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An analytical expression of collision density has been developed. The collision
density is well represented with this expression for mixtures camposed of sodium and
lighter nuclides. The present expression has o considerable error for mixtures contain-
ing iron, and the conventional asymptotic solution was temporarily adopted for this
cose.

The elastic removal cross section contained in the JAERI-Fast set was corrected by
using the flux calculated with the present method. The errors of the result thus obtained
are less than 10 percents at most near the sodium resonance, while they are of a
factor of 2 or 3 without correction. The effect of the sodium resonance can be reflected
on the elastic removal cross section of other scattering nuclides for which such an effect
is ignored in the original JAERI-Fast set. Thus the applicability of the group constants
of coarse group structure ( with less than 100 groups ) is much enlarged by the present

r

correction.
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I, Introduction
We hove developed a simple but enough accurate colculational system which can

be used both for analysis and for design of fast reactors. Along this tine the JAERI-Fast

l,2)

r

set a set of group constants of 25 or 70 group structure, was produced as the
principal library ond many computer codes using this set have been developed.

it is we!l known that group constants depend essentially on the composition of the
reactor considered. Such @ composition dependence can be clossified into two categories:
The first one is the self-shielding effect of resonances ond the second one is the effect of
large scattering resonances on the elastic removal cross section.

The resonance shielding effect is taken into account in the JAER|-Fast set by table
3)

look-up of the self-shielding factors of Bandarenko type Even the interference with

the resonances of 2:?’SU is considered for 235U, 23g?l:’u and 240Pu. On the other hond,
the treatment of the elastic removal cross section near a wide St.;..cffering resocnance is not
easy, and the JAER|Fast set ignores this effect and colculates the elastic removal cross
section by assuming I/E spectrum. Hence the JAERI-Fast set gives rather poor results
near large scottering resonances. This is especially severe near the 2.8 keV resonance
of sodium,

Usually this defect in coarse group constants is overcome with supplemental calculations
using finer group constants ( of 2,000~ 200,000 group structure ), for example, with

44) 5 6).

ESELEM- or SDR™'

It is not a simple procedure, however, to connect these supple-
mental calculations to codes based on the JAERI-Fast set. Hence a simple correction of
elastic removal cross sections has been much required. The deviction from [/E spectrum
must be known for this correction.

The collision density of a composited medium is not constant in lethergy unit near a

scattering resonance. Various attempts have been made so far, in order to obtain a simple
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analytical expression of the collision density of the mixture.

The collision density of @ mixture is the inverse of g = Sum Zi’g i/ Sum Zi
f i

(ispecifies the nucliae), when each component of mixture has a constant cross section.
Then it might be possible ds the simplest approximation to use this expression in the
existence of resononce7), where 23 i depends on energy . The collision density with

this approximation has a peak or a vallay ot the resonaonce energy. The actual pedk or vailey
of the collision density appears, however, at the lower energy. This shift was fairly well
expressed by Segevs), who expanded the slowing down equation with moments of g ond
truncated it with two terms,

On the other hand, we have tried to treat the mixture approximately as a pseudo
element and to obtain the collision density. This method gives a simple expression of the
collision density, if the effective alpha of this pseudo nuclide is obtained. It was found
that this method gave satisfactory results for mixtures composed of sodium and lighter nuclides
such as oxgen or carbon, where the shift of peak or valley is predominant.

A subroutine COLLIS has been developed for the correction of elastic removal cross

)

section with this method. This subroutine is now equipped to EXF’ANDA-7O9 ond

|
EXPANDA-75 O,) one dimensional diffusioncodes for homogeneous and for slab iattice
heterogeneous system respectively. With this correction, the accuracy of the results with

these codes is much improved and thus the applicability of the JAERI-Fast set is much

enlarged.
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2. Approximate Expression of Collision Density
2.l General Procedure
The collision density of a non-absorbing mixture is expressed as Eq. {1 ) in the cose

of no external source,

(1)

i —

o - (Ai—! )z
Ac + 1
Z;(E)

S;.m 54 (&)

where t and } specify the nuclides and the other notations are of common usage. «’l.i,

B,
F(E)..—_S?n l“ j —'ﬁ-'—c’—{E—L-F{E’)dE’
it Js E

die)=

?

is constant if there is no resonance. If a nuclide has a resonance, &,: has a peck for this
nuclide and has a valley for the other nuclides near the resonance energy.

We consider o mixture consisting of o resonance scatterer { nuclide | ) and a constant
scatterer ( nuclide 2 ). If the two nuclides have the same mass ( AI = A2 ), the total
collision density is flat in lethargy unit. When A] is larger than AZ’ the collision density
deviates from the flat distribution and has a low peak near the resonance energy. On the
confrury,‘ if AI is smaller thon AZ' then the collision density has a shallow valley.

This suggests that any solution for slowing down due to o single scottering element is
not necessarily the fundamental solution of Eq. (| ) for a composite medium f—,_’MathematicoHy
this difficulty is caused by the fact that the kernel in Eq. (| ) consists of sum of several |
kernels, each of which hos a different upper bound of integration. If the kernels have the
same upper bound, Eq. (1) could be reduced to the probiem for a single scattering material .

Bearing the above remarks in mind, we treat the mixture as a pseudo nuclide which
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has appropriate & aond h (E) defined so as fo give the same collision density os Eq. (1)
E/A ’
F(s)=-——"',_fd L —“—,‘f,)F(E')JE’. (2)
(X must be determined so that (| -& ) E is interpreted as the maximum energy loss by o
single collision with this pseudo=nuclide. For simplicity, however, X is approximately
put as the mean value of Ki so as to satisfy the following relation,

E/d¢

Sum —— &‘ ) Fieryde’ )
i 11— E/X

It should be noted that X thus defined depends on E and that & is not very different from

any d,‘, , as i resembles each other, if we exclude the cose of hydrogen.

Then h{E) is obtained as

fth)=(l—a<)S%m_ _AE)

] - K¢ (4)
h (E) is unity at the off-resononce energy and stays near unity even at the resonance energy,
os Sum hi(E) is clways normalized to unity and (X is not very different from any Xi. hE)
{
is interpreted os the ratio of elastic scattering to total collision of the pseudo-nuclide.
Near o resonance, the pseudo nuclide is considered to have a virtual obsorption and
- production of neutrons with its collision.

The First order solution of Eq. (2) might be the inverse of lethergy gain 1/8E, where

¥ s difined with o as

=1t

ol
% e o

This solution is inserted in Eq. { 2) and we hove the second order solution as

F (E) Fe - (6)
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where | ‘£ = jE ——E-Ti-— d—E . (7)

A (8)

Then the flux is ¢ (E) =
E &. SumZ;
= 5+ Sum Z

Hoving obtained the flux, the elastic removol cross section of nuclide € is

calculated numerically os

En
(Ev - ol E) ¢
0% =J = (N, dE
e.r._ £, (l"di)E S(E) ¢(E) :

where E [ is the lower boundary of the considered group and E i the smaller valve

(9)

between Eg /of s and the upper group boundary .

2.2 X and h (E)
We considar a mixture of two scattering nuclides, i,e., a resonance scatterer

(nuclide | ), ond another nuclide ( nuclide 2) , whose number densities are NI and

respectively. The scattering cross section of the resonance scotterer is put as OTT

Ny
ond those of the nuclides 2 as 0; _Oiis assumed to be constant through the energy range

considered. The absorption by these nuclides is neglected.

O}T is expressed with the single level Breit-Wigner approximation as

o=+ T (0.0 8. /P T (2-F) (10)
(E-E.V+T7# (E- &) + T/%

where E . is the resonance energy, 0‘; the potential scottering cross section ond 0':

the peck cross section defined as

4Z_ g T
& 7 r:

and the other notations are of common usoge.

o;
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The ratios .&f and {2 are expressed according to the procedure given in

Appendix as,

T ‘ + -
' Nemama A tE T E T

. ME _ A A
ﬁ"m:w\écf; tali= o5 E-r] i

+
where (@, ond Q3 are rotios of constant part of the cross section, and A~ ond Zic:re

erergy independent complex conjugates.
in solving Eq. (3), the collision density is assumed to be asymptotic I/E form,
Then (X con be obtained analytically as given in Appendix.

Having obtained & , h (E) is written as

A” _,i’_)
}

1l

f (E) A+5('—E—_—F"' E- 1-

where

A = G-a) /(—Lo&, * l—a;&z)

B o= (1-a) Wy - 7).

This procedure can be extended to more general cose where more than two

scotteres exist. In most coses, however, only one resonance scatterer is important in the

energy range considered. Then the other nuclides of constont cross section can be treated

as a mixture keeping the slowing down power the same.

2.3 Absorption by Heovy Elements

In actual reactor colculations, absorption by heavy elements cannot be negfected
and the asymptotic flux deviates from |/E form. This effect is corrected by using an

appropriate spectrim index ﬁ , and the collision density is given by

A
E

F(e) =

< KF (13)

St



JAERI-M 5963

The value of P is obtoined by neglecting the resonance scattering. .Considering

the existence of heavy elements, the collision density is written as

(z:+z;*+s@mz;')¢fs)
,j%u ,ng 4 (4)

Fig)

[ — Oy ZSH?SfE) et Sam }j§¢(5f] =7

where the suffix H means the heavy element.

o

[

Assuming that

$E)=6""F
Xt =1

the right hand side of Eq. (14 ) becomes

Ts i) + SoLm

l—du ¢m)h— }

and therefore we have

A
- / y I — o
f - Sum B %0
Zn, t S“’""ZS L /- At ’
Eq. (15) can be solved by the iteration of a few times, starting from P =| ¢ac I/E).
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3. Collision density

The collision density was calculated for various mixtures composed of sodium and
some scattering nuclides neor the 2.85 keV sodium resonance. The results are compared
with the exact solutions .obtained by o fine speetrum code RIFH. m

The collision density of mixture composed of sodium and oxygen is shown in Fig. 1
for various number density ratios. The dashed lines are caolculoted with Eq.(6), the dotted
lines are the asymptotic forms of [/ § ( g = Sut:.g, .ﬂé g'.’ ) and the solid
lines are the exact solions cakulated with RIFH,  The present results ogree fairly well with
the exact solutions. The same agreement was obtoined for mixtures of sodium and carbon.

Mixtures of sodium and iron were examined. The curves of the collision density
are given in Fig.2. In these coses, however, the present results do not agree with the
exact solutions. The asymptotic l/i agrees better with the exact solution. The failure
of the present method moy be explained as follows: The range of integration in Eq.(i )
of sodium is more than twice as much as that of iron. Hence the error of & obtained
with Eq,(3) moy be lo'rge.. A better and simple method is now searched for.

It was found, on the other hand, that the collision density is approximately constant
in lethargy unit, if the effective ¥ (-.: 55:.:, 'ﬁi 'g;) of the nonresonaont nuclides
is equal to & of sodium. In this case the cross section of nonresonant nucl ides is equiva-
|ent to the constant port of sodium cross section. We call this state as an equilibrium
state in the following discussion. |

From the above discussion, the following approximation was concluded to be the most
useful at the present time. First the effective € of the nonresonant nuclides is calculated.
If this effective ‘g is smaller than g of soedium (iron rich case ), the asymptotic 1/ i
form is adopted. If the effective € of nonresonant nuclides is larger than € of sodium

{ a lighter nuclide rich case ), the number density of lighter nuclides is devided into
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two parts. With one .pcrf the equilibrium state is ottained. The cross section of the
nonresonant nuclides in equilibrium state is added to O{r in Eq.{10). Then the remaining
cross section of the lighter nuclide is put as @ .
The usefulness of this approximation is demonstrated in Fig.3, where curves of the
collision density are given for three mixtures composed of oxygen, iron and sodium.
The number density of cose 1 is chosen so as to attain the equilibrium stote. The number
density of oxygen is 5 times largerincose 2 thanincase 1. In case 3, the number density
of iron is 5 times larger than case 1 and the collision density is put approximately to ]/-g— .
Good agreement is observed in ony cose between the present resuit and the exc;ucr result.
As a conclusion, the method described in section 2 is very useful for a mixture of
sodium and a lighter nuclide. This method is not good for a mixture containing iron,
and the conventional 1/ -g- opproximation is better for this case. Therefore we adopted
the approximation in which. r‘h; present method or the conVEnric:;naI method is chosen

automaticolly according to the effective ¥E of the nonresonant scatterers.
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4. Correction of Elastic Removal Cross Section

A subroutine named COLLIS has been developed for correcting the elastic removal
cross section contained in the JAERI-Fast set. The collision density is colculated
opproximately with the method described in section 3. The effect of absorption by heavy
elements is corrected with the appropriate spectrum index described in section 2, 3.

Eoch group of the JAERI-Fast set of 70 group structure is devided into 30 subgroups
and the flux is calculated for eoch subgroup. The cross section of sodium is calculated
for each subgroup with the resonance parameters. The cross section of other nuclides is
assumed to be constant and the volues in the JAERI-Fost set are used.

The elastic removal cross sections of ¢ mixture composed of sodium, oxygen and
iron (case No. | of Fig.3 ) ore shown in Fig.4. The dashed lines are colculated with
COLLIS, the solid lines are the exact values caleulated with RIFH, ond the dotted
lines are calculated with 1/E spectrum. The cross sections of oxygen and iron are put
as 3.7 and 7 barns respectively for all the groups. The results calculated with COLLIS
agree very well with the exoct values.

A typical mixture of fast reactor, which contains heavy elements, was examined.

The number densities are as follows ( unit of 10%%/cm’ )
U- 238 5.36 x 1073
Pu -239 1.39x 1072
No 8.'4- % 1073
o | | 38 x 1072
Fe 2.1 x1072

The values in the JAERI-Fast set are used for the cross section of oxygen and iron. The
elastic scattering and the elostic removal cross sections are given in Table 1 for the light

nuclides, ond the elastic removal cross sections are shown in Fig.5. The exact values
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are calculated with the ultra=fine spectrum code SDR in this case, as the | ibrary of
heavy elements is not available for RIFH.

The agreement is a little worse in this case than in the previous case. This dis-
agreement is mainly caused by the energy dependence of iron cross sections which
are not constant through the energy group. This energy dependence is fairly weli
represented in SDR, but is ignored in the present calculation. In the previous cose,
on the other hand, the constant cross section was assumed in calculoting the exact value
with RIFH.

Any way, the improvement of the elastic removal cross section is excellent with
the present correction. The errors are reduced fo be several percents at most, while

they are of a factor of 2 or 3 without correction near the sodium resonance.
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5. Conclusion

An analytical expression of collision density has been developed near a wide
scattering resonance. The collision density is well represented with this expression
for mixtures composed of sodium and lighter nuclides. A subroutine named COLLIS
has been developed for correcting the elastic removal cross section by using the flux
calculated with the present method. The errors of the result thus obtained are less
than 10 percents at most even near the sodium resonance, while they are of a factor
of 2 or 3 without correction,

The present expression has o coqsiderablé error for mixtures containing iron, and
the conventional asymptotic solution was tempordrlly adopted for this case. This draw-
back is now under investigation. It can be ¢oncluded, however, that the opplicability
of the group constants of coarse group structure { with less than 100 groups } is much

enlarged by the present correction.
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Appendix, Calculation of X

As the cross section of resonance nuclide is expressed as Eq. (HC), the fotal scattering

cross seciion of the mixture is

Yis =Mag +M{0‘~, +

L
05 + (095 [a/T)* 4 E-E)/F rz}
(E-Er)* + /g (A-1)

and the ratio .gz 5/‘/2@ /ZS is written as

o~ ‘
ha = 0_2:20\ NANTS) (A-2)
! 2
Q) = ' (E- &) + /4
(E-£)+ L7 4 BI% +(908; 5 /7)1 (E-E)
whereRisNz/N'. Kt Ry

Define

A
ff:wt'-—': (070}'3.7]3»//’)2
g, + R0

then

(E- ) + /4
(E_E")z + ]LMF(E‘E)")-I' )(/_’2/4‘

A2

a,
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ca, {1 - Ju eI + (f-1) 2/ }
(E-Er)* + fig (E-Er)] + {4

= Q, [ | - 2 Eimt(E-Ep) +{f-1)PYY }
(E- ErtEot- T E-Ert Emer £0)
A-i- /4—
o1 A
E -7 E-r A
where
4
T = (f-fmt)2]”
+ . 2 2 1
A = Eopr 7 L{F- [(f—/)-zfmtl
+ ,
T° = (Er-Emt)t £r
Then .{, can be expressed os
‘g.: =/ - 7’5.2
i, AT A And)
-al+a2{ E_r E-’r- }
where
ay
= s RO
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w solving Eq. (3) we assume thot the energy dependence of ‘AL is small and that

F(E) con be opproximdrely proportional to | /E. Thus Eq. (3) becomes

EH; |
5 I j Y ! ! / = -
lgm % Jgy, EJ AL (E) AdF =0 (A-5)

‘Expanding the integrants into partial fractions, we have

! je’“l ha(E)

[ — &2

E /ot (E7)2
. G2 ACHAT YV ig-q, ) - #-5)
A [(H'r*r J(d-ch)

Ay -l a4 E-A ¥~
(d‘*f%E"“r* (r')’[‘at E-arfp”

Similar results are obtained for hl .

As Of is not very different from any GA(, the following approximation is possible:

E-r*de _ _ g, E- i t Ou-a) £F
E - rta E - rto

= (e~ )p*
E-r*a

Then Eq. (A-5) becomes

ok-oh[ L ATHATIV L A i
o e - e AR [l e m ]

+a1(d—d;2[( = A*:rfrr*) / _{ i A A H
b= s £ TE-1':) I(E-téh

= 0

(A-8)
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Finolly A is expressed as

Numerator
0{ _ .
Denominator 7 (A=-9)
where
Numerator
I [_a_mt, L ads +a _ }A’r At
E Li-&, [-c , 0‘: / o\, P
¢ @by (AT ArE - A0 Pl
(1—a) I (E-T0)(E-T01)
_ ds (AT ATE - {AP AP %
(1—32) 3‘+J"-(E"J'+0(1)(E-0:0‘2) '

Denominator

= l[a:_ a: _a{ / ! }A*rmv*]

E LiI-&, /=& 1=Gy 10k rr-
R (A + A7) E - (AP +A )]
(1 =oly) TP E -7 ) (E- )
Z:  AFAT)E - LAY AW ) A
(1-c2) Yo (E - )(E-Td)

If more accurcte value is required, the cpproximation of Eq. {A-7) con be avoided

with the iteration of o few times.
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Table 1.  The elastic scattering and the elastic removal cross sections
of Na, O and Fe (barns )

Group En (keV) : ]\ Na | F) Fe
T’el = g7er 07el | 07er J7el | T er
A 29.2 | 10.6 3.7 | 1.49 | 5.5 | 0.50
32 | 4.65-3.6 B 27.4 | 12.4 3.7 | 1.74 | 5.47 0.86
C 30.7 11.0 - 3.7 1.45 5.32 0.54

i \
, A 162.4 55.7 3.7 1.02 5.26 0.23
33 |3.6-2.78 B 157.0 | 87.2 | 3.7 | 172 | 5.26 | 0.73
C 162.6 | 55.6 | 3.7 | 1.04 | 5.34 0.23
A 90.5 26.9 3.7 2.36 5.94 1.55
34 2.78-2.15 8 95.3 11.6 3.7 1,73 5.94 0.87
C 98.5 28.5 3.7 2.33 6.10 1.59
_ A 18.2 | 5.09 3.7 1.90 6.85 1.14
35 2.15-1.66 B 18.9 4.46 3.7 1.72 6.85 0.99
C 20.9 5.52 3.7 1.34 6.88 1.10
A 8.21 2.46 3.7 1.81 7.64 1.13
36 1.66-1.29 B 8.61 2.46 3.7 1.76 7.64 1.11
C 9.87 | 2.82 3.7 1.74 7 .64 1.08
A 5.36 | 1.64 3.7 1.74 3.43 1.16
37 1.29-1.0 8 5.47 | 1.65 3.7 1.75 3.43 1.23
C 4 5.951 1.54 3.7 1.63 8.40 1.07
A The present results
B The uncorrected values of JAERI-Fast set
C The results obtained by SDR
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0 8 1 1 1 A | !
1 yi 3 4 5 ! 2 3 4 5
En ( KeV) : En (KeV)
Fig. 1. Collision density of mixtures composed

of sodium and oxygen for various number

density ratios.

— — — : the present results.
———— : the exoct solutions.

w——-w-- : the asymptotic solutions.
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En( KeV)

of sodium and cron for various number

density rotios.

— — — : -the present resulis

the exact solufions

———e- e : the asymptotic solutions
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En { KeV)
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1.5+ S
- Case No. 1 ]

- -
p -

1'0 il L L

1.5F -
' | Case No. 2 y

‘IO 1 i 1

En (KeV)

Fig. 3. Collision density of mixtures composed of sodium,
oxygen and iron. Cose | is the equilibrium case,

Case 2 the oxygen rich cose and Case 3 the iron rich case.
. _. __ : the present results.
: the exact solutions,

-1 the asymptotic solutions.
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