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Mathematical formulae of the jN method are summarized for descrip-
tion of the neutron and gamma-ray transport in a multilayer slab system
with anisotropic scattering in a multigroup model. A FORTRAN-IV computer
program JN-METD3 is described in detail for solving the stationary trans-
pért probleﬁ within the context of j7 approximation for space and P3
approximation for scattering angle.

The computer code calculates the radiation flux from an extraneous
source at the slab boundary as a function of space, angle and enérgy

variables. 1In addition, it evaluates the eigenvalue of the integral

transport equation, the effective multiplication factor or the asymptotic
? decay constant of neutroms for a slab reactor, as well as the eigenfunc-

tion, the space, angle and energy dependent flux distribution.
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1. Introduction

The Jy method has been developed from the multiple collision methodl)

as a simple but accurate analytical approach to meutron transport in a
finite system. The starting point to neutron transport in a finite
system. The starting point of the method is an integral form of the time-
dependent transport equation into which a delta function is introduced to
fix the point of measurement. The rewriting of the delta function in the
form of its Fourier representation is equivalent to taking a finite Fourier
transform with respect to the space variable. Since the equation contains
a convolution integral in time, Laplace transformation with respect to
time leads to an integral equation for the Fourier-Laplace transformed
emission density of neutronms (or the distribution of secondary meutrons).
The transformed emissicn density and the kermel of the integrai equation
are then very conveniently expanded in spherical Bessel functions of the
Fourier transformed variable. For spherical and plane geometries, the
expansion of the transformed flux rather than the transformed emission
density is equivalent to an expansion of the original flux in Legendre
polvnomials %ith respect to space2)3). A very convenient property of the
expansion of the emission density is that the final expression of the flux
obtained through the Fourier and Laplace inversion satisfies exactly the
boundary conditions independently of the order of jy approximation
(truncation order of the expansion). The neutron flux for the stationary
state can easily he written as a limiting case of time-dependent problems.

~ The approach outlined above has already been applied successfully to ’
space-energy time-dependent problems in bare spheres“) as well as space-
angle energy-time dependent problems in homogeneous slabsS), by assuming
that the scattering of neutrons is spherically symmetric in the laboratory
system, A computer program JN~-METD1 has been developed for accurately
solving both the stationary and time~dependent problems with a high com-
putational efficiencys). The eigenvalues (e.g. the effective multiplication
factor) and the eigenfunctions (the neutron flux distribution) of the
integral equation converge to the exact values very rapidly as the order of
iy approximation increases, except for the flux at times close to the
moment when the wave front of the direct neutron beam arrives. Moreover,

the eigenvalues can be computed without any knowledge of the eigenfunctions

which are therefore evaluated by the computer code only if required (e.g.
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the flux in selected emergy groups at selected space points). The calcula-
tion of the time moments of the time-devendent flux is alsc simple because
it has been reduced to a stationary problem.

The jN method can easily be extended to take into account anisctropic
scattering of neutrons7) or to deal with multilaver slab systemss). A
complete formulation for treating neutreon transport in multilayer slabs
with anisotropic scattering was already given for both the statiocnary and
time-dependent problemsg). A computer program JN~-METDZ has then been
developed for solving these problems under the assumption that the scatter-
ing of neutrons is spherically symmetric in the laboratory systemlO). It
evaluates the first three time moments of the time"dependent.flux resulting
from a delta funection houndary source with space, angle and energy variables.
In addition, it calculates the effective multiplication factor or the
asymptotic decay constant of neutrons, and the space, angle and energy
dependent flux distribution in multilaver slab systems.

Furthermore, the applicability of the approach to convex geometries has
been demonstrated for a homogeneous medium in which the neutron scattering
is isotropicll). In the work, an expansion into ordinary Bessel functions
of odd order was adopted for an infinite cylinder instead of the spherical
Bessel functions used for the slab and spherical geometries, The method
has recently been generalized to deal with an infinite cylinder with |
linearly anisotropic scattering of neutronSIZ).

The present report is concerned with the computer code JN-METD3 designed
to solve neutron and gamms-ray transport in multilayer slab systems with
anisotropic scattering in the (up to) Py approximation. By the use of a
multigroup model and the jy (N£7) approximation, the computer code calculates

the following quantities:

(a) The space, angle and energy dependent radiation flux due to a statiomary

point-isotropic or monodirectional boundary source.

(b) The value of the effective multiplication factor kgff of a multilayer
slab reactor and the stationary neutron flux distribution as a function

of space, angle and energy.

(¢) The asymptotic decay constant of the fundamental neutron distribution

in a multilayer slab systen.
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A general formulation for dealing with time-dependent neutron and

gamma-ray transport in multilayer slabs with anisotropic scattering has

already been shown in a previous paper

9). We therefore only summarize here

the mathematical formulae for a M-region slab within the content of a

G-energy-group model and the jy and Py-scattering approximation.

Let x be the space coordinate, u the direction cosine of the photon

or neutreon velocity,

1
g

the g-th group absorption coefficient or macro-

scopic total cross section for the i-th region, extending from x = aj_1

to agy (ag=0), v

cj(glrg, u'>w)

g

the speed of neutron (or photon) in the g-th group and

= 21cy(g'+g, Q'~+N) the mean number of secondary photons or

neutrons produced with the direction u in the g-th group as a result of

collisions in the g'-th group and i-th region with the direction u'. The

ci{g'+g, u'»u) is expanded into Legendre polynomials of the cosine of the

scattering angle:

Ci(g'+gg U'+U) =

22+1

=0 2

cgl(

g'+g)P; (ug)

(1

" The g-th group gamma-ray or neutron flux in the j-th region resulting

from

tten

a delta function boundary source Sg(x,p,t) = Sg(u)é(x)ﬁ(t) can be wri--

as

$gd (5,1, t)

j-1 .
_ 1 __E k i
= T sg08(e - Fexpl=( 2 T (apar1) iy (may 1)) ul
g k=1
L N el o x-ai-1 J o, +a,t
+ I exp[r;! vi(spy~1)t] I (2241) 2 { 2 Fpg( % ,—%m; 2 _i_ yH,8; - T agk+ g &,
h =0} p=0 i=1 R AR =1
M i 3 —a. 1 i i+ 1
. Gyl agl X-d5_7 agj %g
j k
x Bpgt(g,en)t T FpoCh g oHess T oot = _______)B RGN
P 1=+ PR T2 Pag-aso k=j £ P §=L]1 V18h
L N aol w,d x-as_ 3
+___ f dy expl-(Iv-iy)t] I (24+1) z {: sz( % s % . a-ii.l sHe83 = I agk
e 2=0 p=0 i=1 93Tl k=1
!
o . 0 .
+ —LQL)prl(gas)
a il e d x-a; g l+a
FP’Q'( 7’ % :a._;j l:UsS; L u’gk - g )bpﬂ, (g S)}S El VI—EV"‘ly
j-ay_

i=9+1

k=]

(2)
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k _ ko k _ k_q_ 1o _ k
where ag" = Pg Zg (ak ak_l)[Pg 1-(E1° vy s)/()Ig vg)], tv stands for the

minimum value of ng Vg for all g and k, and

o)
. . 1 3 . i .3 idz
Fpg(agl,agj,é,u,s;d) = Z?1Pg3[f_mdz Jp(uglz)exp[lagjz(l—ZE)]Zl

X f dt'eXp[“ng(i"iZU)t‘]PE(U). : (3)
0-

The explicit expression for sz in the j7 and Py approximation {(0%p<7 and
0<2<3) is given in Appendix 1, Section 2,

In addition, s = levlfh and Bpgi(g,sh) in Eq. (2) are respectively a
pole and the residue of bpgl(g,s) which satisfies the following linear

equations:

G j ]
. . . o] J o, Jta
1 b Ej(g',s) =L ¢ J(g—*g')|o¢ Jls_¢ g(—-g*'s, - I oy k4 —ﬁbh—Fwﬂ
2g+1 9 e S g '"g 2
g=1 k= 1 . .
G L N 3 h| i ] o d+o 1
Lm o o .
+ 3 cj(g% )L m#l) T [T J ((B- B s 7o KpB By I o)
£ qr 2 2 g 2 m
g=1 n=0 r=0 i=1 k=

M ad g 1 i o, t4q J
P g mCEL sy w et - B i, )

where

9, s 1 .. . . 1d .
Squ (agJ,s;d) =5 f oodz Jq(agjz)ﬁl zegp(—laglz/Z)

o 1 .

X f dt'exp(—Pth')I du Sg(u)PR(u)exp(injzt'u), (5)

o o

Ame . 3 i oay - oLy, - : I i_y,idz

Jqr™ (ng7,a57,83d) 2W|ag3{f_mdz Jq(ug Z)Jr(ag z)4
o . 1 .

x | dt'eXp(-Pth')f duP, ()P () exp (iPgdzt'u) . (6)

0 -1

The explicit expression for quﬁm is shown in Appendix 1, Section 1 for

0<q, r<7 and 0<g,m<3,

Upon integrating Eg. (2) over u from -1 to I, the scalar flux is

obtained in the form:
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1 -1
s (s(e- )eXP[—( I I k(ak-ak_1)+2 J(x—aJ 1)/ul
oV 8 Vgt k=1

¢gj(x,t) = f

N i i h|

L el  xX—as_
+ exp[levl(sh-l)t} To(2e+1) £ {: Gpg( % y % y 2 j-1 -1,s;- I ugk +-“££75Ji*)

h =0 p=0 i=1 a5783-1 k=1
]; Oigi agj X-aj_l i k J+(], ( )
x B (g s )+ Gpg (2, 2 -1,s; I o -‘JE**jLﬂB 2,8 1
,Q, sSh 2 _a. »2y {4 R h g=
imi41 pxt 2 * 2 aj=aj_q k=1 =£1"vish
1 * L N J X—-a- J Kk J+O:
== [ dy expl-(Zv-1y)t] I (23+1) £ { & Gpgc—ﬁ—, 3 ,2——:&7—— -1,85- I o +-—iL——ji0
R—— 2=0 p=0 i=1 25745-1 k=1
M apt a,d  x-as 1 o i+a 3
i g %gm S Ti-1 0 4 L. k _ %g Tog i
x bpﬂ, (g,S)'{"_? Gpﬂ,( 2 ¥ 2 28‘—3'_1 l,S, zug 2 )bpﬂ, (g’S)}S=211V1—ZV+iy,
i=j+1 171 =]
(7)
where 1
Gpe (agl,0,d,6,85d) = | ldu Fog(agl,and, (148)/2,1,834d), (8)

the expression for Gpg in the j; and P3 approximation being given in Appendix
1, Section 3.

For two cases where the angular distribution of the boundary source

Sg(u) is written as

a) Sg(u) = 251 {point isotropic or cosine distribution source), (9)

b) Sg(u) Sgﬁ(u—ul) with u; > 0 (monodirectional source), (10)

the integral ng defined by Eq. (5) takes respectively the following forms:

- 1 , ;L oidz .
ang(agJ,s;d) = E—f. dz jq(agjz)ﬂ exp(—laglz/2)

© .1 .
x [ dt'exp(-Pglt")[ dunPy (wexp(iPglzt"y), (11)
0 o
e 1 N ' .
Cqp (ogdas3d) = 2F ) (agd,apt/2,1,01,85d)/P,0 . (12)

The explicit expression for anE is shown in Appendix 1, Section 4. For
the point-isotropic source (9), the first term on the right hand side of

Eq. (7) is reduced to
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i-1

284 :2 exp[-( Z Egk(ak—ak_1)+5gj(x-aj_l))vgt/X] for O<x<vgt,
Vo k=1
ZSgG(t) for x=0, (13)

0 otherwise,
For the monodirectional source (10}, it reduces to

j-1

ZYexp[-( T
kE

58 (t - Lo (amay )83 (x-ay_p) /a1 1/ (14)

1

For a stationary state, only one largest pole s = leleof bqj {g,s)
is of importance. Hence, by multiplying s—Ellvl on both sides of Eq. (4)
and taking the limit s - Ellvl, we get the equation satisfied by Bqﬁj(g)

= lim (S—levl)quj(g,s) as follows [for the case with the stationary
s+1° V)
boundary source Sg(x,u) = Sg(u)é(x)]:

] i
. . ) o
CRJ (g—*g‘)agJSgCg (%,levl;* z OLg — 7
g=1 =1

. L N h| im o ] [0 i J g dta 1
e dgrg’) T @nil) T LD g BB nly; s o K B Bp
L . qr 2 2 )
m=0 r=0 l=l =7

1@

l .
preey Bqel(g') =

+
"B

[

M 1 i i
4m Gpd a
+ L Ty (—%%—;{gm,zllvl; )
i=j+1 k=]

g ita,d . '
- ) Emt ()], (15)

The stationary vector and scalar fluxes can thus be written respectively as

5-1

. 1 .
oot (x,u) = E‘Sg(u)eXP[-(kElEgk(ak-ak_1)+ZgJ(Xmaj_l))/u]
L N, 3 o i o ] X=a3 . i s} j+a i
+ L (2e+1) $ T R (B A T v tygyo 1o K+ BB yByeie)
pLt 2 2 ’a.-a. g 2 P
£=0 p=0 i=1 Ji-1 k=1
tgl gl X-a5_1 i agd+a,t .
+ Fpr (h e o T v Tk - B BB i), (18)
J 931 k=j
i Ly = h
dg (x) = i o Sg(expl-( T IgMamay )4y (xmag 1) /1]
fo] k=1
L N, J o 1 o J X=as_ h| o j+a i .
I (24) T LT G ¢ g , % ,ZaQ_a? “1,5y vy - 3 agk +-—jizfii—)Bpll(g)
2=0 p=0 i=1 iT%i-1 =i
M a1l g J X—a, i o i+q, ] .
-1
+ 2 sz(‘g—,—g-,za—,__i_ -1,2, vy 2 ugk - —g—é‘g—)BpRl(g) - AN
i=j+1 -1 k=]
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It is noted that the expression (16) or (17) can be obtained alsec from
the integration of Eq. (2) or (7) over t from 0 to infinity. For the
two cases with the point-isotropic source (9) and monodirectional source

(10), the first term on the right hand side of Eq. (17) reduces respectively

to
j-1 .
ZSgEZ[ E Egk(ak-ak_l)‘FZgJ (X_aj--].)} » (18)
j-1 .
Sgexpl-( L Zgk(ag-ap_1)+2,7 (x-a5_1))/u1]/uy. (19)
=]

It is seen from Eq. (13) that also the critical condition for a system

without extraneous source Sg = 0 can easily be written as follows:

8ot 8arSamd it . P R o d+e 1
g8 —qr im°ji i vy fm BgT BT oL ek BT
| Zqtl (Zml)eg’ (@78 ) gy (5321 V13300 52 |
=0, (20)
g,8' = 1,2,....,6; gq,r = 0,1,2,...,N;
£.m =0,1,2,..,L; J,i=1,2,..... LM,

In order to get the value of the effective multiplication factor k, ¢p for a
given reaétor, coj(g+g') is divided inte twe parts. These are the scatter-
ing part eggl{grg') = Esoj(g*g')/ﬁgj and the fission part cgi(grg") =
xgr(uzf)gJ/ZgJ where Xg stands for the proportion of fission meutrons born
in the g-th group. By the use of this separation, the value of kg ff is

obtained by solving Eq. (20) with
cod (378") = cogd (e28") + cpd (08" ) Mkpgs- (21)

The ratio between the residues Brgi(g)'s can now be obtained, under the
condition (20), from Eq. (15) with S, = 0 and coJ(g>g') given by Eq. (21)
for obtaining the flux distribution in a multilayer slab reactor according
to Eq. (16) or (17) with S, = 0. 1In addition, Eq. (20) with s = T1lvis)
instead of Ellvl gives the decay constant of the fundamental mode X =
levl(l—sl) which governs the asymptotic behavior of neutroms as t > =
[see Egqs. (1) and (7)]. .

For a non-multiplying system in which there is no up-scattering of

neutrons, Eq. (4) [or (15)] can be simplified to the form which is solved
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in the same way as.for a one-group model:

L ‘N o '|j+d v i

L ' I 0 Y 4
atDegd(g's") & (2ml) T [ 1 I F- eﬁﬁ,s;:(iug'k e e L PN R

0=0 r=0 1=1 2

] i o j+a i

g' - . : .
. ~ . 5 2 K
—bqgl(g',s) = —(2q+1) [ i Cﬁj(g*g')lagj|sgcq ( % ’S;'kilag i - . &y

1

g—

g=1

g

1
1 L N a,J4o, 1

M i i
. im Ged o .
+ 1 cpdegre') T (mtl)ox [T qum(%,%’s;;(ﬁagk _ j_Tg_))bml(g’S)]_

m=0 r=0 i=1

(22)

3. JN-METD3 Computer Code

3.1. Input data

After a title card with a 20A4 format, 19 integers are read with a 2513

format. These input integers are defined as follows:

TIO 3, 5 or 7 for the j3, j5 or j7 approximation (0 to stop the
execution; see Appendix 2, Section 1)

IIIL 0 or 1 for solvihg the problem with a point-isotropic or mono-
directional external source at x = 0 {(for NSQUCE=1)

NSOUCE -1, 0 or 1 for the problem to cbtain the asymptotic deéay
constant (LLL=0; if NSLOWD=1 the decay constant of neutrons
belonging to the lowest energy-group being calculated), to
compute the value of the effective multiplication factor
(NSLOWD=O) or to deal with a subecritical system with ‘an external
source for obtaining the flux distribution

NSLOWD 1 for non-multiplying system without up-scattering of neutrons
(0 otherwise)

IA(ll) ‘_Lquph_of_ghg cross section (XSEC) mixing tables of the data
11$ and, 12% |

TA(13) . Number- of the cross section sets to be reéad from ards (the

“data 14%) o
IGRP Total number of energy groups
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in the same way as for a one-group model:

o L N 3 N B g tdtagrd .
atDegd (gt B Qo) 1w [ 3 I B A e a0 K - BB by (6
i _ - . qr 2 pi k g 2
m=0 r=0 i=1l _
. g' . G J P K S
- leg? = —(2aq+ N T ] L8 .. k 787 78
bqe(g',s) (2q 1)[85162 (g>g )|@g |Sng (-5>s3- E agh + 5
g'-1 : L N M J g 1 i J4q 1
. gm Ood o o, J o .
+ 1 ey v omtl) £ [ 1 I BB s ek - BB bple,e)].
_ _ _ . qr 2 2 I’ g 2
g=1 m=0 r=0 i=1
(22)

3. JN-METD3 Computer Code

3.1 Input data

After a title card with a 20A4 format, 19 integers are read with a 25I3

format. These input integers are defined as follows:

110 3, 5 or 7 for the J3, js or j=o approximatién (0 to stop the

execution; see Appendix 2, Section 1)

TIII 0 or 1 for solving the problem with a point-isotropic or mono-

directional external source at x = 0 (for NSOUCE=1)

NSOUCE -1, 0 or 1 for the problem to obtain the asyﬁptotic deéay
constant (LLL=0; if NSLOWD=1 the decay constant of neutrons -
belonging to the lowest energy-group being calculated), to
compute the value of the effective multiplication factor
(NSLOWD=0) or to deal with a suberitical system with an external

source for obtaining the flux distribution

NSLOWD 1 for non—multiplying éystem without up-scattering of neutrons

(0 otherwise}

'IA(ll) Length of the cross section. (XSEC) mixing tables of the data
11$ and 12*

TA(13) Number of the cross section sets to be read from :ards“(the
data l4%)

IGRP Total number of energy groups
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IHT Arrangement of reaction type of the P, component of the cross

THS section for the g-th group and i-th material; XSEC(.....,IHT-2,

JHL THT-1, IHT,..... , IHS-1, IHS, THS+l,....., JHL; g,%2,i) = .....,
Lagl, viggl, Igglsen... 21 (g+l+g), rl(gog), Ii(g-108),......
%t (g-JHL+IHS+g) [ the Py component should have been multiplied
by (28+1)]

LP Order of Legendre expansion of the scattering cross section
plus 1 (<4)

NNNN Total number of homogenecus regions in the multilayer slab
system l

LLL 1 for computing the flux distribution {0 otherwise)

TAA Total number of input cards for the present problem

NENRGY Number of energy groups for which the flux distributions are to
be calculated (see the array NGRUP mentioned below)

NTFLUX I for computing the total flux (0 otherwise)

NTSPAC Number of space points at which the angular and/or total flux
are to be cobtained {see the array NSPACE mentioned below)

NANGL Number of angular points at which the angular flux is fo be
calculated (total ramnge of p from -1 to 1 is divided into
NANGL-1 to have an equal spacing, and only u=1 if NANGL=1)

TA(14) Number of activities to be calculated (only when NTFLUX=1)

The maximum numbers allowed for IGRF, NNNN and so on depend only on the

size of a blank COMMCN (see §3.2),

Next,

in the subroutine JNMETD, the following data depending on the

input integer NSOUCE are read with 7F10.6 (energy-dependent quantities are

ordered respectively by energy-group beginning with the first or highest

group):

NSQUCE=1 SOCE(I),I=1,IGRP; boundary source intensity Sg
DANGL; direction cosine pi of monodirectional source at x=0
(only if IIIT>0)

NSOUCE=0 CK1,CK2,EPSK; the first and second guess for the value of kgff
and the required relative accuracy

NSQUCE=-1 ] VG(I1),I=1,IGRP; speed of neutrons Vg

_9_
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CKI,CKZ,EP8K; the first and second guess for the asymptetic

time constant 1l-s; and the required relative accuracy

If NSLOWD=0, these data are followed by

XG(I)

I=1, IGRP Fission spectrum Xg

which are vead with 7F10.6 in the same manner as VG, The following data

are then read in the FIDO input format!3);

XSEC 14*% followed by the cross sections for all types of reactions
arranged as mentioned above in the first group, then for those
in the second group and so on, for the zeroth, first,

Legendre components. These data are followed by T

IMIX 115 followed by material numbers to mix the cross sections for
obtaining those for mixtures, with T at the end (only when

IA(11)>0)

DEN 12* fellowed by number densities of materials to be mixed as

specified by IMIX, with T at the end (only when TA{11)>0)

Then, the following data are read with 7F10.6 in the order of space region (K):

A(K) Thickness of the region

BUCLG (I,K), | Buckling for taking into account the finite extention of the

I=1,IGRP system in y and z directions, (By2+Bzz)g, ordered by group g

Finally, if LLL=1, the following data are read with a 25I3 format in

the subroutine FLUXCA:

NGRUP (I) Energy-group indices of NENRGY groups for which tie flux

I=1,NENRGY| distributions are to be calculated (in increasing order)

NSPACE(I),| NNNN numbers of space points at which the flux is to be cal-
I=1,NNNN culated. (The first integer is the number of s,.:ace points

for the first region, the second integer is for the second

region and so on.) If NSPACE(I)>1 the I-th region is divided
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into NSPACE(I)-1 to have an equal spacing and if NSPACE(I)=1
one space point is selected at the boundary between the I-th

and (I+1)~-th region.

The input data for three sample problems are given in Appendix 2.
The first sample problem calculates the value of kyff of 2-region slab
reactor with the Pj-scattering in the l-energy-group j; approximation.
In addition, it obtains the angular and total flux at 3 angle and/or 6
space points in the second slab. The second problem, on the other hand,
computes only the decay constant of neutrons belonging to the lowest energy-
group in a l-region slab system, with the P;-scattering and a point-
isotropic boundary source, in the 7-group J; approximation. The third
problem calculates, in the context of a 7-group js; approximation, the
angular and total flux of the highest and lowest group neutrons, respectively,
and one activity at 3 angle and/or 6 space points in a 2-region slab system

with the Py-scattering and a point-isotropic boundary source.

3.2 Computer programs

The JN-METD3 package consists of 14 programs: MAIN, JNMETD, FLUXCA,
FIDO, FCAL, FSCAL, SGMOD, CCALC, DET, ITRTON, SOLEQ, GCAL, FMCAL and EP.
In addition, the code makes use of the library subprograms, DEXP, DLOG,
DATAN, DSIN, DCOS and LEGDDY) .

Almost all subscript variables and their dimension informations are
stored in a blank COMMON for the use of the adjustable dimensioning. The
present size of the COMMON for subscript variables is 84 K words so that
the program requires the core storage less than 128 K words in FORTRAN-D
on the FACOM-230/75. For altering the dimension of the COMMON to fit the’
core storage, 12 statements should be adjusted. (All 14 program decks are
respectively numbered.) These are 5 cards inm the MAIN program: the 26th
(dimension of ACOM), 27th (dimension of ICOM), 28th (dimension of BCOM),
32nd (clear COMMON) and 122nd card (available 2 required storage?), and
8 COMMON statements (dimension of ACOM) which are the 27th card of JNMETD,
13th of FLUXCA, 5th of FIDO, 12th of FCAL, 10th of CCALC, 5th of ITRTON,
10th of GCAL and 5th of EP,

In the MAIN program, as can be seen from the flow chart shown in
Appendix 3, Section 1, sizes of the required arrays are computed based on

the input parameters and then first-word addresses are calculated for these
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arrays. The locations of these pointers and the associated arrays with
their dummy dimensions are given in Table 1 which shows also the fact that
the storage locations bigger than IA(38) are used in two different ways,
once in JNMETD and then again in FLUXCA. The actual values of the integer
variables specifying the sizes of arrays are summarized in Table 2. The
first-word addresses and the dimension informations are transferred through
a call statement and a part of vector in the blank COMMON is treated as a

multi-dimensional array in subprograms.

Table 1 Location of the first elements of Real*8 (:Real*4 or * Integer)
arrays stored in the blank COMMON and their dimensions”
(see Table 2}

Location Array name (dimension)

IA(31) | ALPHA(IGRP,NNNN)
TA{51) | XV(IGRP,NNNN)
IA(32) | RES(IIO,IGRP,NNNN,LP)

IA(33) | - A(NNNN)

TA(3%) - SOCE(IA(16))

IA(35) | » XSEC(JHL,IGRP,LP,TA(10))TT

IA(36) | - VG(IGRP)

IA(52) - XG(IA3))

IA(54) | * DEN(IA(11))

IA(55) | * IMIX(IA(1l))

IA(38) | ED(IGO,IA(1)}) IA(38) | X(NTSPAC)

1A(39) | E(IGO,TIA(2)) IA(40) | - ANGL(NANGL)

1A(40) | C1(IGRP,IGRP,IA(6),LP) |IA(47) | * TFLUX(IA(9),NENRGY)
TA(53) | ALS(IGRP,IA(12)) IA(48) | + VFLUX(NANGL,NTSPAC,NENRGY)
IA(41) | C2(IA(5),TA(5),TIA(6)) IA(30) | * DOSE(IA(9),IA(14))
IA(42) | SC(IA(7),IA(8)) IA(49) | * NGRUP (NENRGY)
TA(43) | - BUCLG(IGRP,NNNN) IA(50) | * NSPACE(NNNN)

IA(44) | + CS{IGRP,IGRP,NNNN,LP)

TA(45) | * CF(IGRP,IGRP,TA(4))

1A{37) | - XBSEC(IGRP)

T IGO=(1IO+1)*IGRP*NNNN or (IIO+1)#NNNN for NSLOWD=0 or 1
4+ TA(10)=TA{13) or IA(L3)+NNNN for IA(11)=0 or positive
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Table 2 Computed integers for specifying the array dimensions

NSLOWD 0 1

NSOUCE -1 0 1 -1 1

NSPH (II0+1)*NNNN*IGRP (ITO+1) *NNNN

IA(L) 6ot TGO+1 0 160
TA(2) 16O TGO+2 1GO 1G0+2
IA{3) : IGRP

TA(4) NNNN )

TA(S) 0  1gRP 7 _____
IA(6) NNNN 0 NNNN 0
TA(7) 0 0 16O
TA(8) 0 0 IGRP
IA(9) NTSPAC (only if NTFLUX>0)

TA(12) NNNN o 7 N | o
1A(16) 0 | IGRP 0 IGRP

T IGO=NSPH*LP

In the subroutine JNMETD, firstly the input data are read by calling,
for reading the FIDO format data, XS5EC, TMIX and DEN, the subroutine
FIDO'3) as seen from the flow chart of Appendix 3, Section 2, and then

the following quantities are computed:

(a) The residue Bqu(g) according to Eq. (15) [or Eq. (22) for a non-
multiplying system without up-scattering of neutrons] for a multilayer

slab with a stationary boundary source (NSOUCE=1),

(b) The value of kegff for a multilayer slab reactor (NSOUCE=0 and NSLOWD
=0) and if LLL>0 the ratios between Brgi(g)'s from Eqs. (15) with
Sp=0 and (20) and coj(g+g') given by Egq. (21).

(¢} The asymptotic time constant l-s; for obtaining the asymptotic decay
constant Ellvl(l—sl) for a multilayer slab (NSOUCE=-1 and LL1=0)} or
if NSLOWD=1 the asymptotic decay constant of neutrons helonging to

the lowest energy group.

For the cases (b) and (¢}, the values of cok(i+j) or cﬂk(i+j) for all
% are first modified according to the guess of k.fy or l-s), and for the

case (c) the values of aik = Pikzik(ak—ak_l) are calculated. With these
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k

values of cik(i+j) and a;", the matrix elements for Eq. (15) or (22) are

then computed by calling the subroutine FCAL (ugj,agi,d,LP,IIO) which
obtains the value (ii)ngJq%m (agj,agi,s;d) for £,m=0nLP-1 by the use of
their explicit expressions shown in Appendix 1, Section 1 [see formulae
(A.11)v(A.25)]. In the case where agl+a,l+|d|<5, ¥CAL calls the subroutine
FSCAL (ugj,agi,d,LP,n—l,IIO,JII) in which the series expansions shown by
the formulae (A.28)%(A.41) are used for the calculation depending on the
values of parameters agj,agi and d {JIT stands for the parameter range).
The FCAL and FSCAL use the subroutine SGMOD (S5I,I,..... ) in which when
1>0 Xp,s+n,L (0§,%1,d) 15 modified to Xp+l,s+n+l,L [see Eq. (A.10) in
Appendix 1] and when I=0 the summation of (A.20) or (A.21) is performed.
The exponential integral En(x) appeared on the right hand side of Eq. (A.11)
is evaluated by the function subprogram EP(n,X)lO). At the end of FCAL,
the recurrence relation (A.6) given in Appenaix 1l is adopted for computing
the functions qu with ¢=207 and r=1v6 from the values of Jp, and Jir with
r=0%7 and JqO and Jq7 with g=27.

After having been obtained the matrix elements, JNMETD calls, for the
cases (b) and {(c), the subroutine DET to evaluate the determinant {(20)
[with s=I)lv;s, for the case (c) instead of s=I;lv; for the case (b)] or
the corresponding equation for the case (c) with NSLOWD=1l. The subroutine
ITRTON ié then used for iterating the process to make the value of the
determinant zero until the relative difference between two successive
values of kgff or 1-s; becomes smaller than EPSK., For the case (b) with
LLL>0, after obtained the converged value of k.ff, the ratios between the
residues are calculated by evaluating the cofactors of the determinant by
the use of the subroutine SOLEQ which solves a system of simultaneous linear
equations.

For the case (a), in addition to the matrix elements, the first term
on the right hand side of Eq. {15) or if NSLOWD=1 the right hand side of
Eq. (22} is evaluated with the help of the subroutine CCALC (agj,agl/Z,d,
LP,1I0) or FMCAL (ugi,ugj(ZE—l)—d,u,IIO). The CCALC computes (—i)qujPéj
xcqaﬁ(agj,s;d) by using their explicit expressions if dgj+ag1/2+|d|>5 or the
series expansions otherwise, As is seen from the expresc.on (A.69), it uses
EP for evaluating E;. On the other hand, FMCAL computes (i)Fpg(ugi’agj’g,
u,s;d)/Py(u) for obtaining Cpbl(ugj,s;d) of Eq. (12) with the help, of the
subroutine in the FACOM SSIL (Scientific Subroutine Library}, LEGDD (u,%,
Py (u),ILL) for evaluating P,(u). The FMCAL uses the series expansions
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given in Appendix 1, Section 2, if (agi+|agj(25—1)—d|)/|u|$5. The residues
are then obtained in JNMETD by calling SOLEQ to solve Eq. (15) if NSLOWD=0
or Eq. (22) if NSLOWD=1. )

. The subroutine FLUXCA computes for NTFLUX>0 the total flux and/or for
NANGL>Q the angular flux by using the values of the residues (or the
ratios between them) obtained as mentioned above in JNMETD. As is seen *
from the flow diagram of FLUXCA shown in Appendix 3, Section 3, after
having calculated the angle points (values of u) at which the angular
fluxeg are to be computed if NANGL>(G, the space points (0gE<1) are deter-
mined in each region and the total fluxes are calculated at these points
with the help of the subroutine GCAL(agi,ugj(2&—1)—d,2,IIO) if NTFLUX>0.
The GCAL cowmputes (i)sz(agl,agJ,ZE—l,s;d) on the right hand side of Eq.
(17) by adopting the explicit expressions with the help of EP when [ugi|
+|ugj(2€—l)—d|>5 or the series expansions otherwise (see Appendix 1,
Section 3). For NANGL>Q, FLUXCA calls FMCAL and LEGDD for calculating the
second term on the right hand side of Eq. (16). In the case where
NSOUCE=1, FLUXCA evaluates also the contribution of uncollided source
radiations to the total or/and angular flux according to the first term
on the right hand side of Eq. (17) with the help of EP [see Eq. (18)]
or/and Eq. (16).

4. Concluding Remarks

Since we have already developed a general formulation of the jy method
for'aealing with.time-dependent transport in a multilayer slab system with
anisotropic scattering of neutrons, it is hoped that the present computer
program can easily be extended to obtain a detailed time evolution of
radiations. However, as having been seen in Appendix 1, the analytical
expressions for the functions appeared in the formulation are rather
complicated and hence the programming of the computer code needs care
upen keeping always the rounding error reasonably small. In the present
code JN-METD3, the functions are evaluated on the basis of either their
explicit expressions or series expansions obtained under the assumption
that the values of all arguments of the function are small. Therefore, in
the case where the ratio between the arguments is very large, it is pos-
sible that the function 1s evaluated with a large rounding error. Imn such
a case, it will be a crucial point for obtaining an accurate result which

order of the j._. approximation should be applied to the calculation, because
y @FP ‘
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given in Appendix 1, Section 2, if (agi+|ugj(Zg—l)-d|)/|u|55. The residues
are then obtained in JNMETD by calling SOLEQ to solve Eq. (15) if NSLOWD=0
or Eq. (22) if NSLOWD=L. )

. The subroutine FLUXCA computes for NTFLUX>O the total flux and/or for
NANGL>0 the angular flux by using the values of the residues (or the
ratios between them) obtained as mentioned above in JNMETD. As is seen
from the flow diagram of FLUXCA shown in Appendix 3, Section 3, after
having calculated the angle points (values of u) at which the angular
fluxes are to be computed if NANGL>0, the space points (0<£<1) are deter-
mined in each region and the total fluxes are calculated at these points
with the help of the subroutine GCAL(ugi,ugj(2g-1)—d,g,110) if NTFLUX>0.
The GCAL computes (i)GpR(agl,agJ,ZE—l,s;d) on the right hand side of Eq.

(17) by adopting the explicit expressions with the help of EP when [agi
+[agj(25—l)—d[>5 or the series expansions otherwise (see Appendix 1,
Section 3). For NANGL>0, FLUXCA calls FMCAL and LEGDD for calculating the
second term on the right hand side of Egq. (16}. 1In the case where
NSOUCF=1, FLUXCA evaluates also the contribution of uncollided source
radiations to the total or/and angular flux according to the first term

on the right hand side of Eq. (17) with the help of EP [see Eq. (18)]
or/fand Eq. (16).

4. Concluding Remarks

Since we have already developed a general formulation of the jy method
for dealing with time-dependent transport in a multilayer slab system with
anisotropic scattering of neutrons, it is hoped that the present computer
program can easily be extended to obtain a detailed time evolution of
radiations. However, as having been seen in Appendix 1, the analytical
expressions for the functions appeared in the formulation are rather
complicated and hence the programming of the computer code needs care
upon keeping always the rounding error reasonably small. In the present
code JN-METD3, the functions are evaluated on the basis of either their
explicit expressions or series expansions obtained under the assumption
that the values of all arguments of the function are small. Therefore, in
the case where the ratio between the arguments is very large, it is pos-
sible that the function is evaluated with a large rounding error. In such
a case, it will be a crucial point for obtaining an accurate result which

order of the j . approximation should be applied to the calculation, because
N 9P P |
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more complex functions are required for the higher order approximation.
Generally speaking, the js approximation gives a reasonably accurate result
for almost all physical problems. )

The CPU time on the FACOM-230/75 is about 18 sec for solving all

three sample problems given in Appendix 2,
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Appendix 1. Analytical Expressions of Funetions in the j;-FP3 Approximation

m
1. qu (aj,ai,s;d)

As shown already in a previous paperg), for ay 2 oy > 0 and Pj > 0,

Eq. (6) is rewritten as

1 0
,Q.,m l (s .
Jqr (@5,05,83d) =575 [ duP ()2 ()f de'exp(-th)
] -1 o
x f "dz jq(ujz)jr(uiz)exp[i(d+ut')z]. (a.1)

On dividing the parameter range into five:
(a) -(uj+ai+d) >0,
(5) —(uj+ui+d) < 0 and —(aj—ai+d) >,
{c) —(otj-—ozi-l'-d) < 0 and —(uotj+ui+d) > 0,
(d) —(-—Dlj+0'.i+d) < ¢ and —(—aj-—ui+d) > 0,

(e) ~(—aj—ai+d) < 0,

+q+Hidm, 2
qum(aj,ai,s;d) for the range {d) or (e) is equal to (-—1)r a2 qurm(aj,ai,s;—d)

for the range (b) or (a). For the parameter ranges (a), (b} and (c), we have

. +r siq
L\ gFT El, fm . =q 1.8 (qtn) ! (r+s-n)!
8(1) o qu (aj,ai,s,d) SEO(— 2) n=sfr>0 n! (gq-n) ! (s-n) ! (r-s+n)!
/2 m/2] 1, 12/2]-ptlm/2]-v (2242p)-1-2[£/2]) 1! Qor+2v=1-2[m/2]) ! !
0 weo 2 (Te/T=p) ! Cir2p=212/21)  ([m/2]-v) 1 (mt2v-2[m/2]) !

[X(a5,a1,d)+(-1 "X (05,701, +(-1) K(-aj,aq, )+ (-D T K (-0, -0, d)

_Yl(aj,ai,d)—(—l)rYl(aj,—ai,d)—(—l)qYl(—uj,ui,d)

_(—l)r+qY1(—uJ,—ai,d)], for (a),
(1) TR (e, m0g, =+ D) Koy, 0, )+ (1) K ay,00,d)

x4 +(“l)r+qX(—uj,—ui,d)+Y2(aj,ai,d)—(—l)rYz(qj,_ai,d)
_('l)qYZ(‘aj,ui,d)—(—l)r+qY2(—uj,—ai,d)], for (b),

L+mtr

[(—l)2+mX(—aj,—ui,—d)+(-l) X(—uj,ai,—d)+(—1)qX(—uj,ui,d)

+(—l)r+qX(—aj,—ui,d)+Y2(aj,ai,d)+(—l)rY2(uj,—ai,d)
+
(-1 %5 (o 5,05, )= (-1 ¥y (-ay,—ag,d) for (c),

— 18 — (A.2)
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- 1
X(ay,0q,d) = Xpgp, (ag,04,d)= (o5 =) (L+s+2)ﬁ exp (aytaitd)
L+s+2
x T (L+s+2-u)!(uj+ui+d)u_ +(aj+ai+d)L+S+2E1[-(aj+ai+d)]}, (A.3)
=1

o (ag,a1,d) =¥, % (5,04,d) = ¥1(ej,0i,d)- (-1 "y (<ay,-ag,-d),  (4.4)

Yi(ag,0p,d) =7 oy ,0q,d) = L T _(ayregra) sty

s ,d) =Y, o = ~ —

j*ri ¢y (uj)n+l(ui)s 1 u=0 (L+u+l) (s+1-u)!
(A.5)

L = 6=-2[&/2]+2ptm-2[m/2]+2v.
Since
_ %4 2q+1
Jar1, e (ays04,85d) = ) 2+l g, r+17q,r-11"9-1, 7, (4.6)

the functions to be evaluated in the j; approximation (requiring qu's

with q=0v7 and r=0~7) are Jor and J;, with r=0v7, and Jqo and Jq7 with
g=2v7. TFor these functions,
ar g 524 (gtn)! (xr+s-n)!
k ("E) n! (g-n) ! (s-n) ! (r-s+n)! Xns1 (2, 04,d)
=0 n=s~rz0
] ntr
-y Ll Z( Lys _ (rés-n)! X, op (e sag,d)
n! (q-n)! 2% (s-n)!(r-s+tn)! "msL3el
m=0 =1
; (- ljs _££i§ll_ (es ,0s,d) for ¢=0 (A.7)
_ 2 sT{r-s)! osL joriatse :
s=0 :
q
1.8 (gts)! -
T (- 2) NYCESY XosL(aj,ai,d), for r=0, (A.8)
=7 5=0
r 1 (r+s)! , _
EO(— E) Sl (-s) 1 XOSL(G 204 ,d) Xl s+1, L(u sai,d)l, for g=1, (A.9)
8=
; (_ i) _L-Fsl.i.._. Z ( l) ( +n)f (u‘ . d)
oo 2 FGT Ty 11 gy T Yn, s, L (03014
ST for r=7. (A.10)

Explicit expressions on the right hand side of Eq. (A.7) or (A.8) are

written as follows:
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r
l.s (r+s)! -
0301 I D7 gyt Fost(apar,0) =
W pp G0 8 e xR (-x), for r=0,
1 X CL+2 L+2
[wal(X)“ EEI-WL+2(X)}2 +(e1+1- 3us X)X E; (%), for r=1,
1 C1+ C +
(W41 GO G Wap (04 =15 VL3 00 168 o gy - =22 o 25350),0%2p) (o),
i i boy
for r=2,
2
(W41 (x)- oy Wi 40 (X)+ Wy 4q(x)- WLM(X)]JL
2 CT+
+(er 41— 5o cr+oxt 52 Cr43X - L g x3) L+2E (-x), for r=3,
i hog hay
10 15 71 7 X
[(Wi41 ()= W (X)F —== Wpg(x) - ——= Wy (x)+ Wy 45 (x)]%
L+1 3(11 L+2 40‘.1 L+3 4(113 L+4 2401, 3 L+5
15 o 7 5 7 1+2
+ — + —— - — — -
(L 30p T2 G2 CLE T g ? Sk Togg w CLas” R (),
for r=4,
5 35 21
(W41 ()= 57 Wpap G0+ 775 Wrag (0 — W GO+ 225 Wiis (0= 25 Wie x)18*
&i 40li Ui 8(1 1
5 35 7 21 " 3 5
Flepy1- gy creoxt By’ Cp43%7- g3 CLHAT + 8o, " LAY T g5 L)
XxL+2E1(—x), for r=35,
7 _21 105
Wy (0= 57 Wrap GOF 5 75 Mgy (0= == o3 Wy GO+ 2773 Vs () =25 Wy 6 (%)
7 35 21 5
+ W (x)]zx+(c -—c X+ c x-S ¢ x4 c x4
216 L+7 L™ o 142 20y? L+3%°7 3 CL+4 gt LA
33 5 33 6y L+2
- = ¢ X"+ —— ¢ x°)x E, (-x), for r=6
WE L+6 6ha© L+7 1 ,
28 63 105 385
[WL41 (%)= = Wp4p (x)+ ——=Wpp3(x)- Wy +4 (x)+ WL 45(x)
L+1 304 1+2 20Li2 L+3 2“]’_3 L+4 P L+5
99 429 143 X 28
T Gagd M6 0¥ g e Wiy (0= T 17 s (0 18 (e m 5 epx
;.83 42 105 03, 385 u 99 s, 429 ¢
2(].12 L+3 20‘.13 L+4 aqt L+5 40Lj_5 L+6 64(};{_6 L+7
143
- 165577'CL+8x7)XL+2E1('X)= for r=7,
1
(A.11)
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where
wL_Hn(X) = CL+‘mZL+[H(X)’ ) (A.].Z)
CL4m = (m+1) !/ (LHm+l)!
L4m+1
Ziam(x) = ©  (Lml-u)ixUT1,
u=1

X = G.j+05i+d .

The Zy(x) satisfies the following recurrence relation:
Zm(x) = xZp_7(x)Im!, Zp(x) = x+1. (A.13)

The Xl,s+l,L term on the right hand side of Eq. (A.9):

r
1.8 (r+s)!
a1 L (- 57 Sy rmeyr XL,s+1, L0501 4),

for r=0v7, can easily be written down by replacing cr ., and Zy4n in Eq.
(A.11) by cL+m+lx/[(m+2)uj] and ZL+m+l/X’ respectively. In the same

manner, the explicit expression for

__l)s (7+s) !

-2 St * d)

C‘.'.j DLi
5

n,s+n,L(0Lj sui3

1~

0

of Eq. (A.10) can be obtained from the last equation of (A.11) by replacing
repeatedly ¢q , and Z;,. in the expression for Xn,s+n,L by cL+m+lx/[(m+2)aj]
and ZL+m+l/X’ respectively, to get that for Xn+l,s+n+1,L'

The extra terms consisting of Y; or Y, on the right hand side of
Eq. (A.2) give the following expressions; On changing the order of
summation as

atr 554 q ntr
b Z = Ly
s=0 n=s-rz0 n=0 s=n

for the parameter range (a), we get

n+r

1.s (gq4n) ! (r+s-n) ! Lo _ L
SO ain) T T (r-sh) [Y) (g, 08, )+ (=D Y (o550, )
+(—1)qY1(—aj,ai,d)+(—l)r+qY1(—aj,—ai,d)]=0. (A.14)

For the parameter range (b),
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s8q

1.8 - {gtn)}! (r+s-n)!
ajuiszo(— 2) n=sEr20 n!(q—n)!(s-n)!(r—s+nY[Y2(aJ’ i»d)-(- L)rYz(a %3,d)
-1, (=05,04, )= (-1)TFY, (vay, -y ,d) ]
. o “;r( 1 (q#n) ! (r+s-n)!
Ty PTG 2 ATCaem) L Ge-n)  (roTm)

(1" w00, 0~ DM " ol ey, -d) ], (A.15)

J -

where the relation {(A,l14) has been used. The explicit expressions for

Eq. (A.15) with g=0 and L=even are written as follows:

4(agtai+d)/(L+1), for r=0,
_ E%’ 4 Ztagtatd) (ug-agtd) b, for r=1,
- E% i%% - -—(a +o+d) [(og-ay +d)f%1_ + L+3]} for r=2,
- E% f%%'f (L+§?uiz * 2ui2 (aj+ai+d)(aj_ai+d)[L+1(5(a jrd) ooy 2+ L+3]}
for2r=3,2
+ 40032/ (L+3)+420/ (L+5) 13, for r=4,
_ 1 { 60 + 1680 + 3780 + L (oej+ai+d) (uj—-ui-i-d)

: . L
aj LF3 0 (145)as?  (14T)ag® o oy

21 (a3+d) "-14 (ag+d) 2 4ag + 315(ai+d) 24105052 1890

ol 4 (L+1) 2(L+3) * w5 1), for =5,
1, 84 5040 41580 1
- { + + - (os4os+d) [ (as-c;+d) {as+d)
a; L3 (L+5)oa]-_2 (L+7)o¢i’“ Otie Jt 1 J
O 30 ) %a 2450t 693 (ag+d) 246302 4 6930,
4(14+1) 2(L+3) L+5
+ 84oy "/ (L43)+5040a1 2/ (L+5)+41580/ (L+7) }, for r=6,
1,112 12600 249480 . | 630630 1
-—={ + + + + A +d) (o -0 +d
i L+3 (L+5)aiz (L+7)ail+ (L+9)G.16 16 (a_] 0‘,1 )(GJ (11 )

429 (a4+d) =495 (ay+d) "1 >+135 (a3+d) 20 *-5a4 6 3003 (aj+d)*-462(a3+d) %a4 2+48301 "
x| +
32(1+1) 4 (L+3)
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e’
45045 (aj+d) 2424255012 270270
1 T . =7 .
* 2(L+5) 7 for r=7
(A.16)
For ¢=0 and L=odd, we have the following expressions:
4/ (L+2), for r=0,
_ _ﬂ_.iiti for r=1,
1+2 OLi ?
j+d
- 2 [1—3(u )2]+ ———lg‘—z’s for r=2,
L+2 oq (L+4)aq
o +d astd 2
i {Li2[6 10¢ i_ y )- 60 > for r=3,
i i (L+4)oy
gstd o astd g as+d 5 2
Taly e Bt 20 g A, 20
1+2°2 8 0y (L+4)ay o4 (L+6)Oli
for r=4,
84 +d 2 6 o.+d L 2 O
-l e Bl By B2y, 3780
oy L42 i ey (L+4Yai af (L+6)ay
for r=5,
. . . .+d
1 a:+d o os+d o C!.J+d 5 1 105 a 5
- [ 5-105 +315 =231 (——) |+ ————[—= ~945 )
RaE ST ) SN el (-
o.t+d g as+d o
+ 3465( 375 ] - 1890 [1-11 (%7 + 41580 ’ for r=6,
2 G4 (L+6)uiq i (L+8)ai6
aj+d{ 3 J Ej +d_ s 1 945 aj+d 2
T 35-315 ) +693( ) ~429(——) |- ———[==-3465( )
oy 4(L+2){ ( ay o4 (L+4)OL]-_2[ 2 oy
CL +d L a.+d 2
+ 2009 3T, 1 120790~90090 (—-—) - —5@5—495 , for r=7.
2 o4 (L+6)ai o (L+8)ai®
(4.17)

The explicit expressions for (A.15) with r=0 and q=1n7 are the same as
those for q=0 and r=1+7 shown in Eqs. (A.16) and (A.17), except for
interchanging a4 with g (and vice versa).

The expressions for g=1 and r=177 are obtained by taking respectively
the sum of those for gq=0 and r=1~7 and the following formulae; For L=even,

2
1,4 .1 12 4oy

" o T gar Ot I (ag-agtd) (agray+ 220 - Ly

for r=1,
a4 L+3 3
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2_,.2
1, 4 12 (ay+d)“-a;® 17
- —{ + + (a +oi, +d)(a -a +d) + 1,
O‘.j L+3 (L+5)@j_2 20.1 [ 1+1 L+3]
for r=2,
A b 60 . a1 2, 10
- » 33 + (L+5)oci2 ai3(aj+ul+d)[L+l(aJ otl+d)(a-l+d)( (a +d) g 24 3)
+ha 2/ (L43)+60/ (L+5) }, for r=3,
1 & 130 420 1 1
- =+ — + + S (agtag+d) (a-ai+d) [ (7 (0 +d) *-8 (s +d) 2a
OLj I+3 (L+5)0Li2 (L+7)ai’+ aih J 7t J 1 12(1+1) ] J 1
5 210
Wy, D 2 2y, 210 )
oy Sray (T(agtd)? 4ay )+ st  for =4,
1. 4 420 3780 1
- == + + ~ (o to.+d) [ (o -a.+d) (as+d)
C!j {L+3 (L+5)ai2 (L+7)0Li1+ i5 ] 1 J 1 d

3(aj+d)u_4(aj+d)2a12+ai” 63(aj+d)2-7‘112 630

¢ 4(+1) T *rs)
ho 8/ (L+3)+420a, 2/ (L+5)+3780/ (147) ] 1, for r=5,
1, 4 840 18900 41580 1
- — + + + + 4o +d) (oq-oq+d
aj L+3 (L+5)a12 (L+7)aih (L+9)ais ais(aj i+d) ( j=oi )

6 b2 2. b4_. 6 y_ 2. 2 4
33(aj+d) —51(aj+d) oy +19(aj+d) a;t-ay 23l(aj+d) 84(aj+d),ui +21ai

! 27GAD) —* 4 (43)
3465 (e +d) 2+1575q. 2
+ (Ctj ) i ¥ 20790]} for r=6,
2 (L+5) L+7 ’
1, 4 1512 69300 540540 1
- = + + - astog+d) [ (as-ag+d) (ag+d)
oy L3 (1+5)ai?  (I4+7)az® (1+9)ai® ai7( J. 1 [{o-0g J
143(aj+d)6-2s3(aj+d)“ 2+125(a +d)2 —lSa 429(aj+d)“-264(uj+d)zai2+51ai“
x( 96 (L+1) + 4(i+3)
9009 (a5+d) 2+207 904 2 90090, by ® . 1512a4" N 69300042 540540,
2(1L+5) L+7 L+3 L+5 I+7 L+9 '
for r=7.
(A.18)

For L=odd, the expressions are written as follows:

1,204 os+d 2 4
- ——{ = 1 y- 1, for r=1,
ESl oy ) (I+4)oyg ot
oit+d 209 aitd 2 :
e BTG LR B for r=2,
ajoy L of (L¥d)oy

2
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1 %4 ] 2 6 J
—{ (1-( Y- ] ( for r=3,
oy 2{1+2) af (L+4)ay ei (L+6)ay3 o
a+d u -+d 5 10 aj+d o 420
- 31(1 {[Z(L_I_z) (1 ( ) )_ (L+4)al][3 7( OCi ) ] (L+6)C1.i3 ] fOI‘ r_4:
1 Of.i+d 2 15 as+d o oa+d y
- O£j{[é}(Hz)(l—( ) )= 2(L+4>oci”l‘“‘("l““ai ) +21(—*"—mi )]
210 ajtd 3780
+ 711-9 ( - )21- ‘“‘——““g}, for r=5.
(L+6)ai 51 (L+8)ay
os+d O as+d oa+d ast+d
] i AT 2 21 _ap ity AN
{[4(L+2)(l ¢ o1 ) 2(L+4)ai}[5 30¢ o1 Y +33¢ o1 )]
s+d
+ 630 3[3--]_1(0LJ )2]— —£}5805 for r=6,
(L+6)ay %1 (L+8)oy
__1- i Cl.j d 2 7 2 as+d " as+d 6
= rwey G a1 1351 5 +951)"~429 1))
astd o as+d g os+d
+ 315 [E__33( i Y2y 143( i B 207905[1_13(.3 )2]+ 540540 }
(L+6)agd 2 ey 2 oy (L+8)ay oy (1+10)ey
for r=7.
{(A.19)

The expressions for (A.15) with r=7 and q=2"7 are written, similarly to

Eq. (A.10), as fellows; TFor L=even,

1 Cogtagtd) (oy-ay+d) 143 8 6oy 24 132 y 9 2 6
- 5+ + =22 b_ Z(g.+ .
ajzai7 10+ (== ( d) ll(u d) ®ay+ (a d) o 4(ch d)“ay
3 3 & TA2k+1 1
2 ~.8 Pl . , -
+ 57 % 1+ S 2 L+2k+3[L+2k+1 terms in the expression for r=7 of Eq.(A.16}],

j k=0
for q=2

1 ([)Lj+0ti+d) (aj—ui+d) (o s+d) 13

g_ 21, . .\6. .2 IS ORI B N SV
—(a J+d) 8(aJ+d) ay +3(uj+d) oy 8(aJ+d) o

aiday” 4(L+1) 16
3 g 15 4 L+2k+1 1
+ 1o *4 1+ a3 kfo L+2k+3[L+2k+1 terms in the expression for r=7 of Eq.(A.18)],
for q=3,
1 (a +ag+d) (a5-04+d) gy 371 '
_ _+10 82 54 4
ay"as? 384(L+1) [F(ay+d) * 0~ ==(ay+d) Yoy 24287 (a;+d) ~203(eg+d)*a
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5
119 5 7 ioqs 35 O L2kl 1
+d - Lo t07+ i
(a )4 7 %4 ] aj2k=0L+2k+3[L+2k+l terms of the above expression
for g=2], for q=4,
. 5
21 1 agHd 2 216 3 I+2k+1, 1
5337353517_L+l [Cayt+d) “=a; 715+ aj2 kio L+2k+3[L+2k+l terms of the above
expression for g=3], for q=3,
6
o331 2 2q7, 99 L+2k+l, 1
315'3355"7 L+l[(a +d) —ay 17+ 7 kio L+2k+3[L+2k+l terms of the above
expression for q=4], for g=6,
ay7as? 80(L+l) 32 4T
493 6y 6y 16399 L g 2657 2, 10, 4387
(a +d) o 36 (aj+d) g - —{a +d) 56 oy ]
+ 143 2 L+2k+l[ L terms of the above expression for q=5]
452 g LA2k+3 " L+2k+1 ’
for q=7.
(A.20)
For L=odd,

oy (ostd) - +d .+d <+d
1 L T 2% 15110 TS 244 (TS 4

- 32 (L+2) Df.j2 oy oy o
3 4 142k 1
+ o2 L+2k+2[L+2k terms in the expression for r=7 of Eq. (A.17)],
j k=1
for q=2,
3
1 %y agtd 2 3 oyt+d 2 cas+d 4 15 2 4ok
T 64 (L+2) a-3[1_( aq ) 1 13-66¢ aq ) +143¢ 0 ) I+ a.2 L+2k+2
] j k=1
X[LiZk terms of the above expression for r=7 of Eq.(A.19)], for g=3
3
_ 1 o (O.'.j_'i'd){1_(Oﬂj+d)2]|+[21—91(u11+d)2]+ 35 g 1+2k
64 (L+2) “jq oy o ujz k=1 142%+2
X[LiZR terms of the above expression for g=2], for q=4,
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ayd os+d as+d b
1 i [1-¢ A )2]5[21_273(_J__)2}+_Ei . 1+2k

256(L+2) ajS of of g2 o1 LH2k+2

X[E%EE terms of the above expression for q=3], for q=5,

5¢nqs .+d 6
231 o317 (aj+d) 7% 2.6 99 T+2k | 1
I L+2k+2[L+2k terms of the above

_ - 2
256(142) 46 og 252 oy
expression for q=4], for gq=6,
7 +d 7
429 %4 AiTe 5 7 143 L+2k . 1
R s - £
ST2(42) o 7 Ca ) 1Y 5 T gD terms of the above
o3’ = j k=1
expression for g=5], for gq=7.

(A.21)

The extra terms of Eq. (A.2) for the parameter range (c):

g+r 859
1 1
vy I -7 3 n<§q13‘? (ér:§'?z~-s+n)rth(“J'“vd)“ DY (35,-05,4)

s=0 n=s-rz0

—(—1)qY2(-uj,ai,d)-(—l)r+qY2("Gj,—Gi,d)] (A.22)

are written as follows for r=0 and L=even:

8di/(L+l), for g=0,
—8aid/[(L+l)aj], for gq=1,
bay 2. 24 94
L+l ) 133 a2 for 9=2,
ogd 1 2. dyz, 120 1
;Jf—m{lz 20( ) (a—j) I- 18 72 for g=3,
%y 0f 2..d .2 d b
L+1{3 10(~) +7( J) —[30—70(;;) 16¢7) +35¢.7) }
3 A 3
- - [60- 140(—) -420( r 214 840 1 for q=4
(L+3) +5 ajﬁ , q=4,
- a—ld{—i—[ls 70(—) +63(——) 70(1- 3( ) )’ )2+63(d—)“]
ay L+1 - "o aj
2
(L+3)ay? aj (L+5)ay™

— 27 ~



JAERI-M 8672

iy Of 2 iy, .d .2
2(L+1){5 35( ) +63( ) -33( ) ®_[105- 630 (= ) +693 (— J) ;(aj)

o s ’ . .
+1315-1155 () T & 231 &) B — 21 1105-630 CEy Zego3 CLy
D‘-J CLJ CLJ ) 2 aj (xj

(L+3 o4
: 1260a
[1890-6930 (-5) 21 =%y 23465 ¢ Iyt y- -——_[3 11(—) 233¢ 7 2]
43 %3 o (I+5)ay”
83160 ©
A7 L6 for g=6,
]
_&E{ETEIIT[35 3156——) +693( ) —429( ) 5 (315- 2310(——)-+3003( ) )G_%

o 2 b 6 0.2 of 4
£(693-3003(=0) 1) () 429 () ° 1+ ————[945-6930 (—1) “+9009 (1)
3 %3 %3 (1+3) 0 % o9

~231003-135 %) (& 7 “+9009 (- )”]+ L3860 5 13( 5213857
B (L+5)0y %3 3
- M} for q=7_
(L-%v?')oaj6
(A.23)
For r=0 and L=odd, we have the following expressions:
a, for =0,
—80ti/[(L+-2)oaj], for g=1,
240Lid/[(L+2)0.j2], : for q=2,
—{m[lz 200+ ) 0" 1- — A0, for q=3,
%] (L+4)oy
agd . 1 ag. 2 d .2 840
- —{=—[60-140(—) -140(—) |- ———} , for q=4,
u‘Z L+2[ \(].j O'.j (L+4)aj2 q
- —{q 15- 70( L +e3( Iy 210(1-3¢ ) )( ) +315(—4 ‘]
L+2
J _1 J J
- 420 s Chg @y 1360 for g=5,
(L+4)Gj &y ey (L+6)as

a5 (6.254 o4 O )
i A 105-630 ) 46930 210 3-11H D) G 24693 ¢
] ¢ %3 ] %3 %]
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_ 1260 4 11( iy —11( oy 83160 for q=6,
(L+4)a-2 aj 05 (L+6)u.“
-
—= 2(Hz)[:as 315( ) 24693 (L J) 4409 (A J) ® (945-6930 (— J) +9009( ) )c—-)
1155 (3-13 1) 2y (4 %43003¢3 - ——é———-[ls 1100—A) +143¢——)
G5 24 G5 (L+4)u ] J
@i 2..d .2 a .t 13860 ai 2 d 2
_1103-13CH Y A9 %4715 Ey 1+ =220 13 13D 239
P0G 53 P gy, s g G
_ 1081680 Y, ‘ for q=7.

(L+8)aj6
(A.24)

The expression (A.22) with r=1 or 7 gives the value zero except for the

cases where it gives the following forms:

ﬂ8a12/[3(L+l)aj], for r=q=1 and L=even,
—8&18/[15(L+l)aj7], for r=g=7 and L=even,
{A.25)
In the case where aj+ui+|d| is small, we can use the following series
expansion:
+ <
qzr(_‘f) = (q+n) ! (r+s-n)! - (o ae . d)
2 n!(g-n)! (s=-n)! (xr-s+n)! “nsL 7j>7i’
s=0 n=s-r20
+r+ —m-
_L+l;q+r 2 iem-l gtr §+l m_l(Q_JD L+rzm pcii)t g (q+n)! 1
- 1 ! i ' (q-n)! +1)!
=0 m+1 p=g P aq —q-1 03" e t-130 n!(g-n)! (t+n+l)
., o Lys _ (rrs-m)! 1
s=t+miprn-Lrn 2 (s-n)!(r-s+n)! (L+s-m-t-p-n)!
qtr L4s+2 s<q
s__ 2 1 . (g (! (x+s-n)!
+ 8 P amantl By v Ggretd)] TSty ten | (e-stm ]
g=0 u=1 n=s-r
(OL +ois +d)L+S+2 i 1 m-1 q+r 1.s 7
ujn+la s-n+l miz m—l( J+a1+d) sZO( 2) (L+s+mtl)!
Lt+s+2
559 (gtn) ! (r4s-n) 1 Cogteytd)
x ' ! {(s-n)! (r-s+n)! n+l  s-ntl ’ (4.26)
n=s-r nii{gq-n):\s n)-. sTn, . aj oq

where y is the Fuler-Mascheroni constant. On taking into account 4 XpgL

terms on the right hand side of Fq. (A.2), the first term on the right
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hand side of Eq. (A.26) is to be multiplied by the following factors for

the parameter ranges (a), (b) and (¢), respectively:

L4r—-m-1-p-t

[+-1 T 14 -1) 1, for (a),

D™ ey T o) TP (4 ) 3 for (b),

D™D T 1Ry for (c).
(A.27)

Thus, for the range (a), the first term on the right hand side of (A.26)
gives, by using the expression (A.27), the following forms: For q=r=0,

0 for L=0, and

8, for L=1,
8d+4, for L=2,
4 2 Oiy2, 4,4 (2 8 =
3 % £1+(ai) +3(0‘i) J+4d+ — for 1L=3,
b oy 82 d 20 2 5 952 d 2 8 _
3 o1 d[l+(ai) +(°°i) I+ ! [l+(ui) +3(ui) I+ 3 d+2, for L=4,
1wl 222 1%, d 20 9502, d b 2 gy, 32 d 2
3 % [5 + 3(@1) + 5(%) +2(0ﬂi) (l+(ﬂi) )+(ui) ] 3 % df1 (Gi) (C"i) ]
v 4 a2y 2@y 2 a0ar 8 for L=5
g 1 ai aq 5° ’
1 gyl 2032, By, 10, d yo 0 Siay d g, 1y 10 %902 %
15%4 d[1+- 3(%) +(ai) + B(a_i) (l+(ai) )+(ui) I+ 35 % [1+ 3(ai) +(ui)
d 32 Zy2y s Sy &2 2302 320 L2 2542
+lO(ui) (1+(°‘i) )+5(ai) 1+ g %i d[l+(ai) +(0Li) 1+ 3 O4 [l+(ai) +3(°‘.i) ]
+ % d+-% R for L=6,
(A.28)
For gq=0 and r=1, 0 for L=0 and 1, and
% o for L=2,
A% ui(d+'%)" for L=3,
booal 102, d 2 b, 2 4
3% -[5 + 3(“i) +(ui) I+ 3 0i(d+ 3, for 1=4,
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4 342 2 @ty 2 3t 12,2, d 32, 8 gy 3 -
g e17dlg +(°”i) +(“i) 1+ 5 07T + (“1) ”E;) I+ 5 o1(d+ ), for L=5,
1 5.3 ,2%.%2 1%w4 d.23 %2 d.s.. 2 3.3 242 4.2
—_— . +_ e —— iy —_ — . — ——
5 010055 5GP 3G 2D TG HEDOHED I § PG r D D
T4 1
+'§ ui3[§' —{W;) +(——) ]+ ai(d+ %), for L=6.
(A.29)
For g=0 and r=2, 0 for L=0, 1 and 2, and
8 .,.2 -
15 %1 for L=3,
82ty -
5 oi (d"'+ 2) , for L=4,
bl 1 %5y2,d 2, b 2 -
f5 o1’ + 3EHHEI I 5 0P + D, for L=3,
1 2
= a3 +CH MM g et 5+ 3D 5 12+ 3,
45 7
for L=6
(A.30)
For gq=0 and r=3, 0 for L=0"3, and
8 .3 -
To5 %> for L=4,
8 .3 1 -
105 (d + 2), for L=5,
4 51 1%2 4 03 2 -
Tos il t B(ai) +(u )21+ = 105 ai(d +3), for L=6.
(A.31)
For q=0 and r=4, 0 for L=0Vv4, and
8 v -
945 i e for L=5,
8 uweg iyl =
945 agyt(d + 2), for L=6. (A.32)

For gq=0 and r=5, 0 for L=0"5, and
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10395 %i o for L=6.

For q=0 and rz&, 0 for L=0vh6, The expressions for gq=q and r=0 are
by interchanging o; with Gy in the expressions (A.28) + (A.33) for

q=0, respectively. For g=1 and r=1, we have 0 for L=0v2, and

g ai04 , for
8 1
g Ol.iOLj (d +E), for
b gty CH2s 21 & o + 2 :
45 1797 oy o g %1%] 37 or
4 3 ®j.2, 5.d .2 2 3 %jy2,c0d (2 8 3
3 L e = i3y LY ERE () T -y =
75% aJd[l+(ai) + 3(“1) 1+ 75 O aJ{l+(ui) 5(ai) ] 57 eieg(d + 4)
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(A.33)

obtained
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L=3,
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L=6.
(A.34)
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L=6.
(A.35)

(4.36)

(A.37)
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3313, 231y 0ﬁill
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For the parameter range (c),

Eq.

of Y, terms written by Eq.

0,13

&js

the first term on the right hand side of

(A.26) gives the following expressions together with the contribution

{A.22) divided by @504 [the expressions (A.23) ~

(A.25) divided by ujui]:

[(L-1)/2]
z [
m=0

1 UL—Zm
2mt+l qr

o, GFL
u = .
qr ‘ Oqu-i-l

vLi-

q. . L—-g-2
gr =% i

1 L-2m

[(q-r+L)/2]

v 1, {A.39)

m+l qr

T
m=0)
[ (L-q-r-2)/2]
2 Zor )

m=0
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Since

wqim - m(4i—2) qu_z’m_l’ Zqim - m(&miZ) Zqi-z'm_l ’

e 1 5% H 2O, me0un-[T59] 5 for n=1-[E54]210245,

qunﬂ_&’m - %LI &% Zgz" 0" , m=0vn-1- [q”] § for n~1+[q—]+5m2+5
8=(q+r)-2[ (g+r)/2], (4.40)

only the concrete expressions for Wﬁ%o and quo (and wq%l for some cases)

are necessary to be written down as follows:

Wosl = -8 a‘i , Wop! = - %[H:i(%)z], Woo' = -4,

Wop" = - TEI1410C J) Yl J) 1wt = - 6%[1%1(%)%35(%)37(2—1)6],
762% = 4, 7,39 = %[1+<Z—iii)2], 2o5® = 5ll+ 1 J) +( J) 1,

Wol? = _% . Wt = - 1%[1+5(gii')2], Weil = - 1—0—5"[1+1&( J) + 3??(%)4],
0i° = 5. zd’ = g 3eh,

Wos' =g Woo = - qaslBTGEDL wer = - griinscd J) +21 (2 J) 1,
zo.;O = 1_2 s ZOSO = TO_5[1 (31)2],

Wos' = - iz, wos = - geEltee b, 23t -

w = - 9_-25_, Wyl = - 1o§95[1+11(%)2}’ Zon® = 5‘3’5

Voe = - T35135

4 s 2 11 . 30 1 Gz o oz n
W = 5I-3EDT], W =4 T = g3(1-10EDT-15¢ 0,

Wip = 630 [1-21(— 3) -105(—l) ~35f—l) 1,
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my’ =%, 0 = 2 3eh,
i’ =5 s mit = gtnsehh, Wit -3,
it = gsti-wEhasEhh, wi - g ghiasech s ch,
2’ - o= z%m(%)z] ,
g =, W= - 7(~1> 1, Wis - G118 J) 63(%%)“],
50 4
Zi2 T 75 oo
iy = gks s - gelegh, ni - sst-22Gh eaeh ),
2120 = % s
T e TR
ngo = 16%9_5 s ngo = m[l 13( J) 1,
ngo = ﬁg'ﬁg,
60 3
17 = 3027025 *
-l L TR ry
Woo = - 2l %Q(%ﬂs%)“], gy = —211—(;%)2], Wast = -1,
Wy = - grsll-7CH 3) +35(—l) +35(—l) 1,
Wagl = - 15120[1 12 3) +126 (1 J) +420(—-l) +105(Hl) 1,
40 4 60 2 3.%5.2
Zy0 =15 » Z20 = EEH' 7(&;) 1,

10 63 2.2 11 3,%3.2 12 _

3 @y 2 _ O3 u G406
W' = Sl Heh M Eh eh,
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17 %§.2 &0

Tl SGD 1 7
- - HEHY, @
255[1-‘H§(§§)2] . wt =

1%%%(2%)“— ZEChHE.

1

1
4845

" 692835

= - 62985[1'

lla

%3
[_13(0.)+

38 %42 323__1
[l- 9(0'_) + ( ) ]

19 23y2_ 323 Zjyuy

99 ‘oq

323 %34
TG

(A.41)

k]

b



JAERI--M 8672

2. sz(ui,aj,g,u,s;d)

For aj,a; > O and Py > 0, Eq. (3) gives the following forms®) depend-

ing on the parameter values [f = aj(ZE-l)—d]:

{(a) B-ai > O;

bosg 2y (04,8, - (1P 2, (=a,8,1), >0,
s F Q,(OL',C!',E,U,S;CD ={ (A-i’z)
Po(uy P = 0, u<o,
(b) B-oy < 0 and B+oy > O
40Li Zp(@i,ﬂ,u)‘*‘Tp(ai,B,u), U>Os )
P, (1) (P2 ={ p+l (843
4 ("l) [Zp(—ai,B:U)+Tp(-uisBsu)]; u<03
(e} BHog < 0
40ti Os . : U>_0,
—=-TF_ g3 = (A.44)
p {
Pp () —zp(ai,B,u)-F(—l)pr(-ui,B,u), u<0,
where
o ()PT2 S ()t un ats
T t) = (DT 1 Ty BEESTQ) en - 5, (4.45)
[p/2] -2 p-2r ’
PN - r u P=2r (2p-2r-1)!! 1. g™
Tp(usBsU) - (1) i (_l) (O'. (21‘)!! m!(_ ‘_') . (A-l"ﬁ)

r=0

The explicit expressions for Zp(a,B,u)eXP[(a+B)/u] with p=0n7 are as

follows:

-1, for p=0,
-i(1+u/a), p=1,
143 B 430h° =2
a a ? Pmes
11146 X 15 %415 Y p=3
o o a ! ?

B g5 Hy2 B3 Hyb -
-[1+10 — +45¢) “+105 () "+105(2) '], p=4,

» B U2 Hy 3 Hyh Ey5 =
1[1+1_5 - +105(a) +420(a) +945(a) +945(u) 1s p=5,
1421 £ 1210 241260 () *+4725 (1) "+10395 () %+10395 () ¢, p=6,

o o [ o o o
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i[1+28 £ + 378243150 (B 3+17325 ) *+62370 () 54135135 (&, ©
o QL a1 o3 o o}

+135135(§a7], _ p=7.  (A.47)

The expressions for Tp(a,B,u) with p=077 are written as follows:

1, for p=0,
1 _38y2,3 B 1 _ 42 _
SRt AR IS 3(@) , p=2,
B3 582 3 231 15 Boy2 Hy3 =
"l[a 5 - f(a) )—(2 - ( ) ) - cx(a) +15(a) 1 p=3,
3oL, 5, A5 5B A3 103 uy2
2o =20R 20N 2a - 260 & - 2D

By 3, s iy 4.

-105 =() H105 ), p=t,
(B2 _ 358y2, 83 8 .__HE_ 3b v B,105 315 8.2
~Bd2 - B85 28 R R R e Rl

B2 L 23 E7) dy3igus By toaus ), p=5.

2 - 10582, 3158y LS5, BAOS 315 5,2, 6938y Ny
e - e O - FeOh B2 - 22 G PG
SR03 245 By%, 3663 By y® B(9h3 3465 B2y u)3
+(2£2 _ 10395(3) )( 5% 110395 B(a)5—10395(506, p=6,
B 35 _ 315,82, 6938 429 8.6, 35 945 8.2 3465 B. % 3003 8,6
Al - @ e @ - HDH-G - Z2d i 228 D28
9
- "S“%é _ 3465C§)2 9009( T +(945 10295Q5)z 45045(B)u)(u)3
8,10395 45045 8.2 u.t 10395 135135 6.2, u B 1\ 6
o OIS -2 - % & 135135 £y
+135135(§J7], p=7.  (A.48)

In the case where the value (u+JB|)/[u| is small, we :ave

Zp(a,s,u)+Tp(u,B,u) =
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- qu E%(_ Eﬁﬁjq R for p=0
L e 00T oL,
q:1 a3 S a1 G e I | p=2,
1qzl a6 £ =158 + 2B EHY, e,
q;l TquI)—'[q“ -10 —B q3-(10 =45( ) 2yq2+ B(55 105(8) )q
+9-90() %105 (%) *) - #)9, p=4,

X +5),[q -15 £ 4= (201053 @+ (195-4205) ) g2+ (64-735 By

a+8

u = s P=3,

+945(E)I+)q - (225 10502 ) +945( By -

[e+]

qil@—ﬁ[qfi 21 § q5-(35- 210( 12)q + —(525 1260(E Ey2yq3

+(250- 3360(8) w7252 8y %)q2- (2079 10710¢5 By +10395(8) )q

atB.q

-225+4725(§) -14175(£ By +10395( By81 (- y ertya p=6,

<o

1(q+7)'

— = [q7-28 & qe—(56—378(5)2)q5+ 5(11_90-3150(5)2)61“

4
+(784-11340(_ B, +17325( By*yq3- (_10512-59850(§)2+62370(§) )q?

8,2 By" By 6 B By2
-(2304-53487 () +173250(u) -135135(2) g + 0L(11025—99225(m)

atf.q

+218295( ) —135135( ) )]( =51, p=7. (A.49)

The series expansions for the expressions (A.42) and (A.44) can be obtained

by regarding the formula (A.49) as the series expansion for the function

Zp(a,B,u)._

— 52—
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3- sz(ai,ﬂj,g,s;d)
By the use of Eg. (8) and (A.42) ~ (A.48), we get (B=ajE—d)
(a) B-aqy > 0
bagGoy (0,05,8,53d) = Upg (ag,8)=(~1)7Up, (-0y,8), (4.50)
(b) B-wy < 0 and B+ay > O;

+54
bagGy = Upg (og, BI+H(-1FTTUp Cay,-B)+V o (o ,B), (a.51)

{e) B+ogq < 0;

bagGpy = (-1 U (cag,=8)- ((DPU g (a5,-0)1, (A.52)
where
_ p¥2 P (2p-n)! [8/2] 1. 0e/2]-r __ (2842r-1-2[2/2])!!
Upg(osB) = (D)0 L o (2P0 L -2 PT([2/2]-1)! (i+2r-2{2/2]1) 1
x{ g (P—m)![—(a+6)]m+le_(a+8)+[—(a+6)]PEl(a+B)}, (A.53)
o B
P = p-nt+2-2[&8/2]+2r+1,
[p/2] [(2[(p+r)/2]-2r-2)/2]20
.\ P EL {2p-2r-1) 1!
Vpg(,8) = (DF L (D)2 oyt (p B A
§ (-gy2atpi-2{ (pti)/2] [géz] _1,[%/2)-n
(2g4pte-2[ (p+L) /2! n=0 2"
(284+42n-1-2[4/2]) 1! (A.54)

X (2[(p+2)/21-2[2/2]+2n-2r-2q+1) ([£/2]-n) ! (R+2n-2[2/2])! °

The explicit expressions for Upz(a,B) and Vpg for p=0~7 and 2=0~3

are as follows:

Ugg(a,8) = —¢~ B h (), (a48),
i 1, -(at i B
Upg = _.%(1_‘5 +5 e (atp) | %(1 - 2 (+B)Eq (a#8),
Uz = -thr- B-a- 5ot - 517 s H o @),



Uzg =

Uyp =

Uspn =

Ugp =

Uz =

Voo lo,

Vig =
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1 582y B 9 58, 5821 15 S5g1 15, ~{otR)
i@ - 2B a- g - L3 -G - TR T e

+i@ - 20 a-5) e )

B 82 B B 782 70831 AR S N
SN a- Hrasg L+ 1O gL T LT 1)

21 81 |, 21, ~(o+B) . B a 5By, By
+(21~'—Z'a);3+ Eﬁ]e + Su(B 7(53 ¥ {1 u)\a+8)E1(a+B),

i 7,82 2184 . 8 15 78 7.8°2 21,83 21841
‘1[(16 S(Ot) + 16(a) S u)+(16 8 a+ 4(u) S(a) + 16(u) )u

2 21,B8.3 ! 525 3 63 2, 1 315 63 1
100 2L B, %(—2) - “g"(g) )E]i LEM —g(‘g) )—0‘3 - 'g)'_q‘

g -3 g "7 7 Wy
315, ~(a+B), . 1 _ 7,82, 21 By . B
+ 20L5]e +1(16 8(0.) + 16((1) y(1 u)(oﬂ'B)El(oﬁB),

8, 5 15,82, 33 8.4 B 118 . 3,82 9,83, 33 B4 338051
2N a- H-a- - O35

L@ 1k ute@ 397 8% Tl

141 8 13582 99 B3, 33 B4, 1 801 B, 99 Byz_ 99 .8y3y 1
"(1-9_ ] o + 8 (a) - 8(0") + S(Ov) )[)‘,2 _(153_ 8 a + 2 (C! S(Q) )ug
- 4958 , 998,72\ 1 o 495 8,1 1485, ~(atB), B 3 15 By2
(648- 5 + Z(OL) )uu — {1485 3 Ot)oe,s -6 le + o (16 8((1

+ 28N a- B o o),

SARL 30 B4 e T 13 D) “rass B a0 ")
x(1- 2y o8I E (arp) (A.54)
B) = 2,
218/a,



Vag

Vyg =

Vsg

70

Ugy(a,8) = —(a+s De

Uyy

JAERI-M 8672
B.2 2
l—B(a) -5

8o B2 10
-1 213-5()%- 31,

3 15,8.2, 35 8.4 1. 42
Z—“E(g) 4()-(535())2+a”
-1 82 BB BB gs-105
510582, s dye 2L G635
+(189- 2079(8)2)—1—- 200

o o
B 2B B E A 50,
+(2079-9oo9(§92)—% - 38610],

o o (IB

- (at+B)

(a+B)2E1(a+B)s

1 378
— 4+ =1,
Rovkare
315 8,2, 1155 Bty 1
PO BN
315 . 1155.8.2 3003 B
S

{A.55)

4{(2— 5y (ors-1)- 21 B Lo By (arp) ey v

-3 (- 5)2(d+8-1)-'%a(3-g)—'zia]e_(a+8)+%(l—'5)2(u+8)2E1(a+B),
(- B (a1 720-3 £ T By + e (&0

-1 - B () Imy (40

- H-7E D (ka1 2527 £ B2y

+ gi5(55—28-§ +7(§9?)+-E§§(1— 5 5 e ~(ote)

1 B, 2 B,2
+gm D7) (48) 2y (whB)

[— —(l— —) (1-3(= ) %) (ata-1)- f(S

1 B By _qBy3y_ _
~ 5z (96-69 +36(07-9 ()7 3(57
“IE"(I"“)(I 3¢ 532y (a+R) 2E 1 (atB) ,

45

=<+

2

+11(B)2 93 & Byt

45 g 135
— (6~ E)_ —£—le

B 9
2t 2a

2

B2
£2)-

- (a+8)
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Uer = -I55- DPa18B 33" erp-1- gte3-61 £ 48 By?
114 3+99(§)”- % + 71385 %-396 %) 99 5y
- l6i (2205-1233 £ +495By 2995y - (9135-2970 £+ 495(5)%)
2285 - &) lg.i.gé]e‘(“““g) 350~ %)2(1-18(5)%33(5)”)(a+e)2E1(a+6),
Upy = il S D2 Z S 185G (a1
+2a- 22 84 852 1863, TE 18855, 1068
+ (25 1223 Bl U & 2 E) 188,
+ s 52 2w B TRy 2G5
. ;%(1760_ 1;235 % .\ gzég(g)z_ 1—%%5-)3% %(6765_ 152155 2145(§) )
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The series expansion for the expression (A.51) can easily be obtained

from (A.62) v (A.65) by regarding sz(u,B) = 0 for all p and &.

4,

2 .
an (uj3ssd)

The definition {(11) leads to

1
anz(aj,s;d) = (4/Pj)f0duqu£(uj,u1/2,l,u,s;d), (A.66)

which gives, from Eqs. (A.42) ~ (A.46}, the following forms (B=u,/2-d):

(a) a1/2—aj>d;

©3P3Cqa" (a5,85d) = Woy (ay,8)-(-1)TW ; (-as,8), (A.67)
(b) a1/2+aj>d>u1/2_dj;

@1P3Cqa” = Wqe (a3, B)+5qp(eg,8), (A.68)

(c) d>al/2+aj;

where

[%/2]
W (a,8) = (DI2 1 (- b
at n=0 2

[2/2]-n  (22+42n-1-2[2/2]) 1!
([2/2)-n)! (#4+2n-2[0/2])!
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L m!(q—m)!Q!(Za)q'm{pgl(Q p) ! (= (atB)} “exp (- (a+8) )+ (- (at+B8)) “Ey (a+8) ],

(A.69)
S = (08 e LA _uncioanye)
e n=0 2 ([272T-m) ¥ (2+20-2[2/21) !
{a/2] r (2g-2r-1)!! q-2r 1 o
" r2o “v (20) 11 ()92 m=0 wi(o-zr) B (A.70)

Q = g-m+e-2{8/2]+2n+2.

The expréssion ZWqR(a,B)/(i)q+2 is written in the following form by
using (A.11):
. +2
2Wgp (o, B)/ ()%
[(A.11) with L=0 for r=q], for =0,
[(A.11) with L=1 for r=q], for &=1,
=4 (-1/2)[(A.11) with L=0 for r=q]+(3/2)[(A.11) with L=2 for r=q],

for 1=2,
(=3/2)[(A.11) with L=1 for r=q]+(5/2)[(A.1l) with L=3 for r=q],
) for 2=3, ‘ (A.71)

in which x=-(o+8) and a;= -a.
The explicit expressions for ng(a,B) are written as follows for

q=0~7 and ¢=0"3:

Spp = /2,

S10= 3G -9

820 = %’- ij(%'-3+ %BZ),

Syg = %(% - %B)- 513-(3* l—is + 2p2- %B?’),

Suo = T - ;%(% - 26r 1267)+ -O:%;(% ~216+ 19252 22g34 23gh),

_i5 15, 121 105, 35, 35
SSO‘acs'mB"O@(z g ot 8- g8

di..e 315, . 189, 3153
535 TR+ et SR

105

s_ 83,5
g 5 - 187
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Spp = - %520"' 1‘2‘ - ;%(% - T%B + —52),
Sgp = - %S3o+'§65%'" %EB)- ;%(%g,_ 1%8 + %BZ— %263),
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For small values of a+|8|, the series expansions for
Cag(@sB) = 20TV W (2, 8)45qq (w,8) }/ (at8) (A.76)

with q=0n7 and =073 are written as follows {(x=o+g):

@

o0 _ n 2
Cogg = 2+(y+Hinx)x- L Tﬁ%)(ir)?:‘l)_" + Z (nil)'( x)
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The series expansion for the expression (A.67) can be cbtained by
regarding the formulae (A.77) as the series expansion for 2(i)'qwqg(a,8)

+ (at+B) .



Appendix 2,

TEST CASE 1
5
1«
1.
lan
+1

195

+00

TEST CASE 2
7 -1 1
285> 171+
000042 Q00
Law
2R0O+0
2R0+Q
2R0O+0
2RO+D
+00031222
+000366
+0024435
0«0
Q24043
Qe
3RO
3R00
3R0O*0
3R0OQ
3r0-0
IR0+ 0
3R0O0
T
11l
17«
T
vU3

: 8
TEST CASE
1

04
3
5 1
*10757 ' 36
l1as

2

*0V13372
2w0rD
2r0*0
¢RO*0
Q0026137
* 00030642
00204551
00
01947
00
3R0-0
- 3R00
3800
3rR00
3R00
3p0eN
3RG0
T
‘1l
17w
1.
U9
A
+Ugy
1 7
3 3

012

012
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Input Data for Three Sample Problems

_1=GROUP
2 1 3 4 & 2 2
+00001
+B +00 11 +00
+3 *00
+8 o0 141 *+00
3 *00

POLYETHYLENE

2 17T 3 &4 1 2 1 27
2 8224 la+45 2118 2402
041 +Q00001
2076601 0680886 3R0O+0 .
+3793791 *1825128 +104429 2RGO
7587582 5095126 +177199% 0319487
1+5774185% 112068507 1241389 +0193013
0+0 1+8210198 145562732 *3670025
0+Q 1+839773 115268467 12626097
0:0 4+8l3576 4+ 789533 +31048285
«331857 3RO+0
r6T46253  3R0+0
1+3360566 3R0+0
2:75952478 3R0+0
2+8671703 3R0+0
2470267 3IRE+0
418409093 3R0+0
0 1T
00 1+0 T
* 048 *026 015 007
WATER  (7-GROUPsNSNUCE=1+NSLOWD=1+LP=2)
4 1 7 3 &4 7 2 2 13¢ z 1 & 3 1t
78 *50403 *02559% *00003
GO *19492189 *07678401 2R0*0
129709322 *13158687 08437803 ZRO*C
64341711 ‘4364553 *149064233 rg2674421
1°2676869 *56l44278 20038489 *0l61576
gro 117969246 ° 1°5766738 *30493378
00 1+9091561 16487843 $21846222
0+0 3+57954 356007 *25832622
»3310298 3R0-0
5080294 3R00
141002432 3KQ0
212438058 3RQ:0
302878937 3RQ+0
34900124 3RG*0
439065 IRG0
0 1 Q 1
00 1.0 Q.0 1:Q
*0le 0le 019 1019
*ULl6 'gla 019 1019

(NSOUCE=D+NSLOWD=0 4 LP=2)
z 1 1 3

1 16

6

(7T-GROUP + NSOUCE==1 4 NSLOWD=1 «LP=2)

1024484

Q+0
+0031948
Q078566

DATA

DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA

"DATA

DATA
DATA
DATA

DATA-

DATA
DATA

. DATA

*0015653

*0018247

DATA
DATA
DATA
DATA
DATA
DATA
DATA
OATA
DATA

- DATA
© DATA

00T

00
00267442
00657692

*00131032°

*00152754

021

021

DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
GATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
CATA
DATA
DATA
DATA
DATA
OCATA
DATA

DATA

DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA
DATA

DO e N
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Appendix 3, Flow Diagrams of Computer Programs

’

1. MAIN

START

-

Clear COMMON

1

READ title and input integers (see § 3.1)

f

(: The first integer>(?

Yes

No "STOP

WRITEZ problem classification and title

|

Dimension assignment for arrays (see Table 2)

!

Calculation of storage locations of arrays

(see Table

1)

!

WRITE required storage

!

(:Required storage < available storage? )

Yes

I

CALL JNMETD

No

READ all input data left
for the present problem

LLL>07?

Yes

|

Clear a part of COMMON
for the flux calculation

i

CALL FLUXCA

For the next problem
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2. JNMETD

No
ENTER NSQUCE>(? j)——~sIJRITE problem classification & READ VG

¢Yes i

READ & WRITE SOCE READ CK1, CKZ, EPSK

READ DANGL

- e
( NSLOWD=0? )

&Yes ‘\“JEL:‘

READ XG = READ XSEC by calling FIDO

Yes
TA(11)>07? | READ TMTIX & DEN by FIDO

READ A, BUCLG Cross-section mixing & WRITE mixed XSEC

LP>17 Yes J ¥MU = T (Pl-component of Z.,-} = 31 T
5 p i 0“sj

No

XBSEC = B?/(3L4-3MgZg) + It

i Yes i
(: NSLOWD=07? :)—“—P CFr{j=i) = Xi(vZf)j /XBSECj
y¥o ¢

ALPHA=T %A —>< NSOUCE<0? eS| ALS=ALPHA
No

8t (1) = Iy b (i+3) /[ (220+1) *XBSEC] XV=I v

{

JTI=1, then WRITE A, CS

v

Nest page
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l Yes

WRITE CT

(:AiNSLOWD=0?

No

N
No & = Yes
‘%——{:7 NSOUCEZ0? :}4-———{: NSOUCE=0? j)
Yes
CK=CK1

CS=CS+CEF

Ye;\\\\ﬁﬁ
C1=CS+CF/CK1 e—a<54§SOUCE=0

No
{4:)"—-6(:_QSLOWD=1?
Yes

y No

ALPHAik=ALSik*(l—Zllvl*CK/(Zikvi)) | JTI=IGRP
Cly (1%3)=CS) (3+3)/ (L-Z1 v *CR/ (2%v4))

i=j=IGRP

Yes

NSLOWD=17?

J=MM=JTI

No

Matrix elements ED=(2q+1)(2Q+1)quQm and
E=(2q+1) (22+1) CQ,I (J_MM)quQm by calling FCAL

ED=E E

=C2%E/Cl

Yes & No
Next page 49"———<:4NSOUCE>O? :}_—"

DELTA=det |ED| by calling DET

C2=CS+CF/CK2

v

WRITE CK, DELTA

A

Further

3

iterations

CALL ITRTON

Converged
WRITE CK

No

T\

“>{  NSOUCE=0? _;)

Not converged

LLL>07

Yes

RES=cofactor of the matrix

> RETURN
h

WRITE RES

E by calling SOLEQ
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Yes
{ NSLOWD = 1?_:}————y J = JTI

No
Yes
( SOCE > 07 IITIT > Q7 CALL FMCAL & LEGDD
Yes
No No

550K = —(2n+1)S07Pyic K
Ss0 = 0 CALL CCALC o JOIE T g
Erg = right hand side of Eq. (22) by adding

SS0 term and summing up over energy-groups

Call SOLEQ for obtaining RES = (Zm+1)B,, by
solving [E]*[(2m+1)B] = [Ejp]

Yes
NSLOWD > 07 D The last term on RHS of Egq. (22)
(e )
No
WRITE RES e
Yes Yes
( NSLOWD > 07 )—{ JTI = JTI+1 < IGRP? }——-@
No No

{ RETURN < y



3. TFLUXCA
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ENTER READ NGRUP, NSPACE

C

T
NNNN
I NSPACE, < NTSPAC? No
k=1
| Yes
NANGL > 07 Yes

Angle points

No / ANGL
K=

WRITE E NSPACE;

Yes

(: RETURN

)

No
NSPACE, > 07 }ﬁ K = K+1SNNNN? 7———9

Yes

Space points X

WRITE K, X

If NANGL > 0, WRITE ANGL

Yes

No

C

J = NGRUP? H J = J+1 < ICRP? )
No

Yes

WRITE J ‘!’

l

Nest page
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l

No

NTFLUX>0? :)

Yes

RCp = Gpp, by calling GCAL and
calculation of Gpg-terms on RHS of Eq. (17)

—)( NANGL>0? 2
! NANGL>0?
, J
Yes
RCp = Fpﬁ by calling FMCAL and LEGDD, and
calculation of Fpg—terms on RHS of Eq. (16)
Yes { SOCE;=0. OR. NSOUCE<0?
No
No e )
- NTFLUX>(07?
A
Yes
Calculation of the source term on RHS
of Eq. (17) depending om ITII
:
No
—)( NANGL>(Q? )
Yes
)
Calculation of the source term on RHS
* of Eq., (16) depending on IIII
=  NANGL>0? =} fo
>07
A J
Yes

y

WRITE angular flux VFLUX

Ve

Ne I 07
S NTFLUX>0? e

i Yes

WRITE total flux TFLUX




