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Kinematic Analysis of a Six-Link Manipulator Based on

Vector, Elementary Geometry and Polynomial Expression

Shinobu SASAKI and Yoshikuni SHINOHARA

Department of Reactor Engineering
Tokai Research Establishment
Japan Atomic Energy Research Institute

Tokai-mura, Naka-gun, Ibaraki-ken

(Received October 5, 1987)

This paper is concerned with the description of relationships
between links and the direct derivation of individual joint solutions
using the knowledge relating vector and elementary geometry for analysing
link mechanisms, in which formulation of angular displacement by means
of rotational (unit) vector and simple vector arithmetics are the basic
approaches, Compared with the traditional transformation method, the
present advantages are to permit explicit angular solution for each
joint as well as intuitive formulation. Analytical results show that
they are in complete agreement with the previous results with respect

to the precision or the number of solutions.

Keywords: Vector-Geometrical Approach, Linkage Mechanism, Direct and

Inverse Kinematics, Manipulator
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1. 3 C & &

R EZBEIE Ry b v Eav -y OFEEFG, BELFBRELABERTAI ST VB
BB R - BBHERCTESNE o —F, ¢ OEBCHT 5 HEIE L 1
TSR IR ABCEE LY, ORI AL FETRHORLNDT, FiEx0bk
BRI DDBRETH 5, TORHI, 7=E 2L —5 OIRITH 5155 TOMREEEIR
B RETEYS L ERPER L 2 ORETERT L0, LAY v 7 BB OMBRR
TTHaMLOMEORMPHEICER L, B2 P LORH FHEPY PVRLEOHERE S
BEAOWMEEMHE LT, SEHAZEENCEET L EPELON S, N7 P LVORRE, 7]
%, EEY, HERSCHBFTELACIGHZN TGS, Vv oot LTs, Vw7
DEMPAEL 27 P VERTER L, BZENTIBTHRITZED 5 EPAHOELBETH D,
FNOOMBEEREBEE BN CEZH LT 7o —F A2 RET B, LT T, BELREs
HORWTETELRET S, Lol, <7 MECES(FRTOv=alb—F - J V7
R R BRTACLBTERLOT, HANLGEEAS L VAT TETOELL LR THE
CAEy P EHT L, BE~NI bvERHOLESO#UERL 0B, K& i LT 51K
D& AF Iy 7 2B THE L, fELMEEBOXILAERT S2ESHFETE, EBAHE LD
EFOAEEZTHBHOT, LT TRIFHOKEEZHRDEL,
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2. U 7RIS AT R L A DR EIR

R T O RET L= 2 — 5 4Fig 1 @R, B, EBIHZORTELCBOTIEE Y
VO U ARET AL G LAY, LTORTLEECBA~2 b vodh&
BEEC R BOTRICT ik 5 NEERERET 5 )

R EE LIcEREERE (%, vi, 20) DX, v, z; TR > TOBA <Y b % ny,
0., a, 245, Brid, 3ERF (xu, vu, 21) DFN%En, 0, a &5 5. $f, WO TELAN
7 MovZEm =(nix, Ny, ni)7, a=(ax, ay. a, )" F LT, (THEHEKEILS.)

2.1 BEAg,. 8, OFEH

Fig. 1 icrd <= a b—5 OB EOTELNREZ, Hook 05D £ THE Y i 2k
THLETHY, BT UAFOABCD i L TRAF M T, SRAT 2. 727/, LITFTHEHR
HOEEG . DERO—H, NBEAABDICHWTEZ S, (Fig.2 28)

Bir GHH G ST, v=Eav—5 OFEMBRLELT, A, DOMEXBEE LTS, BIE
BABEHADIKH LT, 200RE-IKEBEZEHD YA &b b, TOTEE2ED 6, (F
fz, 02) K2BOOE->LBOMREEATE LTV 5, REITH, ., 0, o HOBHESER
MR EBOFRH % T,

9. AABDXDWT, &~ b VOEBEHETEITH &, (AB=1,, BD=1,,, AD=L &
LT)

Lexp (jo, )= lLoexp (j 0.0+ L exp {j (f2+0.) ) (1)
LB, LTI, exp (z) WIEREIRHEREERL, | BEEEMN (i2=—1) 45, % EH
T4,

L (cosw,+ jsinw, )= 1, (cosf, — jsinf; )+ 1 (cos Oz + jsinfy; )

L, WHOER, BEHEZELIBNT,

*) Fig 10) v /#Bic LTERLASEERL R, x, v, 20300 OEERFE Rot(x, §),
Rot(y, 6 ), Rot(z, 6), £/ itEHREL Trans(a, b, c)&ild L, TREOEKE &0, FIZIT,
T AL OFE M EELBERY, (x,, v, z:) i, @ix, DEbH DR L 2, HED
Wik A ZH i BIF Rot{x,, 8;) Trans(0, 0, 1)KL -T, BIMEOMNBICH L VEER I, (x,,
Vi, 230 FEETHIEEERT S,

o (Kos Vo, Zo) s oo e e s 5 (x, Vi, oz)
X0, Vi, By ) e Rot{zy, @, )Trans(0,0, 1, ) --eeees 5 (X, V2, Z2)
3, (xp, Vg, Zp) oo Rot(x,;, @,)Trans(0, 0, L3} «vrrev 2y (%3, ¥a. Z3)
Ty (X3, Vg, 240 e Rot(x;, #;)Trans(0, 0, 15) «ee 5 (X, Yo, Z4)
Zs (%g, Vo, Z2g) e Rot(z,, @,)Trans{0, 0, 1) - 3 {xs, V5, Z5)
Y5 Xy, Vs, 250 00 Rot(xs, @:)Trans(0, 0, 150 = % (Xs, Yo, Zg)
2 (Xg, Vg, Zg) oo RotCys, 660 Trans{0, 0, 1g) e 2y (%, Ybh, Zn)
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Fig.1 Six-Link Manipulator and Link Co-ordinates
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Fig.2 Geometrical tllustration of Links Between Joints 2 and 5
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Lecosw,~ lycos f;+ 1 cos

L sin Gy — 12 sin 62 + ]34 sin 623

55, BL, 0,48, =8, Litd.) L&Y, tane, BEROATEE %,

1, sin #; + 1y sin fs

tanew, =
Iz COS 62 -+ 134 cos 823

Fho, @F+BPEETTLL,
Lf=1F8 + 1sf + 213 12 (cosf: cos @l + sinfl, sinfla )
=17+ 15+ 21, 1, cos Oy
&85,
—7, (2), 3) 2RDELHCEESHMAIHAT
l: cosf, =L cosw, — lg, cos &
[ sinf; =L sin w; — lz sin fg
WeETFELTMALE,
17 =124+1%—2L1, (cosw, cos 0, + sinew, sinfy )
=L + 14~ 2L1ls cos (8 —w,)
8%, TORD S,
cos (fp—w )=(LE+ 1, —1F)7 2L 1y
FtiAa, T T, Fig 2 iTflishizAABDICH LT, AREllZERT 2 &
12 =1.+12— 21, L cos ¢
l,=1° +12—21; L cos «
BESN S,

134: 13+14
2L,
{ {L2:X52+y52+(2511)2

(2>
(32

@)

(5)

2"
3"
(6)
(N

(8)
(9

(10)

L35 2 BARTA & s BAETD o SUTEERETH D, (x5, ys, 2z5) 3EBERZHT LD ONE

27T ((xs, ys, 25) OFRBECOVTIE 2.3 THHEST 5.)
(8), (9) pOBEEIC
cosa; = (1,2 +L2—1,8)/21, L
cosdy = (lsf T LE~1F 2721, L
AT EITE 5,
(M, 12) %HEBLT
cos (0 —w, )= cos dz
D5, O —wi = £ s
85,
F#kic LT, (2), B) &0
la cos fzs = L cosw, — |5 cos 6
las sinflzy =L sinw, —1; sin b,
A TELTMASLE,
1,2 =L*4+1 2L 1, (cosw, cos §; + sinw, sinf; )

=LF+1f 2L Lcos(f w,)

(1D
12)

(13

(14)
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MEIH xR, RO
2L1,¢c08 (B —w, )= L2+ 12— 1.7
E D ARHET UL, 6, BEESETERE 5,

0, —w, = o, (15)
0, 13, U3)%fdi-T, BEHICnT5s, ‘
By =8 — 10, . (16)

FNTIE, DXiCl,, 0, FHWETAHALTEZL @S IN a,, a,ld, (11), (12) O
M (cos ") ZMSHEAERSHAED 8, ROLDSMSHMARH o0 FEESRE LT
FHT 5,

Wi, ANABDOTHEBD SHHAD T ULREBRB AD % x, . x, CET 5 &,
17— %=l — x5 (12> 15 ' (17)
¥, +x; = L {18)
ML, (7) BE LI *
X0 = xf =1 = 1 (2a)
EURY S x,, x, 8KE B,
x, =(L*+ 115 ) 2L=(L*+a) 2L (19)
X, =(L?— 17+ 1,/ )/72L=(L*—a) /2L (20)

ZhE (17 KRAT B E,
h? = 1f —x," = {4L% 17 — (L2 + 17 — 1,502} 74L?
={(2LL +L3+ 17— 1) (2L1, —L*— 1§ + 1,#)}/4 L
={(L+ 10— LI —(L—1;)%} ~4L®
=(L+1a+ 1 ) (LA 1,15 3 {1y FE— 1,0 (lgy —L+1,) 74 L2
= 4s(s—1y4)(s—1,)(s—L) - L? (21)
L, s=(,+la+tL)/ 2&8,)
LD, EHRAELE ST

Soh=2s(s 1) (s—1;)(s—L)/L=2H/L (22)
HL, H=ys (s=1lu)(s—1,)(s—L) (23)
BB, TED, a, a, BWERATKES,
tana, =h/x =4H/(L* +a)=y/4L>1f —(L*+a)? /(L*+a) (24)
tand,=h/ x:=4H/ (L*—a)=,/ 4L* I} - (L +a)® / (L*—a) (25)

PIET, @, a BHIEEMEEE LTEE -7 &5, BL, HORFMBLESA, C
LI DO THBEFL (BB,

2.2 BAEIGZ 4,., 4, DRBR

iz, Fig 1R LAEM ) v/ BB 28 o BHEIORM N7 bbddn Las, ns Lo &
WAL Ebmbde H8-T, ns OB EME OARTIHITHEE~s P vELT
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n;=oxXa, | o Xay |
= [(3-42 Oy_a4yoz)n0+ (34;{ Ozl 03)00—:(343;0;( *a4x0y)30] /Pa

:i(cz30y+01823 0;)n, + (s, SZBOZ_CZBOX)OO :_(_Slszaﬂy—‘cl S230x Ja¢ 1/ P,

. (262
EFF. TTT, as =(a4,, 8ay, 4,07 =8, 80, —Cy Sp3, Cog )7 (27)
o =(o0y, 0y, 007, me={c,, s;, 0)7 (28)
P, = o/ (Co50y —C 250, Y2+ (81523 0, — Cp5 0 )2 + (8, 8230, +C 83505 )
= 1= (Cy 80y —Co30, — 8152304 )% 29

£7:, sinf, =si, cos b —c;, sin(f +8;)=sy, cos (8 +8;)=c;; LEABKX T %L
TTHEHWS,
ARDD <7 bavn, WEE S E, FABEIICOOT
Ci=HNy « M; =N, » ns DERD LM S, B,
Cs= My My = {C2aCr 0y +CF $250, S, 82305 — 85 Cp305 1/ Pa
= {550, + Cz3 (C,0y,—5:0,) 1/ P, (30)
LEBEN B, I0iT, (ns X ns, a,)=s, THEZLWHEET DL, n, ny D7 bLViEIL,
n, o, a,
m<ms= ¢, s; 0] =(s s 0me+ (—nsaCiiog+ N5y € — NsxS; A
Nsx sy sz

Ho{Sl(*Sisza Oy "'C13230x)} i 00{_01(_51 Sp3 Oy ¢ 5230x>}
P, P,

P, P,

30{01(5182302*%30;() s; (Cpaoy + ¢ 52301)}

{¢ci05+s10y)

:_Pﬁ (*n051823‘+00C1823—'30023) (31D
ERETLTEDD,
(ciox+s,0)
Sa “'_‘(112><l15: 34): - Sl {75123232_C1282327C232}
P,
- ~—(ci0x+ s 0y) (32)
P,
BE, 0,1 G1), (R)FF->TERDE D10, 0, FORNENLL,
s —{cioxts10y)
tan @, =— = . s (33)
Cq 830, 1+ Ca (€, Oy =50y )
tanfls IIROEHICLTEHTE %,
27) M a, — (8185, —Ci18z, Cn )7 EIRDas Ok
asg :<ax05*nx85, dyCe —MNySs, azCs_‘nzsﬁ)T (34)
A{E-T, UEL, ac OFRIIREITHL T 5.)
B4 «@g —Cs, By e 0=S; (35)

WERAANSHETRET AL,
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tand Ss (8152305 —Cy 52305 + Cp50, )
aniy — — =
Cs (axCE. TNy Sq )51323 (ayC5 nyS(a)Cl S23 (azCG Nz Ss )CZS

PEEHATTLENTE B,

(36)

2.3 BEDDAEHIUMEEA 6, | §,OFE

A12 BT, BEEAE 0,~0, DERNMURRE B, 2T, BREERCRED e, B
5) BAEIRIOMFEE ~2 bk ERR LTEE 23, 20RHOERLELT, nen; =cq, nd
=1, ngeo=0KkD~X7 Fown; ZIEELE~7 bivo, n, a b, TEHRTEZLLEEEZZ,

i, n=C(oy, ny, n, 2", e ={ox, 0y, 0,)7, a="C(ay, ay, a,)"E5Z oNiiELD
HEIRFE R P TH DL, T2, ne = (Nex, Ney, Ney )7 1F MBI E - & ST BETIOF A~ 2
bvdd b, FDOAN FTHEEETTAE

NxMNex T Ny ey + Nz Nz — Cs (37

Mgy + ey + Ny — 1 (38)

OxNgxr +0yTigy T 0,5, =0 (39)
(39) £, ng; =— (0xNex+ 0y My )70, % (38), (37) WRALT,

{07 05 de; + (0 + 0y Jngy + 20,0y Mgy Ney == 0, (40)

(ny;0; —1;0; )Nex + (Ny0; — 1,0y ) ey = 0, Ce (41)
LEETX 5,

{41) &9, ney = {0206 —(nx0: =N, 0x)0x }~ (ny0, —n,0,) % (40) RIRALT
(0l +0sf){(nyo,—n.0y)%nss + (0 +07 {006~ (N0, —n,0¢ )ngy }2 +
20,0y Nex(ny0, — N 05 ) {0,056 — (N30, — N, 0, )z } =07 (nyo,— n;oy)°

T nex BT 5 2R E AL CEERERET S,

ney ORI :

(o7 +0; ) (nyo,~nz0y0% = (07 +o0f (N0, —ng00 )% —
20,0y (Ny0,— N, 0y ) (Ny0, N 0,)

=(of+o5)as+ 20,0vaay+ (o +o))al

=of (altaf)+t(oga, toyay )? =of (af +ay +al )=o) (42)
nex DOFREL :

—2(0f+0{)(n:0;—1N,0,)0,¢s+ 20,0,{ny0;, —1;0y)0;Cs

=20.¢5 {0x0y (ny0,— 1,0y )—(02+02) (ne0, 0. )} = — 20f s (43)
T

(of +o)olcd —of (nyo,—n,oy)°

=of{(of+0l )cé—(nyo,~n,0;)% } (44>

- TmD_RGEAR FEDE &1 5,
07 g — 207 Ny Ce Nex T 07 {(0f + 0/ ded —(nyo,—my0,)2}=10
XHIT, o2 #0 & LT (45) OB RcHES 5,

Nes — 2MN4Ce Nex + (0f +0f Jcd — (nyo, —n,0y)° =0 (45)
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BERHL &, HBRRROLSTHS,

Nex =~ NxCsta/nicd —(of Toi)cé+al=n,csda/ (ni~1+o0i)ci+aj

— ; —n e - (a2 (]—p2y—
=nxce A/ (1—al—1)cé+al=n.cotafai(1—ci)= nxcs - a,s,

Ney = {0406 — (140, —1n,0x J1tex } - (ny0, —n,0y)
={(ayny—ayng)cs +ay{nsce ta,ss )}/ a, =nycs taysg
e, = (05 Nox T 0y My )0, = {0 (nyCs+ ayss )+ oy (nycs —ayss )}/ o,
=nNn;Cs T a;8¢
CLET, <7 bwn, OBEHIZ, ROL IR TE 5,
Ny — Ny Cg 24 S
Ngy = Ny Cs = 2y 8

Mez = T; Cg T 8, S¢

(46)
(47)
(48

LT, =4+ AFSE 0 AR LB EYT 20T, 1Dkt sEdil &n

T 5,
[ LT, as=1(acx, 2oy, 8. EIEEDOEHE 0, TEHT 5,
A edg 7 585y T AyAsy ~ 886z — Cs
al = asf Tacf tass — 1 }

0 s 25 = Oyx8ex —Oydey 0786, = 0
LKLY, ag BT 2 HENEESL &
Bsy — 2Ceaxasy; + (0f T0f Jcd —{(ay0, —a,0,)° =0
EFEHNT LEBIRRIC L TIRERD B, <27 b va, DERER,
dgx — Bx Cs & 1Nx S
gy —dy Cp TNy Se

dg; — 8z Cg ==, S

(49>

(50)

(51)
(52)
(53)

E1LD, Thd (46) ~ (48) oXBRCBE LT, 0, £0El Lz~ 7 2R F5 358 Es, o
CHINT XA FRBAGHTHR LA, MG U B2 bang, ag, oMt —E M

FBIFEET A LEBRTHLRODEHNTM—DRINDPE L 5,
Nex — NxCq T AxSe,
Ngy = NyCe T 2ySs,
Ngz =Nz Cg + 8z 84,
fex = @x Cg — Ix S¢
Agy = 2yCs — Iy Ss

dgz — dz2Cs — Iz Sg

(46)"
4t
(48)"
(51"
(52)"

(53)"

3T, hitBBEEEF - TRICIEREFE S, B6HEOIEMBREHGMIKT S, v=
2l — 7 ORT (R— %) KEE LA-HERERCET LIBALME X D« Py, D, IERZ b
AP &L, HOBEEOBEES xs, Ve, 2o, NEST b A p THET, Fig3F&BECLT, MNE

BEER AR B o
Pzpﬁ%laa

(54)
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Fig.3 Position Expression of Joints 5 and 6
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px_lﬁax
pe=P—lea =(p,, p,, p, )"~ 1s(ay, ay, a,2"= |p, —lsay (55)
pzAleaz

Xe = Px— lesay
¥ve ~ Py— lsay (56)
Zg = P;— lsa,
X o, BHEEDDOMENY bvps 25 L ONIIBENE L ESE MBI HT &,
P; = Ps + 152, (57)

P5:P5WI535 1(X61 y&: zﬁ)Tﬁ 15(aﬁx1 aay; aaz)T

Xs| = |px— lsax AxCg— Dy S¢ Dx— lsax —15{axCs — nxse)
vs| = |py—lsay| — ls|ayce—nyss| = |py— leay—ls(ayce—nyss) (68)
Zs| = |p:— lsa, a;Cg ™ 1y Ss pz_leazwls(azcsﬁnzsﬁ)

L5,
WiC, TOBEEDOEBRBERCODOTRITLTH S HUF, tan(/72) =1 BT ¢ = (1
—t2) (1 +t2), s =2t/ (1+t%) LESRA LT, KOAEEL t OATEBT 5,
£4d,
Ks=px—leAx—1s(a:Cs = NySs )= XX—15a, (1—t2 )7 {14+t*)+ 215 net” (1+12)
={XX(1+t?)—lsa, + 2 lsn,t +1saxt? 7 (1+t%)
={(XX—lsa, )+ 2lsn st H{(XX+ a0t} (1+t2)

={ Xy~ 2Lt + X, 21/ (1H2)=X/ (1+t2) (59)
BL, XX=px—lsax, Xn=XX—l;a,, Xp=XX+1;a,, (60)
X=Xo+ 2lsnt + X t2 =1+ 12 ) { XX —15(a,¢s 1S5} 61)

k=31
ys=by —leay—ls(ayce —nyss )= YY¥—lsay (1—t* )/ (It )+ 2 nyt / (14¢7)
= (YY(i+t?)~1sa, + 21snyt+lsa,t2  (1+1t2)
= {((YY— La,)+ 21snyt+(YY+1;a,)0t2 1/ (1+¢7)

={Yo+ 2lsn,t +Y 2} (1+2)=Y/ (1+12) (62>
HL, YY=py—lsay, Yo=YY—1lsay, Y,=YY+1;ay, (63)
Y=Yt 2lin,t + Y 2 ={1+2){YY—1;(ay0s —nyse )} (64)

2o — 1, = p,—lga; —1s{azce 186 )1, =ZZ— 158, (1—t* )/ (1+t*)+ 21, n, t/ (1+1t2)
- {Zz(l*tz)ilsaz ‘1‘215 nzt'+l5 ds t2 }/(1‘+t2)
=({ZZ —1sa, )+ 2len t +(ZZ +15a, )t} (1+¢t*)

={Za+ 21sn t 2} (L2 )=2Z7 (1+1¢%) (65)
BL, ZZ=p,—lsa, 1, Z.=22 lya,, Z,=ZZ +1;a,, (66)
Z=Zat 2lin, t+ 2,2 =1+ 1* ){ZZ—15(a,c6 —n,85) } (67)

CDERE LI ETFg2iCE »Ttanw, #BHT5 &,

BN N A e A R NS Sh e &

t i
anen (zs—1,) Z/ 1+ 1) 7

(68)
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LD, £/ tand, D5,

— X ~X/(14+17) —X
tanf, = == =
v Y/ (1+12) Y
FEEHE, TD (68), (69) ZLITTIE,
tanw; = — Y./ (Zc,)
¢ = Y2/ (XT+y®)

ERBELTHOV S,

(69)

(70>
(71)
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3. fAxDBERERET 5 LODRBHBRADEE

DEOMEEMAG, 8, ~0; DED 6, AE t) THEANcEINA-OT, RAEEILIEESN
FoiBfrE RBEE s BEORM RS U0, OABER AT T AL LBEETES,
9, @6) TRDI-AT tavnsida; CEEEOT, WiE (ns, a:. )=0 & 2BRTEHD

<o BB, ms « ag = Nsyaex +n5y36y+n5zaﬁz

= [{cpoytcis2s0;, ) (axCs — NS )T (81 S0, —Cos 0x) {@yCs — Dy 86 ) —

(8; 83307 4C; 82305 ) (@206 —n,8)]/ pa=20
2ZT, ¢e=(1= 2/ (1+1t7), se=2t/(1+1") LBSH/At DATHRIAT L L,
(Cos 0y TC1 8230, ) Dx + (518230, —Cos 0x ) Dy — (8, 855 Oy TC1 82305 O, = C
B, #thoE L
O, 2a,—2n,t—a.t?, ®,2a,— 2n,t—a,t?, ®,2a,—2n,t—a,t?
LEEX, 2OXE IS e, TH - TRAEB S,
(oy+¢1 0, Tos )0, + (5,0, Tas —0, )0y — (5, 0y 110, )T, = 0
Ty (=tanfly ) KDOVWTEEST S E
Ty = {0:@y — chpx? _ (0x @y —0,0y)
{ci@x ts,@y)o,—(croxts, 0000, {(@:+T ®y)o,—(0x+Tio)®:lc,

_ (0x @y — 0,0 )
{(0, @y 0,0, )+ T (0, Py —0y D, )y
F1B, TORENYFORE (0,0,—0,0,), (0,0y—0y0,), (0,@y—0,P:)

0,0y — 0,0, =0, (a8, — 2t —a,t? )—o,{a, — 2n, t —a, t*)

({E.[_/, lesl/cl)

= (0g8,—058, y— 2 {0, 1y —0x 11z 1t —(0; a5 —0xas Jt°
= ny+ 2a,t—nyt? éNy
D& HiIL2RATREATERBFTLT,
0: Oy 0y @, = —(ny+ 2a,t —a,t*] 2 — Ny
0x®@y 0, Oy =1, + 2a, t—n, t* = N,
XYL, CORBR, (75) HROLHUEELLBICES,
Tes = Ny / {(Ny—T NyJc, ]
= YN, {{XN;+YNy ) }

C Ty 28t £ 0, CEHLAELDTH S, Tu 2E 20 AMthoBEHERE LT,

Bz, 6,0REFFBLT BT 25 HAERELEHLSE 5,
T4, 0. & 0, OMETB L U3) 5, EEEAHRET S, b,
ttana, = tan (#,+6:—w, )
~tan g, = (T —tanw, ) {1+ Ty tanw, )

{YN, 7 (XNz + YNy )y} — (=Y. Zc,)
[+(—Y./Z¢, ) {YN,/ (XN, + YNy )¢, }

(72)

(73)

(74)

(75

(76)

(71
(785

(79)
i

(80)
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(XNy + YNy + ZN, ) (X+Y2 )¢,
Y{Z (XNy YNy )~ (X2 +Y? )N, }
@D i3 e, 2L H2FLT (T X, Y TEHGTE L
(XN, + YNy +ZN, ) (X2 +Yy2)2 Y?
Y2{Z (XNx + YNy ) —(X? +Y? )N, }* (X?-+Y?)

tanzaz -

(XNg YN, +ZN, )? (X2 +Y?)
T2 (XN YN — (X7 Y2 IN, I
BRgoh b, OnEyF AT 5 &,
(XY
(W, 2%, N, }?
CEET B, GHEGRIZD ML S 2 i1 5,.)
EC AT, LIkl tan e, iCxfd 5 (B5) XE2FLT,
tana, = 16 H®/ (L® —a)? ={4L? 17 —(L* +a)*}/ (L —a)?
oI, Wi 1 ZMABERDE D,
4L L, —(LP+aY+(%—a)® 41217 —4al? 417 148

tan®a, =

tan®a,+1= = =
’ (17— a)? (17 —a)? (L*—a)"

TTH, a= 12— 12
(10) THEALex LT, (59), 62), 65) &ff8F2m (B.5) 2T,

(XP+Y2+2Z2) -~ @, (1)
2 — 52_*_ ‘2+ 71 2 — —
L X ¥s (Zs 1) (I-’rtz.)z (1+t2)
LESDL, ChAEHE 85) OaHICiATE &,
AW, /1+18) 12 4(1HET, 148

tanfa, +1= =
e (@ 1+12)—a) (¥ —a(1+12))

At OFHEEENE SN S,
—J7, (83) O 1 A g,
TE(XAP4+Y?) VI(XEHY) ¥, Z2—W,N, }?
W, z2—¥,N, ) B (¥, Z—¥, N, }?

- W'lz(Xz-i-Yz-f—Z2)%‘W2NZ(W2NZ*21”'12) - wIZ (1+t2>W2+¥f2Nz(.’F2N372¢12)

(.2 — #,N,}? : {(w,2 —w,N,}?
_ATE(L P ) AW NF — 2% N, Z}
(w2 —%, N,}?
EW ARG, (83) ORTAFELT
T, ( 1+ {2+ N, ¥}
{7, Z—¥, N,}?
BEoNs, (ZOHBELAB2ICES,)
87), GO Loy, (1+t*) 2#RETEC Lickh, kk%B2,
4 1,7 TP VLN,
(¥, —a(l+1t2)}? (¥, 2—®,N, }?

tan®a, +1=

(81

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90
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CNABEETE KT 8 RORBSRK £ (1)= 5 hit' =0 &5,
=g
TZi tan{fs/2)=t

4. B b N IZ

REAREE L CEBE AR AHEH L ZOHMEERHEZEAFO 7 7o —Fiext LT, R
AN P EBEEOBEATE Y VY v Ea v — 7 OBRIRAFE LI, BTN
T o a b= OBEEEITEA RO 2 EBT RN, SEERIRI, 288 ETHERL,
COEH 0, £ 3RO A BERORS, SBE L. BHEROMIRIEOEHREIE L-2ERL 3
ECRLAU B BAREES 00T 00, ThEFHEMEALRETIREORKES A
Bo MRS IH Loisdic, REAFRERCRE SEEEE, #MEMNcEL ohbd~T
OFEOHEEEHTEROBORCERTEAEZ IR LD TH S, BIFERIT, YR L5,
B (3), (4) ZEOHREFE., SEVBCHE LTRSS —B LTV AT LpERI N,

SEXE

1) hEK T "oy FIFEAPT, 4 -nd, (1983).
2) Paul R.P. : "Robot Manipulator: Mathematics, Programming and Control,"

MIT Press, (1981),

3) Sasaki S. : "A Method of Solving the Inverse Kinematics of a Manipulator
Arm," JAERI-M 86-018 (1986).

4) AR B C6HEEvoYalr sl aRB SN IOEEREEE
JAERI —M 87 —104 (1987 ).
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Cﬂ%%%@@&tﬁ%ﬁéB&@ﬁﬁﬁﬁﬁfU):g hit! =0 &7 5,
i=0
i tan(fs 72)=t

4. B b Y IZ

FREE ML, SHEFEAHERNZEEH L2 OMEEA RO ZAEOT 7o —F LT, RE
AT RS b LEAEOEATE Y vy v ar— y OBFHMEREL 2, BIRHRO
oo b—y ORSEEITEE RO 5 EBTERVIY, JEEBRR, 258ETIRL,
ZDEH 0, 8RO G ERORYL SHE Lz, BEFEAOBISLoREREE Li-81H1 3
ETRUAL B EREAES TRV Lm0, THEFMIESRET 2REORKEE A
5, BAEWRES I Lotsic, REFRERCRE S8R, $#a¥MCEL on b T~
OO AL EZHEXDOROPICEXTAZ IR LN TH B, BITFERR, YROT M5,
B (3), () FORREBE, FHEUCH L TESRK—H LTV LBEEI N,

BENE

1) FE K T oy PIFAMT, A -, (1983).
2) Paul R.P. : "Robot Manipulator: Mathematics, Programming and Control,"

MIT Press, (1981).

3) sasaki S. : "A Method of Solving the Inverse Kinematics of a Manipulator
Arm," JAERI-M 86-018 (1986).

4y AR EH o CeEEEv- YAl ST IRBEIN B ITEE T,
JAERI —M 87 —104 (1987 ).
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i 2

ﬁﬁ 1 ’\"7 I“Jl/ A5, Ng (D—EB;JK&E

2380 (46) ~ (8) . (B1) ~ (53) TRHI~NS hovn,, a2 RBT 5 LT, s, 55
UCHOTFH L RO FOREAT—ENCRETS 5,
ZDORIT N, as DUPOIDHOFERH>VTOMHAER I, Bohic
case 1 1 a¢ (+), ng(+),
case 2 . ag (+), me(—),
case 31 a; (—), me(+),
case 4 : ag(—). me(—)
DA 7 —2APFEET 5,
LT, FlAIE case2®as(+), ng(—)id, "7 b va Dss BRSBTS FR5EL,
HEET LT b vnD ss FSLMAA 4 F2THIZELEOEHEET LA2BHKT 5,
FRIE DO Tas, ng D7 P VAN 0, THEHHEET HL, 2X¥D 14— RCBETEHL
EMIRE &5, BB, case3 DEtEEEXHT L&,
n, 0; a
0 —=as XN = |ag; dgy Agz
Nex Mgy Ty
=mn, {@eyNsz ~Asz Ny )T 00 (8sz Nex —AgxNgz )+ a0 (Bgx oy —Aay Nox)
=myl{ayce~nyss ) (n,cet asse)—{a,c6—n,s:) (nycs tayse )] +
oo[(a;Cs—nys6) (nxcst axse)—(asce—nyxSe) (N,Ce taz86)] +
aol(axcs—nxss) (nycet aysg ) —(aycs—nyss) (ngcstayse )]
=mn.[(ayn,~a.ny) cg +{ayn,—a,ny)ss ) +
o[ (a;nx—a,n; ) cd+(a,n,—a,n;)se] +
ao[(axny—ayng) cd +(ayny—ayng)ss ]
=n;(ayn, —a;ng)te,(a,n,—axn; Jta,(a,ny—ayn,)
LB, LT, IBEOBEROA, Yy MOBM X2 breid, o —aXnDMEMSEEND,
LEACTR '
0 — OxNy T 0y0y T O, 80— 0
DT, case3DADBEYTH BT LHHEAT A,
s,
Nex — NxCe+ ax8s, TNey = NyCs T aySs, TNz — N;CeT @5Sg

Agx — 8xCs —MxSs, dsy — dyCp Ny8e, dez — &zC5  N;Ss
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572 BAFROmEEE

EITF, janta, = (XN, t YN, +Z N, P (XE+Y?%)
{Z XNy + YNy ) —(X?+Y? )N, }2

1) (XN;+YNy+ZN;) B0l T
X, Y, Zicx LT (59), (62), (65) #fRALT
Ji= (XN, +YNy +ZN, 0= (1+¢*) {XXN, + YYN; + ZZN, }

OERIERELEA S,

2, X061, R 2 XX+tn,YY+n,22 1
R, 2 a,XX+a,YY +a,ZZ (B.1)
Ry 2 0, XX+ 0, YY+0,ZZ J
CERLTEZRAL L,
J,=(1+t2){R, + 2Rt — R P} =14+t &, () (B.2)
L1 B, AL, ¥ (1) 2 do+dit+dyt? (B.3)

do = R,, d,=2R,, dy= —R,
2) Z(XNg+t¥Ny)—(X*+Y?)IN, itEL T
61), (64), (67) 2{E T,
T4, XP+YP+ZP =1+t P [{XX—1;{a.cs —mese 2 H{YY— 15 {ayce —nyss )12 +
{Z7Z —15{a,c6—n;s6)}% ]
=1+t XX+ YYE+Z222— 21, XX (a0 —nyi8s )= 21, Y¥(ayCceny5s)
—21;ZZ(a,¢s ~n,86) T £ (axce —nese)? T 12 (ayCe—nySs )°
+1&(acs— 1286 )2 ] (B.4)
EERL, SORRLETEHRELIYTA—F R, Ry, R, HAM - THIREUERETH &,
X2+ Y2 +Z2 =(1+t*)2[RE4HRETRE — 215 Roce T2 15R s +18
= (1+t2)[RE+(Ry—1s P+RF+ 4L, Rt H{R2+ (R, +15)2 +RE ) 7]
={1+¢) 7, (1) (B.5)
LT E S,
L, #(t)2e,+et+e,t? (B.6)
e =REF(R,—1:*+RS, e, =41, R, e; =RZ+(R, +1, ) +R?
3L BEDS &, 2) Offig{beFETT 5 &,
Jo =Z (XNx+YNy )= (X*+Y? )N,
=Z2{(14+ ) —ZN, } —(XE+Y2IN, = (1 +t) ¥ Z2— (XY +HZPON,

=1+ ¥ Z—1+) TN, =1+ ¥, 2 — ¥, N, } (B.7)
-7, (B.2), B7) wkBRK 1+t, RN EMLS, TORE
1+12)2 gR(X>+Y? rr(X*+Ye
tan® ¢, = (1+t%) ( ) _ ( ) (B.8)

AT 2 W,N, ) {EZ— N, )
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BRI, (8)RDAF (¥ (1+t2)+¥,N2 — 2%, N, Z) OREIEEIT.
4, (B.3), (B.5) TERLILY,, ¥, 2ROLHCEIHA T,
¥, = R + 2Rt —R, t? (B.9)
¥, = (1+t*){RE+RE+RE+12 - 21,{Roce — Ry s ) } }
Lo (FN,— 2%, 2) AT S &

YN, — 2%, 2 =V, N,— 2¥, {ZZ(I;tZ)—l;—,Nz)}

= QA+tDHRI+RF+RI+12—2 1 (Rece—R;ss) Hn, +2a,t—n,t?)
—2{ZZ—1s(azcs—n.s6 )} (R, + 2Rt —R, t* )]

= 1+t )[(RFHREHRIF12)n,— 2R, ZZ+ 2{a,(RI+R{+RE+12)—
ReZZ}t+{—n,(RE+RE+RIF1)F2RZZ 12 +

215 (azRi—n.Re ) (1 +1t7)] (B.10)
o, R (1+17) BRATE 2,

it -7, 8) XoiFid

AT 1+t HE,NE— 20, N, Z =0, {2 (1 + 2 )+ N (W N, — 2¥, 2 ) }
=2, %7 (1+ )+ %N, 3+ 12 ) [(RZ+RF+R2+ 12)n,—2R, ZZ+ 215(a, R,

—nR, )+
2{a, RI+RIFRIFIE)—2RZZIt +{—n, (REFRFHREFIE)+H 2R, 22+
215 (a, R, —n,R, ) 1t =8, (L +t? ) {FE+N,¥; } (B.11>
LFERD, T, W32 by + byt + byt?
by = (RE+RE{HRI+12)n, —2R,ZZ+21;(a,R, —n,R; )
b, = 2{a, (REFRZ+RE+12)—2R,Z2Z} (B.12)
b,

= {1, (RE+RI+R{+1E)+ 2R, ZZ+ 215 (a;R; —n, R, )}



