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An Improved Method of Inverse Kinematics Calculation

for a Six-Link Manipulator

Shinobu SASAKI

Department of Reactor Engineering
Tokai Research Establishment
Japan Atomic Energy Research Institute

Tokai-mura, Naka=-gun, Ibaraki-ken

(Received June 30, 1987)

As one method of sclving the inverse problem related to a six—link
manipulator, an improvement was made of previously proposed calculation
algorithm based on a solution of an algebraic equation of the 24-th
order. In this paper, the same type of a polynomial was derived in the
form of the equation of 16-th order, i.e., the order reduced by 8, as

compared to previous algorithm. The accuracy of solutions was identified

to be much refined.
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1. & U & 2

—EDMEEHOT TEEAITHER ) v 7 B OENT, e ToH v TENEEOREL
booHEy ke w2 2 b— ¥ OiEEIARICIE, SEMAN (E¥=f/0EER) 25 A THEED
GE « AR Z)EMRIRE (direct F 7203, forward kinematics, 77id direct kinematic pro
blem) &, BT OB EE ) SEMOMEZEN 2RET 29 (inverse kinematics &
#-{d inverse Kinematic problem) 2E AL LASE, TGO HERVAWAF LN, —ikH
TR AR EEE R )y 7 ARRHT 20O0ERNTH S, IAEEOHTE, Denavit — Har-
tenberg D& A A HIC Paul I LA FIREF A SRES VA &S META L I50aME « ZEoxbEG
BT 5,00

—7, ST, EEFAOLMChEBD R, REPFEREENTEY, #H3E
GEABEREERT S0, BT RkH2 ZEPRETHHELD TRL, FOMEHEGIE
HWICHEBTHS, FHPaul 6, FEEZ DO THBTOEEL L7107 — AIKDNT, HEIC
Lo THEODEENbOE BV THESROTYL 5,

oLk, VIETHEEREEAEROEERD L CENPLELD, MELLESEED
o 6 EUC R T AR ARG sy o v 7 viEEA RO CRRRIEFTE TR E KD 5 HiEn
ICHASN TS, COHFEFERAUEOBS L TOT VT ) X Lpgiiinio s 0—#
PRI SN TV A SO0, MOFIEEREL S ¥ o iy O EAGELEOTREM L, HAH
(ETERETNEERS D, $/, BEINLABE BRI T AMPERICIRAD D H L1
BT, Y2 T VETREASNAFNMBICE L T—20M LAk E S,

CHULIERBIKESVT, MBEOREZEE,P OBENICE ZHD 1207 7e—-F & LTE
g SRR A - DR ERCERS 5 i QT TR CoREFEALERERAE L&k R
s eips) wmx L, T corpTEb s i MERES (EERRES DD
55, GRS YEROSEXEZHN T 5O R BOBRILSEE TS -7, AT 2
DOE S L HETERABERNEBEEH L, 2ORKREREROTTVICHNBMEKHET LI E
MTEI, BRD Eighs, REETIEIEEZDERILIDEIDA LN,

2. #HLHA DR

BHICEEDOWNGE LI AE6) VY v ot ab—y % Fig lig, $H@FYAEA4E0 01~
(12) KEEHTEE TS, EHBREOHERREISE TR (3) 2B Ihiy,

nx :7(:6 (Sl 523 CE+ SdSSCL+ Sl SSC‘( C'23) + SE (Cl C4._._ SI S4 CZB) (1)

Ny = Cq {C CySps— S, 8,851 €€, Cpy85) + 85 (8,C, — € Cpy8y) (2
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1. & C & i

—ECHREEO T TEE AT SR Y v 7 R OB, Uh TR — TEIEEOEEE
booud .y b v s -y OEB NI, SHEFEN (T lER) 252 THEED
I » B34k oh ZERGRE (direct £ 721k, forward kinematics, 3 7204 direct kinematic pro
blem) &, WICBAONERED SR OBETAN 2 REJ 25L& (inverse kinematics £
7zit inverse kinematic preblem) EZ LA, OO HEEZVAWSHE SN, —iH)
Wi d BICIIEBEER < Y o 7 A2FA 3 200880 TH 4. MBHEEDAFI, Denavit — Har-
tenberg OF 2 4 HIC Paul I L5 [ FEEE R A M W 5 & BRETH &SR E » S8 0N EREF
s cEdTE s, P

—F, #REC 20T, ERTToRhibliEobk RESEREINTEY, #IIE
R AT 270w, BB RO L CEPEETH 20D T, TORMITELIF
BICHBTHE, BEFEPaul 5, FHBICOVWTREBEDHEL -7 —LiT20 T, HEK
o GHROBEE L 0ABURTHEEHOTO 5,

ZokHic, BRETREEEERARERORERDZ CEhLERD, 8L ESBEED
1o 6 EET G HEEIM A MIGLU Lic v 2 €T YIEXH O TERRREFT R TB AR 5 HHEHR
EKFHSN TV S, COHBERARBLECS P 20703 ) X AREREIIHEGE K
FHCRIH STV 2 600, BOWMMBMERTES ¥ 2 OV ORESFEOARELE, FeH
{ FTEEBITNSANES L, T, BESHIAE « BRI T I2MOUERICIEAO »H5E
HTH, ¥IET VETESZSAMIMECH L T— o0 LR ES T,

ZHLAEERRAETVT, REOBEAEZE P DERNICE DD 1 207 7o —-F & L TE
gl e —HRETRERN T 2 5% QT TRIoREIEA24£4ALEA T 3ER
st erp s wRg LT copmemih s e EERES (REICRES ND
7, EAHFRERPHELASROZERFHBRT 5 DICRMOEBEIESEETH o, KEHTIEZ
DOE L HETERAERZEHINL, 20REEERDEF VicE~8MBE(HET L L
DTEL, BRI gk, REETCEYEE0EBIE LB I s,

2. ZE#HLZEADEN

BHCEBRONEERL L6 ) vy s~ b — %% Fig. lig, $B8E8E L EREAX (1)~
(12) It EpTES FF 5, EHBROBHERSEE (3) 28BN,

Ty

T Cp (8185 Cy T S8 C F 8856, Cpg) + 85 (GG — 8 84 Coy) (1>

ny = Cs (Clcsszs -5 8455+C1€402355}+ g (51C4;C102354) (2)
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N, = Cy (Cg5Cuy -~ Cy S Seq ) — S Spg S (3D
Ox =Cg (€, Cq— S, 8Cp3) + 85 (8 SpCy = 8, 8;C, + § §CuCypy) {4)
0y,=Cy 5, C,+CyCyy8) — S (€058 — 5 8,5 +C;CyCu55;) {(5)
0, == Cq (848y) +8 (Cy8;8; —C;Cy) (6)
Ay =8 (858, —C4C5Cp) —C C3 5, (7)
dy =8 8,C; — C, 8552‘3+0104(:5c23 (8)
Ay = — 85Cp —CyCy 8y (9
Pi=—agCs (883C; +8S;C, + 8 SC, Cpp) +3858 (€;C,—8;8,Cy)

~ 85 (8 805+ 8,850, 7880, Cp) —(8,+8,) 55,;,—a,855 (10)

Py: aBCE (CICSSZS_Sl S455 "|" Cl Céczsss) +3585 (S; C4+ Cl Czs S4>

fafv (Cl CS SZB_S] 84857:‘7 Ci C4C23SS)+(a3+a4> Cl 823 ";'_'aZSZCI (Il)

Pz:ascs (Csczsﬁceisssza) --{—8.5 (_54523) Ss+as (Cs Coz — Cy 85523)

+(a,+a,) cy+a,c, —a, (12D
LCT, PTOBhicERHT A5 20T FROMNEE L TE{,

. JAN .
Siésmﬁ'i, c; =cos f;, Sajésm(ﬁi+9j), Cljécos (8465,

né(nx, n

n)T, 08¢0, o, 0,7, aR(a,, a, a,F;:{EkEBOIHR

¥

NG b,
P., Py, P, HEBEZRICE S 25t oMEBEEE,
Fold, CER(3)TREA, M#E - £ LAGAMO FRERRAZ T FERIKE - & b0
B O » RETEE LR, ARICEALE0BERLZHOF L5 4 -y TEESHL
58T, Ao ILEREFEA~DREILAIA - /o, BB,

A=8,8,Cs +8,8,C, — 5 8C,Cp (13
B=c, ¢, —5 S Cs (147
C= C,Cq 8 — S 88 + C; CyCpy Sy (15
D= 58C,+C Cyus, (16)
E =10 Cp — €;8, Sy (17)
F=—s5, (18)
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EESBAE LN T A - g BIERICEC=ABE S, C.TRHATEZLEME, ThoHERD
IR O RPN 3 [

_asceA+asssB_asA" A3y 8y 833 — &, 5, 5

=N, — a8 A— a5 8 S — 35 S =Py (19

3,0 C+ a5, D+ 8, C+ 8y,C, 8, +8,8C
:aﬁny—i—asc%8.34C1523+B.282C12Py (20)

A Co B+ @S F + 85 E + 85 Cgy + @,C5 + &,
=8N, + sk 85 Cpy + 8;C, +8, = P, (21)

(BL, ag—a,+ a, &4 5,)

O BEH 0, DAESAN 24 IROREERERAEB W, KEITHE, 0BT RETHHHOER
FRELEL VERTOETERT LT EHENTH S, RIR22DT T —F52RT,




JAERI-M 87-104

.1 Bk Z#01

F9, (20), (21) RERDEH KL SRDE S,
334823%B.ZS?_:{PY—aﬁny—35C}/C]:P1/C1 (22)
Ay Cp+ 8, =P, -8, -3, E—a =P (23)

CCT, P, P30 0ATHRELABEE L, FRAKEL DR L
=7, (22), (23) KNofedz

(834C3 +a,) s+ (a34 Ss) G=h/c
(33403 + az) C,— (3-3453) s, =P,

EEEHAC, S ERMEMELTECL,

P/ Cy
Pz - 8 PI/CI Cq
QG+ &y = = | =(P. /<) s+ Py
S, Cz! Py *Szi
f
o s

auSs=(P/¢)c,— P8,
BB, WEoT, KHE S, ¢S, ¢ EE-oTRREINI, THDE,
A C; = (P /¢) s+ PC; (24)
83,8 = (P /C)C — P8y (25)
&, tanly = S/ Cu RS TR LTR/A (24), (25) 2RATH L&

P,/¢c, —a,s K
‘[Eingza‘*T : : i = (26)
Pz_azcz <

L7355, LT, Kidtanbp % 0, & 0, TEER LD 0, oA DMEENT, FMIEIIHA B
Lfce (26) Ra®ELT

4,8¢ =R '“K(szazcﬁ (27)

w85,
ECAT, s, CGIRETAEZES 1 2OEBRAELT (24), (25) oW x 2FLTEA
MAEbE5s L&,

P2+ Pfc?—2a,C,p,¢° 2 8P 5¢ =—ac? (28)
({El L/, a— azz_ 8342 &ﬁ%o)
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DEEHE S, TS, CEOBERERN (27) K&+ P=1500s, GOBETRETSLT
EHFZONTCRBVY, BELECHEME L LTS (28) NeGbE THERAMEYG
MM TEBLEIICT B, (27), (28) X oHED s, ¢ RIRDIHICERE L,

Pzzclziplz“raclz%ZP]PzK _]—‘1

d; Cy — ; (29,\!
2 (KP, +P:¢®) I
K (P12 - P22C12 + aclz) +2 Pl Pz C12 Fz
Ay Sy = = (30>
2 (KP] +P2 Ciz) C'l CIFS
(29), (30) RAERSLT, ccici»oMERX (31) 255,
(/L)) = ay (312

RiT, HBRACT LK GBS AEERP, P, K& (3) RothickRAT 3 &, HHOR
HEASEohizT &wwiss, UN, (31) RoREEFIET L L,
1 Y?
L DX YY)
2 (C+Y?(0,+2n,t—0,19) 3 doj 1!
_ - }

{(:50 doj ')y — (X*++Y®) +a (1+1t%F

1 | |
= Sdti— Sfitita (L+tE
(1427 (e y?) w0

2_Edfit‘ (OZfZHZt—oZtZ)fV, do; ti
__i=0 i=0 }

B
i P g, t! Sh ti 3 do, t!
(1=t27 (X2 +Y?) B
8
1 YL XYit
) v 3 (32)
(1+t2)2<X2,‘,Y2)i:2c;bit1
z iz,
Tgiti= (-t ra (1410 (33)
_%diti:(gdoiti)z .
Xy S (35)
B= 3bt o)
i=n
Zyt= gt Ebti—2 Shitt Fdo; U (37)
i=0 5 % e ) .
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Ihiti= It (0,421t — 0 17) (38)
wic, Iy i,

1 Y?
I, = 1 X
(1 Zhith (X4 Y?)

{— (Oz":'" 2 n, tﬁOztz),éo fi th

+(0, +2n,t-0,t) Fd li—a (0, +2n,t-0,t7) +2 £d, ' $b, 11 }

B 1 Y?
S S bt (X

_ 1 V& PR .
B (1+t2)2,§:bjti (X?4Y?) 170 i
&5,
=L,
2 GGt = 2@ty a ey (40)
12260' (LBXt'= iZi’ULitiJrZi;) (BD), t a1y
IZZG;Li t::(oz+2nzt_ozt2)i§; (GG a2

3 (BD) = 3btt Sdo;ti (43)

1=0 i=0

[ DT HRBRICEE(EETT S &,

Fof :

2Y? (o,-2n,t—0,t?  3doti

I = {———= }
1+t ' Ipu (XY

9 y? { (ozf2nztozt2)_f0fiti_f;biti_f;dolti}
= 1= 1= i=
(1 t?) _ngit‘%biti

2 v? :% (HH): ti
ft

- i , 44
(1419 Sft Sht (
L,  F(EExt=Ehti- § (BD) (45)

MiFENE, -7, (32), (38), (44) b5

{to,+2n,t 0,1 2£(GG) t,+25 (BD)t'}
YZ) i=0 i=0
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-
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—
Lo

L

o

1
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Il
=

8
Il

= BB 5t
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2.2 BE 202
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¥

THote, LT LCCUOEFRICHEBEFIBERELEBLTHEL,
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=Xty
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Joint Solutions by Previous Model

FEEXKFEXEXF R LR KKK XXX R R R R R R R IR F R KA A kR kR Rk hkok Rk Kk RNk kR kAR ke Rk x kkkk Rk kX

ANSWER OF POLYNOMIAL

ADOPT ANSWERS (DEG)

THETA1
THETA4

INPUT

CALCULATED

-179.82%94
166.2920

VALUES =--

VALUES ---

ABSOLUTE

ERRGCRS —---

0
0
1

1
-6
1

1
<]
8

THETAZ
THETAS

.0
.0
.00000D+00
.29069D-07

L45847D-09
.00000D+00

.29049D-07 :

.45847D-09
.346831D0-15

!

0.12019D+0C < T

-0.0032
-89.2802

1
0
0

1
1
-1

8
1
1

.00000D+00
.0
.0

.0Q0C0D+00

.57523D-09
.29069D0-07

.32667D-15
.57523D-0¢9
.2%06%9D-07

THETAZ
THETAS

g O

.0
.0
.0

-1.5
1.0
to6.b

1.5
4.1
6.4

1

TANCTHETR&/2) >

= -89.2975
= 13.7069
~3.65854D-02
0000D+00 3.500000-01
1.631000+00
7523D0-09 -3.658530~-02
Q00QD+00 = 3.500000-01
5847D-09 t 1.463100D+00
7523D-0¢9 5.49484D-08
63340-17 2.80554D-09
5847D-09 : 4.58755D-09
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Table 2

Joint Solutions by Present Model
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ANSWER OF POLYNOMIAL

ADOPT ANSWERS (DEG)

THETA1
THETASL

INPUT

It n

-179.8294
166.2920

VALUES ---

CALCULATED

VALUES -~-

ABSOLUTE

ERRGRS —---

= 00

THETAZ
THETAS

.0
.0

00000D+00
L04999D-12

.529560-13
.Q00000D+0C0

.049990-12
.529560-13
.38778D-17

1
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-0.0032
-89.2802

1
0
0

1
é
-5

1
4
5

.00000D0+00
.0
.0

.00000D+00Q
.16644D-14
L04993D=-12
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L1664L4D-14
L04993D-12

THETAZ
THETAG

OO
o0

-6.1
1.0
2.5

6.1
0.0
2.5

TAN(THETA&/2) >

= -89.2975
= 13.7069
~3.658540-02
0000D+00 3.500000-01
1.631000+00
66470-14 -3.465854D-02
0000D+00 3.50000D-01
29570-13 1.63100D+00C
66490-14 2.14983D0-12
1.099400-13
2957D-13 1.791900-13
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