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The two-dimensional computer code has been prepared to study MHD
stability of an axisymmetric toroidal plasma with and without the surround-
ing vacuum region. It also includes the effect of magnetic surfaces with
non-circular cross sections.

The linearized equations of motion are solved as an initial value
problem.’

The results by computer simulation are compared with those by the

theory for the cylindrical plasma; they are in good agreement.
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‘MHD stability in cylindrical geometrylsz) and also in toroidal one

JAERI-M 6474

§.1 Introduction

Mahy theoretical works have been devoted to investigate the ideal
3,4)

’
since it plays a crucial role for fusion applications. Further, in view
of present tokamak experiments, a great deal of attention has been paied
to low m~number internal mode, and it is important to investigate these
stability theoretically.

Analytical calculation is a very powerful means, but it is restricted
to the case of a rather specific class of plasma configurations. So in
order to investigate the stability of more realistic plasmas, it is
necessary to invoke the coﬁputer simulation, which will make possible to
solve non-linear three-dimensional problem. Several works have done for
the purpose of this goal5’6’7’8).

In this paper we develop the two-dimensional code to investigate the
stability of axisymmetric toroidal plasma against iﬁternal and external
kink modes including the effect of non-circular cross section with
arbitrary plasma current distributions,

The linearized equations of motion are solved in curvilinear
coordinate as an initial value problem.

As to the difference scheme, we use simple explicit one to avoid the
complexity of program.

In §.2, the equlibrium is obtained for tokamak plasmas. The equili-
brium equation is expanded in powers of the inverse aspect ratio. In §.3,
the basic equations for the ideal MHD stability are given. In §.4, the
boundary conditions for both internal and external kink modes, the former
correspoﬁds to fixed boundary and the latter is free boundary, are
described. The numerical procedure are given briefly in §.5. In §.6, the
growth rates calculated by the present two-dimensional code are compared
with the analytical ones for the cylindrical case and a fairly good

agreement is obtained between the two.

§.2 Equilibrium

In this section, the equilibrium solutions for tokamak plasma are
given.

We consider a toroidal plasma with large aspect ratio, Rf/a » 1, where
R and a denote the major and the minor radii, respectively.

The MHD equilibrium equations are
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curvilinear coordinate system (r,9,¢), where the surfaces

of constant r correspond to the magnetic surfaces?s10) . (See Fig. 1)

r Z
8 = const.
B
r=const.
¢]
Ro | X

Fig. 1 Curvilinear coordinate (r,g,4).

The closed curve, r=const., is the cross section
of a magnetic surface. Rp is the length of the
major radius and the magnetic axis is at r=0
(X=R0 » Z=O)

The transformation between (r,0,¢) coordinate system and cylindrical

(X,9,2} system

The metric

rr -

can be written formally as

X(r,8) .
Z(r,6) , (2.2)
) \ .

tensors of (r,8,6) system are defined as follows;
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g »
¢4 = L
g <2 .

We consider equilibrium magnetic field in the foliowing form,
By = RBo(£(r)Vo x Vr + h(r)V¢), (2.4)

where Bj is constant magnetic field magnitude introduced to make f(r)
and h(r) dimensionless. The first term of eq. (2.4) represents the
poloidal magnetic field and the second is the toroidal field.

Then, the equilibrium equation (2.1) can be written in (r,0,¢) system
as fdllows,

Pé(r) R h(r)h'(r) . f(r) f(r) .3 f(r)
75 {(/g- 8g3) _E(VE— 8r9)} = 0, (2.5)

RB% gqb:b

where prime denotes the derivative with respect to r. Once the equilibrium
plasma pressure distribution Pp(r) and plasma current distribution f(r)

are given, the other equilibrium quantities such as A(r), the displacement
of the magnetic surface from the magnetic axis, are determined by solving

eq. (2.5) in the inverse aspect ratio expansion.

§.3 Basic Equations

In this section, the basic equations for the ideal MHD stability are
described and are rewritten in the form convenient for the numerical
calculation.

We adopt the linearized hydromagnetic equations in the following form.

-5
a2E > - > e ->
o Fve2 =-VP + g xQ+]JxBy ,
> > -
i = v=xqQ " (3.1)
-> > > >
Q = V x (£ x Bg) R
> > > >
P = =YPoVrE - (£-V)Pp ’

where the quantities with subscript 0 are the equilibrium ones, y is the

_3_
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>
specific heat ratio and 3, Q and P are perturbed current density, magnetic

field magnitude and plasma pressure, respectively.
For the sake of convenience of calculation the current densities,

both equilibrium and perturbed current densities, are transformed as;

Yei ~ ] , (3.2)

Egqs. (3.1) are rewritten in each vector components are follows;

3%g 3P
po =3 = - — + (3%8% - 1989 + (380® - 3§
ot AT
82Eq
o] = e —— ¢ r _ rB¢
0 atz 59 (jOQ J ) s
325¢
= —- —— I'Bﬂ 9 Tr
Po —2 ” + (3 3Q°) ,
. gd2et k1
of = B 56 T B¢ 30 g
0 $ '
3 3L 1 3 0
8 - 3¢S - 8% S -G (B ED , (3.3)
3¢ l 6
¢ = Be PR — B r +_ Bd) 9 } »
Q — - = — (/g% + 2(/gBted)
r _ Q¢ _ 3Q
J 38 8¢ ’
:0 = _B.(_I.E._,.B_Qi
] 36 or ’
jrt') = EQ_&_E!.I_
3T 30 ’
p = _gT 20 —-———{-—-(/"gr) +-——(Jg ®) +-——(fg£¢)}
3T /g Y ’

where the quantities with superscript and subscript mean the contravariant
and the covariant components, respectively.

Since each perturbed quantity may have different phases in the ¢
direction, they must be divided into even and odd parts with respect to 6

and are expressed as,

¥ (r,8,4) = £¥%(r,8)cos(ne) - £¥®(r,08)sin(ng),
£9(r,0,6) = £9¢(r,8) cos(ng) + £99(r,0)sin(ng),
£¢(r,8,¢) = E¢e(r,e)cos(n¢) + £¢°(r,9)sin(n¢),



Q" (r,6,0)
Qe(r,8,¢)
Q*(r,8,4)
37(r,8,9)
je(r,8,¢)

i%(r,0,4)

H

H
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= Q"%(r,0) cos(nd)

Qeo(r,e)COS(n¢)

Q%°(r, 8) cos (nd)

3% (r,8) cos(né)

1%°(r, 8) cos (n)

j¢°(r,9)c05(n¢)

P(r,0.,¢) = Po(r,e)cos(n¢) -

where 1 is the wavenumber in the

have the same form as in eqs. (3.

+ Q"%(r,8)sin(nd) ,

.Qee(r,e)sin(n¢) ;
- Q% (r,0)sin(ns) ,
+ §°%(r,8)sin(né)
- 1%%(r,0)sin(ne) ,

3%®(z,0)sin(nd) ,

P%(r,8)sin(né) ,

(3.4)

¢ direction. The covariant components

4).

Substituting eqs. (3.4) into egs. (3.3), we obtain the system of

equations in the following form,

a2ey 3P0 60 o 640 \ a0
pg 3t2 = - 97 + (j Bd} - jd) BY) + (Jon) - Joq )!
o _
3y ape
T RN R R CIR i
3224 39P°
= - — sppore _ srepd
Po T3t? as 1 350 "B ;
32eg  3Pe
= 2 L sparo _ srop?
Po 3e2 T ae T ¢ IR ,
32es
o4 Bt? = nP® + jreBe - jg Qre ,
32g5
po 3t2 = nPO + erBe - quro ,
TO ) re
qre = b age _ nB¥gTe, Qro g0 B%B - nB%sTO ,
1
Q% = n(B%e®0 - B¥¢%0) "75'5% (/g8%c™)
Q% = n(B%g%0 - pBede) - /igair (/gB82°)
e |
ag 1 3 ]
Q¥ = 87 =g - “‘{5;'(V§B¢Er°) + 5 (/8B%e%®) ;
Ve
¢
0g 1 a 0
qfe = -8% = - et Wese™®) - 57 B,
50y 3Q¢
re - __* 4 .08 1T0 = ¢ o
J ae + fl.Q 3 J ae + nQe >

(3.5)
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10 3Q5
.80 = A0 - —F 68 = noe — 0
J nQr ar -~ J nQr ar ?
Q =] e
j90= 9Qg 9y e _ 20 4 30,
3r a8 > 3r | 38 ’
oP YP
o _ _,ro 0 170,93 ro K3 Beyy _ $po
PO = 50— - =R (5R(/EE™) + gp(/ae’)) - yons®,
aP YP
e . _,re 70 Y0 .3 - rey _ 3, —B0yy _ e
P & o T lartEED) 25 </BE )} - YRemE®.

Here the covariant components of vectors are related to contravariant

components through the metric tensors shown in egs. (2.3).

§.4 Boundary Conditions

In this section we impose the boundary conditions te egs. (3.5) for
both internal and external kink modes.

In order to avoid the difference in boundary condition at r=0 between

the m=1 (m is a wavenumber in the 6 direction) mode and the other modes,

we transform £F and Q' as follows;

rgf —— &I ,
. (4.1)
f — QF .
Then the boundary conditions at r=0 become
r = o
£ > (4.2)
Qr = 0 B |

for every case.

In the case of fixed boundary, only boundary conditions at plasma
surface (r=a) are required and are the same as eq. (4.2).

For free boundary problem, we must obtain the perturbed magnetic field
in the vacuum region. In this paper it is obtained analytically in the
toroidal coordinate system (u,n,¢) using the toroidal ring functions.

(See Fig. 2)
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0y é 1= const.
7 H= const.
T X
R IR?! i
R_.'ﬁ

Fig. 2 Toroidal coordinate (u,n,¢) used for the calculation
of vacuum magnetic field. R, is the distance of the
center of circular plasma surface and R, the singular

point of toroidal coordinate, is expressed by R=VRg—a2

The toroidal coordinate {(u,n,9) are related to the cylindrical co-~

ordinate (X,%,Z) through the following relationms,

2 2
1  E+R-+72

HT 2 (X—R)z + 22 (4.3)
= tan”! 2R2
nos X2 + 22 - R2 ?
and the metric coefficients are written as follows;
- - R
By &n cosh u -~ cos n >
(4.4)
_ R sinh
g¢ cosh § — ¢cos 1 .

The general soluticon of the Laplace's equation in the toroidal co-

ordinate ¥, can be written as follows;

Yo = Jx—cosnk?n[{Asz_l/z(x) + BkQ:_lfz(x)}cos(kﬂ)cos(n¢)

n

+{C k-1/2

(x) + DkQ {(x)}sin{kn)sin(nd) ] , (4.5)

11
P
k k-1/2
where x=cosh yu, Pﬁ_l/z(x) and QE-I/Z(X) are the toroidal ring functions.
In eq. (4.5), the terms cos(kn)sin(n4) and sin(kn)cos(n¢) are omitted
by considering the form of the internal solutions (3.4).
Since 6éx = g?e, the perturbed magnetic field in the vacuum region

can be written as follows;
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Q, = I [(XA-A+XB<By)cos(ng) + (XC+Cp#XD-Dy)sin(ng)] ,
k,n

Q, = £ [(YA+Ap+YB+By)cos(ng) + (YC+Cyt+¥D+D)sin(n¢)] , (4.6)
k,n

Q¢ = I [(ZC-Cy+ZD+*Dp)cos(ng) + (ZA-Ap+ZB-By)sin(ng) ]

k,n

Here Ay, By, Cy, and Dy are constants to be determined from the boundary
condition and XA, XB, XC, XD, etc. are defined as follows;

Xa = S;:}}; i P?“lf(x), + YR, ), (0) costkm)

KB = S;:;{;u ({ Qﬂ“léz(x) + YQE!—1/2(X)} cos(kn) ,

XC = S:}; { Pﬁ_léz(x) + YR, (0) sintky)

© - S;:?; { QE—1£2(x) s YQill/z(x)} s.in(kn) ,

YA = Pﬁ"l/z(X) sin n cos () ky sin (kn) , ' |

ngn‘/? . 2 (4.7)

VB = Qk;;g-(}() sinn czos (kn) ~ ky sin (kn) ’

o - PE;T:‘//;(X) .sin n szin (k) Ky cos (k)

v - Q{i;’:‘/;;(x) sin n szin Gen) ey cos (kn) ’

ZA = - Eg Py, /p(x)cos(kn),  ZB = -%’7 Q12 () cos (kn),

ZC = “—g? PE,I/Z(x)sin(kn) . zD = n?-‘f Q{:_llz(x)sin(kn) s

where x = cos U, y = X —cos 1 and the prime denotes the derivative with

respect to x.

Using the perturbed magnetic field obtained above, we adopt the follow-

ing boundary conditions,

A) The normal component of the magnetic field vanishes at the

perfectly conducting shell (r=b), that is
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.

Qexref = 0 : (4.8)

B) The continuity of the normal component of the perturbed magnetic

field at plasma surface (r=a),
-
-er = an . (4-9)

C) The pressure balance equation at the plasma surface(r=®11),

-

2 2
£t (dBex dBin

> + > _ >
~YBoV+E + Bin*Qp = Bex"Qex * 5 T ar ) . (4.10)
where
> -> -> ->
Qex = Quuy + Quuy + Q¢u¢ . (4.11)
Here Upys Up and ug are the unit vectors inm the toroidal coordinate {u,n,¢),
respectively.

§.5 Numerical Procedure
In this section, the numerical procedure used in the present two-.
dimensional code are described briefly.

All variables are normalized by the following characteristic quantities;

1) minor radius of a plasma ring: a,
2) toroidal magnetic field at r=a: Bp,
3) plasma density averaged over minor cross section: <p> ,

4) Alfven velocity measured by Bg: vg=By/<p> ,

and other associated normalization factors are time: 1 = a/vf, pressure: Bg
and the growth rate: t—!l.

As to the difference scheme, we adopt a simple explicit scheme to
avoid the complexity of program.

We use the growing parameter m6), which is very useful to obtain
marginal stability condition.

In the r direction, we use half integral meshes for £°, &9, %, 3T

and
P and integral meshes are used for the other variables. On the other hand,
only integral meshes are used in the 6 direction. Considering the symmetry

of upper and lower plane of minor cross section, we calculate the solution

___9_



JAERI-M 6474

only in upper half plane. (See Fig. 3).

g
4
3 JMAX-3
o JMAX-2
) *—JIMAX-1
/"JMAx

Fig. 3 Grid points in the § direction. The grid points
of J=2 and J=JMAX-1 represent 9=0 and 3=m,
respectively.

§.6 Numerical Results for Cylindrical Plasmas

As the first step to check the wvalidity and accuracy of the code, we
have calculated the growth rates of MHD instability in cylindrical plasma
by use of our two-dimensional code and compared them with the analytical
results of Shafranov,

The growth rate of kink mode for cylindrical plasma given by

Shafranov isv

2(m—nqa)2

2 - ph i
1-(a/b)?

2
Ba
v© = 27 [2(m-ngy) - , (6.1)
where By and q are poloidal magnetic field and so-called safety factor at
plasma surface (r=a), m and n are poloidal and toroidal wavenumber, and b
is the radius of the conductive shell, repectively.
The ¢ylindrical plasma configuration used for the numerical calculation

are as follows;

f(r) = rf, ’
Pp(x) = B,f2(1-r?) : (6.2
h(r) = Y1 - 2f20-8)(1-r%) ,

]

where f, = f(a) and 8p 1s poloidal beta.
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_ The boundary condition for cylindrical case is the same as toroidal
one, except that the perturbed magnetic field in the vacuum region is
expressed by the modified Bessel functions.

The growth rates calculated by the two-dimensional code are shown in

Fig. 5. It is seen that numerical growth rates almost agree with analytical

results., To obtain this agreement, the number of grid points used in the
8 direction in the upper half plane are 19 for the case of m=2 mode, 35

grid points are used for m=3 and m=4 modes.

For higher m modes, more and more mesh points in 6 are needed to obtain

good agreement with the analytical results.

In the r direction, llrgrid points are used.

The eigen functions almost agree with the analytical ones.

Fig. 6 shows the perturbed pressure distributions for the m=2 and
m=3 modes.

The code is now being used to calculate the case of torcidal plasma

configuration with circular cross sectiom.
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