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This paper deals with a new approach to solve the inverse kinematic
equations for a six-joint manipulator. As the mathematical methodology,
the kinematic relationships are transformed into a high order polynomial
of a joint angle variable at the end-point of the manipulator.

Using this algorithm proposed, the test calculations were performed
to reproduce the individual joint angles. The accuracies of the

solutions were quite satisfactory.
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1. Introduction

In the study on an articulated mechanical system of
robot manipulator, the so-called "arm kinematicsf is
concerned with the geometry of motion of a complex linkage
mechanism relating to a fixed reference co-crdinate system
(or absolute co-ordinates ). In this case, the relationships
between the position and orientation of the robot arm and
its joint angle variables are the main subject of interest.

According to a mathematical description, the kinematic
problem usually falls into two categories —— the direct ( or
forward ) and inverse kinematics problem. The direct problem
is to determine the position and orientation of the
manipulator in regard to a reference co-ordinate system,
using the known data concerning the joint angle variables of
the manipulator.

To this end, mathematical transformations from Jjoint co-
ordinates into Cartesian space co-ordinates are straight-
forwardly obtained by successive multiplication of the
matices.

For an n-degrees of freedom arm, the absolute co-
ordinates at the final point of the open linkage must be
represented in terms of n homogeneous transformation
products composed of n joint variables of rotational and/or
translationai joints.

On the other hand, the inverse kinematic problem, the so-
called "™ arm solution ", involves finding the required joint
angle variable 681 ,given the location and orientation at the

final point ( i.e., the finger tip of the manipulator ) with
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respect to the reference co-ordinate frame located at the
base ¢f the manipulator,

Contrary to-the direct problem, solution procedures are
generally cumbersome and explicit analytical solutions can
be derived only for some special arm configurations.

The major reason for this is that the solution of the
inverse problem is quite dependent on the manipulator
structures such as joint configurations, redundancies,
mechanical offset and mechanical constraints. As a matter
of facts, there seem torbe many articulated arms, for which
the kinematic solutions cannot be represented in an explicit
analytical form.

In order to accomplish precise position control of a
robot manipulator, however, it is necessary to get correct
solutions for the joint angle variables.

Oout of such a necessity, some useful models have been
developed up to date. Among them, a traditional method for
the inverse kinematic problem is based on linearization of
the kinematic equations in the neighborhood of a prescribed -
point in the joint variable space.

In that case, solution is highly dependent on the initial
data ( i.e., initial guess values ) and a large deviation of
the initial guess values from the actual position vector is
not allowed due to the essential properties of linearization
in determining a reliable joint solution.

in addition to this, the method involves the matrix
inversion computation ( called " inverse Jacobian " ) in

order to determine the increments of individual jeoint
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variables, with the consequence that the singularity peoints
appearing frequently in the matrix will have significantr
influence on the execution of computation.

Apart from such features of linearization techniques for
the inverse problem, ocur proposal starts from a different
standpoint : Its underlying concept is to transform the
kinematic relationships into a non-linear polynomial with
a single angular variable. The real roots of its algebraic
equation correspond to the angular sclutions, and the deter-
mination of solutions is merely the numerical problem.

Compared with that the iterative methods based on the
linearization approximation is limited to determination of a
single set of Jjoint variables ( 6,,6,,06:,8.,8s5,anddg ), the
present approach has an advantage in a way of finding out
all possible groups of joint solutions corresponding to the
motion of- - the robot arm end point.

The purpose of this paper is to demonstrate that the
method developed here has the ability to successfully
fulfill the non-linear mapping from the Cartesian co-
ordinates into joint co-ordinates.

In the two sections that follow, the methodology is given
that solves the inverse kinematics problem for a six-link
manipulator. In the section 4, we show the numerical results
of three sample problems in the graphical form. Together
with the precision of joint solutions, calculations have
clarified how each joint angle would behave while the end-
effector moves towards gecal position along the specified

path. Input data requirements are given in Appendix 3.
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2. Determination of Kinematics Based on Homogenaous

Transformation

Given the geometrical structure parameters of a robot
manipulator and the position co-ordinates and orientation at
the end-point, the kinematic relationships are expressed as a
function of the joint angle variables. For a mechanism
that is constituted by a sequence of linkage with all joints
controlled, the position and orientation of any link with
respect to the base co-ordinate system (or world co-ordinate
system) can be easily obtained by calculating the non~-commutative
product of successive co-ordinate transformation matrices up to
the set of co-ordinate axes relating to that link. In the
kinematic analysis of a manipulator, such a mathematical
relationship between adjacent linkages can be described by a
4 x 4 homogeneous transformation matrix called "A matrix".

This method originated by J. Denavit and R.S. Hartenberg
has been widely used as a convenient approach to derive the
kinematic equations.(l)(z)*

In the case of the most general six-link manipulator, the

situation of the end-point of the manipulatcr is specified by:

In order to determine the matrix T,, we must calculate
six geometrical co-ordinate transformations on the basis of the

arm configuration.

*)  Number in bracket designates reference.
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a,= 701 {mm)
a,= 500(mm)
a3+t0,= 350(mm)
gs= 150({mm)
0g= 280({mm)

B8, ; —200 to 200 (deg)
8, ; -3010 120 (deg)
85, -90to 90 (deg)
8, ; —180 to 180 (deg)
85, -90to 90 {deg)
8s ; -60to 60 (deg)

Fig.l.a Kinematic Structure of an Articulated Robot Manipulator
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Now, we enter the concrete computation of A matrices to
meet the specification of the existing articulated manipulator.
The manipulator applied to the present study was selected
from one of the robotic manipulator developed at JAERI.

Fig. 1.a shows the schematics of this manipulator together
with the co-ordinate systems. In this figure, the geometrical
structure and dimension data such as the link length and
operation ranges of joint angles are based on the specifica—
tion of that manipulator.

Before the specification of A matrices and Tg matrix, we

make the following assumptions and notations.

(1) Each joint has.only one degree of freedom, either
rotational or translational.

(2) The motion of revolute joints about Z-axis follows the
"right screw rule".

(3) The assignment of co-ordinate systems is not uniqgue.

{4} The notations used throughout the derivation are:

(1) Ci = cosei; Si = Slnﬁi; cij — COS(8i+ ej);
s.. = sin(6,+ 06.)
1] ) i 37
[ 1 -0 0 0 ]
(ii) Rot(x,s) = | 0 ©os¢ -sint 0
0 sino cosg O
L 0 0 0 i |
" coss 0 sing O ]
Rot(y,0) = G 1 Q 0
-sineé 0 cose O
. o o o 1|
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cosé -siné 0 O
Rot (z,8) = sin®d cosg 0O O
0 0 1 0
0 0 0 1
1 0 0 p
Trans(p,q,r)} 0 1 0 g
0 0 1 «
0 0 0 1

(1) A;-matrix

Consider a right-handed orthonormal link co-ordinate
system (X,, vo, Z¢) defined at the supporting base, as shown
in Fig. 2.

The origin 0 between link 0 and link 1 i1s set on the
fixed hase of the robot manipulatoer.
We first rotate ¢; about
the Zg—-axis, then make the
translation by a; along
the Zy-direction up to the

shoulder of the robot arm.

Further, pfoducing a rota-

tion of -90° about the yg4-

axis, we establish a new

co-ordinate system (X1, Vi,

Fizg.? Sehematios of Base {o Link |

Z]_).
A,-matrix representing this situation (rotational and

translational transformation) is described as follows:
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A, = Rot(z,,0;)Trans(0,0,a;)Rot(ys, %)
cy -s; 0 0 1000/00-10
_|si cioo0jjfo10 0 01 0 0
0 0 10,;{001a;]l10 0 o0
0 0 01/\00 0 1 00 0 1

fc1 -s1 0 0y/0 0 ~10 [0 -5y -c; O

- 51 C1 0 0 o1 0 0 — 0 C1 =S1 0

0 0 1la/l10 0 0 1 0 0 a

0o 0 0 1/i00 0 1 o 0 0 1

In other words, this matrix exhibits the position and
orientaticn of the coordinate frame (x,, Y1, Z3) with

respect to the reference co-crdinate system (base).

(2) A:-matrix

Referring to Fig. 3, we
determine the second trans-
formation matrix from the
shdulder to the-elbow of
the robot body. It con-
tains a rotation about

the z;-axis by 9: and

translation by a; along the

xi1-axis, After this
‘transformation, the old co-
crdinate system is replaced

by (er Yoo 22)-
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A; = Rot(z;,6,)Trans(a,,0,0)

Co =8, az2cCz
0 0 0

0

S ca2 0 a»s,
1

0 0o 0

{3) As;-matrix

Thirdly, we rotate 8; about
the'zz—axis, slide a; along
the x-~axis, then rotate 90°
in a clockwise direction
about the y:-axis so that

the transformation is made

from the elbow to forearm
of the manipulator.

R Schematios of Link 2 be Tink 7

Thereby, we can establish the fourth co-ordinate frame

(X;, Y35, Z3) as indicated in Fig. 4.

A = Rot(Zz,Bg)Trans(ag,0,0)Rot(Y2;%)

/03 -s3 0 0 100 a, C 010
s3 ¢33 00 010 0 0 100
0 0 10 001 0 -1 0 0 0
0 0 o01/\00o0 1 0 001/
c3 —-83 0 dayC3 0O 010 0 -sz: C3 aaCsy
S3 €3 0 azs; 0 100 _ 0 C3 S3 @383
0 0 1 0 -1 000 -1 0 0 0
0 0 0 1 0 001 0 0 0 1
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(4) Auv-matrix
For the motion from the forearm to wrist parts, we make a
rotation of angle 6, about the zg—axis, followed by a transla-
tion of a, along the z;-direction, then the second rotation
about the yj3-axis by - 90°.
With' reference tc Fig. 5, the
transformation matrix A, up to
the co-ordinate frame (X, Vu,

Zy) assigned is:

Ay = Rot(zs,eq)Trans(O,D,ah)Rot(ya,;,%)

cy -8, 0 0\ /100 0\ /00 -10
_ sy co00 0'100/0100
001010_01a4-\1000
0001\0001 000 1
0 -s, -cu O\
_ 0 <y ~Su 0 |
1 0O 0 au;
o 0o o 1/



(5)
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Ag-matrix

Ya

I\Xs

Schematics of Link 4 to Link 5

a rotation about the x,-axis by - 90°,

From the illustration of
Fig. 6, the upward and

downward movement of the
wrist parts, are realized

by the combination of: a

" rotation abcut the z,-axis

by the angle 65, a
translation as;, along the
Xy—direction, and

Hence, we obtain

a new co-ordinate system (x;, y5, 2z;) and Ag-matrix.

(6)

As = Rot(zu,es)Trans(as,0,0)Rot(xu,-%}
Cs =55 0 0\ 1 0 0 as 1 0 00
_ Ss cs 00 010 O 0 0 120
0 0 10 001 O ¢ -1 0 ¢
0 c 01 000 1 c ¢ 01
Cs =S5 ¢ asCs 1 0 00 Cs 0 —Ss5 asCs
_ S5 Cs O asss g 0 10 - 55 O Cs assSs
0 0 1 0 0 -1 009 0 -1 0 0
0 0 0 1 g 0 01 0 0 0 1

Ao-matrix

Based on Fig. 7, left and right movement of the wrist

with the end-effector {or hand)

following transformation.

can be represented by the
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AE = Rot(zs,GE)Trans(as ,0,0)

Ce =S¢ 0 0V /1 0 0 ag
sg cs 0 0 010 0
0 0 10/{001 0
0 0 01 000 1
Cg —-Sg 0 agcy

Sg cs; 0 agsg

0 0 1 0

0 0 0

P Lo . . b U B T 41
SOBPEMALIOS o Line D Lo fthe b

Now that we specified the individual A-matrices for a serial
link manipulator, six chain products of these homogeneous
transformations are postmultiplied successively.

For instance,

0 -s1 -cq, O c; =-s» 0 acy
ALA, = 0 ¢y -81 O S, <C2 0 azs;
1 0 0 a; 0 0 1 0
0 0 0 1 0 0 0 i
~818 =831C»2 =C; —a:818?
= §2C1 C1C2 -85 axC1852 (1)
cy -3, 0 aczta;
\ 0 0 0 1
A1A2A3-
~S1Sp —S1Cs —C1 —a@38;S> / 0 ~s; C3; a3Cs
_ S2CH Ci1C» —S;3 a,C18> l G Cy 83 aA383
0 -S5 0 ajcota; -1 0 0 0
0 0 0 1 0 0 0 1
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Ci1 $185283-83C,C3 -5182C3-5S1Cy 53
_ 51 —8:83C1+C1CoC3 S,C1C3i+C1C28S3

0 —C2853=382C3 CrC3—-5283

0 0 0

C1 —85:1Ca23 —81833 ~8351S23-32818>
- 81 CiCz3 <Ci18:23 a3Ci1S;3+a;C1S;

0 ~Sz3 Cog AyCazfazCcsta,

0 0 0 1
AlAgAaAq

/Cl —51C23 —518S23 —2351823-3281S>

- S1 CiCzs C1S23 @3z3C1S23+a32C1S»
G -5, Cz3 asCzstazcy+a;
0 0 0 1
=851S823 “84C1-S1Cy4Cr3 —C1CL+S81S5,Cy

C1823 —S1854+C1Cy4Cr3 —S1Cy~C1Cs35

C:3 —CuS;s3 5,823
0 0 0
AyAsA3A L A5
“81823 —SyC1-831CyC23 -C1Cy+5154Cs
_ Ci1823 =S184+C1C4Cr3 —-851CL=C1Cy 35S
l Co 3 ~Cy823 Sy 8523
\ 0 0 0
Cs 0 -85 ascs
5; 0 Cs; asSs
X
-1 0 0
Q 0 1

—a3515203—a3510253~a25152
73352C103+a3C1C253+azclsz

a302c3—a38253+a202+a1

1

(2)
0 -sy -c4 O
0 Cy -5y 0
1 0 0 ay
0 0 0 1

3 “anS51523-A353S823-8281S5»

4 ayCi1823Fa3C18;3+a82C1S,
ayCzztasczztazc+a;

1

(3)

3 T84818533~835:823~32838;
b, AuC18z3+ta3C18,5 H@;C185,
a4023+a3023+a202+a1

1



JAERI-M 86—018 -

~5,(8,3Cs+C,C2395) =54 S5Cy C1Cu-5153Cz3  S185523784C1C5751CuC22Cs
Cl(C5523+Cq55C23)-518455 §1Cy3+C1C235y ~C1S72355—-5345S3Cs51TC1C4Cs5Co3
C23C5—CuS2385¢5 : —-Su823 “C2385-CL823Cs5

0 0 - 0

—as(Cssz3+Sscucz3)Sl*assssucl-(aa+au)Slsza-azslsz

as(CsS23+55CCo3)C1-asSsSyS1+{as+ay)ci8z3+tascisy (4)
asCsCza-asssCySzat(astas)czytazCetan
1
Tg = A1BA,A3ALAsA
ti11 ti12 ti13 tas
_ Dty taz ta2s Taow (5.a)
ta: tizz tss tsu
0 0 ] 1
where
tyy, = -Sl(Sz3CSCG+CQ3SsCuC5+Czssq56}+Cl(CHSB_CGSMSS)
tiz = Sl(5235505+0238555Cu—02354C61+C1(CuCE+S¥SSSa)
t13 = 81(82385-C23C4Cs)—C154Cs
tiy = -S1las(S23C5Ce+C2385CuCetCaa8uSe)
+a5(523C5+C23550u3+(aa+au3523+azsz]
+C1[as‘CqSe*SuSSCE)-assuS5}
toy = Sl(CuSS—Susscs)*—Cl(Sz3C5C'5+Cz3C40655+0235h56)
tay = 31(CuCe+Sussés)—C1(Sz30556+02355350u-0235uce)
toy = -5154,C5-C1(S2385-C23CuCs)
tre = Sl[as(CuSe‘SuSSCs)‘aSSu55]+Cl[as(Szacsce

+023550406*C235u56)+as(523C5+023550n)

+{astay)szs+azs:z]
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t31 = C5CEC23-CuCs55823-S4S6S23

32 = —Cs586C2345554C4523-S4C5S23

tis = ~S5C237CuCs58323

ti;u = ag{Cs5C6C23-55C:C,S23-S4S5S23)+as5(Cs5C23-S5CLS23)

-Jr(ag‘l‘ag)Cz itazCcz+a:

From this repressentation, we can find the position and
orientation of the end-point of a manipulator with reference

to the base co-ordinate system.
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3. Computational Algorithm

Following the fundamental computation of matrices in the
preceding section, we proceed to the main subject of this
report,

The first part is devoted to derive a non-linear equation
from kinematic formulations. The latter section is concerned

with a determination of joint angle variables.

3.1 Derivation of a Non-linear Equation with a Single Variable

Consider the arm matrix T¢ to be of the form:

Ny ©x %x Px
noap n_o._ a. p. |
Ty = \ = ¥ ¥ ¥y (5.b)
¢c0o0 y/ n, o, a p,
0 0 0 1

In Eg. (5.b), the left upper 3 x 3 matrix is a rotation

n "

o", and

matrix made with orthogonal unit vectors — "n", "a".

"n" ig the normal vector of the hand. Assuming a parallel-Jaw

n n

hand, it is orthogonal to the fingers of the robot arm. o" is

the sliding vector of the hand, which indicates the direction
of the finger motion as the gripper opens and closes. "a" 1is
the apprcach vector of the hand, which indicates the direc-
tion normal to the palm of the hand. "p" is the position
vector describing the location of the hand and also referred
to as a "tramslation vector". These four column vecters are
illustrated in Fig. 1l.Db.

In the present algorithm, the location of the finger tip

was set at the point A and the length (d) of a tool attached
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Reference - Coordinate System

Fig.l.b General View of an End-Effector and its Co-ordinate System
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to the arm end-effector is neglected.

Equating the corresponding elements of the Ty matrix in
Eg. (5.a) and Eg. (5.b}, we have kinematic expressions of the
muzlti-joint arm shown in Fig. l.a; In what follows, it is

postulated that each component of Tg in Eq. (5.b) is known.

= -C5(81573Cs5 +5455C1 +85155C4Cz23) +S6(C1Cy ~S184C23) (6)

n =
x

ny = Ccg(C1C5S23 — 515485 +C1C4C2385) + 8 (81Cy +C1C2384) {7)
n, = Ce (CsCr3 —CuySsS23) — SyS213Ss (8)
O, = Cg(C1Cy —- S184C23) +S5(S:1523Cs5 +S4Ss5C1 +5155CuC23) (9)
Oy = Cg(s1Cy +C1C2384) — 86 (C1C5823 — 515455 + C1CyC238s) (10)
o, = -Cg{SyS23) +86(CyS5823 — CsCa3) (11)
b, = -a¢Ce (S1823Cs +54,55C1 +5155C4Ca3) +a68¢ (C1CL — S1854C23)

-a5(C581823 +5455C; +5185C4C23) - (@3 +tay}si1823

—a;818> ' (12)
PY = agCe (C1C5S23 — 818485 +C1C4C2385) +agsSs(S51Cy +C184C23)

+a5 (C5C1823 — 5185485 T €1C4C2238s5) + (a3 +au)c:iss3

+as;,C1 ' (13)
P, = agCe (CsC23 —CySsSz3) +ag(-54S23)S6 tas{csca3 = S58523Cy)

+ {as +ay)cyry tazc:; +a; _ (14)

Here, each element of the third column of the Ty matrix in

Eg. (5) was not included in a group of Egs. (6) to (11},
because it is uniquely determined from the orthénormal co-ordi-
nate relation, that is, a=nxo. Now, we introduce the follow-
ing'parameters in view of the apparent features of the equa-

tions (6) through (11).



JAERI-M 86—018

A = $18,3Cs5 +8455C; + 5:855C4Cy 4 | {15)
B = ¢cicy -s184053 (16)
C = ci1Css23 - 15,55 +C1C4C2355 (17)
D = si1cy +01C5 58, : _ (18)
E = Cs5C23 ~ CuSsS, 3 (19)
F = -g,8,5, (20)
Az tay = agy

Consequently, the original equations (6) to (11) are simplifi-

ed as follows.

-A Cg+B 54 = n_ (21)
C Cg+D 54 = ny (22)
E C5 + F 85 = nz . (23)
Dcyg-C s8¢ = o, (25)
F Cs-E s5 = o, . (26)

Similarly, the position vector in Egs. (12), (13) and (14) is

represented by:

—aQCBA'f'agSeB-asA-agL;Sj_Sga —a,8318,; = PX (27)
asCgC +assgD+asC+azyCis,3+a,s;¢, = Py (28)
aGC5E+a555F+a5E+aagC23 +a;C, +a; = P (29)

As can be noticed from Egs. (21) through (26), new parameters
defined in Egs. (15) tc (20) can be represented as a

trigonometric function of only c¢ and se. Namely,

A = —n Cs +o_Ss (30)
B = n_ss +0_Cs _ (31)
C = nycs-oyss (32)
D = nysa+-oyc5 | ' | {33)
E= n_ce-o s, (34)
F = ©,Cs +tn_S¢ (35)
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From the above equations (27) and (28), we obtain
chl-prsl = as(nxcl-+nysl}-+a5(—Ac14—C51)
On simplification, we have
(px-aanx+a5A)c1 = (asny+a5C—py)51 ’

S - agh._ +azh
1 Py masly, Tash ¢x + asA

.Ef_auw+aﬂ“Py_aﬁi—YY

that is, tant; =

as0_5Sg —asn_cg + XX
50,56 s Ce

asnycs-asoyss-YY

where XX = p,~asny
YY = - agh
Py " %¢%
$ 1-t® 2t
Suppose tanff = t. Then ce = 7777 + 8¢ = T1¢2 and

tan@s = —1"‘%‘%{ '

Therefore, it follows that

asny(l-+t2) a5oy(1_+t2) YY
X +2aso t+x t?
. n X
= - - 5
yn 2a50yt ypt
_ 3
where xp = a5nx-+XX
X = =-ash + XX
n pid ﬁ
= ={asn._+YY
Yp (as v )
¥y = ash_ -YY

n Y

(36)

(37)

(38)

(39)

(40)

(41)
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On the other hand, from Eg. (29) we have

PZ - aenz — a; = askE + azycyy + ascs
= as(nzcs _-OZSG) + azyCyrsz + azce;
ascs(nz - oztanes) - zzZ+ a34Cay = =a3C, (42)
where 7z = - agn_ - aj.
pz s, 1

Additionally, Eg. (36) x (-s;) + Eq. (37) x ¢; reduces to
ascg{(nycl-nxsl)-+(slox-oyc1)tan86}

- {~pX51 +pycl tas(n s; -n cl)}+aauszs = ~a;s; (43)

Y
As described above, we obtained two principal equations
(42) and (43) from kinematic formulations.
From here, we shall pay attention to a further simplifica-
tion so that these equations can be unified in one single
mathematical relationshié.

Let asca(nz-oztanes) ~zz =y , (44)

and asce{nycl-nxsl-+(slox-oyc¢)tan85}

- {“PX51'+Pycl+ as(nxsl'“nycl)} =7 (45)
That is,

yt+azyCzs = —azcy (46)

n+asy823 = —a;s; (47)

Adding the sgquare of Eg. (46) and Eg. (47), we get the follow-

ing simple form.

2

WP +n®-a = -2a34{YCs3 ¥ NSs3) (48)

where a = as’ — ags’
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Calculation of n

and

Now, we perform the formulation of n using the Eqgs.

(40) .
a5ce{nycl-nxsl-+(slox-oycl)tanes}
R P S: +pycl + asg (nxsl - nycl)_}
ascscl{ny - nxtanel + (oxtanel —oy)tanes}
+ cl{pxtanel-py-as(nxtanel-ny)
ascscl{ny-oytanes +(oxtan85-nx)tan81}
+ c1{ (px— agnx)tanel - tpy— asny)}

ascgcl{(ny-oytanes)-+(oXtan65-—nX)tan61}

+ c; (XXtan6; - YY)

2t 2t
agcscl{ny-oy T*-_-—t7+ (OX 1—_—t—7—nx)tan81}

+ C3 (XXtanBl - YY)

-t2y = _ _yz
e 1 -2 ny(l t7) 2oyt-+{20xt n, (1-t ) Jtan6,
SYLIT +¢2 1.2 ' -

+ C3 (¥Xtanf, - YY)

agC1 [ny(l t°) Zoyt-%(nxt -+2oxt nX)tanel]

L
1+t?

+ ¢; (XXtan6; - YY)

__;__ - - 2 _ 2
a501(1+t2) [(ny 2Oyt nyt ){Yn 2asoyt+ypt )

1
- 2aso0 t+ t2
Yn 50y Yp

2 _ )
+ (nxt 4—2oXt nX)(xn—+2aszt-+xpt )]

_g0-

(45}



JAERI-M 86—018

' 2y - - + 2
. e XX(xn4-2a50Xt4-xpt ) YY(yn 2asoyt ypt )
- 2
Yy 2a50yt4-ypt

asCy . ) 1
1++t2 yn-—2a5oyt~+y

-2 +n t?
ot [ng¥, —2asno, +noy,

- 20 t +4as0 *t? - 20 t?-n t% + 2a h o t®-n o
y¥n 5% v'p y¥n sNy%y vYp

+ nx t?+2asn o t¥+n x t*+2x o t+ daso t? +2x o t?
X n X X xp n-x X P X

- _ 2 + ‘ Ca .
n x_ 2a5nxoxt nxxpt ] <¥n"2a5oyt'+yptz XX X

+ 2as0 XXt + XX+x_t’ - YYy_ + 2aso, YYt - YYy t?]
X P n yo P

= C1 [ g bt g b.ti'5}
(l+—t2)(yn-2asoyt-+ypt2) 5 =0 j=5 1

= = g — i (49)
(1-%t2)(yn-2asoyt~+ypt2) i=0 cci_t _

{See the Appendix 3 as to the values of respective coeffi-

cients in & power series.)

Calculation of v

Based on the y-description in Eg. (44), we will try to

express as a function of variable t.

i

= asCg(n_—-o tand - ZZ
5Cq ( 2 2 6)

123 o .2t Y,
as\7 12 z Pz " T-te

ﬂ'];"g [ag(nz-Zozt-nztz)-zz(l+t2)]

S [(asn_ =-2z) - 2aso_t=-(a.n_+zz)t?]

1+ t? Stz g 57z
3 .

l_+1—t_2 z dOi tl_l . (50)
i=1 :
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Calculation of c;?

Using the value of tang; derived from Eq. (40), it follows

that
2
1 xn4-2asoxt-kxpt2>
— = l+tan®6, = 1+ :
2 —_ 2
cy Y, 2asoyt-+ypt
- thus,
_ . 2y 2
oy 7e (yn 2adoyt-+ypt )

2y 2 _ 2y 2
(xn-+2asoxt-+xpt ) +(yn 2a50yt-+ypt )

2
- 2
(yn 2a50yt-+ypt )

- ] . . 51
LofgtT
i=0
Calculation of wzl
The sguare calculation of Eg. (50) results in
3 . 2 4 .
02 = 1 i-1 _ 1 1
p2 = 73ﬁ:€777’<121 do, t ) =TT EenT iio d, t5 . (52)
Calculation of (n* + u?)
Referring to Egs. (50) and (52), the square sum of 1 and
¢ is:
( ; 2
2 L e i
c] . _~ CC. t.) 4
2 2 1=0 i 1 i
n®+ys = 7y 2" = 7z t 5z & d. t
(T+t2)° (v, 2a50yt-+ypt ) (1+t2) 2o %
4 2
— i
2y 2 L cc. t )
_ 1 . Yn Vi ty t) . <i=0 T
T+t q - Y —2asa t+y E7)7
rOf. ot n b
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4 .
1 i
+ (I+t3)? .io dl €
4 A2
( % '?i)tl 1
B 1 i=0 % i
= [Treoe 3 T+t L4t
T Of. tt 1=0
i=0 %
8 . 4 : 4
_ 1 . 1 i i i
ST eT ) {.E L R U T }
5y OF, gd i=0 i=0 i=0
i=0 *
8 . 8 .
- 1 1 i _ i
ST e . {.E g vt Iog;t }’. (53)
5 £ tl 1=0 i=0
i=p *
Thus,
1 8 8 5 8 i
N +y?~-a = 7 I e, €, + 2 g, tt-al h ot
(1+t2)2 5 ¢ ¢i (i=0 i=0 i=o *
. 1
i=0
8 o
- 14 r g, (54)
(1+t2)? 5 ¢ ¢+ =0
. 1
1=0
8 N 8 .
where (1+t?)2 ¢ £,t7 = ¥ n, tt
i=0 i=o *

In this way, we could express (n* + 192 - a) as a rational function
Y

of t. Let us return to the original equation (48)

n*+yt-a = —Z2agy (Ycy3 +ns,3) .,
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After taking the square of both sides, and putting

tanb,; =k in this eguation, we obtain

2
(2 +n%-a)? = 22 (p+kn)® . (55)

As the next step, we consider the 6g-expression of tanbfas.

" To this end, provided that we solve Egs. (8) and (16) for s4C:2s

and 8,S8,:, we obtain

S4Cs3 = (-n_si; +n_ci1)lsg + (o _C1L -0 S1)Cs
X Y Y X (56)
84S,3 = —(nzss-+ozc5)
Accordingly,

- (n Sg +O CB) :
Z z (57)
(—nxsl'Fnycl)Ss'+(chl"oxsl)CB

k = tanbf;;

Using the value of tang;, tanC, and Eq. (57), kn can be

represented as follows:

Calculation of kn

4 .
— i
€1 iEO ce; t - (nztan65-+oz)
kn = - .
1+t? - Z2aso_ t + t2 -n s, +n c)tanf, + (0. cy —0_S
{ )(Yn asy Yp ) ( 51 },1) g (yl Xl)
( 4 J)
Ca z cc. t _ _ 2 _ 2
120 i '(oz-+2nzt oZt )(yn 2asoyt%-ypt )
(I+t?) (y_ -2aso_t+y_ t°) 4 .
n b4 P cil T I, tl>
i
1=0
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. i
= ‘ (58)

Calculation of c¢,,”

With the aid of Eg. {(57), it is possible tc represent

cz3;” as a function of t.

.2 = 1 _ 1 _ 1
23 T 1T+ tan?f,. 1+ k2 n_S¢ +0,Cs 2
1+
(—nxsl+nyc1)ss-+(oyc1 oxsl)cﬁ

2

‘ Y
[(-nxsl-knycl)se-+(oycl-—oxsl)c5}2-+(nzsg+ ozcsl2

[(—nxsl-+2ycl)tan65-k(oycl-oxsl)]2

[(—nxsl-%nycl)tanes-%(oycl--oxsl)}z-i-(oz-l-nztanes)2

2 _ _ 2
c: [ ( nxtanel+nyltan@5-+(oy oxtanel)]

= T p pl z
c1[( nXtan61-+ny)tan65-+(oy oXtanel)] -+(oz~+nztan85)

L 2t _ 2
_ e[| nxtaner+ny)TfTEE~+(oX oxtanel)]
- 20 (- _2t - 2 2t A2
;[ nxtan61-+ny)l__t2+(oy oxtanel)} -f(ozi-nz 1= t2)

c12[2t(—nxtan61+ ny) + (oy - oxtanE}l) (I -t%)1°2

- z - — _ 2z z —_ 2 Z
cr?l2t( nXtan81~+ny)-+(oy oXtanel)(l t2)] -+(oz(l t )-+2nzt)

{59)

Cosg™ =




where, A

2
Thus, cC;,

JAERT—M 86018

- 2y 2 _ 242
(ZnZt-koz ot ) (yn 2a5oyt-kypt )

1 ™~ 0o
H
t
+

II-Moo
v}
o
‘—'—

p-
<
’.—l

(60)°

[
| o1 cojl 102
[

[*H
<
[

Calculation of (kn + y)

With reference to Egs. (50) and (58), we have

-{(o_+2n t-o tz)(
z 2 z .

1

kn+ =

(1+ tz)(
i

([ el =
o
H
|_J
d.
|_J.
\___/
|-..-\
+
ot
~y
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, i 71
i=0

N 6 .
= I T PI, tt (61)
(l-kt2)< rI. t.> i=0

Taking the sqguare of both sides in Eg. (61) and inserting it

into the right side of Eg. (55), then we have

dagy?oy 3 (kn+¥)? = dazy

i

3 ' (62)
(z L.tl>(1+t2)2
i=

On the other hand, using the result of Eg. (54}, the left-

side of Eg. (55) gives:



(n? +uv*

_a)2
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. i
= 1 AR (150 L ) {63)
(L+t2)* £ £, t -
X i
i=0
When equating Egs. (62) and (63}, we obtain
12 . 16 . 16 .
( I omy tl> ( roNg tl> 5 N, tt
{=0 i=0 i=0 *
8 5 4 i\ - 12
I Lt (1+t)2 (L+t2)* ¥ f£. t r £, (1 +t2)?
. i . 1
1=0 l=0 1_=O
or 12 16 3 16
X % Ni t z
1=0 i=0 _\i=0
8 4 i e 12 : (64)
z (1+t)2 £, ¢ I t
i=0 1=O i=0
Following the cancellation of the denominator in Eq. {64),
we define:
12 12 1 24 i
T om. ot % £, t7] = I Pt (65)
i=0 1i=0 i=0
8 i 16 i 24 5
and r L. t ) Ni t = I d; t (66)
i=0 * 1=0 1=0
As & final description, we get
24 i 24 5
) (pi-qi)t = -5 r, T o= 0 (67)
i=0 i=0
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As derived above, the problem of finding the articular

angles of a manipulator was reduced to a non-linear higher-
24 .

order algebraic equation f(t} = I r. tt = 0 with respect to
i=0

tan (&5/2). :

In order to compute roots of this pelynomial as exactly

} o (4)

as possible, we used the Bairstow's method,{3 which is
outlined in Appendix. Since |8s! g 60° is specified as the
operation domain of the end-effector, it is required for us
to find the feasible solutions of f£(t) on the interval

1

t_.
||5/§

3.2 Determination of Individual Joint Angles

{1) Calculation of &4

Once the desired solutions t are found from the algebraic

equation (67), a joint angle 8, can be easily calculated.

That is, tan %T = {

thus, we have
8 = 2 tan"t t . (68)

Corresponding trigonometric function is

li

Sg 5infg

Cg = coslg

Using these values, we can define Egs. (30) through (35).

{2) Calculation of 8;

Let

XX + ash

X2

il

and Y asC - Yy ,
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then Eq. (38) reduces to

X1 +C1 = Yy « 8, (See Eg. {39) for XX and YY)

Thus, By = tan"l(éf) (69)
s1 = sinBg;
C1 = Ccos6;
(3) Calculation of 633
From Eg. (48}, we have
p* + n® - a = -2a34(¥ce3 + nsoa)
= -2a3470% + n? sin(623 + ¢)
where e = tan *(y/n), a = az® - as4°
Thus, we have
sin(6.3+¢e) = (p° +n® -a)/-2a;/y* +n?
cos(023+¢€) = +/1 - 5in? (623 + &)
Hence, tan{6,; + ) = 2i2{gi:i i;
or 8,5 = tan~! t (> +n® ~a)/(~2a347y% +1n?) -tanhl(%)
/1 - {(p? +n? _a)/(_za“m}z
(70)
S,3 = 81n6s,;
Cz3 = COS8,3

(4) Calculation of 8.

Making use of Egs. (16) and (18), cy and sy are described

as follows.

cy =B c1+D 5,

sy = {-B s, +D ci1l/cry (cp3 # 0)
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if c23 = 0, we use Eq. (20) to determine s,.
or sy = —=F/sa23

Thus, we have

[§]
i

Q

0y = tanfl( ) . (71}

"

(5) Calculation of 63

By Eg. {15) x ¢1 - Eg. {17) x s;, we obtain

ss = (Acy - Csi)/sy

It

{cl(—nxc5+oxsﬁ) —Sl(DyCG—OYSG)}/SH (72)

(sy = 0)
On the other hand, Eg. (15) x si1+ Eg. (17) x ci1 leads to
CsSs3: + SsCyCzsy = A 817 + C ¢c1 . {73)

In the case of s, = 0, Eg. (73) x cz3 ~Eg. (17) x s,3

results in
s; = {c23(A s1 +C ¢c1) - E sa3l/cy . {74)

From the computation Eg. (73) x s;3+Eg. (17) x cps, it

holds that
cs = (& s; +C Cl)Sz3+E Co3 . (75)

Hence,

(76)
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(6) Calculation of ©0:

Egs. (43) and (44) give:

C2:={pz-a5n -al-as{nzcs-ozsﬁ) --@3yCozt/a,

Z

I - - - )
S, = { pxsl4rpyc14-a5(nxsl nyC1) as(nycl n sil)ce
- as(Slox‘chl)Se—agq Szg}/az
Therefore, we have
6, = tan"! 22 | (77)

C2

{7} Calculation of 63

From the calculation of 8,3 and ¢., we can get
B3 = 0,3 ~ 62 (78)

In the computer code, the sclutions for joint angles
obtained in this mannher are fed intc the direct kinematic routine
(Subrcutine CHK) in order to re-calculate the individual elements
of the arm matrix T,, where the evaluation is performed as to
what degree the prediction of location and orientation based on
these joint angles solutions could agree with the input data
given to solve the inverse kinematic problem.

When the above error checks are completed under the appro-
priate convergence criteria, desired solutions are determined

within their operation limits.
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4, Test Calculations

The following three sample problems were tested to
verify the validity of computer code for the inverse
kinematic solutions. They were restricted to a fundamental
gsimulation such that the finger-tip of the manipulator moves
along a simple straight line trajectory in the Cartesian
space. As one approximation of this trajectory from the
initial point A to terminal point B, we divided the path
segment AB into n-equidistant points, named "position
numbers". They start at the initial setpoint ( N=0 } and end
at the (n+l)th point — goal position ( N=n ).

The location and orientation at each point are calculated by
means of a linear interpolation method.

In every case tried here, the orientation of the end-
effector was kept unvaried during a movement.

The calculated result of each joint is represented as the
angular displacement from the home position { 81 =0 ), of the
manipulator shewn in Fig.l.a.

As a basic point to keep in mind here, we restricted atten-
tion only as to how to solve the inverse kinematics problem.
Thus, no consideration is given relative to arm dynamics and
compliant motion while the manipulator moves to destination

along the trajectory.

(1) Horizontal movement in the x-direction
{ see Fig.8 )
. Position co-ordinate of the initinal point A =

(-25@,788,1291) { mm in unit )
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o BASE
/ X
y Sample Problem No.1
F4
L=
~2,/ End point }
CQ“‘3*~—11::.§‘_j%_;zﬁ_//-B(250,?80,nzot)“"‘“
u //
Py |
(-250,780, 1201 )™ BASE
Initial point 0
Sample Problem No.2
0 BASE End point
jﬂ”ﬁﬁfﬁ | ’,//”
| ) Initial point | -8 (100, 350,1631) ™™
( i ] H
s (-100, 350, 163 1) (™™
. Initial point
{mm)

7% 410,430, 1351)

Sample Problem™ No.3

M B(0,430, 1551 )(mm)
‘ End point

Fig.8 Motions between Positions
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Position co-ordinate of the terminal point B =
( 256,78¢,1201) { mm in unit )
. Number of points ( position numbers ) = 100

. Direction cosines

NX = 8.0 0X = 1.0
NY = 1.8 : oY = @d.0
NZ = 8.8 02 = ¢.0

{ The same data is used at the terminal point
because a constant direction is intended. )
. Convergence condition

Eps = 19-4 , Epgl = 1p-3

Under the above motion scheme, the calculated joint angles
are presented in Figs. 9.1 through 9.6.

As the first example applied, 101 sampling points are
assigned between the initial position and destination.

For a single solution of §gand 85 , the remaining joint
angle solutions possess three possible combinations as
designated by the symbols G;,G,,and Gy,respectively.

In these figures, the graph G, shows the complete solution
curve corresponding to the motion of the end-effector from
the starting point to the end.

On the other hand, the graphs Gy and Gq exhibit the
partial solutions feasible in restricted intervals.

As can be noticed, the graph G; terminates at the position
86 for the above manipulateor motion scheme, while the graph
G; starts at the point 14 and the first portion of the path

is not feasible. On examination of computed results, it was
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confirmed that the existence of Jjoints angle solutions for
restricted path intervals was merely caused by the lower or
upper limits, respectively, of the operation conditions with
respect to the joint angle 8: .  The accuracy of solutions

-was of the order of less than 19~8 on the average.

(2) Horizontal movement of a downward directed end-

effector { see Fig.8 )

. Position co-ordinate of the initial point A =
(-16@,35%,1631) { mm in unit )
Position co-ordinate of the terminal point B =
( 10¢,350,1631) ( mm in unit )
. Number of points { position numbers ) = 41

. Direction cosines

NX = 9.0 : OX = 1.0
NY = 0.0 : OY = 0.0
NZ = 1.0 : 07z = 0.0

. Convergence condition

gps = 1974 , Epsi = 1973

Prior to the present calculation, we firstly set the values
of x-coordinate to be =250 and 258, similar to the sample
problem 1, and then tried to compute.

Since this input data corresponded to a position in-

accessible by any state of the manipulator, however, no
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feasible solutions were found. Hence, the new data given
above was used as the second trial.

The details of calculated results are given in Figs. 18-1-1
to 1%-6-1 and Figs.1l0-1-2 to 108-6-2,

In this computation, we obtained two feasible solution
groups — case 1 and case 2. This implies that a polynomial
of 24~-th order had two different roots, compared to the one
of the sample problem 1.

Fig. 1@.a exhibits the solution behavior of this polynomial

f( tan(8¢/2)) at the initial point and terminal point,
respectively. As shown, the eguation has undoubtedly two
real roots under the constraint condition of the end-point
of the manipulator arm ,that is,|8s| < 60 (deg).

In this way, the detailed behaviors on this function are
presented in the form of a graph at each step of position.

Seeing case 1, five solution curves G; through Gg for
joint angle variables 6,,0,,03,and 8y were also present
corresponding to each value of the angle 8¢ .

Excluding the graph G,, all the rest of computed curves are
considered, from the viewpoint of physical realizability, to
give partially possible solutions found in the intermediate
interval while the‘end—effector is moving toward the goal
position.

For instance, when we see the graphs Gy and Gy for 91-plots,
the continuity of both curves is seemingly kept at the
position 21 as if they were of a single unified solution
curve. However,as can be seen in 9, -plots, these two graphs

( Gy and G4 ) are cut off in the neighborhood of the upper
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or lower limits due to the specified range condition of the
joint angle 6,

Therefore, in this case, the graphs Gy and G4 must be
regarded as different solution groups, respectively,
although the graph G, is mathematically valid as the
solution curve following the graph Gy.

As exemplified in these figures, it should be particularly
noted that all sequence of mathematical exact solutions does
not represent realizable solution curves corresponding to
the restricted manipulator motion. Some of them are partial
feasible solutions coming from the mechanical constraint
conditions.

On the other hand, the calculation ( i.e., case 2 ) for
another root of 0 displays that individual joint solutions

were uniquely determined. ( see Figs. 10-1-2 to 10-6-2 )

{3} Vertical movement of the end-effector
{ see Fig. 8)
. Position co-ordinate of the initial point A =
( §,430,1351}y ( mm in unit )
Position co-ordinate of the terminal point B =
{ @,430,1551) ( mm in unit )
. Number of points ( position numbers ) = 440
. Direction cosines
NX = @.0 : 0X = 1.9

NY

H
et
.
=

oy

1
(o]
)
=
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. Convergence condition

gEps = 164 , Epsl = 1973

Finally, the analytical results of individual joint angles
for the sample problem 3 are shown in Figs., 11-1 to 11-6.
For the movement from the point A to B, no rotatiocn at the
finger tip was computed throughout the whole durations.

Like the above two problems, graphs G;,G, and G, were
adopted as the feasible solutions relating to the angles
8:,9,,05,and 6, . The cause that the graph G, did not provide
the solution at the first stage of computation, is due to

the constrained condition of joint angle 6.

As demonstated in the above sample problems, the values of
six joint co-ordinates ( 8:,8:,83,64,p0,and g ) were determined
which will bring the robot hand to a specified position and
orientation.

Admitting that the original kinematic relationships usually
cannot be satisfied strictly due to round-off errors and
limited capabilities in the numerical application, the accu-
racies of the present solutions, as exemplified in Fig.l2,
was proved to be sufficiently high for a given tolerance (
EPS1 in the code ). As the futufe problem, however, we must
check in detail the characteristics of solutions for the
current approach because our numerical experience, so far,
was limited only to several test cases.

Input data used for the computation are listed in Appendix.
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5. Conclusions

In order to solve thé inverse problem for an articulated
robot manipulator, a non-linear equation model was
introduced here. As illustrated in the test calculaticns,
the numerical results for individual Jjoint angles were
obtained with sufficient high accuracies and reliability.

Therefore, the present approach is useful for obtaining
accurate sclutions of the inverse kinematics.
The major features of this method are summarized in the

following.

(1) Compared to the conventional iterative
methodologies due to linearization, the proposed
method is possible to find out, at the same time,
all possible solutions ( under the mechanical
constraints on the range of joint angles ), which
depend on the location and orientation of end-
effector of the manipulator. These solutions
will contribute to identify all possible orientation
of the arm.

(2) No special restrictions on input data or operation
are needed in our algorithm, compared with those
of the linearizatioﬁ techniques stated already in
section 1.

(3) Based on the evaluation of numerical errors incor-
porated in the code, accuracy of solutions obtained

is guite high.
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As the future problem of interest, the generalization of

the present algorithm is still left to be done.
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Appendix 1 Outline of Bairstow's method

We use Bairstow's iterative method to find an approxi-

mation to a guadratic factor of a given polynomial

F(x) = apx™ + aix T 4 ... + a, = 0 (1)
Let Q(x) = x* + px + g be any quadratic polynomial with
real cocefficients. Then
f(x) = (x* + px + g)Q1(xX) + Rx + S
(2}
where a guotient Ql(x)zzngn_2+-b1xn—3 ... b5
Additionally, assume Q;(x) = {x° + px+ gq)Q:(X) + Rx + §,
(3)
where Q,(x) = c and + c-.xn_5 + ... + C
o] n-4

Thus, we get:

o o o)
bk = ap - pbk_1 - qbk_2 (k = 2,3, ..., n)
_ (4}
CO = bo, C1 = bl - pbO
Cr = bk - PCp_q " 9Cp_, (k = 2,3, ..., n=-1)
Using the coefficient relations in Egs. (1) to (4), we have
R = bn*l' S = brl + pbn_1 (5)
R = Cn—3’ S = Cn~2 + an_3 (6)

Suppose that X01 (x) divided by (x*+px+g) gives R*x + S* as
the remainder.

Cr
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%01 (%) = Qs (%) (x*+px+qg) + R¥x + S*

(x2+px+q) xQ» (x) + Rx” + 5x

2 2
(x +px+q)xQ2(x)—%cn_3x +—(cn_2+-pcn_3)x

— 2 _
= (x +px+q)_(xQ2(x)+cn_3) +C X -dc, 3 (7)
Hence, we obtain
* =
R* = Cn~2
(8)
* = = -
S €h-3 4 “n-1 bn—l *tP “n-2

On the other hand, if we differentiate Eg. (2} with respect

to p and g, we have

301 _Xa_li_ a5

— 2 ou
X0 {x) = —-{(x“+px+q) 5D 5 3p
(9)
(x) = -(x? 301 _ 3R _3S
01{x) = ~(x"+px+q) 5q  sg g
From these Egs. {(3)},(6),(7) and (8),
SR _ _px = —
D R cn_2 )
35 _ _gx = _ _
ap S (Cho1 " Ppo1 TP 2
. (10)
aR _ 5 _ _
—BE— R = an3
3S _ _a@ _ _
°g § = -lc »,*P Sy 3) )
If O(x) = Q'({x) = (x*+p'x+g') is a factor of f(x), R and S in
Eg. (2) must be zero.
i.e., Rip,q) = 0
(11)
S(p,q) =0
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Suppose that Q(x) is an apprcecximation to Q'(x); then, p and g

are assumed to have approximations to p' and g', respectively.

or p' =p + 24p
g' = g + 2q
Therefore
R(p + 2p, g + 2q) =0
(12)
S{p + 2p, g + 2q) =0

Expanding in Taylor series and truncating after the first-order

terms, we get:

R 3R

_— =
Ri{p,g) + 5D AD + 5 q 0
(13)
35 35 Aq =
S({p.g) + e AD + 5q g = 0
Ssolving Eg. (13), we find that:
_ R.Cn—2 - S-c -3 bn—lcn—Z'-ann-B
I R -T2 _ =
€h-2 7 ®p-1 “n-3  Sn-2 T “n-1"%n-3
_ (14)
o8ty TRCLy PyCh o TP %
q-—- =
2 = 2 -G -
Cn-2 cn—l Cn—3 Cn--2 n-1 "n-3
where C 2 _ c c # 0
! n-2 n-1"n-3
(15)
©h-1 = Sp-1 T Ppo1

Now we can replace p by {(p+2p), and g by (g+2g), and repeat

the above procedure.

_617
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Description of the code for the computation of equation

For the pélynomial f{x)=0 to be solved, which was derived
from the kinematic relationships, individual coefficients ay,
ai, ... , a8y were, at large, of an extremely complicated form.
On further examination of the characteristics, in some cases,
they are too large and in other cases too small depending on
given orientation and position, Prior to entering the concrete
solution procedures, therefore, the consideration on treatments
of these coefficients was needed so as to suppress propagaticon
of numerical errcrs as low as possible.

To this end, we first take the absolute values of
respective coefficients of decision equation and assume that C

be the logarithm of their geometric mean. That is,

1
C = Y logio lao|lay] ... |anl

where n is a degree of polynomial f(x]).

If Iaii =0, we set C =C'+ 1.0 (i.e., we use 1.0 for

loglolail in the above formulation)

Using the value of C obtained, each coefficient is defined as:

If the absolute value of new coefficient made through this
procedure is less than 10°°°, that term is regarded as to be
zero, and omitted from the present egquation system.

After establishment of the algebraic equation, the next

thing we must do is to find a cuadratic factor (x* + px + g) as
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explained in the outline of the Bairstow's method.
Concering the initial values p and g, the programming was

specified as follows:

(1} Initialization of p and g

(A) First case (IR = 0)

e if a, = 0, then we assume P = 1 and g = 0.
e if a_# 0, | a__ a
" (i) n-2 >0.2, p=0.01 |for -2 1l 1075
a a .
n n—-2
a
q=—
8h-2
( n-1 n-1
then < B = for > 107 °
a -
n-2 n-2
or <
a
q=—
L %n-2
qn-2
{11) <0.2, p=0.5 and g=-1.0
n

(B) Second case (IR = 1)

When the starting values of case (&) are bad and the result-
ing convergence cof scolution is not accomplished within iteration
numbers required, the second option (B) is used for the initial
values p and g. (see Fig. 13)

e if a, = 0, then we assume p = ~-1.0 and g = 0

e if a, # 0,
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an-2 *n-1
(i) > 0.2, p=-0.01| for <10°°®
“n ﬁ n-2 '
q=o2
4n-2
then < : p=- n-l (gor |22 >107°
4n-2 | “n-2 '
ﬁ
qg= "
Ap-2
.. n-2 -
(11) 2 <0.2, p=-0.5and g=-1.0
L n

(2) Computation cf ap and ag

Increments Ap and Ag in Bairstow's routine (Subroutine BEA)
are usually solved by the elimination method. If it is unsuc-
cessul, however, the other approach is prepared which allows the
logarithmic treatment of coefficients in the linearized system,

as previously mentioned.

(3) Convergence criteria

Final determination of 4p and 4g are made in accordance

with the convergence criteria in the flow chart given in Fig. 13.

{4) Determinaticn of a root x of equation f£(x)=0

Together with the conditions of |x| x %%, when the

absolute value of imaginary part of x is less than 10f3, that

root is treated as to be real.
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Initiatization

Treatment of
coefficients

[R=0
>
| \ 2
2 CALL RS 250
'II"? solve the | initialization of
i [oae] | [Es
equation
| |CALL BEA
To solve ap and aq
by Bairstow's method
|
p=p+ap

Fig.13

Flow Chart for a Determination of Solutions [

lapl <100 EPS
lagl < 100 EPS

EPS:INPUT

lapl <EPS
laql<EPS

Final values ap and ag
P=p+ap
q=q+t2q

!

De‘rerrzninuﬁon of roots
of x +px+q=0

N=N-2
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Appendix 2

Input Data Requirements

The current code written in FORTRAN 77 is operational on
the FACOM-380 computer. In this section, the input data reguire-
ments are presented in the form necessary for computer execution

from TSS terminals.

Title of Problem

Record 1 TITLE(ASO)*
Record 2 NDEL (I*4) = Pogition numbers between initial and
{(NDEIL > 0) terminal position.
If NDEL = 0, Record No,.8 through No.l1ll
are neglécted, because a point inter-
polation is not used.

Record 3 EPS (R*8) Convergence condition related to the

determination of a quadratic factor

(x* +px + Q)

EPS1 (R*8) = Check of the wvalidity of the calculated
articular angles.
Joint angles sclutions are substituted
into the components of the T; matrix
and compared with the given data.
Record 4 ~ Record 6 —---- Initial point data ----

Record 4 DATA(1,4,1) PX(R*B) = Initial position of x-direction

of the manipulator hand ({(m)

il

DATA(2,4,1) = Py(R*S} Initial position of y-direction

of the manipulator hand (m)

*) { ) denotes the type of variable.

W66_
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I

DATA(3,4,1) P _(R*8) = Initial position of z-direc-

-

tion of the manipulator hand

Record 5 GET('Al'") Option of orientation calculation

= '"0': user specified

= "1': Roll-Pitch-Yaw transformation

= 'Z': Return to the initial stage Record 1
(Re~trial of input data).

= excepting the above letter (default)

Euler transformation

Record 6

(i} 1f GET = '0', then
DATA(1,1,1) = NX(R*8) = x-component of normal vector n
DATA(2,1,1) = NY(R*8) = y-component of normal vector n
DATA(3,1,1) = NZ(R*8) = z-component of normal vector n

(ii) If GET = '1', then
w1 (R¥*8) = Rotation angle about the z-axis (Deqg)
w2 (R*8) = Rotation angle about the y-axis (Deg)
wsz (R*8) = Rotation angle about the x-axis (Deg)

The direction cosines are calculated as follows.

I

DaTa{l,1,1) COS Wi "COS Wiy

DATA{(2,1,1) sin wi'cos w3

il

DATA(3,1,1) = -sin w2

DATA(1,2,1) COS W1 *Sin Wy *Sin wiz—-sin wji *COS Wj
DATA{2,2,1) = sin wi+*sin w, *Sin wi+CO5 Wi *COS Wi

DATA(3,2,1)

COS Wo "Sill Wa

(iii) If GET = Eulexr option,

w: (R*8) Rotaticon angle about the z-axis (Deg)

w2 (R*8) Rotation angle about the y-axis (Deq)



W3 (R*S)
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Rotation angle about the z-axis (Deg)

The direction cosines are:

Record 7

Record §

Record 8

Record 9

~

DATA(1,1,1)

DATA(2,1,1)

DATA (3,1,1)

DATA(1.2,1)

DATA(2,2,1)

DATA(3,2,1)

If GET

IOI

baTA(1l,2,1)

DATA(2,2,1)

DATA(3,2,1)

Record 11 -~

DATA(1,4,2)

DATA(2,4,2)

DATA(3,4,2)

GET('Al')

Il

’

ll

it

COS Wi *COS Wz +COS W3 - Sin wi *Sih Wy

sin w; +COS W, *COS W3 + COS Wi -Sin wj

-3in W, *cos W,

—COS W1 *COS Wy +8in wy — Sin wp COS Wi

~sin Wy cos Wo-8in W3 + COS wWj*COS Wj

sin w, «sin wa

then
OX (R*8)
QY (R*8)

OZ (R*8)

fl

il

- Terminal

PX(R*B)
*
Py(R 8}

PZ(R*S)

x-component of sliding vector O
y-component of sliding vector O
z~component of sliding vector O
point data

Terminal position of x-direc-
tion of the manipulator hand (m)
Terminal position of y-direc-
tion of the manipulator hand (m)
Terminal position of z-direc-

tion of the manipulator hand (m)

Option of orientation calculation

'0': user specified

'1': Roll=Pitch-Yaw transformation

'7Z': Return to Record 4

(Retrial of end-point data)

excepting the above letter (default)

Euler transformation
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Record 10

(i) If GET = '0', then
DATA(1,1,2) = NX(R*8) = x-component of normal vector n
DATA{2,1,2) = NY{R*B) = y-compcnent of normal vector n
DATA(3,1,2) = NZ(R*8) = z-component of normal vector n

(ii} If GET = '1', then
W, (R*8) = Rotation angle about the z-axis (Deg)
W, (R*8) = Rotation angle about the y-axis (Deg)
Wi (R*8) = Rotation angle about the x-axis (Deg}

The direction cosines are calculated as follows.

DATA{1,1,2)

|

It

DATA(2,1,2)
DATA (3,1,2)

DATA(1,2,2)

il

DATA(2,2,2)

DATA(3,2,2)

(ii} If GET Euler

W, (R*8)

W, (R*8)

Wi (R*8)
The direction
DATA(1,1,2)
DATA(2,1,2)
DATA(3,1,2)
DATA{1,2,2)
DATA(2,2,2)

DATA (3,2,2)

cos W, *COS
sin w, -cos
-sin w;y

CosS Wi *sSin
sin w, *sin
COS W, *sin

option,

Rotation angle
Rotation angle
Rotation angle

cosines are:

COS W, *COs
sin wi *COS

~8in W, *CO

~C0S W,°COS W,;°'sin wy = sin w;,

-8in w;°Cos w;y*sin wy + COS w;

sin w,*sin

W3
Ws
W, 'SIin W,
W, *Sin wj
Wy
about the
about the
about the

W, *COS Wy

W, *COS Wj

S Wg

W3

- sin w; *COS wj

+ COS Wy *COS Wy

z-axis {(Deq)
y—axis (Deg)
z-axis (Deg)

- sin w;*sin wg

+ cos w;rsin wy

*COS Wi

*COS Wi
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Record 11 If GET = '0', then
DATA(1,2,2) = OX(R*8) = x-component of sliding vector O
DATA(2,2,2) = OY(R*8) = y-component of sliding vector O
DATA (3,2,2) = OZ(R*8) = z-component of sliding vector O
Appendix 3 Computation of coefficients
(1) bo = as(n, y, - n x)
b, = 2a5{(ox X, - oy yn) - ag,(nX o + ny oy)}
= _ - 2 2
b, = as{(nX X, ny yn) (ny yp n Xp) + 4a (oX + oy )}
b, = 2a o] - Q + a o +n_o
a s1( % Xp v Yp) S(nx % y y)}
by, = as(n - n
4 5 = Xp y Yp)
by = XX * X, T YY ‘Y,
bg = 2a5(XX'OX + YY'Oy)
by = XX+ x - ¥YY -y, +XX°:x - Y -y,
bg = zas(XX'OX + YY'Oy)
bg = XX «x_ — YY -
? P b
(2) cc, = bi + bi+5 (1=0,+--, 4)
(3) dOl = ds (nz - ZZ)
do, = -‘23502
dos = —(asnZ + ZZ)
(4) 4 3 . \F
I 4, t, =| r do, t* 1
i=0 i=0
4, is computed from Subroutine CFSET. (i = 0, , 4)

(5)

Coefficient e, is computed from Subroutine CFSET.
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(6) £o = x * + y.?
fi1 = 4das (o - 0
1 5 X y Yn)
—_ 2 2 2
f, = 2(xn b Yn yp) + 4das“ (o + Oy )
fi = 4a5(oX X - Oy Yp)
f, = x_ % + 2
* p Yp
(7) g 5 4 5 4 i
Iog; tt=| & 4t L £t
i=0 i=0 i=0

Coefficient q; is computed from Subroutine CFSET. (i=0,+--,8)

(8) hy = £y
h, = £
h, = £, + 2fg

hq=f0+2f2+fq

hg = £ +2f4

hy = £,
hg = £4
(9) Ji = ei + gl— ahl (l=0,"', 8)

(10) Ig = o Yo ~ oX X

Y
- _ 2 2 _
I; = 2a5(oX + o, %) + 2{(n_ vy n, xn)
I, = oy Yp - o, D + o, X, ~ oy Y, © 4a5(nx o+ ny oy)
I, = 2 o % 4+ 0. % + 2(n - n x
3 as ( % v ) ( y Yp p)
I, =0 %X _ - o0o_Y%

(11)

| ™1 oo
i
t
H

oo s
H
it

21



{13)

(14}

(15)

(16}

(17)

(18)
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6 i 4 iV 2 i-1
Lo II. t = b Ii t X doi t
i=0 i=0 i=1
IIi is computed from Subroutine CFSET. (i = 0,--+, 6)
Kg = "OZ - E:_CO
K, = _(OZ ccy, + 2nz CCO)
K, = OZ 'Eg - 2nz 'EE]_ - OZ EEQ
Ky = o, ccy - 2nz s CcC; - oz * CCg
Ky, = o, cCy - 2nz * CC,y — o, * cCy
Ks = OZ . ES - 21’12 '—CEL;
Kg = 0O ’EHEL,.
PIi = Ki + II (i=0,++-, 6)
LLy = o_*?
z
LL; = 4n_ o
z
LL, = 4n_* - 20_?2
L, = -4n_ o
Z Oz
LL, = 022
8 i 4 i 4 i
) PLi tT = X LLi t r f, t
i=0 i=0 i=0 *

Coefficient PLi is computed from Subroutine CFSET. (i=0,+-+,8)

Li = I2i + PLi (1 =0,+++, 8)
16 A 8 iV
A e I, ot
i=0 i=0
N, is computed from Subroutine CFSET. (i = 0,---, 16)



(19)

(21)
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12 i 6 i
I m, £t | = I PI. t x dagy?
. i : i
1=0 i=0
m. is computed from Subroutine CFSET. (i = 0,---, 12)
12 i 4 ; z
Lof, tT = (1+t)? I £, t
, i . i
1=0 1=0
fi (1=0,+++, 12) is calculated from CFSET routine.
24 . 12 i 12 i
I P, tT =] % m, t EOf; ot
i=0 i=0 i=0
24 i 8 i 16 i
Iog;tt=| 7 Lt T N. t
i=0 i=0 i=0 *
P. and q; are computed from CFSET routine. (i = 0, , 24)
r, =Pp; 49y (1=0,--+, 24)
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List of Input Daia

Sample Problem 1

INPUT —--- TITLE
+H+rrt+trb b+
+
+ +++
+

BENCH MA

+++ T I T L

RK 1 +++

E ++++++++++++++++++++

+
+
+

R e A R R R R R R R R T T

INPUT -—- N
N ===> 100
INPUT --- EPS .
EPS ===> 1.0
~~~~~~~~~~ INITI
INBUT -« PYX :

P¥ ==> ~-2.50000

KEYIN 0
1t
A
DEFAULTS
INPUT —~—— NX .
NX ==> 0.0
INPUT --- OX »
OX ==> 1.00000
—————————— TERMI
INPUT —=- PX
PX ==> 2.30000
KEYIN o
1 :
Z
DEFAULTS :
INPUT --- NX .
NX ==> 0.0
INPUT --= OX .
DX ==> 1.00000

EPS1

Qo00D-04 ===>

AL PDINT =sewmmmau-

PY PZ

D-01 PY ==»> 7.806000D-01

USER SPECIFIED

RPY

EARLY STAGES

EULER

NY » NZ

1.000000+00

oy » 01

PY :PIL

D-C1 PY ==> 7.800000-01

USER SPECIFIED

RPY
EARLY STAGES
EULER
NY , NI
RY ==> 1.00000D+00
oY » 02
D+Q0 oY ==» 0.0

_74;4

1.00000D-03

P? ==>
NZ ==>
Dz ==>
PZ ==>
NZ ==>
0% ==>

1.20100D400 ¢ M 2

1.20100D+00 ( M )
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(2) Sample Problem 2
INPUT ~-—— TITLE
++++d+++F+b+F++++4+4+ T I 00 F L B ++++4++++++44++++++++
+ +
+ +4+ BENCH MARK 2 +++ +
+ +

B R T T P R L R R o S T e T

INPUT --- N

N ===> &1

INPUT ~-- EPS , EPS1

EPS ===» 1.000000-0C4& EPS1 ===3> 1,000000-03

—————————— INITIAL  POINT =-==mm—me-

INPUT —--- PX : PY :PZ
PX ==> -1,00000D0-01 PY ==> 3,.500000-01 PZ ==> 1.631000+00 ( M )
KEYIN 0 : USER SPECIFIED
1 : RPY
2 @ EARLY STAGES
DEFAULTS @ EULER
INPUT --— NX - NY » NI
NX ==> 0.0 NY =x> §.0 NI ==» 1.00000D+00
INPUT ~-- OX . 0OY . O
0X ==> 1.00000D+00 OY ==> 0.0 0z ==> 0.9

—————————— TERMINAL POINT ————m--mmn

INPUT --— PX : PY :PZ

PX ==> 1.000000-01 PY ==> 3.500000-01 PZ ==> 1.43100D+00 ¢ M O

KEYIN 0 USER SPECIFIED
i @ RPY
Z : EARLY STAGES
DEFAULTS : EULER
INPUT --=- NX - NY , NI
NX ==> 0.0 NY ==> 0.0 NZ ==> 1.00000D+00
INPUT --- OX ., OY , 02
0¥ ==> 1.000000+00Q gy ==> 0.0C 0z ==> ¢.¢
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(3) Sample Problem 3
INPUT --- TITLE
++t+rtt+ttt+++++++44 T I T L E ++etttttdidttitt+4 4
+ +
+ +++ BENCH MARK 3 +++ +
+ +

R R S L LS A R o R R et ot

INPUT -——- N

N ===> &0

INPUT --- EPS , EPS1

EPS ===> 1.00000D-04 EPS1 ===$ 1.00000D-03

—————————— INITIAL  PGINT ===-—————-

INPUT ~-- PX : PY :P1Z
PX ==> 0.0 PY ==» 4.30000D-0C1 PZ ==> 1.35100D+00 ¢ M )
KEYIN 0 1 USER SPECIFIED
1 : RPY
I : EARLY STAGES
DEFAULTS EULER
INPUT --- NX , NY , NI
NX ==> 0.0 NY ==> 1.00000P+00 NZ ==> 0.0
INPUT --- 0OX , OY , DZ
0¥ ==> 1.00000D+00 DY ==> 0.0 0Dz ==>» Q.0
---------- TERMINAL POINT —-—-=====-
INPUT ==~ PX ® PY :PZ
PY ==> 0.0 PY ==> 4.30000D0-01 P2 ==» 1.55100D+00 ¢ M )
KEYIN Q USER SPECIFIED
1 RPY
z EARLY STAGES
DEFAULTS EULER
INPUT === NX , NY , NZ
NX ==> 0.0 NY ==> 1.00000D+00 NZ ==> 0.0
INPUT ~-- 0OX , OY , OI
DX ==>» 1.00000D+00 Y ==> 0.0 0z ==> 0.0



