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A Complete Description of Robot Manipulator Dynamics

Based on Lagrangian Mechanics

Shinobu SASAKI

Department of Reactor Engineering
Tokai Research Establishment
Japan Atomic Energy Research Institute

Tokai-mura, Naka-gun, Ibaraki-ken

(Received August 10, 1989)

Manipulator dynamics is one of the most important research topics in
the field of robotics. Many different approaches have been taken to
obtain a good understanding of what the kinetic equations exactly are.
Their complete descriptions for a full six-jointed arm, however, have
hardly been reported due to extremely laborious and complicated processes
of derivation. With the aid of computer code REDUCE, which has a capabi-
lity to carry out algebraic operations accurately, a new attempt was made
in this paper to derive dynamics equations in a systematic manner based
on Lagrange mechanics.

The full description shown will give useful infermation in designing

the control algorithms for robot manipulators.

Keywords: Manipulator Dynamics, Lagrange's equation, Centripetal Force,

Inertial Forces, Coriolis Forces, Link Kinematics
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1. ¥ LU & IZ

T o L= DEEFICET IEEOMNE « K- LSHER L ORI, BESETE
IRFEICEE L /o T L 2RI, ) v 7 M ERMOEMTY, MErrilecE B L CESH L.
TWT%%O%CC@,ﬂ®%§dé(ﬁ@K$WTUHPD%%ﬁﬁﬁﬁ@ﬂ<@§ﬁbfh
LB LMOBNERERERFLTVEHDEANBLT, Ty 20T E£IT->-T05A. LLAK
755, FEORBRIOREEELMNS ¥ T &, BRIKST AR EROIREPHORL Y
Wi 75 SHE B L THOEEPRERROHE T L L DL 5. THPEEDEE (Kinetics/
Dynamics) M TH b, <=Ealb—s0& ) v OEEPEER S 0HY A AFHR4HET
LEERAZRS I, BEEEEEREFH 0 BEEEREO BT S H RGO &R D E
E)°F (Kinematics) &I 2 OEBEE S5, oF D, Ffl, FROE/|CED, Vv IrBREES
OIFHS, K7, BEMEEOTBHRICIA T, BESHBEREMIREZAELE, Hosic
EEFEOEFATHMRENTERCNEL. PlAE, oy PEEHBIETHE S A v EICHEA
TAHBRE, TH LB AER L e FVORMBESSHERRIRALG L EERE T,

CNET, FHFMBIHLT, W opOBAHBTEMBESATE . VY, 2hoid
# Z 1%, Newton—Euler #, Gibbs BE#iE, d Alembert OB SDOFIICL 23, Lagrange
DOFER Y, TRFNGYEE -7 7o —FTEREMEICENLTVS, 2055, Lagrange
OHiEE, THAFO—LEEAEES L T — LT v e LA — OGRS
O TERHEE TR ERIICEE T 250D T, REXETLHESARNOEECTMHTEET
HB. ORHEPBBETH 20, BHEEOECY /BBl TE, FHIETTAEFLE
FHRARAEEHE LN, BERE Y vy s v=Ca L— & OEEEIEA Lagrange D SRR
O TFHETERFET L LR ETRIETH L. (LT, AR TRIOLFESERN T Vo —F
HHVGEEEEFES, ) K, ) vy AR BN 4 HRHEAZEZ 5 L HODITRELN TS
mu, dFROELEBMTOEELEEIGEL T 20R>RTH S,

AT, TO Lagrange DHEREM T, —HicdsHdEBTEL S vy » v =
Eab— o OFFEE 7or (LU, Efail, HE LA ERIUERTH O & CikXald
List, ) OFFMILRA #LE 558 REDUCE £ -T, EEFICER45C & Bl AR 2
LISP SEQMIERE A 7 MITER LT, BeUWBEOBITZHELB A ENTE L, COEES
ERR 2EOMY AR TR E N, BHEARE U2 DN, RLhiay, At ER
FTEARBERVBHTHBELF TES 20, B TSI LCERND S, BEOKERETH
%mﬁ@ME@ﬁﬁ,mﬁﬁ®%ﬁébfﬁﬁbwﬁémﬁcﬁﬁﬁéﬁ,yer%%¢Lf
ODEBLAEIDT 7o -FHol AL LR LG, HIERICBTIv=tal-7iTid
PHLERE-—A b2z VA VOHBMMERL T 5054 OEHICZ L 0. 20O, BT EER
W, JIZEARBICE DV AASBEZ W T 50T, WHRPERBMNIC X - TR, #tRre
SIMEENOEIREREPEM T A EFA LN S, TO kD, BHAEE - SO B
FREAAEHGESHEDABERARA L TELE L, AERROERLEEL T, BT
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SR B EE T AL ER T D) XAOBBRICRIOEEL OGNS, LTS Eal—
5 OB ARE T 29X THEHTEETH L, ABKICEDTT Vo —FHrHEES S b3
BEAEORMBCIERLMRAES A 5L LHRTE S,

AhalEH L REDUCE 0 — FiI&¥], =4 KRETEH S, Rand Corporation ITEERIL
CEAMEEEE LTHASATY 5. AHHERE, BEWHE+ vy —O&E#i/Y— Ya Y REDUCE
3EAIEM L. TN TOETIE, MEEN,IE s i coOMMEEMERS 2 MBROTH
S HICEIT X f, ZNAHE LHBEEL VTR, BEShERLERT 210, Fk
REAFDEIL 2707 3 AR L DEEAE Nz, AROMNERBICE DREREE AP WIFICER
| CHET 5. |

5k, EEZCROIFESLECEL ABEHEDO T VT Y Xald, HRADEERE, 0%
DM, RO, BAIEL SICHh AHREETIIRERCE S B THh LIRS 008 1RE)
ThbH. EE T OB,
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2. BEFEICL 3 ERETAROBE

KEITH, BBFTHEOLBRBEZEBOMEASERCEXEHS, v=Faib—% o
B 1 2ONEREANLL, TORI Lagrange NFEA2EA L BEEC X OB H R %
FL, TR ARERE, APV ST Ca L -y DKW, BEEE, B
¢§%®%%%£mbtﬁ%%TWTé%o

FTERANC, nEOBEMEE 0, 0., -, o ORI Y OBBEELZ LS, B VUi
t¢ Denavit—Hartenberg DINHEIC £ 5 BEZMER SN TV 3L 32 Y i BEOY v s 0%
IRLE A 7 77 v b BIEEEERT (pyis Pyis pa) ERML, FOMEICET L) v iHEE m,
EE v, TEBLTCV280&AUT, $OBEOFEF Y+ e 20— (PE) &BHT &
WHE— (KE)BBEBICRETE S, T7h b,

(PE)i=m;gpu )
{KE )= % m; v;
R CSRCSRE)

Vw1577 Y B8 (Lagrangian) 2 B8 r 2 0¥ — (KE) EEF v v Tra¥
— (PE); D

Li=(KE}  (PE) (i=1, -+, n} (32
EdAHE, YRT LEARD Lagrangian L, —#t7T o, —BIEEBE (00, g2y .os o) &EOED
BRI L CHIBNA T 75 v v OFBERE LTHEFOL S Ktk ah 3.

ey { aql} aq, (4)

BE, v=Ea b—5 ORI TR SN S BILEE (q, 92 5 a0 3, BEHAEES
SVEERIREEE TR LGS, MEIAR o6 2 EAMNICAY, T#0ESEg=d 45,
g7, AL 3B b ov s (FRE) S LTV S, O id, B q B L g
THOTANF—HBERICEDA, §1305, GE77 EMHEITD) D EEE q lKBEE L g~
TOAEP DN FIC L DEREN, r=—D+F EZHENLH, o TRZ0PEED <
BHToedhe b, 6 BZNTHRIBEOHOEROBEICET 2 | S, 2BHSEET,

WE, Fig LIORLICE Y 7 e =28 b—F 280 RITHLD _L1F, Denavit—Hartenberg
DOEELLEILHE - T, BERORR (MR ABM) 2 Fig.2it52 4%, £/, 0 v 7B D
FEHEER Y5 A — 9 % Table 210 F &2, &Y v OEFNISMEARD 5 72 OFREEE
BTV (AT 5 S &8 A i85,

ETAHT, 6V &AD Lagrangian LEBE#HAMA THoF 0L 1tEEN S,

L=L,*L,~Ly+L,~Ls+Ls
“{(KE)— (PE) }H{(KE),— (PE)}+ -+ {(KE)s— (PE)s} (5)
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Licis-T, iBZEOHEICERT S b vs s, sX¥OMaFREATES NS,

_4a 8<L14'L2+L3+L4+L5+L6)} - AL, Lo+ Ly+L,+Lgt Le)_

Ty a6, 84,
A& BKEN A(PENT [ & AKE) 9(PE)
T odt [51 66} 89; :I [E} a8, a8, :!
_ 4 fo(KE)  9(KE), , 8(KE) _9(KE), , 9(KE);  8(KE) }
Cdt LU ag af, as, ab, Ao, 86
_ (O(KE), | B(KE),  8(KE)  9(KE), 9(KE);  9(Ki) }
a4, a0, R a0,
_ [8(PE) | 8(PE),  G(PE),  8(PE), , 8(PE); , 9(PE) } 6
a6, a6, a6, ag;, | o8 96

HFFvve s TrAFE - (PE)LE, BICBEES 6, -, 0, THKSH, EEZEHELT
GERODTHS ZOBEARD -HhkgEtsns.
LI,

(=1, -, 6}, i=1, -, 6)

T —_ .

ae; d4; dt L 946,

= —K;i+P;+Kjir (K= 0 (KE); /86, Kjir=dKj;/dt) (7
LEBEMZ T, HEANTLTETT A, (DO 0 2RO L7 HDDET /¥ p e TR ILE—
(PE); id, 3 AR L AZERERTAIOMEF— 7 o3tHEL, EFx i+ —(KE)E, {1
B — & DM oRD L, TG, —RIT,

(PE)j=F(,, 82, -, ;)

(KE),=H8,, 65, -, 85, 6y 62, =, 6 j=1, =, 6 (8)
RHAETEREINS, ThoBEDTFIEE 7o 77 0 ihiclANT, B 2»5 6 IKERT
Bhovrkn, o e E LTRERILTO L.

1) BETL e 2 by o (= tretnstoetnsTrs)
{a) P3ET1 DEE
dKE),  d(PE) d {6(KE)1}

__dXE);  d(PE) 4 {aG{E)j }

Tyl =

dg, dé, dt 66,
==K, i=Pn+K+
K11126(KE)1/661, K -=dKyy, /dt (9)

(b) PHE: 2 DEE
d(KE), d(PE) | d {B(KE)Z}

Tra —

df, dé, dt a6,
==Ky +Ps—Kair
Kzuia(KE)z/a@.], Kle:dKzn/dt (10)

lc) BHER 3 DRIEE
_ dKE),  d(PE), | d {G(KE)a}

Tia — T

an, d#, dt 86,
=—Kunt+Ps—Kiir
Ksllza(KE>3/aé1x KEIT‘:dKSIE/dt (11)
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(d) BHET 4 O
’
__ GKE), | d(PE). d S(KEL}

T s, dg,  dt L @4
==Ky +Py+Kaqr
Kulja(KE){/aﬁ-]! K41T:dK4ll/dt

(e) PBHEIS OREE

d(KE), +d(PE)5 L d a(KE)s}
de, de, dt a6,

== K5 TPsi +Ksy 1
K511:6<KE)5/891 v Korr=dKs,, /dt

't BiER 6 DRtE

Tyg — 7

_ d(KE)s , d(PE)s +4d__{6(KE)s}
ne T e, de it L 86,
=—K¢:+Ps “Ksir

K511:6(KE)6/551 B KelT;dKan/dt

2) BAEI 2 it < b vyt (Froytrar o Tay o Tea— Tas—Tag)

(a} PAET 2 DB
d(KE); , d(PE), J__i{a(Km}
dé, dé, dt o6
==K PorrKoar
Kpp:— 0 (KE ),/ @8, Kppr—dKpse/dt
(b) FET 3 O E

h, — AKE) | dPE) | d {a<KE)3}

de, a6,  dt L 86,
=Ky Pap F Kapr
Ky00=8(KE); /88, Kszr=dKszp/dt
e} PHET4 DEE
d(KE), _ d(PEJ 1_i{amm}
a6, 46, at U a4,
=—Kg+ Pt Kior
Kize=8(KE ) /86, Kizr—dKipz/dt
(d} BEHI S DR

d(KE); d{PE), ”Ldi{a(KE)s_”
8,

Tog — -

T24 —

Tog — ; T

dd, dfe dt
:—K52+P52+K52T
sgzﬁa(KE)S/agz’ Ksz‘r:dKSZZ/dt

(12)

(13)

(14)

(15)

(16)

(17)

(18>

(192
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(e) BHER6 DRE

o _dKE)  d(PE) d a(KEk,}
28 a6, a6, At L a6,
=Kyt Peat Koz
Kﬁzzza(KE)s/aéz, KSZT:dKGZZ/dt (20)

3) BHEN S i@ & vy 1 (ratraatrastraatrastras)

d(KE), d{(PE) d [2{KE)
. dd; a6, dt { 86, }

i

(217
_ d(KE ); N d(PE), _‘_i a(KE)Z‘}:O
f32 a6, a6, dt L 36,
{a) BOEN 3 i
d(KE); d(PE),  d GCKE)s}
Tag — + T a5
dé, dé, dt 88,
:_Ksa“‘Paa“HKsaT
Kazs =0 (KE )3 /885, Kyar=dKsss/dt (22)
(b) BAET4 DEE
d(KE), d(PE), d [o{(KE)
o - 40 SEEN G (OO
dfs dfs, dt 86,
K43' P43 KdST
Kass—=0(KE),/88,, Kizr—dKigs/dt (23)
(c) BHHIH ORE
_ d(KE), d(PE) _ d a(KE)s_m}
“as o, e, dat U 36,
7K53 ' P53+K53T
Ksas'—a(KE>s/aﬂay KSST:dKEBB/dt (24}
(d) BUHET 8 OFE
_ d(KE)  d(PE) d a(KE_gﬁ'}
3 dg,  df, dt L 86,
j_K63+P63+KBST
K633:8(KE)5/893, KagTrdKesa/dt (25)
4) A4 B r v (=14 T 1o+ 743}744‘%?45“‘?45)
d(KE)  d(PE), d r8(KE)
=— + 4+ by
= aé, ae, dt{ a6, }
d(KE ), d(PEJ; d (9(KE),
i a4, da, dt{ A6, } (26)
d(KE);  d(PE); d ya{(KE),
e + Lo
fas a8, a6, dt L 96, } o
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d(KE), |, d(PE),  d a(ngé_}

s, df. dt 564
- K44+P44+K44T
K44478(KE>4/8643 Kogr= dKupe/dt {27)

(b) BHEI 5> OEE
d(KE);  d(PE);  d @l}

T4s —

o, dé, dt GLY
=—Kes 7 Psa - Ksan ‘
K54438(KE)5/894, Ksqr=dKsq/dt (28)

{c) BAZI6 mFE
d(KE)s , d(PE) +i{8(KE)s_}
dt

Tas —

de. de., 3,
=—Kos P Post Kesr
K644:a(KE)e/664v Koar—dKsae/dt (29)

5) Mg s i@ 2t vy o (:Tsi“77-52‘;?53*'754—7—-55_‘_?56)

d(KE),  d(PE)  d 5 (KE),
—— +
Fa aé, af. at U aé, } g
o d(KE);, d(PE); . d G(KE)Q}io
e T T I -
52 s dfs dt 86 50,
30
_ d(KE)s  d(PE); , d {B(KE)a} 0
fos 8, dfs | dt L 86,
. _ AKE),  d(PE),  d {a(KEL} 0
s dgs  dé, dt o,
(a) BHENS 2
d(KE)s = d(PEJs d a(KE)E}
Tgs — + T2l an
ds a6, dat abs
:'_K55+P55+K55T
Ks5s=9(KE J; /895, Kisr=dKgss/dt (31>
_ d(KE)y , d(PE)s  d a(KE)@}
T ag, dg,  dt U a6,
= —Kest+ Pest Kesr
Kess=A(KE e/ 865, Kesr— dKess/dt (32)

6) BAEI 6 C@<é|‘ﬂ/7 ts (771 T Tea T Toa T Toa Tas 256
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_ d(KE), | d(PE) _,__d__{@(KE)l};O

+ : -
fo1 dos dd, dt U 86,
d(KE), d(PE)2 d a(KE)g}
Tea— - 0
dfs dfs dt IR
d(KE); d(PE), d a(KE)3}
= + +— - =0 ¢ 33
£ b, ad. dt { EY) (33)
mgﬁd(KE)4__d(PE)4 H(KE)4} 0
o d6,  do. dt A6,
_ dKE)s  d(PE)  d {@(KE)S},,O
Tgs— - e - = J
df, dé, dt 90
{a) PAET6 DEE
d(KE)s d(PE) d [8(KEJs
= — . + — -
foo a0, df, At {: afs }
=-—Kge+ PeosT Kesr
Ksﬁsza(KE)a/aés, KssT:dKaeﬁ/dt (34)

PIEHE ) v ¢ === b—4 06 DOMBHEICH b vy o, o, e 2 HEIL TR
A2FETHY, Table 1 BEFDEEHTHE DL, FHREFELNLGLHTHHELOHIERVTEL
Bl i, BET L EHT A b2 ol i 2 bn, $TOE DOXETEL TENEMA, o D
HEE (34) Do I AEFETNE IV IS R, Exah s OB ERE, &5
2y b EFTERREF - THEFRLIIC I DT LD TEREATES

=0+ A0>+ 366 + G(6) (35)
Z T,
BHEI~Z b 8 =(6,, Bs, O3, B4, 95, 057 [radian (36)
BEEIRE ~ 7 b v 6 =0, 0, b, i s, 657 [radian/s] (37)
MEEE~2 v § =, 0., 6,5, 6., 8y, 6,07 [radian/s*] (38)
EXEh oL t =0(ry, Tz, Tas Tas Ty T6)" [N-m] (39)
T v G)=g(X, Xz» Xgs X4, X5, %507 [N—m] (40)
BEAIEE g =0.80665 (m/s?]
RIS OHEE ST b o
g =97 67, 62 42 67, 820"  [(rad/s)] (41>

YA Y DEEN7 b (A58 00)
B6=(0.0,, 6,8, 6,0., 6,65, 0,65,
G205, G264, G205, a6,
B34, 035, Babe,
6465, 8.0,
B:6, )7 (rad/s)?] (427
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EHGE~ ) 2 2 (Matrix of inertia coefficient)

T Joa e Tis
oo Jaz e Toe
= e BiEE— A b [kg—m?
...... Te
Tor Jen oo Tae
LSO FRE < b ) 2 2 (Matrix of centripetal coefficient)
Ay Ay o Ais :
sy Ay oo s
=l
...... Ao
Aoy Ay oo A

JgxN

(43)

(44)

(45)

ChEHIL, v=Fa -4 DEEHAEREI 6 >OFiB L& LETEEEHSTEX, S
B En b, SEOHETR, KREC/ERT S vy % (B ROFITE &b, HEBITIZETHI
DEFE Ny, Aty o, gxi ) e @E L 7o
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3. R EERN

ZRAFT v = 2 L — & SEB A NER LB L, ChAFfE s, B FORBEZ R
TEN i, A XET M HEAERFHICRET S L, EETERERIT T ERT S
$1#TH5, CORHIC, 5, Lagrange DHEARRICE S 6 ) v/ v w22l —4
DEFHEE 7 LA HEULUEEE REDUCE AV THFB L 72 BH, 34V L4 HHEE TR
HEcE di, FREDESRELRBT242DICHETE 2, THEEE 5 EREBYICEHE
BHEAT S0, ZOEENS Y 7o —-FEHAEREAH L THER, CPU KRG SOKKIE
SYTHEPELFELEL . S0 ->726 HEEDOv~Ea b2t LTE, §ED b2
B AMBET, —EIMEATAE, HEATR O A ) LB, ZBEREAEN L
ST LT, BBRIZFNASEABBES L. fRBICAEREERTSERERH LI
T EHTIH LA, BlAIE, 6x6EHATH I ANFITANICIE B C &Mv=a L — 5 OEBTIF
TELHLNTLEA, COMNRICED 25TEARLE UMMl s TS T &b,
F 1o, RS mETNIEEELHRET A v NEOL O REEHEL N - THET AL
W L ESBEIGBHITE 5, (43) TEYD L Ji (=1, 8) BEH i oIEEHSEE icB0ThH
g il ARESEEHDT, ME Tkt AT9EnLRIN S £, Julr)) GO
IFEEE ASBAER i BT by J6 [ 73 M8 j OILEESEE L iIc B 0T b vy Iyl 1ARE
SHBEDT, ML HOMEEEEMES, (44) O A, 3BE I AREIC K D LKA
BROATH B, TOHE, 2T IICER 2R0E, Ay 0F+ 4207+ + 468 ETS
%o

—7F, BEEICRLET 5304V ONRETERET (42) & (B OERP LROPITE S, F
A3, RMETOEESE1BICESA523 )4 ) OLREGHLT2EDEIIEES,

0% =0,,6,6:=0,20,0,F0,,6,6,F0,.6,05F0,:0,6:—
0150205 0170200 0180205+ 0,48,06+
01,10936}4+a.,]15355+01,120395+
01,;3945’5—%01,145455-0-
01,15 8506
TTT, oo $BAE 1 & 2 OEESBM L IKIEHT L3 ) 4 THRET, S/, 0w, 0o SEEE
BilE2DEELEG2PMEILICEL 52040 AOHKRELELL, REIC, XEENCKD
BAE i IC{/ER S B b vy ThH B,

Plh, ==Yl — 4O ARERNSIMAICEETH 202 HERELERTEL TFEUL
S, COXHNERERG I, LBRLGTET LT ) ALDRESLKICLD HUETH
BT EEBCER Lz, CORBDICASHOBEE LTHE, ARERDOEFEDO A TERELNF =
FrofBEgir L0 HUERBIRT 5 0 ENaB a0, EYNEBRASERS LA, HIEBE
WL T HmDTHEERERIETLETHS D,
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Table 1 Computational Contents of Each Torque

oo T Tig Tis Tia Tis Tis

]\' Wy Top T3 Tay T 25 T 26

vy, T 32 Tag T35 T3s

ko Ze, T 44 Tas T a6

v Tss T 56

bk 7o Tes

TabTe 2 Link Parameters for a Six-Link Manipulator
: T

g | MEA, ALNE C UvsRE a0 | xaiMOES d
1 ¢, | o) -a0° ax 0 (mm) d. 700 (mm)
2 B, ' o 0° as 500 {mm) | d: 0 (mm)
3 6, oy q0° as 0(mm) | di 0 (mm)
4 44 oy —90° a4 0 (mm) d, 350 (mm)
5 f s s —90° as 150 (mm) | ds 0 (mm)
8 6o s 0° as 280 (mm) | ds |—115{mm)
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Base 17
i
/.
x!;;:J

W
Link |

4y =700 (mm)
0, =500 (mm)
G4 =350 (mm)
Qg =150 (mm)
Qg =280 (mm)
b =115 (mm)

-200 = 8, 2200 (deg)
- 30 % 0,=120(deg)
-390 = 8;= 90 (deg)
-180 = 84 =180 (deq !
-90 =85= 90 (deg)
-60 =g = 50 (deg)

1A

Fig. 1 A Six-Link Manipulator Studied

. 2o BASE
Joint 1 T Xy
d 9 Ip
5y
5 : B3 \Joint 3
X (e o7 231G X, %3
© Joint 2 T Joint 4
de
8,
B
Joint 6
15 - s
Joint 5 d %
[]
Ys e
f-— 05 —

Fig. 2 Definition of Link Co-ordinate Systems



JAERI-M 85-121

Joint i

Q-1

Link({i-1)

Fig. 3 Kinematic Relation Between Link i-1 and Link i
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HerA w=talb—5F1) r 7BBOMNE - BHREHR

(1) Denavit—Hartenberg i#kiz L A8 Y » 7 B OREK

7= a L -y OFROEMEE MBI T 50010, 98 v 7 REREER xn v 2
FRETHLLEBNETH S, COEBERET) v/ BERLIFY, ¥ TEHT . 23, EHO
DALE & BEREEMOBEA SRS bvng, o, & KLOETIEBTES, ) v BESRD
BOHELTESERL TV 5 Denavit—Hartenberg D E# 1§ 2,

PR, BE-ZEBELEZY 27 0&L, FCh5FEIETTL, 2, 3, LBF
o, Y rEESKCHEETIIT LT, BRIV oERICEd T, 1,2 38 - &S
o0 S BRI DOEERE 2z —dnd L, zio, —#E 2z —HEOHERRY z L RDL R
T ETH. £LT, CORBHER 2 WO ER LA x —WEED, v, —ihiTY
YOBERO —xivizi PAFRENLBLSRED B,

Fig. 3B i-1&HD ) Y7 IKEE L BER s, (§7205, BE 1 DEBEER) EFI1HEHD
Vv icEELALEESR Y, (Fiahh, BE i+ OBER oMEEZ A LA THF 5. 89 v
7 BEEREOMBERZRE, RICRLIZ4DD) Y735 A =58, a, a, d;icLhEENDS, H
WARSAENT L &, .

i BEIICBY AEER (o, via, 2in) o
6, CBAELICR AEIEES (FR LA (REETARD 2IEE T 5.)
zo Y7 i-1&) v EOROBIET A, [ClEEE 1T 5 A,
Xio1 ©zie, —Hh& zio, —EHROEERZIC S LY, BET -1 » SERET L O ENTE o,
Vier Dzio —OE xS EFEERE LTED HH,
o IEDz, —E SIED 20 — AR AR () o U AR,
di EDzi —HENCH - THl- 8 x, & x FOER,
a EDx - A (b, x, - HED BTl - 78 2, & 2, BT G
Y v R,
THbH.

Yy o EBEER S EHENL L, BEEIHOMSMERREBIT TS ik, ==¢
2l — 5 DEHERITTE S, Fig. 3%8F kLT, BER Y., & I3 0MoBERRR, KO
4 DDBIETHEES 5.

i)z, —#HOEb O FIAEET 3,

1Yz, —#HOEFRENCH - TIEE g, 777 8T 5.

i [MlER% O xio —3Ci - T, EARIIES a OE#EFTO, x —HEED 5.

V) xi—ioEboichalbhfgq 7213 0HExd 5,

PlEozFy 72ERILT 5L, S5 5 ~OEEERITH A BROLSICLTES
He 5,
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Ai=Rot{zi-,, #;) Trans {0, 0, d;)Trans{a;, 0, 0)Rot(x;, a;)

¢ —s; O 0|1 O 0 0 1 0 0 a1 0 0 0
IS co 0 001 0 0110 1 0 0|0 cosy; —sinag 0}
lo o 1 offo 01 4|00 1 0|0 sina cosa O

0 0 0 111 0 0 1 00 0 1110 0 a 1

C:  —SiCOsd; sisindg;  a;c

Si CiCOSe; —CiSind;  a;§;

N 0 sin a; coscti  d; : (A1)

0 0 0 1

n)¥7 ev=2Eal—s0) 7 BREEITH A AR THBMICHEITT 3188, &Yo<
FA =5 a, a, d; FEAE LTEZ, nflD 44755505 SIEREESHH 5 L, HHEEE
R BFHROMME « BEMABRDTIHESE. 2E D, 177018 AA, A, DEEZBnBOE
BN 6,, 0., -, 0. DBELE L THERE N5,

(2) 6Y Yy ew=tal— 5 ~EH L EREEERITY (AT
AROBEFER (A1) Z Fig. LICRLAZE vy s z=talb -3 ~FHA2RL 5, £, &Y
Y7 ENBIEREFRESTHICE T, AN ORBREASERL KL HICT oL — 5 DEE
HifieEL L B8 (FEUES 2V EVHREC RS ) #BSIL L - TEEDEET AL ENS
Ho TEE AL - FDENELTREET NV LORFAERAOHICHENS - THE—DOIELES L
TEROSHBELDE, <= Ea b — 9 ORITICR T 2 TSR0 A B BRI 13 %
ZHAPOLTH B,
PIF, Fig. 112l 5 Fig. 2 Th - THFOHBEETTS,
1) 551 B850
(a) DEEICEE LR Y, 3O 2 2 BB T A, Tz - A EISHOROLIIC
HGARIEEED S, £9, zofimmiﬁo@ WCHE g, 720 [l 5,
b} ze— A d; DAHEETT D,
() x—AHE~DiffEELF5,
(d) z—#% x—8OTH DI -9 WL THRUNEE =-90"HL< - WA TH
%
2) % 2BAHES
a) x 8% xo -8 & E—HEICEY, b0z -8DEE» S 2, BIRET S5, L,
T OBAEN RO 3BT & DA EEFEFH L &, Fig. 1 2R3 X DICHE 3EEENESE 2B
b aldBTiCh s, CNREEy, AR —a OFITBBLERT LY, Riko
Anﬁucﬁmwmmx V) AHEAT 80, B - MOEh0 ICEE L% - &
BLUOx—#hTig > THESEL X7 - 7)), () BEEnTo i, 5O TFAHIK
VO EBERTELSCERFTELO, B2MEICEA 7y PEELLL (FD5, d=0)
F, AN Yo DEEABETE 5, FCTEEOE 2 v UTFARO & 5i090°
GEDLDICERELTKELSEO x, s —HIE 2, INEHEE2KEME ) v 720
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BEEZBE-T 5, ,
(b) z~fzEfERIE S L To, K KERT B, (REOFEUEMLOBRETLZEZDLED S 5
i, 0, 490° THD,) '
) m—A~a?F#dT 5, (z-FHR~OBEFHEIELT L.)
d) z—8pS -#~ORUNBE L LA ETEIMITOBER Y, (x) v 22 ) ZED
%,
3) 5 3B4E
(a) 2. ZEWDI1R, THICKE < 4 BAEI ORI 3 BEE O x, — AR89 5 T &IKi
Bo K (AL OIETHE, B#E#hE 2— 410 & RE L CRGHRE BT 4720, Fig. 2
DEDIC0° ) vy Zdiulds S, z-iARmETHIC, $/, x-fld x— BASR
— AR &I LEEER 5, (xy, Vay 20 ) BB,
b} FEllflz, DF b DI, DRELEE5Z 5. (FREOBNE,LOHBRESTLLZDLD S B{E
i, 6,-90° TH5.)
() 53, WABMRECICBEL TV 570 v HAB &S z.— HA~OEEELE,
(d) 2z fhid, z- % - BHOTHOICI° B AUNAEE «,=90°) LEdDTH L,
4) & 4 BHE]
(a) Mz0FH0pONEEE5L 5,
(b) COENZBE->T d 20T 5,
(c) X —dCit - TOWHIEET S,
d) z— % x—WDFEHLOIC -0 RErEH, z,— %G5, (AUNAK ¢,=-90°)
5) & 5 BAAR
a) LDz —MBLY x—-WEE—FEDx -l o, HFEER I (R Vo 2 ) BHRIET
S5, IOBEEIC R LT 2 BED (o) Til o EEHREOEHIT X 0, ) vy 5 AW IES
mhcEfs L, & &0 xa— FFENC as 7 FE L Ao IB AR SE & 72 B FEER T (X5, Vse 250 %
RTET 5. HTEHAN xs—#l1, EAK z.—823< 5,
(b) z— 8% 6, W lEbld 5., (EBOENENCHBET L LLORDIELHEE, 4,+90°T
55, |
(e} xe~HANC a. 223G L, Tzt - TOBBRIEET 5,
(d) z— 825 z—M~ORCNAE o3 —90° TH 5.
6 5638
(a) zs— @A HULNCTHE 6, 7210 RlERd 5,
(b) z—8HOEFRICH 7€ v Mo de ZXTHEE L, 880 T x5 i & BITICILBEEGIEEE a.
ROBEHISET, FREOEER T (X ¥ 20) ZED D,
(¢} z—8d -~ ORh ChBE aiiEZ LT3,

)
)
)
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PIEOEEEND, =22l —201) »7 45 A — 42 Table 210, & A FAELTF
DEHeHEZLNE,

€ 0 —s O
S 0 c, O
MEL a, (A.2)
0 0 0 1
cz —sz 0 agce
I e v (A.3)
0 01 0
0 0 0 1
c; 0 53 0
s O —¢y O
mzo o o (A.4)
0 0 o 1
cg 0 —s4 0
e 0 ¢, O ‘
A= 0 1 0 d, {A.B)
0 0 0 1
cs 0 —s; ascs
a0 o s (A.6)
0 —1 0 0
] 0 0 1
G —ss 0 asce
A Sg cs 0 26Se (AT
0 0 1 dg
0 ] 4] 1
CiCz —Sz0; —S;  d0Ca
AA,— §:Cz —S1Sz C1 250
—S; G 0 —aps,t+d,
0 0 0 1
CiCzz —8;  S23C  €201Cs
AL A A= §1Caz €SS2z @28 Ca
—sz; 0 cey d,—azs:
0 0 0 1
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C1Cp3Cs 8184 —S230; —8sC1Ce3—8:Cq  d4823C; T 82C:Cs
81Cz3Cs 8401 81823 ""8184Cp3 T C1Cs 481823 2280
Al A2A3A4 -
T 833Cy ) T Cas S32354 d4C23*d1*azSz
0 0 0 1
ALAAAA =

€1C33C4C5—8:54Cs— 8238501 S4Czat 85 Cy
5102304057 540105 5182385 8184Caz™ C1Cy
85230405 85Ca; 8238,

0 0

~"85C1 C23Cys7 5818485 823C1C5 a5(C1C23CaCs— S, S4C5 82355C; )*ChstC] +ascic;

" 8185C23Ce S485C1 882305 85(8:C2aCeCs T840 Cs 8152355 )T dus; 525+ 228, C;

S2385C4— C24Cs — 85 (S23Ca0s585Ca3 )+ dsCaztd) —az8s
0 1
A B U X
C D V Y,
N E F W Z
o 0 0 1

Z T, N7 X4 -7,
A —CiC23C4C5 515405 — 523550
B =s.cicastsice
C =5,C23CaC5T54C,C5 51823555
D —=8,84C23—CiCy
E =—55:C4C5—55Cz3
F = 5138,
(A.8)
U =CF—DE=—85¢C23CsT 518455 523C1 C5= ax,
V =BE— AF=—5,8:033C4— 9485C1 — 5152305 2y,
W =AD—BC=5;385C4s— C23Cs— 2,
X, —as (01 C23C4Cs5 7 8184Cs5 823850 )+ dssz5C1 T a:0,C
Y, =8 (8,C25C4Cs M 54C1Cs— 8182385 ) Tdas;szatazs; ¢y
Z) =—85(8,4C4Cs—85Cza ) T daCastd;—az8;

LA, JE-T, BEIZETA=E L L — 7RO ERI,
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Ts :AI A2A3A4A5A5

A B U X/} |ce —ss 0 aecs
C D V Y| lse cg 0 ags;
:E F W Z G 0 1 ds (A.D
0 o G 1 ¢ 0 0 1
ny 0x ax P
ny oy ay Py
:nz o, a P,
0 o 0
THAZONE, THbb,
ny —Acs+ Bs; ) {A.10)
ny =Cce 4 Dsg (A 11)
n, = Ecs Fs; (A.12)
0ox =— As:+ Be, (A.13)
oy =—Css+ Dcs (A 14)
0; = Es¢+Feg : (A.15)
ax = CF— DE=—85C,C53C4 55455 —S23C; Cs (A.16)
dy =BE— AF=—5,85Cz5Cs ~ $455C1 —$; S23C5 (A 17
a; =AD—BC=5335:C4 Cp3Cs (A.18)
Py=as(Ace+Bss ) +dsa,+ Aas+dsss38 —as¢iCy
=asnygt Ads - deaxtdeSzaC + 820, Cp (A.19)
Py=ae{Ccet Dse) +dsay—Cas+ds5,5:5+ 25,82
=agnyt Cas+ deay+das;Ses+azsiCa (A.20)
P,~as(Ece*Fss) - dsa, +Eas+deCastd, —ass;
“agn,+ Eas +dsa, +decsstd, —ass; (A.21)

CHDFig. 2 OBEEFRAREI L TE VL= a b -y DEELEEBONE - BEOEE
RNTCH 5,
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