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After briefly describing a kinetics model for a position-controlled
toroidal plasma column in a Tokamak device, the model is applied in
analysis of the position control characteristics of a JT-60 plasma columm.
The.influence of the parameters of a proportional controller on the

characteristics is examined numerically.
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INTRODUCTION

The positional equilibrium of a plasma column is realized as a
result of a balance between the expansive force due to the kinetic energy
of plasma particles and the magnetic energy of the plasma current, on one
hand, and the inward force resulting from the interaction of the plasma
current with the vertical field, on the other. Therefore, the plasma
column may be maintained at a desired equilibrium position by regulating
the virtical field.

The author reported a kinetics model for the horizontal motion of a
toroidal plasma column in reference (4) and the inherent characteristics
of a JT-60 plasma column motion were given in reference (5). And now,
the kinetics model is combined with a model for a position-controller of
plasma column, and this model is applied to analyze the position control
characteristics of a JT-60 plasma column, and are numerically investigated
the influence of the proportional coefficient of the controller, the
influence of the time constant of the controller and the influence of

the time constant of the verticale field coil, on the characteristics.
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1. A KINETICS MODEL FOR CONTROL PERFORMANCE ANALYSIS OF A TROIDAL
PLASMA COLUMN

A kinetics model for the horizontal motion of a toroidal plasma

(4)

column was given in JAERI-M 6292 and the model is now combined with

a model for a position-controlier of plasma column. The equilibrium of a
plasma column is defined by the force-balance over thne minor radius of the
plasma column and also by the force-balance over the major radius, These
force-balances depend on the shape of the column cross-section and on the
density profile of the plasma current and the shape of the plasma pressure
over the column cross-section. It is assumed in the model that the plasma
column has a circular cross-section and that the current is distributed
homogeneously over the column cross-section and that the asymmetry of

distribution of the plasma pressure resulting from the toroidality is

small.

1.1 Description of a plasma contining device

The cross—-sectional configuration of a plasma contining device is
conceptually shown in Fig. 1. A plasma column of minor radius a and
major radius R is confined in a conducting case (conductor &) of radius
Yos on 2 circle of radius Yv is located the conductor v, of which the
current has a cosinusoidal density profile on the cross-section; and the
toroidal coil {(conductor t) is assumed to have the form of an axisymmetric
toroidal shell with minor radius Yt. The conductors are assumed to have
a circular cross-section of which the centre is located on the torus
axis. Subscripts %, v and t are used to signify the variables and the
constants in conductor &, v and t respectively; p, in the plasma column,

and o in the initial equilibrium state.

1.2 Equation of motion of a toroidal plasma column
A plasma column is maintained in equilibrium with an homogeneous

magnetic field transverse to the plane of the torus which is given as

below:(l)’(z)
My EE
Bzo - 4T R r (1)
L.,-3
8R i
where I' = fn Y + Be + -3 (2)
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and uoﬁi/4ﬂ is the internal inductance of the plasma column per unit
length, and Ip is the plasma current, Motion of the plasma column
depends on the total radial force, £, which is written as follows for

the deviation of the wirtical field from BZ0 to Bz.

f = 2nRIp(Bzo—BZ) (3

In the vicinity of the equilibrium, the motion of the'plasma column is

written as

2 1
ydR _ o

2
I - 27RI B (4)
dt2 2 p Pz

where M is total mass of the plasma column.
Bz is composed of Bi(i=£, v, t) produced by the conductor currents
Ii (i = &, v, t) and the disturbance Bd'

B = I B (5)
i=4,v,t,d

where Bi (i =4, t, d) are assumed to be homogeneous but BV to have a

positional gradient given below:

5 SR
BV = Bvc (1 +m RO) (6)

where SR is a small displacement of the plasma column from the torus axis,

Bvc is the field produced by the conductor current Iv at the torus axis,

and m is a comstant characterizing the positional gradient of the field Bv'
The stability conditions of the plasma column motion are written as

(4)

satisfying the formula.

3

2 < m < 0 (7

The minor radius of the plasma column is assumed to vary with column

displacement as follows.

< SR
o
The value of ¢ is found within the range give below.(a)
0 < a < —%?— (9)
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The plasma current Ip varies with the column displacement as

R
Ip = Ipo (1 +n ﬁ;—) (10)

where 1 o is the initial wvalue of the plasma current at the torus axis.

(4)

The value of n is found within the range given below.
-1 <« n < O (11)

The large inductance in series with the plasma implies that the internal
inductance ii and the poloidal beta Bg remain unchanged, admitting
redistribution of the plasma current.(3)

Using equations (5), (6}, (8), (10), Eq. (4) is reduced to a linear

one in the vicinity of a steady equilibrium state,

2 1 §B,
&
i 120{-0 2o - 1J L. 12)
dt Ro P L o i=f,ve,t,d “veco
where §B, =B, - B, (i=12z, 2, v, t, d)
i i io
B, =0 (1=1, t, d)
§B = ''m SR + oB
v vco R ve
8RO 2.=3
P, =n—— + B8, + —5— E
t
G 1z% 1 4n0-u
T
0
_ LtoToIpo ' J
B = ——r
vCo 4wRo
UOTOIZO %
Eq. (12) is a wave-equation with a frequency [-—§E—B—-G ] which is

found around 1061-1z for the plasma.
On the other hand, the plasma has the mutual magnetic coupling with the
conductors which impose a lower cut-off frequency in the system, and this
implies that the left hand side of Eq. (12) can be omitted. So, the
equation of motion of the toroidal plasma column is written as

8B,

G %5 = z 5 = (13)
o i=¢,ve,t,d “vco
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1.3 Circuit equations

Motion of the plasma column induces a certain amount of current in
the conductors and results in appearance of the vertical field to prevent
its own motion., Moreover, the conductor currents are mutually affected
through magnetic couplings.
Now, some assumptions are made. (1) Each of the conductors has a
circular cross—-section coaxial with the plasma colummn; (2) each of the
conductor currents has a cosinusoidal density profile on the conductor
cross-section, and (3) the plasma current has a homogeneous density
profile on the column cross-section,

With these assumptions, self (L) and mutual (M) inductances are written

as
r ﬂz 2
Li =*A" uoRoNi (i = 2,v,t)
™ .
Mpi = - E RoNiﬁR (i = 2,v,t) (14>
“zri . . L.
_Mij = 4rj uoRoNiNj (i=%,v, j=v,t, i#j)

where N is number cf turns of a conductor concerned with the virtical

field, and r is the minor radius of the conductor. With the inductances,

a set of circuit equations is written as

r dIE E%E&; de dIv dIt
0= RyTy + Ly + oL+ M =B —ben
R N S S
VERIL Yhoae Yo Lt hvar YNy T e ® (15)
dr, v dr_ a1, dr
[O= BRI *liqe Tae D T Mear TM i YMae

where V is the voltage applied to the terminal of conductor v, Ri(i=£,v,t)
are resistances of the conductors, and Ii(i=2,v,t) are the conductor

currents.

Eq (15) is reduced to a linear one in the vicinity of a steady equilibrium

state as below,.
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T, I de I 7r  dt R r dt'l r, dt'l

4 “po po £ o] v po t

_rv_ro.__ v_1 61V+£_ 61") - *%a 4 5_R) + i3 _@_(6I£) ¥ Ty .QW(LSEL)
mr RN V. T 1T dt I 7t N dtc'R r N de'I r N dt'I

owv o v po v v o v v po tv po
o - 1 61t+i(61t) _ZRo _@_(&) +r_2i 612) +rva d SIV)

T I dt 'L mr, dt°R r dt'I r, dt'l
L t “po po t o} t po t PO

Li

where T, = R, (=2, v, t)

On the other hand, the conductor currents are assumed to have a

(16)

cosinusoidal density profile on their cross-section, and so, each of them

produces at the plasma column a homogeneous virtical field of which the

normalized density is given as below.

5Bi ﬁRONi 5Ii
= _— (i = R,’ Vi t) (17)

B r. 1
vCo i 0o po

1.4 Equation of a position-controller of a plasma column

The plasma column motion is continuously observed and its position

is compared with its reference value. If there were any deviation, the

error will be regulated through a position-controller. The position
error is used as the activating signal, and the vertical field is
regulated by changing the terminal voltage of the conductor v so as
the plasma column may be maintained at a desired positionm.

The control action is written as below,

4 v 1 & _ P
dt (V )+ T. V T (
o f o f o

- ¢c) (18)

715

where ¢ is the setting value of the plasma column position, and the

position-controller is characterized by the proportional coefficient P

and the first-order time lag(1+Tfs)_l.
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1.5 A set of equations for control performance analysis of

with

a toroidal plasma column

The equations given above are summarized below.

3B,
i

. B
o i=f,ve,t,d “wveo

g = L 5IQ’+_£.I_"(612’) - ZRO i(ég.) +ﬁ i E.Y.) +f.& i(_sj[_t)
Tg I dt*l nr_ dt 'R r dt L r dt'l
o] pPo £ o] v po t po
T sV_ 1 5Iv+i (SIV)-_ 2R0 _‘il_.(_‘.S_Ii)_,. r, 4 GIZ) r, 4 cSIt)
7T RN V T 1 dt'1 tr. N dt 'R r N dt'I r N dt'I
vV OV © v po v v o] v v po t v po
0 = L &_}.i(il_t) _ER_O i(ﬁ_R) i d 512) "Ny d 5IV)
T I dt I nr, dt 'R r dt'I T de I
t po po P po
éBl ﬂRONi 611
= i = £
B r.T_ T (1 =%, ve, t) (19)
veo i 0 "po
d v 1l 8V P SR
@+ =2 T (R
dt Ve £ Tf o
8R 21—3
o}
G = 1£.a -1+n-m
o]
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2. CONTROL PERFORMANCE CHARACTERISTICS OF A POSITION-CONTROLLED
TOROIDAL PLASMA COLUMN

A kinetics model for amalyzing the control performance of a toroidal
plasma column has been given in the preceding section. And it is applied
to a plasma confining device Japan Torus 60 and positional controlability
of the plasma column is investigated; especially influence of proportional
coefficient of controller, P, influence of time constant of controller,
Tf, and influence of time constant of cenductor v, Tv’ on the control
perfofmance. Parameters characterizing the control performance are cut-
off frequency, gain margin, phase magin, regelfaktor, logarithmic
decrement, damping factor, damping coefficient, maximum gain, frequency
for maximum gain, cut-off frequency of an ideal filter, phase lag of an
ideal filter, half-rise time and rise time. The results obtained of

these parameters are shown in Fig. 2 ~ 10,

2.1 Values of parameters

Parameters required for analyzing the kinetics of a position-
controlled plasma columm are listed in Table 1, where the values concern
JI-60, Major radius, Ro, and minor radius, a s of the plasma column and
minor radii, £y (i = &,v,t), and equivalent numbers of turns, Ni (i1 = &,
v,t), of conductors, are known from the design of the device. The value
of beta, Be, may be expected to be 0.1 but might reach to 1.0. The
internal inductance of the plasma column, li, is expected to be 0.9 but
may be found in the range between 0.5 and 1.5. Speaking of the boundary
values of li’ 0.5 is given for a parabolic density profile of the plasma
current and 1.5 for a homogeneous one. As described already, m, o and
n, which characterize positional gradients of the virtical field, minor
radius of the plasma column and plasma current, respectively, are found

in the ranges below:
3
_T < m < O, 0 < o < — -1 < n < 0,

FO, defined by Eq.(12), depends on Be and li’ and G, defined by Eq. (12),
depends on m, a, n. The influence of these parameters on_the character-
istics of plasma column motion was precisely investigated and the results
state in JAERI-M 6508(5)

And also, the influence of the intrinsic time constants of conductors,

adequancy of giving 2.2 to Fo and -0.8 to G,
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TR’ Tv and Tt’ on the characteristics were investigated and it is said
in the previous report that uncertainty of Tt does not much influence

the characteristics in the range beyond 0.6 Hz, uncertainty in TV affects
a little the characteristics, and uncertainty in T, does not influence
the characteristics in the range below 4 HZ but affects them slightly

in the range beyond it. With the results, in the control frequency
range, Tt may be set at 5.0 sec, Tv at one of three Tvs (0.25, 0.5, 1.0
(sec.)) and T2 at 0.05 sec. The time constant of controller, Tf, is set
at one of three Tfs (0.025, 0,05, 0.1 (sec.)) and the proportional
coefficient of controller, P, is set at various values and the influence

of P on the control performance is parametrically investigated.

2.2 Influence of proportional coefficient, P, time constants,
Tf and Tv’ on the cut-off frequency of the system
The gain characteristics of loop transfer function cross zero decibel
line at the cut-off frequency, which concerns the response time of the
system. The cut-off frequency of the position-controlled plasma column
is given in Figs. 210 as the function of proportional coefficient P.

It is seen in the figures that, regardless of the wvalue of TV or T or

s
of both, the cut-off frequency increases with increase of the valui of P.
With a smaller value of TV or Tf, or of both, the cut-off frequency
becomes higher and is affected more by the value of Tv than the one of
Tf.

2.3 Influence of proportional coefficient, P, time constants,

Tf and Tv’ on gain margin and phase margin

The system becomes unstable if the characteristic equation of the
system has roots of which the real parts are positive. The stability of
the system is now estimated with gain margin and phase margin.

Tt is seen in Figs. 2 V10 that, regardless of the wvalue of Tv or Tf,
or of both, the loop gain of the system increases with increase of the
value of P and the gain margin decreases. With a larger value of TV or
Tf, or of both, the gain margin increases slightly and is affected more
by the value of Tv than the one of Tf.
The phase margin decreases also with increase of the value of P, regard-
less of the value of Tv or Tf, or of both. In the cases for the same
Tv value, the phase margin becomes smaller with a larger value of Tf but,

in the cases for the same Tf value, the phase margin becomes larger with

— 4 —
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a larger value of Tv, and is affected more by the value of Tv than the
one of Tf.
2.4 Influence of proportional coefficient, P, time constants,

Tf and Tv’ on the regelfaktor

The off-set of a controlled wvariable defines the quality of the
control and is estimated with the regelfaktor which is a steady state
value of a controlled variable for unit step change of the setting wvalue.
The regelfaktor dces not depend on the time constants of the system.

It is seen in Fig. 2 that the regelfaktor decreases with increase
of the value of P and it is 0.0l for the P value of 80. This implies
that the off-set of the system is practically removed by the proportional

control,

2.5 Influence of proportional coefficient, P, time constants,

Tf and Tv’ on logarithmic decrement, damping factor and damping

coefficient

The steady state error, which is considered in the preceeding section,
is desired to be as small as possible, and also the system must reach the
steady state as fast as possible. And, for estimating the transient
characteristics of the system, the attenuation of the transient components
of the response is discussed.

The transient response characteristics of the system is discussed
with the characteristic equation of the system, and the information on
the time response is given by the roots of the characteristic equation.
The attenuation of the response is now estimated with the logarithmic
decrement which is the absolute value of the smallest real part of the
roots of the characteristic equation,
It is seen in Figs. 210 that, regardless of the value of Tv or Tf, or
of both, the logarithmic decrement increases with increase of the value
of P, that is, the transient component of the response dampes out in
shorter time. In the cases for the same Tv value, the logarithmic
decrement decreases slightly for a larger value of Tf and, in the cases

for the same T_. value, it increases slightly for a larger value of Tv‘

f
The logarithmic decrement gives the information on the transient
characteristics of the real parts of the roots of characteristic equation
but not the information of the characteristics of the imaginary parts of

the roots. On the other hand, the damping factor, which is defined as
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the ratio of real part of a root to its imaginary part, gives the
information on the transient characteristics of both real and imaginary
part of the rocots.

It is seen in Figs, 1~ 9 that, regardless of the value of Tv or Tf, or
of both, the damping factor decreases with increase of the value of P,
that is, the transient response becomes more oscillatory. 1In the cases
for the same TV value, the damping factor increases with increase of

value, it decreases with

the T_ value but, in the cases for the same T

f £

increase of the Tv value.

The damping coefficient is defined as K/ 1+K2 where K is the
damping factor, and gives also the information on the transient charac-
teristics of both real and imaginary part of the rcots of the system
characteristic equation,

It is seen in Figs. 2~ 10 that, regardless of the walue of Tv or Tf, or
of both, the damping coefficient decreases with increase of the wvalue of

P, that is, the transient response becomes more oscillatory. In the

’
cases of the same Tv value, the damping coefficient becomes larger with
a larger value of Tf but, in the cases of the same Tf value, it becomes
smaller with a larger Tv value. The adoption of the damping factor or
the damping coefficient depends on their resclving power of the attenu-

ation.

2,6 Influence of proportional coefficient, P, time constants,

Tf and Tv’ on the maximum gain point

The gain of the system has, at a frequency, the maximum value which
depends on the proportional coefficient and also the time constants. The
augmentation of the gain characteristics improves the time response of

the system.

It is seen in Figs. 210 that, regardless of the value of Tv or Tf, or
of both, the maximum value of gain increases with increase of the value
of P, and, in the cases for the same TV value, it increases with increase

but, in the cases for the same T_ value, it decreases

of the value of T £

f
with increase of the wvalue of Tv'

Considering the frequency at which the gain of the system has the
maximum value, the frequency becomes higher with increase of the wvalue

of P regardless of the value of Tv or T or of both, and, in the cases

f!
of the same Tv value, it becomes lower with a larger Tf value and, in

the cases of the same T, value, it also becomes lower with a larger Tv

£
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value. This is explained by the fact that a larger time constant brings

a lower cut-off frequency in the system.

2.7 Influence of proportional coefficlent, P, time constants,
Tf and Tv’ on the characteristics of an ideal filter of the system
The transient characteristics of the system can be estimated with
those of an ideal filter for the system. The frequency characteristics

of an ideal filter are expressed as below.

e_j(wcnlfo)f : 0

A
Hn
1A
Hh

W({j2rf) =

0 : f
o

A
h

where fo is a cut-off frequency and wo is a phase lag at fo'

It is seen in Figs. 210 that, regardless of the wvalue of TV or Tf,
or of both, the cut-off frequency of an ideal filter increases with
increase of the value of P and, in the cases for the same Tv value, it
becomes lower for a larger Tf value and, in the cases for the same Tf
value, it becomes also lower for a larger TV value, Considering the
phase lag at the cut-off frequency, it increases with increase of the

value of P regardless of the value of Tv or T., or of both, and, in the

f

cases for the same Tv value, it becomes larger for a larger T, value but,

f
in the cases for the same Tf value, it becomes smaller for a larger Tv

value.

2.8 Influence of proportional coefficient, P, time constants,

Tf and Tv’ on half-rise time and rise time

The transient characteristics of the gystem can be estimated with
half-rise time and rise time which are obtained by using the concept of
ideal filter. The controlled variable reaches the maximum value for the
first time at the rise time and the derivative of the wvariable has the
maximum value at the half-rise time.

It is seen in Figs., 2~ 10 that, regardless of the value of Tv or
Tf, or of both, half-rise time and rise time decrease with increase of
the wvalue of P, that is, the system responses more quickly to the control
demand with a larger P value. In the cases for the same Tv value, half-
rise time and rise time become longer for a larger 'I‘f value and also
becomes longer for a larger Tv value in the cases for the same Tf value,
This is explained by the fact that a larger time constant brings a lower

cut=0ff frequency in the system.
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3., SUMMARY AND CONCLUSION

The control performance characteristics of a position-controlled
JI-60 plasma column have been considered; egpecially the influence of
the proportional coefficient of controller, the influence of the time
constant of controller and the influence of the intrinsic time constant
of a conductor, on the characteristics.

Cut-off frequency, gain margin and phase margin concern the frequency
characteristics of the system, with which frequency response and stability
of the system have been estimated. Increasing the P value, the cut-off
frequency of the system increases and the system responds to the demand
of higher frequency component, but gain and phase margin decrease.

The regelfaktor concerns the steady state of the system and the off-set
of the controlled variable decreases with increase of the P value.
Logarithmic decrement, damping factor and damping coefficient concern
the transient characteristics of the system. The logarithmic decrement
offers informations of the attenuation of respounse but not of the
oscillatory component of response, On the cother hand, damping factor
and damping coefficient give information on the attenuation of the
response of oscillatory component. Increasing the P value, the loga-
rithmic decrement increases and this fact might imply that the transient
state damps out in shorter timé, but damping factor and damping coef-
ficient decrease with increase of the P value, which says that the
transient response becomes more oscillatory with increase of the P value.
The augmentation of the gain characteristics brings in the system higher
cut-off frequency and so the maximum gain point concerns the time response
of the system. Tncreasing the P value, both maximum gain and frequency
of the maximum gain point increase.

The transient characteristics of the system is estimated with an ideal
filter for the system. Increasing the P value, both cut-off frequency
and phase lag increase, and both half-rise time and rise time decrease,
that is, the response time becomes shoter.

Concerning the influence of the values of TV and Tf on the control
performance characteristics, the response of the system is more affected
by the Tv value than Tf. It is because the inverse wvalue of TV is in
the vicinity of the control frequency but the inverse value of Tf is
ten times higher than the frequency. And the response of the system

becomes worse with increase of the wvalue of Tv or Tf, or of both,
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Table 1 List of notations

Notation Value Complement
R0 3.0 Major radius of plasma column
a, 1.0 Minor radius of plasma column
r, 1.2 Minor radius of conductor 2
r, 1.4 Minor radius of conductor v
r, 1.8 Minor radius of conductor t
N2 1 Equivalent number of turns of conductor £
Nv 64 Equivalent number of turns of conductor v
Nt 1 Equivalent number of turns of conductor t
T, 0.05 Intrinsic time constant of conductor g
Tv 0.25,0.5,1.0 Intrinsic time constant of conductor v
Tt 5.0 Intrinsic time constant of conductor ¢
BB .1 Value of poloidal beta
Ei 0.9 Internal inductance of plasma column—
m -1.5 <« < 0 Positional gradient of wvertical field
o 0 < < 0.5 Positional gradient of minor radius
n -1 = < 0 Positional gradient of plasma current
&R, i3
s 2.2 To = g+ B+~
c 0.8 =% _14n-n
TO
P Proportional coefficient of controller
Tf ¢.025,0.05,0.1 Time constant of controller
C Setting point of controller
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Fig. 1 Cross-sectional contiguration of the device
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