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Abstract

Since the British type power reactor is unstable due to the positive temperature
coefficient of reactivity, special considerations are required in the design of the control
system for this type of power reactors. Stability analyses of the system are made
assuming five different types of control:

a) continuous control

b) continuous control with saturation

c) discontinuous control

d) continuous control with tachometer feedback

e) continuous control with rod position feedback
The generalized Nyquist’s stability criterion and Kochenburger’s describing function
method are applied and the conclusions obtained are:

(1) The continuous system is unstable, when the controller gain is either too high
or too low.

(2) The saturation in the control rod speed does not affect the system response
significantly.

(3) When the discontinuous control is adopted, the system either diverges or under-
goes sustained oscillations, corresponding to the stable limit cycles.

(4) Introduction of tachometer feedback little affects the system stability.

(5) System responses are improved by application of rod position feedback.

Analog computer studies are also included in order to ascertain the results ob-
tained by the analytical method.

September, 1962

N. Supa, J. Mipa
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Nomenclature

a Amplitude
a Ratio of sleeve temperature coefficient to moderator temperature coefficient
Cu, Cs, C1, Cs, C2, Cn Heat capacity per unit length of channel
(as for subscripts, refer to Fig. 2.3) cal/cm°C

Gr(s) Zero power transfer function of reactor
Gg(s) Temperature coefficient feedback transfer function
G:(s) Outlet gas temperature transfer function
Gy(s) Overall reactor transfer function
Gy(s) Overall open loop transfer function
Gy(s) Transfer function defined in Eq. (3.7)
Go(s) Transfer function defined in Eq. (3.8)
Gs) Transfer function of thermocouple
Guma(s) Transfer function of magnetic amplifier
Gmols) Transfer function of rod drive motor
Gx(a) Describing function of nonlinearity
H,, Hy, H3, Hy, H; Heat transfer coefficient per unit length along channel

(As for subscripts, refer to Fig. 2.3) cal/cm sec°C
Ku, K, Ky, K, K2, Km  Gain constants (As for subscripts, refer to Fig. 2.4)

Core height

L cm

K  Controller gain 1/sec °C
Kas Controller gain of discontinuous control system 1/sec

Kn Tachometer feedback gain °C sec
K:» Rod position feedback gain °C

K. Threshold value of Ki °C

A Mean effective lifetime of neutrons sec

N  Number of revolutions

P Number of poles

q Normalized power Q/@Qo

Q  Power per unit length along channel cal/cm sec
R, Heat transfer coefficient for radiation between clad and sleeve cal/cm sec °K*

R, Heat transfer coefficient for radiation between sleeve and moderator

cal/cm sec °K*
Ryt 4Te’Ry

Ris 4To’Ry
Ry 4TR;
Rom 4Tmo*R:
Ruoa.e Limit of control rod speed

1/sec




B et b e e

6 JAERI 1042

s Complex frequency 1/sec
T Reset time of three action controller sec
Tho Rate time of three action controller sec
Tout Temperature of gas at outlet of core °C
Ty, Tt, Ter, Ts, Tez, Tm  Temperature (As for subscripts, refer to Fig. 2.3) °C

2 Velocity of gas cm/sec
VA Number of zeros

an Tempeérature coefficient of fuel 1/°C
ds Temperature coefficient of sleeve 1/°C
am Temperature coefficient of moderator 1/°C
Ame Critical value of am (Refer to Eq. 2.2))

8 Fraction of delayed neutron

4 Width of deadzone °C

b} Decay constant of delayed neutron precursor 1/sec

ftu, ¢s, #m Proportions of power generated in fuel, sleeve and moderator, respectively
p Reactivity -

Pox Reactivity’ disturbance

Otemp Reactivity ‘due to temperature change

Prod Reactivity due to rod motion

Tu, Tf, T1, Tsy T2y Tm -"Ti-me constants (As for subscripts, refer to Fig. 2. 4) sec

Tty Tma, Tmo Time constants of thermocouple, magnetic amplifier and motor,
respectively .

ATo*, ATs*, AT* Zero frequency gain of AdTu(s) _AT(s) and A Tw(s) , respectively

dq(s) *  dqls) 4q(s)
Subscript o d: notes the steady state values of variables, 4=z denotes the devia-
tion of variable x from its steady state value x;
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Parameter Values Used in Analysis

1.4x1073
5.39%x1073
0.0769
—2.1x107
2.75%107°
10.8x107°
2.02x107°
5. 363
3.914
0.147
23.33

0. 063
234.7
2.704x1071
3.562x1071
0.92
0.0082
0.0718
1.896
0.492
0.172
0.0233
0.0303

631

6.6

655

28.5

1.25

8
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1. Introduction

In British type power reactors, that is, natural uranium fueled, graphite mode-
rated and gas cooled reactors, the temperature coefficient of the graphite moderator
becomes positive as the fuel burn-up proceeds and the plutonium accumulates within
the fuel.

The dynamics of this type of reactors are characterized by the positive tem-
perature coefficient and a long thermal time constant of the core due to the large
heat capacity of the graphite moderator. '

If the positive temperature coefficient exceeds a certain threshold value, the
reactor itself becomes unstable!:”. Because of this fact the stability analysis of the
control system for this type of reactors presents a unique problem for the control
engineers.

Usually the controlled processes encountered in the control engineering field are
stable or self-regulating, in other words, the roots of their characteristic equations
are located in the left half of the complex plane. The processes with some of their
characteristic roots on the imaginary axis are also often encountered. However,
rarely encountered in the control system analysis are the unstable processes, which
have some of their characteristic roots in the right half plane as British type power
reactors doV.

The present work summarizes the stability analyses of such a control system
by means of the generalized Nyquist’s stability criterion. The describing function
method is used to investigate the effects of nonlinearities involved in the system.

Some analog computer studies are also included and comparisons are made bet-
ween different types of controller setup.

The numerical calculations and the analog computer runs are made using the
parameter values of a reference reactor, which is similar to the JAPCO Tokai
Plant at 20% load operation.

In the analysis only the reactor outlet gas temperature control system is invest-
gated. The effect of the secondary system is not taken into consideration. The
temperature coefficient feedback is considered, but the xenon poisoning effect is
ignored since the change in xenon concentration is considerably slow compared to
the frequency range of interest in the control system design.

The principal purpose of the present study is to determine what are the neces-
sary conditions of stability. It is not tried to optimize the controller settings.
More extensive computer studies are necessary to determine the optimum settings.
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2. Description of the System Investigated

The schematic block diagram of the control system is shown in Fig. 2.1. The
reactor outlet gas temperature, Tou: is sensed and its deviation from the set point
is used to drive the control rods. The pressure in the low pressure steam line
is measured and used to control the gas flow through the core and thus to match

5
; Pressure I
' .
: Controller
emperature l.ow Pressure |
Controlle !
7

Steam ' —~

_ | Speed l
Governor
7
Main 1

Turhiﬂe; Generator

. High Pressure
rm-- ————--=-----—-—m Steam

)

1
) !
1
i
) Heat
'

L Exchanger
Reactor H Pressure ---m -
Confroller '
]
1 ! |
X ¥
X Level Level
‘ Cond
! Controlle ondenser
. : T
1

~

Gas Turbinefe— - -

1

1l

Circulator — L-__.CD Q} - __:
T Feed water Feed water

/
Pump Pump

Fig. 2.1 Schematic Block Diagram of Plant Control System

the reactor power with the electrical load. Some auxiliary controllers are also in-
cluded, such as drum level controllers and high pressure steam pressure regulator..

In the present report only the outlet gas temperature controller is investigated.
The effect of the secondary system is not taken into consideration, that is, the
flow rate and the inlet gas temperature are assumed to be constant.

In Fig. 2.2 is shown a more detailed block diagram of the outlet gas temperature
control system.

The zero power transfer function Gg(s) used in this analysis is a conventional,
space independent, one-delayed-neutron-group approximation.

Grls)= Qo(s+2) 2.1)
"’ ls(s—!— _lﬁ_ +1)

In considering the reactor heat transfer dynamics a unit cell of the reactor core
with averaged values of parameters is assumed to represent the dynamics of the:
whole core. Fig. 2.3 shows a cutaway view of the unit cell.
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Fig. 2.2 Block Diagram of Temperature Control System
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Fig. 2.3 Cutaway View of a Unit Cell

The feedback transfer function, Gr(s), and the outlet gas temperature transfer
function, Gx(s), are obtained from the equations? based on the work by T. J. O'NEILL?.
The equations are basically a lumped parameter model and it is known that they
give a fairly accurate approximation to the more exact treatment of a distributed
parameter model as far as the system subject to reactivity disturbance is concerned®.
Thus the use of the lumped parameter model is adequate in this analysis, where
the only disturbance to the system is a reactivity change.

The temperatures which affect the reactivity are the fuel temperature the
graphite-sleeve temperature and the graphite-moderator temperature. The fuel tem-
perature coefficient av is always negative, while the sleeve temperature coefficient as
and the moderator temperature coefficient am become positive for high fuel burn-up.

The block diagram of the reactor heat transfer dynamics thus obtained is shown
in Fig. 2.4, from which Gr(s) and Gz(s) are obtained.
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The analytical forms of Gg(s) and Gr(s) are so involved that their frequency re-

sponses are calculated by an analog computer.
Now the zero power transfer function modified by Gg(s) and Gg(s) forms the

¢ gverall "’ transfer function Ge(s) of the reactor, that is,

—_Gr(9G1(s) _
Gp(s)= 1_|.RGR(5)GF(5)

(2.2)

Since Gs(s) includes an internal feedback path, the stability of this minor feedback
loop should be determined first. It is shown in Ref.1) that this loop is unstable if
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am satisfies the following condition:

- _aud Tu*
O > Cme™= 7% L AT 2.3)

where the ratio a=as/am is assumed to be constant and independent of burn-up.
The vector loci of the open loop transfer function Gu(s)*Gx(s) are shown in Fig.
2.5both for am>ame and am<ame. Application of the Nyquist’s criterion reveals that

if an>ame, the characteristic equation

+

=]
v
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/
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<
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e

N

T

/
P

1

[}

—00 —ool \

=4

+
8
\

/
[
|

[=]

!
{
/

|
|

+0

(a) &> Ay, (b) « < a

m me

Fig- 2.5 Vector Locus of Gr(jw)Gr(jw)

1+ Gr(s)*Gr(s)=0 2.4y

has one root in the right half plane, namely, the Gy(s) given by Eq. (2.2) has one pole
in the right half plane. If am<a@me Gu(s) has no pole in the right half plane. This
fact indicates that Ge(s) is an unstable system for am>dme and a stable one for am
<ame, as are expected.

“The moderator temperature coefficient am of the reference reactor is about
1.08x 1074/ °C, while an. for the same reactor is 2.02x1075/°C. Thus the reactor
is essentially unstable and its transfer function has one pole in the right half
plane.

Substituting the numerical values into Eq. (2.2) the overall reactor transfer
function Gp(s) is obtained. The results are shown in the Bode’s charts in Fig. 2.6.

The transfer function of the controller is simplified as shown in Fig. 2.2. It
basically consists of the time lag of the thermocouple, the proportional, reset and
rate actions, the lag of the magnetic amplifier and the transfer function of the rod
drive motor. These transfer functions are assumed as follows :

1
Gls)= 1+7us (2.5)
Gmu(-‘»'):l—_!_i; (2.6)

___ K
Gmo(s)—' 3(1+Tmos) . (2‘ 7)
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Fig. 2.6 Bode’s Charts for Gy(jw)

Some modifications are made to this basic system as described below.

In the first section of the next chapter an analysis is made on the stability of
the basic continuous control system shown in Fig. 2.2. The transfer function of the
controller for this case is shown in Fig. 2.7 (a). -

Thermocouple PID Controller Magnetic Amplifier Motor
1 + 88 TS 1+0.058 1+ 025 (1 +0.55)

Fig. 2.7 (a) Block Diagram of Controller for Basic System

Rod Speed Limit

AT Thermocouple PiD Controller| Magnetic Amplifier [ Motor Motor
ot 1 L TS 1 1 - 7’,& | g [P
1+38S 'S 1+0.055 | 1+ 0.28 1+0.58 S

Fig. 2.7 (b) Block Diagram of Controller for Continuous Control with Rod Speed Saturation

In the actual system there is always some deadzone or saturation due to imper-
fection of the equipment. In some cases such nonlinearities are introduced artifi-
cially. For example, the saturation in the control rod speed is necessary from
safety considerations. The deadzone is effective to avoid rapid wear of the equip-

ment due to noise in the system. Therefore an analysis is made, in Sec. 3.2, on
the effects of saturation and deadzone on both the stability and indicial responses
of the system.

In Sec. 3.3, an analysis of the discontinuous control system is presented. The block
diagram of the discontinuous controller is shown in Fig. 2.7 (¢). The describing
function method first developed by R. J. Kochenburger® was used to determine the
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AT, Thermocouple PID (,ontroller Relay Magnetic Amplifier | Motor P rod
o 1 1 TS [ L ] 1 K S
1+8S T‘s 1 +0. oss ] 1+0.28 s(1+o.5s'

Fig. 2.7 (¢) Block Diagram of Controller for Discontinuous Control System

p——

— 1+0.25

AT Thermocouple PID Controller Magnetic Amplifier Mator P rod
an 1 + 1 K

l]' + L2} i Y | S
1+8S | | 'T,5 1+0.058° S(1+0.55)

——ee
hometer Generator

K,S

Fig. 2.7 (d) Block Diagram of Controller for Continuous Control with Tachometer Feedback

AT, Thermocouple PID Contraller 4 Magnetic Amplifier .\'lt}éor P oot
1 < 1, 0SS | ~O—) _1 _—
1¥8s |1+TS+1+0 055 T~ 10,25 5(1+0.55)

Position Feedback

Ky

Fig. 2.7 (e) Block Diagram of Controller for Continuous Control with Position Feedback

stability of this system.

A modified system with tachometer feedback, shown in Fig. 2.7 (d) is analyzed in
Sec. 3.4.

Finally, a modified system with the rod position feedback, shown in Fig. 2.7 (e),
is analyzed in Sec. 3.5.

3. Stability Analysis

3.1 Continuous Control*

The overall open loop transfer function of the continuous control system is easily
obtained from Fig. 2.2 and Fig. 2.7 (a),

TDS 1 1 K
KGy(s)=Gr(s) 1+8 (H Tls+1+0.oss 14+0.2s 1+0.55 s (3.1)

The vector locus of KGy(s) is shown in Fig. 3.1. In Fig. 3.1 (a) is shown the locus for
am>an., Which is the case for the reference reactor. In Fig. 3.1 (b), the locus for
am<agpe is shown for the purpose of comparison. :

Now the generalized Nyquist’s criterion® states that the system is stable, if
and only if Z, given by the following equation, is equal to zero,

* Sections 3.1 through 3.3 are included for completeness’ sake although major part of their
contents has already been published elsewhere.5
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—— —

(a) am> e

Fig. 3.1 Vector Locus of Gy(jo)
Z=N+P 3.2)

where N is the number of clockwise revolutions of the KGy(s) locus around (—1, 0)
when s traverses from —j oo to joo along the imaginary axis of the s plane and
then around a semicircular path of an infinite radius enclosing the right half of the s
plane, P is the number of poles of KGy(s) with positive real parts, and Z is the
number of roots of KGy(s)=—1 with positive real parts.

It is shown in Chapt. 2 that KGy(s) has one pole with positive real part if
am>am., that is P=1 in this case. Therefore the system is stable, if and only if
N=—1. Fig. 3.1 (a) shows that N=1if the point (-1, 0) is on the segment AB of the
real axis, N=—1 if it is on the segment BC and N is greater than 1 if it is on the
segment CO. Therefore the system is stable only if the point (—1, 0) lies on the
segment BC, which means that the system is unstable if the gain is either too
high or too low. The low gain instability is due to the divergent tendency of the
controlled process. If the controller gain is too low, it cannot suppress the diver-
gent tendency and the system undergoes a divergent oscillation. The high gain
instability is quite common in various control systems.

If am<<@me, P is obviously zero and the system is stable if the point (—1, 0) is
on the segment DE of Fig. 3.1 (b). Accordingly the system becomes unstable if the
gain is too high but it is stable no matter how low the gain is, as is expected.

Substituting the numerical values, the Bode’s Charts of KGq(s) are obtained for
several different combinations of the controller parameters T3 and Tp, which are
shown in Fig. 3.2. From this chart the limits of the gain and the frequency of
sustained oscillation at these limits are obtained as shown in Table 3.1. The values
obtained from the analog computer study are shown in the brackets. The agree-
ment of the two results is quite satisfactory.

It is noted from Fig. 3.2, that the low frequency portion of the frequency response
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db o
2003\\\\\\ —— CASE 1 y
180+ - —— CASE 2
SIS~ e CASE 3
160 <.
S CASE ¢4
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% 100}
Phase
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/,’ —300
— | 1 Il[llll_ | 1 tl|||11_ ! 1 A!!llu_ I | |v||1|_320
107 10°° 1072 107 wrad/gee 1
Fig. 3.2 Bode’s Charts for Gy(jo)
Table 3.1. Stability Limits for Continuous Control
Upper Limit Frequency Lower Limit Frequency
Cl\?se Ty | To of Gain of Oscillation of Gain of Oscillation
0. | sec | sec 10-5/sec °C rad/sec 10-5/sec °C rad/sec
1 oo 0 0.112 0.028 0.0016 0. 00062
2 oo 20 0.64 0.094 0.0016 0. 0006
3 oo 30 1.0 (1.0) 0.125 (0.128) 0.0016 0. 0006
4 80 20 0.448 (0.46) 0.068 (0.069) 0.032 (0.032) 0.015(0. 0146)
5 80 30 1.0 (1.0) 0.125 (0.126) 0. 0224 (0. 025) 0. 0122 (0. 0125)
6 160 10 0.144 (0.128) 0.034 (0.035) 0.0144 0. 0082

Values in brackets are those obtained by analog computer

is primarily dependent on 7% while the high frequency portion is mainly influenced

bY TD.

With proportional action only (Case 1), the system has a considerable stable region.
The upper and lower limits are about 35 db apart. Introduction of rate action (Case:
2 and 3) improves the system stability. The stable region is now more than 2
decades. If reset action is added (Cases 4, 5 and 6), the system becomes less stable.
These conclusions are confirmed by the analog computer studies in Chapt. 4.
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3.2 Effects of Controller Nonlinearities

The effects: of the controller nonlinearities on the system stability are investi-
gated by means of the Kochenburger’s describing function technique?.

The describing functions Gx(a) of the saturation and the deadzone are shown
in Fig. 3.3. The locus of inverse describing function —1/Gx(a) is plotted together
with the locus of KG(s) in-Fig. 3.4. Applied to Fig. 3.4., the Kochenburger’s theorem
gives the following conclusions.

(i) Deadzone
If the point (—1, 0) is on the segment AB, the system diverges.
If it is on the segment BC, the system converges to a stable limit cycle L,,

| S PR,

|
[
I
cmemml by

G, (a) Gy (a)

o S .
01 ) a/4 a/d

(a) Deadzone and (b} Saturation and
its Describing Function its Describing Function

Fig. 3.3 Nonlinearities and Their Describing Functions

(a) Deadzone - - (b) ~Saturation

-~ - Fig. 3.4 Vector Loci of Gy(jw) and —1/Gn(a)
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whatever the initial amplitude may be.

If it is on the segment CO, there exist two limit cycles; a stable one L; and
an unstable one L,. If the initial amplitude is smaller than L,, the system converges
tolthe limit cycle L,; if not, the system diverges.

(ii) Saturation

If the point (—1, 0) is on the segment AB, the system diverges.

If it is on the segment BC, there exists an unstable limit cycle L;. If the initial
amplitude is smaller than L;, the system is stable and finally the amplitude becomes
zero ; if not, the system diverges.

If the point (—1, 0) is on the segment CO, there exist two limit cycles; an un-
stable one L; and a stable one L,. If the initial amplitude is smaller than L,, the
system converges to L;; if not, the system diverges.

Thus, the conclusions are as follows; if the system contains saturation, the
system is not controllable and diverges for a very large disturbance at any choice
of gain and, if it contains deadzone, it is possible to design the system in such
a way that it does not diverge although the limit cycle is inevitable.

3.3 Discontinuous Control

In studying the stability of the discontinuous control system, the characteristics
of the relay is assumed to have a deadzone but not hysteresis as shown in Fig. 3.5.
The describing function of such a relay is also shown in Fig. 3.5, the reciprocal of

0 1 /2 a/d

Fig. 3.5 Relay Characteristics and Relay Describing Function

which is plotted in Fig. 3.6 together with KGo(s). The locus of —1/Gx(a) starts from
—o0 on the real axis and moves towards the origin as a increases. The distance from
the origin is smallest for a=+/2 4, that is —1/Gy(a)=—1.96. The locus turns back
for larger value of a and again tends to —oo as a—»oc0. Thus the point (—1.96, 0) is
the critical point of stability analysis instead of (—1,0) in the previous sections.
And the system stability depends upon the location of this point as described below.
(i) The point (—1.96, 0) is on the segment AB

.~ —The. system diverges. ' ‘

(ii) The point (—1.96,0) is on the segment BC
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Fig. 3.6 Vector Loci of Gy(jw) and —1/Gx(a) for Discontinuous Control System

——There exist two limit cycles; a stable one L, and an unstable one L. If
the initial amplitude is smaller than L, the system converges to L;; if not, the
system diverges.

(iii) The point (—1.96, 0) is on the segment CO

—There exist four limit cycles; two stable ones L, and L; and two unstable
ones L, and L, If the initial amplitude is smaller than L,, the system converges
to L;. If the initial amplitude is between L; and L, the system converges to Ls.
If the initial amplitude is larger than L4, the system diverges.

Thus, in case of the discontinuous controller, the limit cycle is inevitable what-
ever the system gain may be and the system diverges if the disturbance is larger
than a threshold value.

Assuming the controller parameters of Case 5 (T1=80 sec, Tp=30 sec), some
quantitative analysis of the discontinuous control system are made. The deadzone
width 4 is assumed to be 1% °C.

The critical gains at which the transition from Case (i) to Case (ii) and from
Case (ii) to Case (iii) occur are obtained from the value of Gx(+/ 2 4) and the system
gains at points B and C as below.

The boundary of Case (i) and Case (ii) K¢*=4.5%10""/sec.

The boundary of Case (ii) and Case (iii) Ka=2x10"5/sec.
The latter boundary is also obtained by an analog computer. The value by analog
computer is Ka=1.4x1075/sec and is quite close to the value obtained by Kochen-
burger’s method.

More detailed analyses are presented in Chapt. 4 of the limit cycles and the
threshold of the disturbance.

* The controller gain of the discontinuous control, Ky, is distinguished from that of the con-
tinuous control K, the dimension of K3 is the reactivity per unit time, while that of K is
the reactivity per unit time and per unit temperature change.




JAERI 1042 3. Stability Analysis ' 18

3.4 Continuous Control with Tachometer Feedback

The block diagram of the controller is shown Fig. 2.7 (d). It is readily seen
from this diagram that the open loop transfer function of the whole system is
given by

TDS K 1 (3. 3)

1 1
= G.(s) =
KGo(s)= Gels)yyg; (1+ 005 ) 0 02 TR s

which can be rewritten as

_ 1 1 Tos K’ 1
KGo(s)= Gils) 1+8s (1+ Tis + 14+0.05s / (A+zs)(A1+1728) s @.4)
where
r_ K
K= 1+ KKr;
__0.540.2
71+ TZ__—1+KKf1 (3.5)
S 0.5x0.2
2" 1+KKn

Comparison of Eq. (3.4) with Eq. (3.1) for the basic continuous control reveals that
the effect of tachometer feedback is to reduce the effective system gain by a factor
of 1/(1+KKz¢) and to change the controller time constants from 0.2 and 0.5 sec. to
r; and 7. Therefore the same conclusions as those given in Sec. 3.1 are also valid

for this system, except the numerical values of the parameters. No further discus-

sion is made on this system.

3.5 Continuous Control with Rod Position Feedback

The block diagram of the controller is shown in Fig. 2.7 (¢). The overall open
loop transfer function in this case is given by

=o)L 1 T'ps K
KGol)=Gels) 775, (V5 + 15005 CIT05s) A +025)F KK ©&©

Compared to Eq. (3.1), it is noted that the 1/s term in the controller transfer function
is eliminated. This is one of the principal differences between the basic system
and the system considered here as is described in Chapt. 4. ‘

Combined with the reactor transfer function, the block diagram of the whole
system is given by Fig. 3.7, where Gi(s) and Gy(s) represent the folléwing transfer

functions.

— \ 1 1 TDS '
Gi(5)=Gils)q g (1+ Trs T 1F0.05s ) : 3.7

_ 1 11
Gl =705 15055 s

(3.8)
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Fa—

[G.(s)

Fig. 3.7 Simplified System Diagram for Continuous Control with Rod Position Feedback

The characteristic equation of this system is given by

KG2 — .
1+Giy7r 6 =0 (3-9)

which is equivalent to
1+KKr2G2+KG1G2=O (3'10)

In order to obtain conditions of stability, the vector locus of the transfer func-
tion
G(5)=KGx(s){Kr2+Gi(s)} 3-11)
is examined. The vector locus of Gy(s) is shown in Fig. 3.8. According to the
magnitude of K;», the locus of {K;;+Gi(s)} is divided into two types, namely, the

\
~——

\\\.‘!

w=—1{

Fig. 3.8 Vector Locus of G;(jw)

J
W=
+0 o=+
lw
‘ w
T
v } \' ——
/ I - \
\ ,\\SK“ \ \j i
A\ \\
\, \
\\ \\
\\\\ \\\__}
(A) Kr<Krze (B)K(2>K ¢z

Fig. 3.9 Vector Locus of (Ke+Gy)
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one shown in Fig. 3.9 (a) and the one in Fig. 3.9 (b). The locus of G(s) is shown in
Fig. 3.10 (o) for the first type and in Fig. 3.10 (b) for the second type, respectiveiy.
Since |Gi(jw)| attenuates very rapidly for large values of w, the locus of G(jw)
approaches to that of KK;,G, as @ increases, in both cases. Now the generalized
Nyquist’s criterion is applied to the loci of Fig. 3.10 and the following conclusions are
obtained. ’

(A) K[:-.<Kf2: (B) Kfz> K/'zc

Fig. 3.10 Vector Locus of G=KG,(Ks3+Gy)

(i) Small Kr (Fig. 3.10 (a))
If the point (—1, 0) is on the segment AB, N=1. Thus thejsystem is unstable.
If it is on the segment BC, N=—1, Thus the system is stable.
If it is on the segment CO, N=1. Thus the system is unstable.
(ii) Large K, (Fig. 3.10 (b))
If the point (—1, 0) is on the segment AB, N=1. Thus the system is unstable.
If it is on the segment BO, N=2. Thus the system is again unstable.
Therefore it is noticed that if the feedback gain K;; exceeds a certain threshold
value, say Kiz, the system is unstable. If K;; is smaller than K., the conditions
of stability are, qualitatively at least, the same as those given in Sec. 3.1.
The Bode’s charts for Gi(jw) are shown in Fig. 3.11, for two sets of values of the
controller parameters, that is

T1=80 sec

Tpr=30 sec
and

T1=80 sec

Tp=20 sec

From Fig. 3.11 the value of K;,. is readily obtained to be 117 db. )
The overall open loop transfer function G(s) is shown in the Bode'’s charts of

Fig. 3.12 for several different values of Ks;. The function Ga(s) is shown by the dashed

line, for comparison. There are no significant differences _between the curves for
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T1=80, Tp=30 and those for
G(s)/ KK, approaches to Gu(s).

0.1

Bode’s Charts for G(jw)/KsK

T1=80, To=20. At high frequencies the function

It is noticed that there is no stable region for the case of K2=108=120 db, as
is expected from the fact Kr;>Kise. The stable regions for other values of K; are
given in Table 3.2 and are compared with those for Kr,=0 obtained in Sec. 3.1. The
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Table 3.2 Stability Limits for Different Values of K

Upper Limit Frequency Lower Limit Frequency
T T K A " ?
Seé eg oéz of Gain of Oscillation of Gain of Oscillation
S 10-5/sec °C rad/sec 10-5/sec °C rad/sec

80 | 20 | 105 7.1 3.2 0.00225 0. 002

g0 | 2| 100 71 3.2 0. 0282 0.005

80 20 0 0. 448 0. 068 0.032 0.015

80 30 0 1.0 0.125 0.0224 0.0122

17

comparison reveals the following conclusions:
(1) The frequency of the upper limit of stability, , is much higher for the system
with position feedback than for the basic system.
(2) The upper limit for the system with position feedback is given by KK=—17
db, as is shown in Fig. 3.12. Therefore K..x is inversely propotional to Kr; and the
frequency ; is independent of K.
(3) The lower limit K, decreases as K;» increases.
(4) The frequency of the lower limit of stability, ws, is much smaller for the
system with position feedback.
(5) The ratio of Knax and Knin which determines the magnitude of stable region,
is about 10 times as large as that of the basic system.

The above conclusions suggest that the system discribed here is better than
basic system, from the viewpoint of the system stability. More detailed analyses and
comparisons are presented in Chapt. 4.

4, Analog Computer Studies

Some analog computer studies are made in order to verify the results of the
analyses presented in the preceding chapter and to ‘estimate the magnitude of
transient temperature rise.

4.1 Basic Continuous Control

4.1.1 Stability Limits

The stability limits for different controller settings are examined. The results
are shown in Table 3.1. They show good agreement with the results by the analy-
tical method.

Examples of stable and unstable responses are shown in Figs. 4.1 and 4.2. Three
typical responses of Case 5 are shown in Fig. 4.1. Fig. 4.1 (a) is unstable because
the gain is too high and Fig. 4.1 (c¢) is also unstable because the gain is too low.
Fig. 4.1 (b) shows an example of stable responses. Typical responses of Case 3 for

several different controller gain are shown in Fig. 4.2,
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4.1.2 Optimum Phase Margins
As shown in Fig. 4.2, the indicial responses are quite sensitive to the controller

gains. Therefore it is necessary, in designing the control system, to choose an
optimum controller gain. A more detailed comparison of the indicial responses for
different value of the controller gain is given in Fig. 4.3. The gain and the phase
margins for each case are also shown. It is observed that K=5x%10""/sec °C is quite

4T, -
© T = T,=30sec p,=2-10~"
3l " CURVE No.|K (107%/sec.C)| GAIN MARGIN (db)] BHASE MARGIN (deg)
. 1 0.04 28 : 52
2 0.05 2 50
@ 3 0.06 2.4 47
5 .® 4 0.08 21.8 40
5 0.1 20 36
6 0.15 16.7 27

L I}

500 600 700 tsec

Fig. 4.3 Effect of Varying K on Response of 4Toux
Ti=o0 Tp=30 sec pex=2x10~¢ K=0.04~0.15"5/sec °C.

close to the optimum. It is said that the system response is optimum for a gain
margin in the range of 10~20 db and for a phase margin in the range of 40~60
degrees.® The optimum values in this case are 26 db gain margin and 50 degree
phase mafgin. ' B
4.1.3 Effect of Varying Controller Constants S

A series of figures show the effects of varying the controller constants, 71 and
Tp, with the controller gain fixed at K=5x10"7/sec °C. From Fig. 4.4, it is noted
that increase in 7Tp improves the responses. But the effect is not very pro-
nounced if 7p is increased beyond 30 sec. One disadvantage of increasing T is
that the system becomes more sensitive to moise. Therefore it is_.-fédvisable to use
Tp=30 sec, the lowest value of Ty for which the system response is satisfactory.

The effect of varying 7T: is shown in Fig. 4.5. The best -response is obtained
for Ti=c0. Even for T1=160 sec, damping of the transients is quite poor. For the
value of T: as low as 40 sec, the response diverges.

Thus it is verified that Ty=o0 and Tp=30 sec, as assumed in obtaining Fig. 4.3,
is an optimum combination of the controller constants.
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Fig. 4.5(c) Effect of Varying Tt on Response of prod
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4.1.4 Effect of Rod Speed Limit

It is sometimes necessary from the reactor safety viewpoint to limit the con-
trol rod speed. The effect of the rod speed limits is shown in Fig. 4.6 for the
optimum settings of the controller. The disturbance is assumed to be 2x107™* in
reactivity. It is noticed that if the speed limit is larger than 0.34x1075/sec, the
rod¥speed does not reach its maximum and, therefore, the response is the same as that
obtained before. If the speed limit is set at Rmax=0.2X107%/sec, the rod speed does
reach’its maximum, but the response is not so much different. For the speed limit

ar,
T

4 -

R, =0.1X10"%/sec
4 0.2X10°° K=5X10""/sec C
3t S —
-/ 0.34X107* or larger T,=30 sec
/ " Pu=2X107"
/s

2t ay

1 L

0 : |
’ o 700 t sec

an
At

- Fig: 4.6 Effect of Rod Speed Limit on Response of ATgys
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as low as Rmax=0.1x10"5/sec, the system response is quite poor.

The reasonable value of the speed limit to be used in actual reactors will probably
be of the order of 10-5/sec and hence it will little affect the system response unless
an excessive amount of disturbance is introduced.

Fig. 4.7 shows an example of responses with rod speed limits.

4q
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0.02

N
~

£

ad

e
LN O NI
s

P rod X105

—40
*—20[ T
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pX10° |
20
OF\

—20

I
0 100 200 300 400 500 600 700 800
i sec

Fig. 4.7 Example of Transient Responses
K=5x10"T/sec °C Ty=oo Tp=30 seC pex=2x10"1 Rumax=0.1x10"%/sec

4.2 Discontinuous Control

As anticipated from the vector locus analysis, the system undergoes sustained
oscillations corresponding to.the stables limit cycles. Fig. 4.8 and 4.9 show
examples of transient responses. The transient response shown in Fig. 4.8 is the
low frequency oscillation corresponding to the limit cycle L. The high frequency
oscillation of Ls is shown in Fig. 4.9. The frequency and amplitude of the oscilla-
tion as functions of the controller gain are shown in Fig. 4.10. It is observed from
this figure that the frequency and the amplitude of the lower limit cycle L; are
almost independent of the controller gain, while the amplitude of the higher limit
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Fig. 4.10 Relationship of Amplitude and Frequency of Limit Cycles to Controller Gain

cycle L; increases with increasing controller gain. The frequency of Ls is also al-
most independent of the gain and about ten times as high as that of L,. From the
analysis by the describing function method it is concluded that the frequency of
oscillation is 0.125 rad/sec for L; and 0.0122 rad/sec for L; and is independent of
the gain and that the amplitude of L, decreases and that of L; increases with the
increasing gain. Therefore, there are some discrepancies between the results of
analog computer studies and the conclusions of the describing function method. They
may be ascribed to the fact that only the fundamental component of oscillations is
considered in the describing function method: The traces in Figs. 4.8 and 4.9 are
quite different from sinusoidal waves and it is understandable that taking only the
fundamental component is rather crude an approximation. It might be concluded
that the describing function method is good enough to anticipate the qualitative
behavior of the system, such as the stability and the existence of limit cycles,
but is too crude to discuss the frequency or amplitude of oscillation quantitatively.

In Fig. 4.11 is shown the relationship between the maximum value of the re-
activity disturbance, below which the system does not diverge, and the controller
gain. It is noted that for the controller gain of Ka=10"%/sec the system diverges




30 Stability Analysis of Control System for British Type Fower Reactors JAERI 1042

/

10t

10° Kd

107071 1 10

Fig. 4.11 Relationship of Maximum Allowable Disturbance to Controller Gain

if the disturbance is larger than 10"+ The maximum allowable disturbance, how-
ever, increases almost proportionally to the controller gain and, therefore, the
system does not diverge for K;=10"%/sec unless the disturbance exceeds 1073.
Since it is not likely that the magnitude of the disturbance exceeds 107° during
normal operation, the discontinuous control system will work satisfactorily if the
controller gain is 1075/sec or higher.

4.3 Continuous Control with Position Feedback

4.3.1 Stability Limit

If KK:»>17 db, the system becomes unstable. This is illustrated in Fig. 4.12. (a),
where K=7x10"5/sec °C and Kr=10%5/sec °C. A high frequency divergent oscilla-
tion is observed.

A low frequency oscillation due to too low a gain is illustrated in Fig. 4.12 (b).
4.3.2 Effect of Varying Controller Constants

The effect of varying the controller constants, 77 and Tbp is illustrated in
Figs. 4.13 and 4.14. It is noted that for large Tp the response is quite oscillatory
and 7T'»=20 sec seems to give the best response. From Fig. 4.14 it is observed that
if Ty=o0 there is some residual error in the responses of 47out and 4¢. In the
basic system of Sec. 3.1 the controller contains an integral action due to 1/s term
in the motor transfer function and, therefore, there is no residual error in 4T ou:
even if Ty=oo. If the rod position feedback is used, the 1/s term in the controller
transfer function is eliminated as is shown in Eq. (3.6). Hence, if Ti1=0o, the con-
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troller does not include integral action at all and the residual error results. Figure
4.14 shows that 7;=80 sec is nearly optimum, the response is fast enough without
an excessive overshoot. The response for T;=40 sec is also quite good.
Thus the optimum controller settings are
T1=40~80 sec
To=20 sec
for this case, while for thelbasic system they were
Ti1=00
Tp=30 sec
4.3.3 Effect of Varying K and K
| ; |
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Fig. 4.15 Examples of Transient Responses
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In the basic system, an optimum combination of three parameters, T1, Tp and
the gain K, had to be obtained. In the present system, an additional parameter,

K:s, must be taken into consideration.

are shown in Figs. 4.15 and 4.16.

The effect of varying K. on the responses
From Fig. 4.16 it is observed that for K=

3x1077/sec °C, the feedback gain as high as Kr=5x10* °C gives a good result. For
higher controller gain, the optimum value of Kg; decreases; namely, Ke=2x10* °C
for K=3x10"%/sec °C and Kr=10% °C for K=3x1075/sec °C. Of all the responses,
the one for K=3x10"%/sec °C and Kr,=10* °C seems to be the best. A more detailed
comparison is made in Fig. 4.16 (d), for K=3x10"5/sec °C and several different values

of Ki» in the vicinity of Kr=10! °C.

It is noted that Kg=10* °C is optimum, the

response has a sufficient damping without excessive overshoot.

The effect of varying K are shown in Fig. 4.17 and Fig. 4.18.
the effect of varying K is quite distinct.

For K:=10* °C,
The system even diverges for the gain

AT, K,=10°C
TE w10}
T /X0 K=3X10""/sec T
4L 2 :;4104 T, =80 sec
T, =20 sec
3l COMPUTER po=2X10"*
OVERLOAD )
2+
1 L
t sec
0 . . . , 600 700 800
0 100 200 300 v 500
_l L
_2 L
-3}
—4
(a) K=3x1077/sec °C K p=104~105 °C
AT,
T
31
K,=10°C K=3X10"%/sec T
5X10* “COMPUTER T, =80 sec
2 X10* OVERLOAD T, =20 sec
2+ 10* — -4
P, =2X10
1
0 1 /\ s . . !
S~
100 200 300 400 500 600 700 ¢ sec

(b) K=3x10%/sec °C K;p=104~105"°C
Fig. 4.16 Effect of Varying K¢, on Response
Ti=80sec Tp=20sec pex=2x10™4
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as low as 1077/sec °C. On the other hand, if K, is iarge, the effect of varying K
is not pronounced as shown in Fig. 4.18 (b).
4.3.4 Effect of Rod Speed Limit

In Fig. 4.20 is shown the effect of the limit in control rod speed. If the limit is
larger than 1.9x10°%/sec, the rod speed does not reach its maximum for a reactivity
disturbance as much as 2x 1074 If the limit is set at 5x107%/sec, the temperature
overshoot is quite large, though still tolerable. If the rod speed limit is of the order of
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10-5/sec, it does not influence the system response significantly.

4.4 Comparison of the Optimum Responses

In Fig. 4.21 comparisons are made between the optimum response of the continuous
control system with and without the rod position feedback. The important features

| 4T,
.
1 3.
2
_~wlo ROD POSITION FEEDBACK
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;

0 : .
0 » 100 200 300 400 500 600 700 ¢ sec
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Table 4.1 Comparison of Optimum Responses

K Transient | Transient

. p Settlin . .
T: | Tp |y K; | Peak in | Peak in LINg  prects of Saturation in
System sec| sec 10 :/sec °C AToys q Time Rod Speed
C o8 % sec
wjo Position| o 1 30| 0.05 | — | 27 1.4 260 | No effect if Rumax>1075/sec

iti No effect if R >2x1075/
wjw Position) gy | 99| 3 |10¢] 0.85 0.9 9200 |sec. Very little eoffect for
Riax=10"5/sec.

N. B. 1) Reactivity disturbance pex=2x10™
2) Settling time is defined to be the time after which AToy; remains within 4-0.1°C

of the two set of responses are compared in Table 4.1. From the figures and the
table it is noted that the response of the system with feedback is better than that
of the basic system, that is, the transient peaks of 47... and 4dg are smaller and
the settling time is shorter. Although the comparison made here is restricted to a
special case, for a particular controller setting and at a particular power level, it
suggests that the rod position feedback might in general improve the system per-
formance.

5. Conclusions

Stability analyses are made on the outlet gas temperature control system for
British type power reactors, by means of the Nyquist’s stability criterion and
Kochenburger’s describing function method. Transient responses are obtained by
the analog computer and comparisons are made for different controller setups.

Numerical values of a reference reactor are used in computations. Five different
types of controller are investigated; that is,

a) Continuous Control

b) Continuous Control with Saturation or Deadzone

c) Discontinuous Control

d) Continuous Control with Tachometer Feedback

e) Continuous Control with Rod Position Feedback

Applying the generalized Nyquist’s criterion to the continuous control system,
it is noted that there exist both upper and lower limits of controller gain for which
the system is stable. In other words, the system is unstable for too low a gain
due to the reactor instability and it is also unstable for an excessive gain due to
controller forcing.

Generally speaking, the rate action is favorable for the system stability, while
the reset action is not. The controller setting, Ti=co and Tp=30 sec, seem to be
optimum. For this setting the stable region of the controller gain is almost three
decades (55 db), which is the largest of all the settings examined.

Varying the controller gain K the transient responses are compared for the
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optimum controller setting described above. The optimum value of K is found to
be 5x10~7/sec °C, for which the gain and the phase margins are 26 db and 50 de-
grees, respectively.

Qualitative analysis is made on the effects of controller non-linearities by means.
of the describing function method. It is concluded that if the system contains.
saturation, the system is not controllable for a very large disturbance and diverges,
and that if it contain a deadzone, it is possible to adjust the controller gain so that
the system does not diverge, but a limit cycle is inevitable.

Transient responses following a reactivity change of 2x107* are compared, intro-
ducing saturation of the control rod speed into the continuous control system. It
is observed that if the limit, Rmax, is larger than 0.34x1075/sec, the saturation does.
not influence the responses. If the limit is lowered to 1078/sec, the responses be-
come quite poor. The reasonable value of the limit to be used in actual reactors will
probably be of the order of 107%/sec and hence it will little affect the response un-
less an excessive amount of disturbance is applied.

Kochenburger’s describing function method is applied to the discontinuous con-
trol system. It is concluded that if the controller gain is very low the system
diverges and that if otherwise the system undergoes sustained oscillations corre-
sponding to stable limit cycles for disturbances of a moderate magnitude and it
diverges for a very large disturbance.

Assuming the controller setting T71=80 sec and Tp=30sec, it is noted that if
the controller gain is lower than 4.5X 10"7/sec, the system always diverges.

If the controller gain is between 4.5X 10"7/sec and 2x1075/sec, one stable limit
cycle exists, while for the controller gain higher than 2x107%/sec there exist two
stable limit cycles. In both cases the system diverges for a very large disturbance.

Analog computer studies are made for the same controller setting. The limit
cycles are observed. The amplitude and the frequency of oscillation for different
values of controller gain are compared. It is concluded that the describing function
method is too crude an approximation to estimate the amplitude and the frequency
of oscillation, although this method is useful for qualitative analysis, that is, for
determinations of stability, existence of the limit cycles and so on.

The maximum aliowable disturbance is obtained as a function of the controller
gain. It is almost proportional to the controller gain. The system diverges for a
disturbance larger than 1074, if the controller gain is set at 10¢/sec. If the con-
troller gain is increased to 107%/sec, the system is stable, unless the disturbance exceeds
10-%. Hence it is not advisable to use a lower controller gain in the discontinuous
control system.

The conditions of stability for the continuous control with tachometer feedback
are essentially the same as those for the basic continuous control system except
minor changes in the parameters.

Stability of the control system with rod position feedback is also investigated.
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It is concluded that there exist both upper and lower limits of the controller gain
as there are for the basic continuous control system. The stable region is, how-
ever, larger for this system, namely, more than three decades (approximately 70 db).

The optimum controller setting is found to be T1==80 sec and T'b=20 sec in this
case. The optimum controller gain is 3x1075/sec °C and the feedback gain of 10*°C
is optimum.

The effect of saturation of the rod speed is also studied. It is noted that the
saturation has no effect if the limit is larger than 1.9x107%/sec. The temperature
transient is still tolerable even for Ru..=5X%107%/sec.

Comparisons are made between the optimum responses of the basic system and
the system with the rod position feedback. It is noted that the latter has better per-
formances, a shorter settling time and a smaller temperature overshoot. Tﬁis fact
indicates that, as far as these comparisons are concerned, the introduction of the
rod position feedback improves the system performance.

The analysis in this report is restricted to the reactor control system and the
effect of the secondary system is not taken into consideration. A one point, lump-
ed parameter model is used to simulate the reactor. These assumptions are con-
sidered to give sufficient results for the control system design. '

In order to obtain more detailed results and to justify these assumptions the
analysis should be developed in future to inclued the effects of the secondary system
and to take "the space dependent kinetics of reactor into consideration.

Although this analysis refers to a particular reactor at a particular power level,
the results described here ray be considered to provide with general guides for the
analysis and the control system design of the reactors of this type.
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