ワット毎ステラジアン W/sr m4 m-2 kg s-3=m2 kg s-3

放 射 輝 度 ワット毎平方メートル毎ステラジアン W/(m2 sr) m2 m-2 kg s-3=kg s-3

酵 素 活 性 濃 度 カタール毎立方メートル kat/m3 m-3 s-1 mol

表４．単位の中に固有の名称と記号を含むSI組立単位の例

組立量
SI 組立単位

名称 記号

面 積 平方メートル m2

体 積 立方メートル m3

速 さ ， 速 度 メートル毎秒 m/s
加 速 度 メートル毎秒毎秒 m/s2

波 数 毎メートル m-1

密 度 ， 質 量 密 度 キログラム毎立方メートル kg/m3

面 積 密 度 キログラム毎平方メートル kg/m2

比 体 積 立方メートル毎キログラム m3/kg
電 流 密 度 アンペア毎平方メートル A/m2

磁 界 の 強 さ アンペア毎メートル A/m
量 濃 度 (a) ， 濃 度 モル毎立方メートル mol/m3

質 量 濃 度 キログラム毎立方メートル kg/m3

輝 度 カンデラ毎平方メートル cd/m2

屈 折 率 (b) （数字の）　１ 1
比 透 磁 率 (b) （数字の）　１ 1

組立量
SI 組立単位

表２．基本単位を用いて表されるSI組立単位の例

名称 記号
他のSI単位による

表し方
SI基本単位による

表し方
平 面 角 ラジアン(ｂ) rad 1（ｂ） m/m
立 体 角 ステラジアン(ｂ) sr(c) 1（ｂ） m2/m2

周 波 数 ヘルツ（ｄ） Hz s-1

ントーュニ力 N m kg s-2

圧 力 , 応 力 パスカル Pa N/m2 m-1 kg s-2

エ ネ ル ギ ー , 仕 事 , 熱 量 ジュール J N m m2 kg s-2

仕 事 率 ， 工 率 ， 放 射 束 ワット W J/s m2 kg s-3

電 荷 , 電 気 量 クーロン A sC
電 位 差 （ 電 圧 ） , 起 電 力 ボルト V W/A m2 kg s-3 A-1

静 電 容 量 ファラド F C/V m-2 kg-1 s4 A2

電 気 抵 抗 オーム Ω V/A m2 kg s-3 A-2

コ ン ダ ク タ ン ス ジーメンス S A/V m-2 kg-1 s3 A2

バーエウ束磁 Wb Vs m2 kg s-2 A-1

磁 束 密 度 テスラ T Wb/m2 kg s-2 A-1

イ ン ダ ク タ ン ス ヘンリー H Wb/A m2 kg s-2 A-2

セ ル シ ウ ス 温 度 セルシウス度(ｅ) ℃ K
ンメール束光 lm cd sr(c) cd

スクル度照 lx lm/m2 m-2 cd
放射性核種の放射能（ ｆ ） ベクレル（ｄ） Bq s-1

吸収線量, 比エネルギー分与,
カーマ

グレイ Gy J/kg m2 s-2

線量当量, 周辺線量当量,
方向性線量当量, 個人線量当量

シーベルト（ｇ） Sv J/kg m2 s-2

酸 素 活 性 カタール kat s-1 mol

表３．固有の名称と記号で表されるSI組立単位
SI 組立単位

組立量

名称 記号 SI 単位で表される数値

バ ー ル bar １bar=0.1MPa=100 kPa=105Pa
水銀柱ミリメートル mmHg １mmHg≈133.322Pa
オングストローム Å １Å=0.1nm=100pm=10-10m
海 里 Ｍ １M=1852m
バ ー ン b １b=100fm2=(10-12cm)  =10-28m22

ノ ッ ト kn １kn=(1852/3600)m/s
ネ ー パ Np
ベ ル Ｂ

デ シ ベ ル dB       

表８．SIに属さないが、SIと併用されるその他の単位

SI単位との数値的な関係は、
　　　　対数量の定義に依存。

名称 記号

長 さ メ ー ト ル m
質 量 キログラム kg
時 間 秒 s
電 流 ア ン ペ ア A
熱力学温度 ケ ル ビ ン K
物 質 量 モ ル mol
光 度 カ ン デ ラ cd

基本量
SI 基本単位

表１．SI 基本単位

名称 記号 SI 単位で表される数値

エ ル グ erg 1 erg=10-7 J
ダ イ ン dyn 1 dyn=10-5N
ポ ア ズ P 1 P=1 dyn s cm-2=0.1Pa s
ス ト ー ク ス St 1 St =1cm2 s-1=10-4m2 s-1

ス チ ル ブ sb 1 sb =1cd cm-2=104cd m-2

フ ォ ト ph 1 ph=1cd sr cm-2 =104lx
ガ ル Gal 1 Gal =1cm s-2=10-2ms-2

マ ク ス ウ エ ル Mx 1 Mx = 1G cm2=10-8Wb
ガ ウ ス G 1 G =1Mx cm-2 =10-4T
エルステッド（ ａ ） Oe 1 Oe　  (103/4π)A m-1

表９．固有の名称をもつCGS組立単位

（a）３元系のCGS単位系とSIでは直接比較できないため、等号「　　 」

　　 は対応関係を示すものである。
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