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In this report, the kinematics of an articulated manipulator
are studied, and an algorithm, based on a polynomial expression,
is propesed which allows exact solutions of the inverse problem

for a type of manipulator structure.

Compared to the traditional methods, the present approach permits
to find ail feasible solutions of the inverse probiem of the manip-
ulator for a specified location and orientation.

The algorithm for the solution was implemented in the computer code
ARMZ for a six degree-of-freedom manipulator.

Tne results of computer simulation of the direct and inverse kinematics
showed that numerical solutions were sufficiently reliable.
This approach will be applicable to other types of manipulator configu-

rations with rotary and revolutionary joints.

Keywords: Articuiated Manipulator, Kinematics, Computer Code ARMZ,

Arm Configulations
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1. Introduction

The kinematics of articulated robot manipulators is concerned
with the geometrical relationships between joint co-ordinates and
the position/orientation in the work space. In planning a movement
of a manipulator, we are primarily interested in the cartesian posi-
tion of the end-effector in the work space, which is called the carte-
sian space of the manipulator. In order to place the end of the manip-
ulator at a given position in the cartesian space, we must solve for
the corresponding joint angles.

The relationships between manipulator joint angles, called joint
space, and the cartesian space are usually complicated due to a
transcendental functions involved.

Mathematical transformation from the joint co-ordinates into the
cartesian space co-ordinates, called " the direct( or forward )} problem",
is easily obtained by successive multiplication of homogeneous trans-
formation matrices. On the other hand, mathematical description of the
joint co-ordinates in terms of the cartesian space co-ordinates called

“ the inverse problem ", is generally difficult and can be derived only
for the special manipulator configurations. In reality, there exist
many manipulators for which explicit analytical solutions of the inverse
kinematics cannot be derived.

Some cases arise in which a somewhat intuitive idea of geometry leads

to a promising clue for the inverse problem ana]ysis.(Z)“44)

So far, a linearization and iteration technique for solving the

inverse problem has been used from the practical standpoint.
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In this iterative procedure, however, substantial drawbacks inherent
in the linearization approximation are pointed out such as a high
dependency of the solutions on the initial guess values and singular-
ity of the Jacobian matrix.(S)

In order to obtain exact solutions, therefore, we have previously
introduced a new approach to the inverse probiem for a certain type of
manipulator arm as a special case.(6),(7)

Here, we also derive in a similar manner a rigorous solution procedure

for a different configuration of manipulator with six DOF(Degree-of-Freedom).
The foremost idea is to derive a polynomial with a single variable from

the kinematic relationships describing a linkage mechanism and to solve it.
Thus, the proposed polynomial model plays an important role to determine
solutions and, in that respect, requires precise calculation of that
equation. Once the desired roots are found, individual articulated var-
iables are straightforwardly determined from the relations between

joint angles.

Admitting that this method of solutions does not seem easy to
generalize for a variety of manipulator configurations, the analytical
model proposed is indicative of a constructive step towards general-
ization for a certain class of six-link manipulators.

Furthermore, a computer code { ARM2 ) to obtain a complete transfor-
mation between the cartesian and joint co-ordinates for the current
manipulator studied is presented. For later use, an example of test runs
is demonstrated in Appendix.

In the next section, we present a mathematical background to derive

the present algorithm.
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2. Model Description

2.1 Kinematic Equations

In this section, a new approach for solving the inverse kinematic
equations is presented in detail. First, we explain the co-ordinate
transformations necessary for the kinematics analysis of a manipulator.

For an arm having n degrees of freedom, the cartesian co-ordinates
of position and orientation at the final point of the open link ( i.e.,
manipulator end-point ) are represented in terms of the non-commutative
product of n homogeneous transformation matrices A.

This method devised by Denavit & Hartenberg is widely used as a
convenient approach to derive the kinematic equations.(l)-(Z)

In the case of a six-link manipulator, it can be expressed as follows.

6
Tom M
In order to determine this matrix T4 from the given arm configu-
ration, six geometrical co-ordinate transformations are required.
Figure 1 shows the schematic view of the new manipulator to be studied
here. Before specifying A; matrices and Tg matrix, the following assump-
tions and notations are made.
(1) The connection between links ( joints ) has only one degree
of freedom, either rotational or revolutionary.
(2) The motion of revolute or rotational joints about z-axis
follows the " right screw rule ".
(3} A right handed system is used to represent the co-ordinate

systems of each link as shown in Fig.l.

(4) The notations used throughout the derivation are :
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g, = 580 (mm)
a,= 560 {mm)
a5+ 04 = 300 (mm)
0s= 200 (mm)
ag= 190 (mm)

-120 =6, =120 (deq)
30 =0, =120 (deg)
-90 =63 = 90 (deg)
-150 = 64=150 (deq)
~90 < 05< 90 (deg)

-90 = 6= 90 (deq) ‘ |y

Fig.l Link Co-ordinate Systems for a Six-link Robot Manipulator
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i . = C0SH.; S. = sino,; ¢c.. = .+ 8.
(i) c, i3 S5 = sino.; c13 WCOS(G1 8.);

J
Si5 = s1n(81 + ej)

1 ¢ 0 0 7]
(i1) Rot(x,s) = 0 coss -sing O
0 sing coss O

L0 0 0 1 ]

™ coss G sing 0O ]
Rot(y,s) = 0 1 0 0
-sing 0 coss Q

i 0 0 0 1 |

cosé -sing 0 0
Rot(z,6) = sing cose 0 O
0 1 0

o 0 1]

1

O o O

Trans (p,q,r) =

o = O O
E T S o B o

0
1
0
0

Now, we make the link description pertaining to the relation between

two adjacent axes.

{1} Ay-matrix

Consider a right-handed orthonormal 1ink co-ordinate system (x.,
Yo, Zy) defined at the supporting base, as shown in Fig. 2.

The first link is assumed connected to this base by the first
joint.
We first rotate by e, about the 7,-axis, then make a translation
by a; along the Zo-directionup to the next joint of the manipulator.
Further, producing a rotation of -90° about the y,-axis, we estab-

lish a new co-ordinate system (xy, y;, z1).
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Fig.2 Schematics of Base to Link 1

A, -matrix representing this operation (rotational and translational

transformation) is described as follows:

Ay = Rot(z,,6:)Trans(0,0,a;1)Rot(ys, - %)

¢, -s; 00\ /100 0Y /0O -10
/sy c1001{0100 {[{0100
0 0 10/l001a /11000
0 0 01 0001/\0001

c, -5; 0 0 00-10 /0 -sq -c1 O
s1 cloo\ 0100 ={0c1-slo
"o 0 1a]l1000 10 0 a
\0001/ 0001/ \0O O 0 1

In other words, this matrix exhibits the position and orienta-
tion of the coordinate frame (x1i, yi, Z:) with respect to the base

{or reference) co-ordinate system.
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(2) A,-matrix

Referring to Fig. 3, we
determine the second
transformation matrix
from the 1ink 1 to the
Tink 2 of the manipulator.
It contains a rotation
about the z;-axis by 6,
and a translation by a,

along the x;-axis. After

Fig.3 Schematics of Link 1 to Link 2 this. transformation, the

old co-ordinate system is

replaced by (X2, va2, Z2).

I
e
|

= Rot{z,,9,)Trans{a,,0,0)

c, ~52 0 azc»
S, C» 0 azs2

0 01 O
0 0 0 1

(3) Az-matrix

Now, we rotate by s, about
the z,-axis, move by a;
along the x;-axis, then
rotate by 90° in a clock-
wise direction about the
yz-axis so that the trans-
formation is made from the
1ink 2 to the link 3 of

the manipulator.
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Thereby, we establish the fourth co-ordinate frame {xs, ys, Z3)

as indicated in Fig. 4.

As = Rot(Z2,95)Trans(as,0,0)Rot(y; »p)
jes =52 00Y /100a 0010

. |sa c3001/0100 0100
0 0 10/i0010)}\-1000
0 0 01 ‘ooo 1/ Yooo1/
cs -s3 0 ascs) /0 01 0y 0 -S3 C3 a3Ca
/53 c; 0asss| [0 100 \ _ | 0 c3 53 a3Ss
001 0 -1000) -1 0 0 0
\000 0001/ \0 0 0 1

(4) Ay-matrix

For the motion from the
link 3 to the 1ink 4, we make
a rotation of angle g, about
the z3-axis, followed by a
translation of a, along the z;-
direction, then the second
rotation about the xs-axis by

-90°. With reference to Fig. 5,

the transformation matrix Ay up

to the co-ordinate frame (X, ; ,
0 the o (X Fig.5 Schematics of Link 3 to Link 4

Yu, Zy) assigned is:
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A, = Rot(zs, aq)Trans(o,o,aq)Rot(xg,—-%)
[eu =54 00y /100073 /1000 \
_fse cwoolf0o100 (/0010
0 10/i00%1as [{0-100
\ 0 01/ \000 1/ 0001
cy -S4 0 O 1000 Cy 0 -sy O
- sy ¢Cc, 0 0 0010 sy 0 ¢y O
0 lag/} 0-100 0 -1 0 a
0o o001/ \ooo1/ \oo 01

Fig.6  Schematics of Link 4 to Link 5

From the illustration of
Fig. 6, the forward and
backward motion of the
wrist parts, are realized
by the combination of: a
rotation about the z,-axis
by the angle 85 and
furthermore by -50°, a
translation by a, along the
x,-direction, and a rota-

tion about the x,-axis by

9G°. Hence, we obtain a new co-ordinate system (xs, ys, zs) and

As-matrix.
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As = Rot(zu,es)Rot(ZQ,-—%)Trans(as,O,O)Rot(xu, %J

ce ~ss 00\ (0 100\ /100as\ /100 O
Sy c5 00 -l0004([0100 00-10
0 0 10 0 010 0010 01020
0O 9 01 y0 001 000 1 00 0 1
ss €5 0 0 10 0 ag Ss; 0 -C5 asSs

-Cs $5 0 0 00 -10 - -Cs 0 -55 -asCs

0 010 610 0 0 1 0 0

0o 001/ %000 1 000 1/

(6) As-matrix As shown in Fig. 7, the last 1ink

is free and includes the hand. A
rotation about the zs-axis by the
angle 8¢, and a translation ag along
the xs-axis are made. In addition;
for the convenience of Tlater
analysis, a new hand co-ordinate

system is defined by the second

Fig.7 Schematics of Link 5 to Link 6 rotation about the y -axis by 90°

so that its orientation agrees with
that of the reference co-ordinate

system.

Ag = Rot(zs,0¢)Trans(as,0,0)Rot(ys, %)

Ce -s¢ 00 100 ag 0 010

Sg Ce 00 010 0 0100

0 0 10 00120 -1000

0 0 01/ 10001 0001

Ce -Se 0 36Cs 0010 0 -s6¢ Ce 86Cs
S Cs U @sSe 0 100 _ | 0 cs Se @556
0 01 0 -1000 -1 0 0 0
o 00 1 /\oooti/ 0 0 0 1
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Now that we specified the individual A-matrices for a serial 1ink
manipulator, six chain products of these homogeneous transformations

are postmultiplied successively. In other words,

i
{ 0 ¢; -s; @ S, ¢z 0 azss

10 0 aji0 01 0
‘000 0 1 0001/

/0 -s1 -¢c1 O /fcz -5, 0 a,C,
ALA,

/=%1S2 -51Cy -Cy1 -8,5152

$2€; C1€p -51 420152 (1)
\ o s, 0 a,c,+a;
\ 0 0 0 1

/"5152 -S1Cy -Cy -82515; \ 0 -s3 C3 a3C3\
S»C1 C1C2 =S31 4d2C152 0 c3 53 4333
1 0 ~S2 0 ajzcyta; -1 0 0 0

\0001/0001/

€1 515253-51C2C3 -5152C3-5S1C32%3 -835152C3-8351C753-323152

AlAzAg =

Sy ~53253C1+C1CpC3 S;C31C31C1C253 @35,C1C3+ta3aC1C283+a2C152

0 -C253-55C3 C3C3-5251 A3C2C2-d35253Ta,Cptay
0 0 0 1

/€1 -51C23 -51523 'a351523‘325152\

= f S1 C1Czs C1S23 d3C;523+32C1S2 (2)
| 0 -s2; Cz3 23Cp3tasCrta;
\ O 0 0 1 /
€1 -S1C23 -5$1523 -2351523-325152 cy 0 -5, O
S1 CiC €18 33C3523+2,C1S2 sy O ¢y O
PiBoAshy = | 52 1C23 1823 15231826,
0 -593 Caa d3Co3*tazCota;y 9 -1 0 ay
0 0 0 1 / \0 5 0 1
C1C4-5154Cz3 $1523 -(C1S4+51CyCpy) -83451523-825152 \
[ S1CuTC1S4Co3 -C1Sp23  -S1S4FC1CuCas 834C1523+a2C152 (3)
-54S33 -Cz23 ~Cy523 835Cz2sta2Ca1Ta;

\ 0 0 0 1 /
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A1A2A3AQA5 =

/ClcuwslsuCza S1523 -{€C154+51CuCo3s) 'a3h51523'325152\ /$5 0 -Cs @555

{ S1C4+C154C23 -C1S23 -51S41C1CyCas A34C1S23+82C152 |/ -Cs 0 =-S5 -as5Cs

K -54523 -C23 -Cy45z3 dayCr3ta,Catay \ 010 o
/

\ 0 0 0 1 000 1)

/(C1Cu‘5154C23)55“51323C5 -(C154+S1CuC23) -C5(C1Cu=5154C23)-5155523
( (51C4+C154C23)554C1Cs523 ~5154+C1CLC23 ~Cs{S1C4+C154C23)*S5(C1523)

\ ~54555231CsCxy 3 -CyS23 S4,S23Cs+C21aSs

\

\ 0 0 0

5555(C1€4'5154C23)"ascsslszs-aauslsz3-325152\
a555(51C4+C15,C23)+85C5C15231A34C1523+a2C1S2
~d55554523%asCsCa3ta3uCaatdacotay (4)
1

Te = AJA2A3ALA5A

011 O12 G13 O14 )
= 021 022 023 Ca2y | (5 a)

Gzl TU3z2 U33 Cay

o 0 ¢ 1

- where
~o13 = C5(C1C4-5154C23)+5155524

G21 = C5(S1C4+#C154C23)~C155S23

c31 = -(S4S23C5%C2355)
g12 = -{(C1C1+—5154C23)55-51523(:5}55—(C15q+51CqC23)C5
Os3 = -{(51Cu+C151¢C23)55+C1C5523}55+('515“+C1C”C23)CE

Uz2 = 55(Susssza"cscza)"CqszaCs

013 = {{€C1C4-5154C23)55-51523Cs51Ce-{C15u+51CuC23)Ss5
023 = {(51C4+C154C23)S5+C1CsS23)Ce+(~S18u+C1CuC23)5,

33 = (-S4S5S23%C5C23)Cu-(CuS23)56
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Cig = ascs{(Clcu—slsuCzs)Ss-51523Cs}-asSe(C154+51C4023)
+as555{C1C4-5154C23)-a5C5515223-a3451523-825152

g4 = asCs{(51Cu+C15uC23)55+C105523}+asss{'5154+C1CuC23}
+2555(51C4+C154C23)tasC5C1523+a34C1523+32C152

g3y = 3gCe[~S455523+C5C23)-a656C4523-2555565231a5C5C2

+td3yCz3tazCatan

From this representation, we can find the position and orientation
of the end-point of a manipulator with reference to the base co-

ordinate system.
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2.2 Computational Algorithm

Following the fundamental computation of matrices in the preceding
section, we proceed to the main subject of this report. The first
part is devoted to derive a non-linear equation from kinematic
representations. The second part is concerned with a determination of

joint angle variables.

2.2.1 Derivation of an Algebraic Equation

Consider the matrix T, to be of the form:

Iy Ox 3x Px
noap n,.o a, p
Te = > = Yy ¥y yy (5.b)
0001 n, 0, a, p,
0 0 0 1

In Eq.(5.b), the left upper 3 x 3 matrix is a rotation matrix
made with orthogonal unit vectors —— n, 0, and a. n is the
normal vector of the hand. Assuming a parallel-jaw hand, it is
perpendicular to the fingers of the manipulator. 0o is orientation
vector of the hand, which indicates the direction of the finger motion
as the finger opens and closes. a is the approach vector of the
hand, which indicates the direction normal to the palm of the hand.
p is the position vector describing the Tocation of the hand and is
also referred to as a translation vector.

Equating the corresponding elements of the T¢ matrix in Eg.(5.a)
and Eq.{5.b), we obtain kinematic expressions of the multi-joint arm
shown in Fig. 1, where each component of T¢ in Eq.(5.b) is postulated

to bhe known.
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Oy = -{C1C4S5-515455C23-515,5C5)56-(C154,+51C,C23)Co (6)
0, = -(51Cuss+clsusch3+c1cssza)55+(-slsu+c1cu;23)ca (7)
0Z = (SuSSSza'Cscza)Se-Cuszacs (8)
a, = (C1C4S5-5154S5C23-51523C5)Ce-(C154+451CyCa3)S6 (9)
ay = (51C455+C15455C234C1C5523)Ce+(-5154+C1C4C23)55 (10)
aé = '(5455523"C5C23)C6'Cu52355 (11)
Py = 36C5(C1C4S5-515455C23-51523C5)-a5S6(C1354+51C4Cp3)
+a5{C1C455-$15455C23-53C5S23}~(a3+ay)S1523-@2515, (12)
Py = 85Cs{S1CuS5+C15455C23+C1C5523) 8656 (-S154+C1CuCag)
+25(5155C4+C15455C23+C1Cs523)+{a3+au )} C1523482C;1 52 (13)
P, = 26Cs (-5455523+C5C23)-a6S6CuS23+a5(C5C3-555uS23)
+(as+ay)cogtazcota, (14)

Here, each element of the first column of the Te matrix in Egs.(5a)
and {5b) is not included in a group of Egs.(6) to (11), because it is

uniquely determined from the orthonormal co-ordinate relation, that is,

n =0 xa. Now, we introduce the following parameters in view of the

apparent features of the equations (6) through (11).

A = C1C485-515455C23-51523C5s (15)
B = €154%51Cy4C23 (16)
C = 5,C4,55%C15455C23%C1CsS23 (17)
D = -$15,+C1CC23 (18)
E = S455523-CsCa3 (19)
F = -cuS53 (20)

day = dgtay

Consequently, the original equations (6) to {11) are simplified as

follows.
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~A s¢-B cg = 0, (21)
-C 354D c5 = Oy (22)
E 55+F Cg = OZ (23)
A cg-B s¢ = a, (24)
C cegtD s¢ = ay {25)
-E ce+F s¢ = a, (26)
Similarly, the position vector in Egs.(12), (13} and (14) is
represented by:
px = 65C5A-65358+35A-a3q51523‘&25152 (27}
py = agCeCtagsegD+tasC+asyC1523132C152 (28}
P, = -agCeEtagsgF-asE+asycastazcatar (29)

As can be noticed from Egs.(21) through (26), each paraneter defined
in Egs.(15) to (20} can be represented by a trigonometric function of

only ce and s¢. Namely,

A= a ce-0 5S¢ (30)
B = —(axss+oxc5) (31)
¢ = aycg—oyss (32)
D = 0 Csta, S (33)
E = o0,56-a,Ce (34)
F = azss+ozc5 (35)

From the Egs.(27) and (28), we obtain

PyC1¥PyS1 = asCe(A €1#C s1)4aese(-B catD s1)+as(A catC s1)

agici(A cs-B se)¥s1(C co+D ss)}+as(A c14C s1)

il

as{axc1+aysl}+as(l\ c1#C s1) (36)
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On simplification,
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we have

(px-aeax'asA)Cl = (asay+a50-py)sl

that is, tano:

where {

lLet tan %; = t,

tangg = '1‘—%;{‘5_‘ .

Therefore, Eq

1]

tano;

1l

where

px-asax—aSA XX-asA

S1 _ _
Ci  d4a +a5C-py aC-YyY

XX-as(axcs-oxss)

as(ayc6—0y55)~YY

XX = p_-aga

X b
YY = -aga
py Gy
1-1t2 2t

Then cg ='T:f€5 s Sg = 1+tz and

.{38) can be rewritten as follows.

2t 1-t2
a50x(1-+t7) 'asax(l tz)“+xx
1-t? 2t
asa, |75z - asoy(fjffr -YY

+ + 2
xn 2a50xt xpt

- 2
Yn 2a50yt-+ypt

X, = asa, + XX ]
Xy = -@sdy + XX

Yp = -(asay + YY) [
Yy = 8say - YY )

From Eq.(29) we have

p, - dsd, - a3

65C5(a

z

asE + azuCaz + a20»

- oztanes) - ZZ + a34C33 = -@2Cy

as{a,ce - 0.S¢) + @3uC23 * @2Cy

(37)
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whe = - - .
re 2z = p, - 83, - a1

Furthermore, £q.(27) x (-s1) + Eq.(28) x cy reduces to

ascs{aycl - a,sy + (Slox - oycl)tanes}

- {-szl + pycl + aE(axSl - aycl)} + 833523 = -2352 (43)

As described above, we obtained two principal equations (42) and
(43) from kinematic equations.

From here on, we will make further simplification so
that these equations may be unified in one single mathematical

relationship.

By putting ascs(az - oztanes) -2z =4 , (44)

and  ascgla cy - a5y * (sloX - oycl)tanes}

y
- {-p,s1 + Py * as(ay sy - a,ca)} = (45)

Eqgs.{42) and (43) are rewritten as:

Yt 834C23 T -82C2 (46}

n + d3ySa3 T -d252 (47)

Adding the square of Eq.(46) and Eq.(47), we get the following simple

form,

P2 + n? - a = -2a34(yCas * nS23) (48)

where a = 8,2 - asy’
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Calculation of n

Now, we derive an expression of n using the Eqs.{45) and

(40).

n = a5c5{ayc1 - a5, + (slox - oycl)tanes}
- {ps Hp e *ae(as: - a,ci)}
= ascscl{ay - a tane; + (oxtanel - oy)tanee}
+ ciip, tane; - py - as(axtanel - ay)}
= ascecl{ay - oytane6 + (oxtanee - ax)tanel}

+ Cl{(px - asax)tansl - (py - asay)}

= ascqCyi(a, - oytaneb) + (oxtanee - ax)tanel}

Y
+ ci(XXtane, - YY)

_ 2t 2t
T asCeCalay - 0y 7057 * (0, To¢2

+ ¢, (XXtans; - YY)

ax)tanel}

_ /1-
= dsCy (1-+t2 1 - +2

2 2
tz){ay(l— t?) - 20yt + {ZOXt - ax(l— t°)ltane;
+ ¢y (XXtansy -~ YY)
= ascl‘fi;fi {ay(l-—tz) - 20yt + (axt2 + 20t - ax)tanelj

+ cy{XXtaney - YY)

= 1 _ - 2 _ 2
n = asC: (Tifff) [(ay 20yt ayt )(yn 2a50yt + ypt )

1
2 2
+ ('axt + 20xt - ax)(Xn + 2a50xt + Xpt }] v, - 2a50yt T yptz

Yo ~ 2aso t + yptz

2 _ 2
{xx(xn +2as0,t + Xt ) - YY(y, - Zaso,t + yt )}
+ Ch
y
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asCy | 1
2 - Z
1+t Yy 2a50yt + ypt

-2 t +a y t?
Layy, - 2asa o0y y'p

20 v t + daso *t% - 2 t3 - a vy t® + 2asa o t® - te
vn 50y Oy ¥n 528y0y %0

+a x t? +2 t? +a x th + ot + 2t2 + ?2x o t?
W abaxoX a, pt 2xn X 4a50x xp X

- - - P Cl .
a Xy - 2asa,0,t axxpt 1 (yn - 2a50yt + ypt{> (XK Xn

. v 2 _ _ 2
2a50x XXt + XX xpt YYyn + 2a50yYYt YYypt ]

+

= = g b.t! + g b.t!™>
3 - . .
(1+t )(yn Zasoyt + yptZ) isg | g

C1
I+t2 - 7as0 t + y t2
{ )(yn 50y yp )

(See the Appendix 4 as to the values of respective coefficients in a

power series.)

Calculation of y

Based on Eq.(44), we will try to express y as a function of

variable t.
p = ascela, - o, tance) - zz
_ 1-t” 2t
) as(-—:7—5> (az T 0T tz) -z
= 1-3t2 [as(az - 20t - aztz) - zz(1+1t2%)]
= l_ftz [(asa, - zz) - 2aso,t - (asa, + zz)t]
3 .
= 1v3t 5 do, t'71 (50)

£ ot e s 1
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Calculation of ¢1?

Using the expression of tane; given by Eq.(40), it follows that

2

2
1 Xq + Zasoxt + x t
— =1+ tan®e; =1+ P
2 1 _ ]
ct (yn 2a50yt + ypt
thus,
- 2aso0 t +y t2)?
Clz _ (yn 5 y _Vp )

= 3 - PRV
[xn + 2a50Xt + xptz) + (yn 2a50yt + ypt )

(y - 2aso t +y t?)?
n Y P . (51)
4 .
pofit

i=0

Calculation of 2

Taking the square of Eq.(50) results in

3 z 4 .
2 - 1 -1 _ 1 i

Referring to Egs.(50) and (52), the square sum of n and y 1s
2
b o=
2 2 Cl . 1= j
s (1+t%)? Ty - zasoyt + y t2)2‘+(1-+t2)d TEO d1 t
4
(y - L ¢!
= 1 . In Sy =0
(T+22)" 4 Tﬁqr-ékhﬁLJ;_;HT____
i=0
4 .
1 i
n d, t
P 40
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4 . 2
— .1
5 cc. t
_ 1 i=0 ! 4 i
(1+t2)2 4 , I d] t
rof,t i=0
i=p
8 4 N\ /4
= 1+;t ¢ 1 D e, 1y ( P, t1> <’z f. ¢
© o ¢l 130 i=0 i=0
i=0 ¢
8 3
1 1
BECEREA {Z e Ut 2 g t1} (53)
5 Of. ] 1=0 i=0
i=o !
Thus,
1 8 8 ; 8 j
nf+yt-a = i Doestit orogit o -a zohot
(1+12)2 3 f, i1 1=0 i=0 i=0
i=0
1 8 i
- - - 5 st (54)
(1+t2)% ¢ £, t' 170
i=0
8 . 8 i
where (1 +t*)? = f t! = ¢ hi t
i=0 i=0

In this way, we Can express (n® + y* - a) as a rational function of t.

Let us return to the original equation {48)
2 2 -
n? +y? - a = -2azu(¥czs + nSz3).

After taking the square of both sides, and putting tans;s = k in

this equation, we obtain
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As the next step, we consider the expression of tane,; in terms

of 8¢. Using Egs.{16), (18) and (20) for s,c,3 and $,5,3, we

obtain
sicza = (-aysy * agca)se + (001 - 0ys1)ce } (56)
SyS23 = (-a,S¢ + 0 Cg)
Accordingly,
- (azs6 + ozce)
k = tang,s = (57)

(~6x51 + aycl)SE + (chl - OXSI)CE

Using the expression of taneg, Eq.(40) and Eq.(57), kn can be repre-

sented as follows:

CalcuTation of kn

;
. - +
cc. t (aztanes oz)

4 .
(TZ cc; t > (oZ + ZaZt ozt )

il .
(1 + t2)< P t!
i=0

Calculation of c,3°

(58)

With the aid of Eq.(57), it is possible to represent c,3* as a

function of t.
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coa? = i S T 1
23 T+tanZs,; 1+k2 a,Ss +0,Ce 2
+
L {—axsl +ayc1)ss+(oyc1-oxsl)c5

- + 4 - 2
(( a,s1 aycl)ss (0,C1-0,51)Cs]

[(-axsl-Fayc1)55-+(oycl-oxsl)c6J2-+(aZss'+o

2
ZCE)

2
[(—axsl + aycl)taneg + (chl - Oxsl):}
[(-axsl + aycl)tanes + (oycl - oxsl)]2 + {oZ + aztanes)2

clz[(~axtanel + ay)tanee +{o - oxtanel)]2
clzf(-axtanel + ay)tanes + (oy - Gxtanel)]z + (0z + aztames)iZ

2 2t 2
c3 [(-axtanel + ay)T:_f:?+ (oy - oxtanel)]

, : 2
0;2[(-axtan61 +ay)1—?—tt—2+ (oy— oxtamal)]2 tlo,*+a, 1_tt

c12[2t(~axtanel + ay) + (Oy - oxtanel)(l -t2)7?
—clz[2t(—axtan61+ay)+(oy—oxtanel)(l-tz)]2+ (oz(l-t2)+2azt}2

(59)

iya _ 2y2 _ 2yz
I. t) +(2azt+0Z ot ) (yn 2as50 t+ypt)

Y

4 v \?
(y -2aso t-y t%)2/ ¢ f. 1 } v I.t
[ " y P i=0 ' d\i=0
////4 eV N2
- 2as0 t+y t*)? zf.t:|zl.t +4
[(yn aso t +y,t%) 2T RIRY

= Loy 2y2 - 2y2
where, A= (Zazw o, o,t ) (yn 2a50yt Tyt )

C23' = a
z
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Thus, Cas

i

— o —
Il o1 GO

I~ @t o

-

Calculation of (kn+y)

With reference to Egs.(50) and (58), we have

(60)"

4 AT i-1
) _ -
—(024-2a2t-ozt ) iEO cc; t 150 doi t
kn'i"lp: T +
T 1+1t2

(1+t2)(_
1
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Taking the square of both sides in Eq.{61) and substituting it into

the right hand side of Eg.{55), then we have

4asy?cas?(kn+9)? = dayg,

1
=
7]

w
£
[\=]

12 1>
( § mi t
= g (62)
(z L t1)(1+t2)2
\i=0 /

On the other hand, using the result of Eq.{54), the left hand

side of E£q.(55) gives:
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- /8 2
(n?+9%-a)? f4 i Jit1
z ‘ i=0

( 12 i / 16 1 16 ;
oz omt k poNgt r N, t
vi1=0 / _ i=0 _ i=0
8 ; ) 74 At (12 .
2oL tj)(1+t2)2 (1+t2)“( 5.t ) rf t‘>(1+t2)2
i=0 i=0 ! \i=0
or 12 . /16 . 16 .
< b m. ti\ { T Ni t1\ ( r N. t1>
i=0 /)~ \i=o ) _\i=o ! (66)
/8 i\ /4 AR i
[zt ()2l ¢ of, b ( Doft \
\i=0 \1:0 Y/ =0 U

Following the cancellation of the denominator in Eq.(64), we define:

12 AWV N\ 24 .
l/ Lom, t1)< r o fs t')= 3 P, t! (65}
\i=0 i=0 /=0
'8 N\ /16 . 24 .
and ( L oL t1>L LN, t1> = T u, t! (66)
i=0 \i=0 i=0

As a final description, we get

24 !
t=r ot =0, (67)

As derived above, the problem of finding the articular angles of

a manipuiator was reduced to a non-linear high-order algebraic
24 .

equation f(t) = = r. t' = 0 with respect to tan(eg/2).
i=0
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In order to compute roots of this polynomial as exactly as

- possible, we use the Bairstow's method, which is outlined in
Appendix. Since |8s| < 90° is specified as the operation domain of
the fihger tip, it is required for us to find the feasible solutions

of f(t) on the interval |t| < 1.

2.2.2 Determination of Individual Joint Angles

(1) Calculation of &,

Once the desired solutions t are found from the algebraic

equation (67), a joint angle 6, can easily be calculated.

That is, tan %f =t
thus, we have g = 2 tan ' t . (68)

Corresponding trigonometric function is

It

S singg

1]

Ce C0S0g

Using these values, we can determine the parameters given by Eqs.(30)

through (35).

(2) Calculation of 0,

1]

Let X1 = XX - asA

and Yl = asc - YY N
then, Eq.{38) reduces to

X,+c1 =Yy s, (See Eq.(39) for XX and YY)

Thus, 0, = tan'l(%) (69)
S = $ing;
Cy = CO0S501
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(3) Calculation of 9,3

From Eq.(48), we have

4
P* +n? - a = -2a34{YCa3 +nS23)
= -2a34,vy2 + n2 sin(e,; + e} .
where e = tan Y(y/n), a = az? - a3y’

Thus, we have

sin{623 + ) = (Y2 + n? - a)/-2a;u/42 + n2

+/1 - sin“{823 + g)

1

COS(823 + E)

) = sin(6,3 + )
COS(823 + E)

or 8p3 = tan” {: (e +nf - a)/(-2a30/0% + n?) \\ - tan"}(¥)
T
/G-'{ a)/(‘zaaquz'*nz)}%// (70)

+

Hence, tan(ess

S23 5ino, 3

||

Cos C0S6s3

(4) Calculation of o,

Making use of Egs.(16) and (18), ¢, and s, are described as

follows.

= Bcy - D0s;

o
£
|

(Bsy + Dci)/cas (cas # 0)

g
=
1

if ¢35 = 0, we use Eq.(20) to determine s,.

-F/s23

1]

or Cy

Thus, we have

8y = tan-l(z—:*) i (71)
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(5) Calculation of &5

By Eq.{15) x ¢c; - Eg.(17) x s;, we obtain

(Acy + Cs1)/cy

Ss

{Cl{asz - Oxss) + Sl(aycs - OySE)}/Cu (72)

(cy #0)
On the other hand, Eq.{15) x s; + Eq.(17) x c1 leads to
Cs5523 + S5S4Cz3 = =As; + Ccy . {73)
In the case of ¢y, = 0, Eq.(73) x czs - EQ.(19) x s23 results in
s$s = {Cpa{Ccqy ~ Asy) + E s23}/Su - (74)
By making Eq.(73) x s,3 + Eq.(17) x ¢»3, it holds that
cs = {Ccy - AS1)S23 - E Co3 (75)

Hence,
95 = tan” (%) (76)
Cs

(6} Calculation of o,

Eqs.{(42) and (43) give:

Ca {PZ 'asaz"al"as(a Cs"OZSG)"asuCza}/az

z

S, = {_pxgl + pycl + as(axsl - aycl) -asf{a cy - axsl)cs

y
- as(Slox' chl)ss‘ a345231/dz

Therefore, we have

8, = tan‘l(%;) . (77)

(7) Calculation of 03

From the calculation of 0,3 and 6., we can obtain

83 = 823 - 02 (78)
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3. Qutline of Computer Program ARM2

ARMZ is a computer program which was developed to solve the
inverse kinematics of a six-link robot manipulator for any Spatiéi
motion in the work space.

In this section, only overall framework of the code is briefed.
The program is written in FORTRAN 77 using double precision version
and needs approximately 140 KB core storage, two intermediate areas
of disk storage, and printer output. This program is operable on the
FACOM-380 computer ( with EBCDIC code ).

Two auxiliary computer programs used in conjunction with the ARM2
are the GRH51 program which produces plots of polynomial behaviors to
examine the solutions of an algebraic equation, and the GRH52 which
produces individual profiles of joint angles calculated in ARMZ.

The running time of the ARMZ for kinematic analysis can vary depending
primarily on the degree of detail of the problem to be solved.
However, it was very short in our test runs.
{ The case shown in Appendix is about 18 msec. )
By means of the implementation of the variable dimension method, the
expansion of the program size is allowed.

As explained in the previous section, the proposed method represents
a rigorous approach to solutions. Accordingly, much attention was directed
to the computational techniques necessary to solve the algebraic equation
as exactly as possible. As a numerical procedure of this kind, the Bairstow's
{ or Hitchcock's ) method was used.

For the equation derived from the kinematic relationships, however,
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individual real coefficients were, at large, of an extremely compli-
cated form. On close examinafion of these values, they are too large,
in some cases, and too small, in other cases, depending on the given
position and orientation of the manipulator.

In order to cope with such situations, we first take the absolute
values of respective coefficients of polynomial and assume that C

be the leogarithm of their geometric mean. That is,
C=%loglo laolfar] .- Ian|

where n is a degree of polynomial f(x).
If|a1|= 0, we set C =C + 1.0,
( i.e., we use 1.0 for 1og|ai|in the formulation. )

Using the values of C obtained , each co-efficient is defined as :

a3
a, = —= (i = 0, +++ , n)

1 lOc
1f the absolute value of new coefficients made through this procedure
is lTess than 10“30, that term is regarded as to be zero, and omitted
from the present equation system.
After establishment of the algebraic equation, the next thing we
must do is to find a guadratic factor { xC + px + q )} according to the

Bairstow's method. The initial values in the process to determine

both p and q are specified as follows.
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{1) Initialization of p and g
(a) First case (IR =0 )

- If a, = 0, then we assume p = 1 and q = 0.

. Ifa, %0,
{ a L
(1) [-8=2| 0.2, | p=0.01 [for |-BZLl| <10-®
%n n-2
q=
| an_2
r a a
then < p= n-1 for n-1 >10"°%
a a
n-2 n-2|
or <
q=—n
L h-2
an-2
(ii) n <0.2, p=0.5 and gq=-1.0
| n

(b) Second case ( IR =1}
When the starting values of case (a) are bad and the resulting
convergence of solution is not accomplished within iteration numbers
required, the second option {b) is used for the initial values p and q.

- If a, = 0, then we assume p = -1.0 and q = O.

. Ifa %0, ¢ a a
" {i} n-2 20.2, p=-0.011{ for I <10°°%
d -2
n n
g=—D
L qn-2
a - -
then < p=—~an_1 for |-8=L >10"°¢
n-2 n-2
<
a
q =
. an—-2
a
(ii) 2-2 <0,2, p=-0.5 and gq=-1.0
\ n
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Using the above initial conditions, increments _4p and 1q in the
Bairstow's routine are computed by Gaussian elimination method. (8),(9)
Final determination of them is made under the specified convergence
condition. ( EPS < &, &€ ; input data }

Following the determination of a quadratic factor, the same procedures
are repeated for the polynomial with degrees ( n-2, n-4, ..., 4, 2 ),
When the absolute value of imaginary part in complex root is less

than 10‘3, that root is regarded as real.

Once real roots of the equation are determined in this manner,
respective joint solutions can be obtained easily in accordance with
explicit formulation described in the preceding section.

The remaining problem is that accuracy to numerical results.

Thus, we have incorporated the direct kinematic routine in the
code in order to verify the validity or reliability of joint angle
solutions. Namely, when the maximum absolute error, between reproduced
vaiues and original ones used to determine the joint angles, is less
than some tolerance { EPS! specified by input data ), the joint
sotutions { ©0:,82,0;,94,85, and 8¢ ) are regarded as feasible.

In order to make easier for everyone the practical use of this code,
the program is described in the simplest form without particular
restrictions. A1l the data to be used are set in the main memory.

The user must specify the control parameter related to the size of capac-
ity, which is prepared in the main program according as the size of problem
to be solved.

Pertaining to the input or output information, the program description
is as follows.

(1) 1Input requirements included
title of problem, position and orientation vector at the
end-point of manipulator, position numbers, convergence

factor and so on.
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(2) Output information included
{a) a complete copy of input data
{b) print out of the calculation
( for each position advancement )
The output of the calculated results consists of a
complete edit and a short edit.
The short edit is 1imited only to the joint solutions.
In this edit, the following notations may appear when
the calculation is abnormal.
Namely,
-999.D0 : denotes no real roots for the polynomial in
question. ( A1l the roots are complex. )}
-888.D0 : denotes no desired joint solutions within the
mechanical constraints.
999.D0 : denotes no convergence for «ap and 4q in
determining the coefficients of the first
quadratic factor. It is indicative of no
joint angie solutions.
*x*%* contained in the complete edit is : ****
{i)  real roots of polynomial
(ii) corresponding joint angle solutions
(iii} component values of Tg matrix
{iv) absolute errors
{c) graphics
{ at the end of calculation, the followings are
plotted. )
(i) plots of polynomial

(ii) plots of individual joint angle variables
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4. Concluding remarks

The joint calculational method and its computer program have been
designed, developed, and tested on a type of manipulator configuration.
Some checkout runs were successfully completed, and thereby, the ARM2
model worked as intended. Since the code is free of major programming
errors, it is available for the manipulator arm studies.

With respect to the accuracy of solutions and running time, the capability
of the code is adegquate from the viewpoint of off-line calculation.
Together with technical experience accumulated in the ARMl or ARMZ,

it is anticipated that a generic and elegant method for any articulated
configuration will be progressively developed with the help of the

present idea and further extension.
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Appendix 1. Test run example

In this section, one of the test runs is described.
The purpose is to show that the present code :
(1) works as intended,
(2) runs within an acceptable time for a typical application.
For the verification calculation, a trajectory was given such that
the hand of the manipulator moves along a straight 1ine with the initial
point A and the terminal point B. As an approximation of this path

H

segment KE, n equidistant points, named " position numbers " are used
in the calculation. At the present analysis, 201 spatial points were
selected and calculated by means of a linear interpolation method.

The orientation of the hand was kept constant during a movement.

A set of data necessary for the calculation is specified as follows.
(a) position co-ordinates of the initial point A
{ -0.50, 0.69, 1.14 } ( m in unit )
(b) position co-ordinates of the terminal point B
( 0.50, 0.69, 1.14 ) { m in unit )
(c) number of points ( position numbers ) = 201
(d} direction cosines

0X = 0.0, OY

]

1.0, 0Z

0.0

AX = 0.0, AY = 0.0, AZ = 1.0
( The same data is used at the terminal point
because a constant direction is intended. )
(e) convergence condition

EPS = 10~%, gpst = 1073
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Under the above motion scheme, the calculated results of individual

joint angles are plotted in Fig.a.l through Fig.a.6 .

Concerning the sensitivity check of EPS, calculated results were

almost similar for 10~2< EPS 5_10'4. Beyond that range, some of solutions
were unrealistic, however.

As illustrated in the figures, in the present test case, each joint

angle was uniquely determined. The accuracies of solutions were of

the order of less than 1078 on the average.

And the running time was about 18 msec on the FACOM-380 computer.
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**kk*k [ist of Input Data for

INPUT ~--- TITLE
LR R A o S N A e A | I T L
+
+ +++ TEST CALC. 3 +++

4

Test Run *kki*

E ++++++tdtdbbdttstdttt
+
+
+

R R R Rk ko kI A I A A SR R RS

INPUT —-= N
N ===> 201
INPUT ~-- EPS , EPS1
EPS  ===> 1.00000D-04 EPS1
—————————— INITIAL  POINT ==-=--
INPUT --= PX : PY :PZ
PX ==> =-5,00000D-01 PY ==> 6
KEYIN 0 : USER SPECIFIED
1 : RPY
Z : EARLY STAGES
DEFAULTS : EULER
INPUT --- DX , OY , 02
0X ==> 0.0 oY ==> 1
INPUT =--= AX , AY , AZ
AX ==> (.0 AY ==> 0O
---------- TERMINAL POINT -----
INPUT --- PX : PY :PZ
PX ==> 5.000000-01 PY ==> §
KEYIN 0 : USER SPECIFIED
1 : RPY
7 : EARLY STAGES
DEFAULTS : EULER
INPUT --- OX , OY , 0Oz
0% ==> 0.0 QY ==> 1
INPUT --- AX , AY , AZ
AX ==> 0.0 AY ==> 0

===> 1.00000D-03
.%0000D-01 PZ ==> 1.14000D+400 ( M
.00000D+0Q0 02 ==> 0.0
.0 AZ ==> 1.00000D+0Q0
-900C0D-01 PZ ==> 1.140000+400 ( M )
-00000D+00 0Z ==> 0.0
.0 AZ ==> -1.000000+00

_,49_
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Appendix 2. Input Data Formats

The current code written in FORTRAN 77 is operational on the

FACOM-380 computer. In this section, the input data requirements

are presented in the form necessary for computer execution from

TSS terminal.
Record 1  TITLE {A50)"

Record 2 NDEL{I*4)}
( NDEL > 0 )

Record 3  EPS{ R*8 )

EPS1(R*8)

Record 4 ~Record 6 ~---

Record 4  DATA(1,4,1)

DATA(2,4,1)

1]

It

Title of problem

Position numbers between initial and
terminal position.

If NDEL = 0, Record NO.7 through NO.9
are neglected, because a point inter-
polation is not used.

Convergence condition related to the
determination of a quadratic factor

{ x2 + px + q )

Check of the validity of the calculated
joint angles.

Joint angles solutions are substituted
into the components of the T matrix

and compared with the given data.

Initial point data ----

P, R*8 ) = Initial position of x-direction
of the manipulator hand ( m )
Py( R*8 )} = Initial position of y-direction

of the manipulator hand ( m )}

*) () denotes the type

of variable.
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DATA(3,4,1)

"

P,{ R*8 )} = Initial position of z-direction
of the manipulator hand { m )

Record 5 GET('Al')

Option of orientation calculation

= '0' : user specified

= '1"' : Rol1-Pitch-Yaw transformation

= 'z' : Return to the initial stage Record 1
( re-tria) of input data )

= excepting the above letter ( default )

: Euler transformation

Record 6

(i} If GET = '0', then

DATA(1,2,1) = OX(R*8) = x-component of orientation vector o
DATA(2,2,1) = OY(R*8) = y-component of orientation vector o
DATA(3,2,1) = 0Z{R*8) = z-component of orientation vector o
DATA{1,3,1) = AX(R*8) = x-component of approach vector a
DATA(2,3,1} = AY(R*8)} = y-component of approach vector a
DATA(3,3,1) = AZ(R*8) = z-component of approach vector a

(ii) If GET = '1', then

wi(R*8) = Rotation angle about the z-axis (deg)
w>(R*8) = Rotation angle about the y-axis (deg)
w3{R*8} = Rotation angle about the x-axis (deg)

The direction cosines are calculated as follows.

DATA(1,2,1) = cos wysin wpsin wg - sin wycos wy

DATA(2,2,1) = sin wysin wpsin wy + cos WCO0S W1
DATA(3,2,1) = cos wosin wy
DATA{1,3,1) = cos wysin wpCos w3 + sin wysin wj
DATA(2,3,1) = sin wysin wpc0s w3 - CcOs wysin wsy
DATA(3,3,1) = cos wpCOS Wg



(ii1)
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If GET = Euler option, then

w1{R*8) = Rotation angle about the z-axis {(deg)
wo(R*8) = Rotation angle about the y-axis {deg)
w3(R*8) = Rotation angle about the z-axis (deg)

The direction cosines are calculated as follows.

DATA(1,2,1) = -cos wycos wpsin w3 - sin wjcos wy
DATA{2,2,1) = -sin wyC0S wpsin w3 + COS WjCOS W3
DATA(3,2,1) = sin wpsin wj
DATA{1,3,1) = cos wysin wy
DATA(2,3,1) = sin wysin vy
DATA(3,3,1) = cos wy
Record 7~ Record 9 ---- Terminal point data ----
Record 7  DATA(1,4,2) =P, { R*8 ) = Terminal position of x-direction
of the manipulator hand ( m )
DATA(2,4,2) = Py( R*8 ) = Terminal position of y-direction
of the manipulator hand ( m )
DATA(3,4,2) = P,( R*8 ) = Terminal position of z-direction
of the manipulator hand ( m )
Record 8 GET{'Al') = Qption of orientation calculation
= '0' : user specified
= '1'" : Roll-Pitch-Yaw transformation
= 'z' : Return to the initial stage Record 7
( re-trial of input data )
= excepting the abdve letter { default )
: Euler transformation
Record 9

(i)

If GET = '0', then

DATA(1,2,2) = OX{R*8) = x-component of orientation vector o



(i)

(i11)

DATA(2,2,2)

DATA(3,2,2)
DATA(1,3,2)

DATA(2,3,2)

1]

DATA(3,3,2)

If GET = '1°,

W1 {R*8)

I

W2(R*8)

w3 (R*8)

The direction

DATA(1,2,2)

DATA(2,2,2)

1l

DATA(3,2,2)
DATA(1,3,2)

i

DATA(2,3,2)

DATA(3,3,2)

JAERI-M 86-108

0Y(R*8) = y-component
0Z(R*8) = z-component
AX{R*8) = x-component
AY(R*8) = y-component
AZ(R*8) = z-component
then

Rotaticn angle about the

Rotation angle about the

Rotation angle about the

cosines are calculated as

Cos Wisin wpsin wy -
sin wysin wosin wg +
COS Wpsin wj

cos wysin wocos w3 +
sin wysin wpcos wg -

cos W2COS W3

If GET = Euler option, then

I

Wl(R*S)
W2(R*8)

WB(R*S)
The direction

DATA{1,2,2)

DATA(2,2,2)

DATA(3,2,2)

DATA(1,3,2)

DATA(2,3,2)

DATA(3,3,2)

sin

CcOs

sin

cos

orientation vector o
orientation vector o
approach vector a
approach vector a

approach vector a

z-axis (deg)

y-axis (deg)
x-axis (deg)
follows.
WoCOS W3

WlCOS W3

wlsin W3

wlsin W3

Rotation angle about the z-axis (deg)

Rotation angle about the y-axis (deg)

Rotation angle about the z-axis (deg)

cosines are calculated as follows.

~COS WCOS wzsin Wy - sin W1CO0S W3

-sin W1C0S wzsin w3 + COS W{COS Wy

sin wzsin W3
cos wlsin Wo
sin wlsin Wy

Ccas W2

— 53_
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Appendix 3. Qutline of Bairstow's method

We use Bairstow's iterative method to find an approximation to
a quadratic factor of a given polynomial

n n-1 + o

f{x) = agx + aix . +a_=0 (1)

tet Q(x) = x? + px + q be any quadratic polynomial with real

coefficients. Then

fx) = {x* + px + Q)Q1{x) + Rx +§

(2)
where a quotient Qi(x) = bc,xn_2 + blxm3 oL, bn_2 .

" Additionally, assume Q (x) = (x* + px + q)Q2(x) + Rx + §,

(3)
- -5
where  Qu{x) = coxn 4 + clxn S Co-g

Thus, we get:
b, = a,. b1 = ay - pby 1
bk = ak - pbk_l - qbk_z (k = 253! LELALIS | n) ! (4)
¢y~ bo' ¢, = by - pbO
€ = bk - PC 1 - 4%y (k = 2,3, ..., n-1)

Using the coefficient relations in Egs.(1) to (4}, we have
R=b ;s S=b +pb ; (5)
R = Cn“3, S = Cn_2 + pCh“3 . (6)

Suppose that XQi(x) divided by (x? + px + q) gives R*x + S* as the
remainder.

or
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Q3{x)(x?® + px + q) R¥*x + S*

"

xQy(x)

(x? + px + g)xQa2(x) + Rx? + Sx
= (x* + px + q)xQa(x) + ¢ _ox* + (c 5 + pc, 3)x
= (x* + px + q)(xQz(x) +c _4) + ¢ ox-qc. 5 (7)
Hence, we obtain
R* = Choo
S% = - 39

(8)

I

Ch-1 -~ bn-l TP Che }

On the other hand, if we differentiate Eq.{2) with respect to p and

q, we have

xQu(x) = -(x2 + px + q) 2B - xg% -‘%% l

ap
. e (9)
= _(x2 oy _ AR 93
Qu(x) = -(x* + px + q) T+ - %50 = 53 J
From these Egs.{3), (6), {7) and (8),
SR o o )
5. RT |
ER)
= =5% = (¢ - b +pc )
ép n-1 n-1 n-2 (10)
3R _ 5 _
3q R=-c3
8S _ & _
3q =S = ‘(Cn-Z TP Cn—3)

If Q{x) = Q'(x) = (x* + p'x +q') is a factor of f(x), R and S in
Eq.(2) must be zero.

ie., R(p,gq) =0 }
(11)
S{p,q) = 0

Suppose that Q{x) is an approximation to Q'(x}; then, p and g are

assumed to have approximations to p' and g', respectively.
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or p' = p + ap
q' =q +2q

Therefore,
R(p + 2p, g +aq) =0 \) 12)
S(p + ap, g +2q) =0 J

Expanding in Taylor series and truncating after the first-order terms,

we get:
R(p,q) + 28 ap + R 4q =0
P °q (13)
35 3S _
S(p,q) + 55 2P * 3q %4 ° 0 f
Solving Eq.{13), we find that:
\
An = Rec 2 753 _ Bn_1%n-2 ~ bncn-3
P c 2.3 . ¢ 2% L.
n-2 = “n-1"%-3 “n-2 7 Fn-17e-30 L (14)
Ag = StCpp ~Reen g _ b Cn2 = Pno1n-1
| c 2 - c c 2.3 .-
n-2 = “n-1"“n-3 n-2 n-1 "n-3 J
her 2.3 ¢ 0
» Wnere “n-2 7 “n-1%n-3
(15)
Cho1  Cnel 7 Ppet

Now we can replace p by (p + ap), and q by (q + ag}, and repeat the

above procedure.
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Appendix 4. Calculation of Coefficients of the Polynomial

(1) be =as(a_ y_ - a_ x.)

b, = 2as{(ox Xy =0

Y X y
b, = as{(qx xn-ay yn) + (ay yp - a, xp) + 4a5(ox2 + oyz)}
by = Zas{(ox xp - oy yp) + a5(aX o ¥ ay oy)}
bv = as(a, X -3, yp)

bs =XX'Xn -YY'yn
be = 2a5(XX - o, + YY - Qy)

by = XX+ x VY XKk - VY ey

n p

bg = 2as(XX -+ o ¥ YY « oy)

bg = XX - - YY -
] Xp yp

jo R
[®]
w

i

1
—_——
+1]
[5;]
el

+
~t
[t}
—

d1 is computed from Subroutine CFSET. (i =0, ..., 4)

(%) i s )
r oe. t = ) ccy t

i=0 \i=0

Coefficient e; is computed from Subroutine CFSET.

(6)‘FQ=X2+}’2

n n
f, = 4a5(0X Xy = 0, yn}
f, = 2(xn X oy, Y )+ 4a52(ox2 + oyz)
fs = das(o, Xy = 0, yp)
fy = xp2 + ypz
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. 0 bl

(7) 1 4 N/ 4 A
Log.t = 5 dt ( r f. t1)
i= i=0 ! v

Coefficient g, is computed from Subroutine CFSET. (i=0, ..

(8) hg = £,
hy = f3
hy = fo + 2f,
hy = fy + 2f,
hy = fy + 2f, + 1,
hsg = f, + 2f;
he = f, + 2F,
h, = f,
hg = T,

(9) J1 =e.tg, - ah, {i =0, , 8) (a = ax® - asy?)

(10) I, = oy Yo = O X,
[, = -2as(0_ 2% + oyz) + 2(ay Y, - ay xn)
I, = oy yp - o, xp o, x, - oy Yy - das{a_ o, +a_ o)
I; = 2a5(0x2 + oyz) + 2{ay Yp - a, xp)
I, = oy xp - Oy yp

(11)( 8 1) < 4 1_\2

Z 121 t =1z I1 t
\ 1=0 1=0 /
121 is computed from Subroutine CFSET. (i =0, , 8)
\ /

(12) /g 11.t1\z/ i I.fﬁ( g do.t“1>
Ki=o T Kizo ! iz
II. is computed from Subroutine CFSET. (i = 0, , b)

i




(13)

L. =1
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Ko = =0, * CCy
Ky = -(OZ-EE; + ZaZ-EEO)
Kz = 0 - CCy - 2a, - cCy - 0, . CCy
Ks = o, »cCy - 2a, .+ CC, - o, .+ CCs
Ky = oz-'EEZ - 2a, - cCy - o, - CCy
Ks = o CCy -2a_ - cc,
Ke = o, ccy,
PIi = Ki + 111 (i =0, , 6)
LLy = 02
Ly = 4az o,
LL, = 4az2 - 20_%2
LLy = —4az 0,
LLy = oz2

/4

. N4 .
5 PL1t1= oLL, H) o, U)
i=0 i=0 i=0 ,

Coefficient PLi is computed from Subroutine CFSET. (i=0, ...

; oi ¥ PLi (i=0,...,8)

(18) [ 16 : 8 )2
<z N, t! :( rodst]
i=0 \i=0

Ni is computed from Subroutine CFSET. (i =0, ., 16)
(19) / 12 i\ 6 32
pomgt =4 n Pt x dagy?
i=0 / i=0
M is computed from Subroutine CFSET. (i = 0, .y 12)

(20)

i

12 ; 4 12
r f.t = {(1+t?)2] ¢ f. t
= g

f. (i =0, ..., 12} is calculated from CFSET routine,

—— 59_




JAERI-M 86-108

(21) 24 Y 1.\\/ 12 i\
L Py t = z In. tios foot )
i=0 i=0 /=0 !
24 j /8 ; 16 i
Z q'i t =( Z L_i t) | Ni t >
i=0 \1=0 \1=0

Pi and q; are computed from CFSET routine.

(22) ri = p: - g, (i=0,...,24)

(i



