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Parasitic wave excitation in a Raman-regime free-electron laser (FEL)
was investigated im Phys. Rev. Lett. 65, 851(1990)(ref. 9) by using a one
dimensional multi-frequency amplification code. 1t was found that multi-
mode coupling among sideband waves and and the primary wave plays an
important role in the parasitic wave excitation in addition to the
sideband instability. We here describe the details of the numerical
calculation and study the underlying physical mechanisms leading to the
observed results. The origin of the new wave excitation by the multi-
mode coupling is found to be a forced oscillation due to the transverse
nonlinear current produced by the mode coupling. Especially. "an additive
law" for the growth rate of parasitic waves observed in the above

reference(ref.9) is analytically deduced.

Keywords: Free Electron Laser, Raman FEL, Side-band Instability

Parasitic Wave Excitationm, Multi-mode Coupling

# Kanazawa Computer Service Corp.




JAERTI-M 90-211

B 7 e S EH B V- i B S T v F - R
M. %€~ FWeT

E1 A T ) 7 7 B B S BT 9 56 R 6 B A
BA RU NI AEEW

(1990 4118 2 B8

S VA ETFL—%— (FEL) KB 5 F4E KRN | R H S KE 2 —
V4T, Phys. Rev. Lett. 65, 851 (1990) (BEXM9) KBV THNENL. &
T, A RNy FRREWIMA, A4 ForFEETFTEEMO - FEG A SR
it i EE NG ART CEHBBEO AT -, TITR, ZORBEFAROFHEL~S
Libir, BONEHEBICECEBELIYHEBHICOVTHENE, £E - FEAKLDH
LOBoREORER, - FEaKL-»TH LR RAORREERIC L 2BERET
HLEMbb ot VDB LEROYE BEXRI) THAIh AFEROKERI

gD MBEERN T AERRIKES RS,

AR T 311— 01 PREEUD AR ETIRIH BHT A5 801 1
 (BRY mFHTIVE o F - ER



JAERI-M 80-211

Contents

T, IntroducCtion seuwseseescastinasastsensataessssasaasssnsossans eae e

2. Basic Equations and Numerical Method .........coivvavevniianneraen.
3. Numerical Results and Discussions ..... Y
3.1 Single Sideband Case .......... e eenierarartan e et
3.2 Analysis of Mode Coupliug .....veireuneinranuaranrraiarecrnenes
3.3 Multi Sidebands CaASE@ ...-veivsnnsnsserectonrassssansasnasassseuns
4. Concluding Remarks ..veveivsiannrore o easnnsnnanenes .
Acknowledgment ... veiorrerrinannuirennaanar-snns s esebrrres s e

RECETEIICES e neeeraversscssnssasasesnsnassoennssinsssnosssassaesrrasnsonse

1. }"? %‘ﬁ ......................... OO P TSP PRI PPPRt
7 E%ﬁﬁﬁ&ﬂﬁé+%% ....................................................................................

3. ﬁ{ﬁﬁ_%ﬁ:% & %;@ﬁ ..........................................................................................
3.1 &LH1f4 F,{)/pg)g%é ..............................................................................

3.9 r — F%%é?@ﬁﬁﬁ% .......................................................................................
3.3 %ﬁ"f FoaN l‘”?)f%é" .................................................................................



JAERI-M 90-211

1. Introduction

Analysis of a parasitic wave excitation in the Free Electron Laser is
important to determine the quality of an output radiation signal. Most of
the previous analytical“4) and computationalsq) works about the parasitic
wave was concerned with a sideband instability in a Compton regime where a
frequency shift from a. primary field is relatively small, 1.e.
| Awep | {= | wsb—20 | )«mo‘( wp and ws, denote the angular frequency of thé
primary field and the sideband ome .), but rarely 1in a Raman regime&. in
the high current Raman regime where the radiation power density is quite
high, a significant frequency modulation is possible to take place because
the frequency shift | Awsy | due to the sideband instability is roughly
proportional to the electron bounce frequency (3 in a ponderomotive potential
of the primary signal. A.T.Lin first investigated the parasitic wave
excitation in the Raman regime by using the 1-2/2 electromagnetic particle
code and found that wave shifted to the low-frequency side grow with a larger
growth rate than that of the primary wave as a result of the sideband
instabilitym. Such a significant modulation of the primary signal might
also induce the different type of the parasitic wave.

In ref.9, we present a different type of the excitation mechanism of
the parasitic wave in the Raman regime in addition to the so-called sideband
instability discussed by the literatures'™® . The mechanism is due to the
multi-mode coupling among different frequency waves, which generally exists
in the system by the sideband instability and the linear FEL amplification.
Such multi-mode coupling are observed in both linear and nonlinear trapping
stages and modulate the output signal to a comparable level with that solely
dﬁe to the sideband instability. In the present paper, we describe the
details of the numerical calculation of the ref.9 and study the underlying

physical mechanisms leading to the observed results. To qualitatively
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understand the phenomena of the multi-mode coupling. we introduce a model
where two radiation fields with a large amount of energy are injected into
the wiggler as inputs. The origin of the new wave excitation by the
multi-mode coupling is found to be a forced oscillation due to the transverse
current produced by the mode coupling. FEspecially. "an additive law’ for
the growth rate of parasitic( and/or sideband) waves which is observed in
the ref .9 is analyticaliy obtained.

In Sec.2, we present the basic equations and the numerical method of
the I-dimensional multi-frequency FEL code. Two-wave calculations with a
primary field and single sideband are presented in Sec.3-1. The mode
coupling process among different frequency waves is analytically
investigated in Sec.3-2. In Sec.3-3. we develop the calculation to cases

where multi-sideband waves exist. Sec.D summarizes our conclusion.

7. Basic Equations and Numerical Method
The physical model we emploved here is a 1-dimensional relativistic

electron beam interacting with a spatially periodic helical wiggler field :

AWCZ)=—AW(Z)(excos‘[kﬁdz+eysin‘kadz) ,

and radiation and electrostatic fields which are Fourier-decomposed as

Az 1) =) An(z) (excos tn-ey sindn) (1
@(z,t)=z§:®m{2) <08 Vem for m=0,+1,=2, ... . )
where

‘me(z) :\[ kkm(Z’)dZ,_wmt‘*'em and ﬁ/em(.z)_\[j kn[(:zl)dzl‘“()..‘mt”*‘am.
0
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understand the phenomena of the multi-mode coupling., we introduce a model
where two radiation fields with a large amount of energy are injected into
the wiggler as inputs. The origin of the new wave excitation by the
multi-mode coupling is found to be a forced oscillation due to the transverse
current produced by the mode coupling. Especially, "an additive law’ for
the growth rate of parasitic{ and/or sideband) waves which is observed in
the ref.9 is analyticaliy obtained.

In Sec.2, we present the basic equations and the numerical method of
the l-dimensional multi-frequency FEL code. Two-wave calculations with a
primary field and single sideband are presented in Sec.3-1. The mode
coupling process among different frequency waves is analytically
investigated in Sec.3-2. In Sec.3-3. we develop the calculation to cases

where multi-sideband waves exist. Sec.B summarizes our conclusion.

2. Basic Equations and Numerical Method
The physical model we employved here is a 1-dimensional relativistic

electron beam interacting with a spatially periodic helical wiggler field :

Aw(z)=—Aw(z)(excos‘[kwdz+eysin‘[kwdz) ,

and radiation and electrostatic fields which are Fourier-decomposed as

Alz, ) =ZAm<Z) (e, cos n—eysin i) (1)
&z, t) =) Gn(2) cOS Tem, for m=0,£1,£2, . ... @)
where

Jalz) = L kon(2)dz —cnt +8n  and  Tea(z) - f;km<z’>dz’~mmt+-am.
{
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Here, wn/2r is the frequency of mode m ( wm0=tp denotes the primary
signal ); and ku.n and k, are corresponding wave numbers. 8, and o, 1s the
initial electron phases. In Egq.{1), electrcmagnetic fields are assumed to
be a right-handed circularly polarized wave.

Here, we assume that Aw=wg/N ( N ! integer ; is a minimum frequency
difference between two adjacent modes. Therefore, the nonlinear driving
current Jy in Maxwell'é equations has to be determined from a particle
dynamics extended over a long interaction time scale AT=27/Aw. Substituting
A(z,t) and ®(z,t) together with the microscopic current density into the
Maxwell 's equations, we obtain non-wiggler averaged field equations for

slowly varying parts for mode m : amEeAm/'mc2 and ¢n E@@m/mc2 , as follows,

2 \

9 Gz +(“2 —kZp)a c”E<ﬁzo (U1 COS Yn—U2 Sin"\bm)>m’ (3)
8z C

23 1/2 Q‘g 320

2kl? az(’“ Cn )= —?<—U2;(U1 sin Ytz cos wm)>m. (4)
dPm
% = 2@% <,GZQS:LH\LPH] ms (5>
kndpn = sz <BZO(‘OS¥"em,mw for m=0,+1.+2, .... (&)

where ﬁ%z@h+j}gdz, aﬁ:4me%m/m (n,: the beam density). and (v, u2) denote
perpendicular components of an electron velocity described by a helical
coordinate. fBm is defined by v {t=tg)/c, where lo represents the time when
the electron enters the interaction regicn at >-0. In deriving eqs.(3)-(6).
the Coulomb gauge is employed. An initial electron phase Yom=-wnlo in ¥n

and VYen extends over {fw}nn/éco, +apt/Aw) . ((. .. ) in Egs. (3) to (B) represents



JAERI-M 90-211

an average with respect to Yo and an initial eleciron momentum distribution

fu(py) which is defined by

~wyr /A
g f d%mffb(po)(-.')dpo.

enng +en /o

Equations (3) to (6} couple to 3Nt {(Nt: number of test particle) electron
motion equations. In the initial state, test particles are uniformally
distributed in the phase space to provide the input radiation power as an
extenal parameter.

In the numerical calculation, a millimeter radiation field of f=60CHz
is 1njected as a primary radiation. A beam energy Fp=iMeV (v,=2.96), bean
current density Ib:1:5kA/Cm2, constant wiggler pitch A{=27/k;)=4dcm, and
wiggler field By=~1.94KG are employed. The wiggler field is adiabatically

increased in an entry region O=z<101l,. The initial level of the

electrostatic potential

. *2@6 :
$n(z=0) *mm{ﬁzo COS Yem)

15 determined from a numerical error which corresponds tp an initial setting
of test particles in {he phase space“”. In the paper, we only consider
the non-tapered wiggler case. No axial beam energy spread and no axial guide
field are also assumed. Note that parameters employed here belong to the

strong Raman scatlering regime.

3. Numerical Resulis and Discussions

In Sec.3-1, we present numerical results in single sideband case.
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an average with respect to Yg, and an initial electron momentum distribution

fu{pa) which is defined by

~agn /A
o dymge [ e [ fup0) (o,

2N i B

Equations (3) to (6) couple to 3Nt (N7: number of test particle) electron
motion equations. fn the initial state, test particles are uniformally
distributed in the phase space to provide the input radiation power as an
extenal parameter.

In the numerical calculation, a millimeter radiation field of [-60GHz
is injected as a primary radiation. A beam energy Fp=1MeV (v,~2.96), bean
current density Ibzl:BkA/cmz, constant wiggler pitch A«(=27/k;)=4cm, and
wiggler field By=! .4KG are employed. The wiggler field is adiabatically

increased in an entry region Osz<104,. The 1nitial level of the

electrostatic potential

~2uf

z:cwmfk+m+kw}

<6z0 COSs 11‘ljem>

is determined from a numerical error which correspends to an initial sefting
of test particles in the phase space“”. In the paper, we only consider
the non-tapered wiggler case. No axial beam energy spread and no axial guide

field are also assumed. Note that parameters employed here belong to the

strong Raman scattering regime.

3. Numerical Results and Discussions

In Sec.3-1, we present numerical results in single sideband case.
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Before the presentation of multi-sideband results in Sec.3-3, a qualitative
discussion of the mode coupling among different frequency waves is done in
7-2. The growth rate and the saturation efficiency by the single mode

analysis were studied in Ref . 1C.

3.1 Single Sideband Case

Figure 1(a) shows‘typical spatial evolutions of radiation and space
charge fields for the f=60GHz primary wave and the f=40GHz sideband. An
initial input power at z=0 is chosen tlo [%njwi103W/Cmg for the primary field
and Pimdozlo{%bTmF for the sideband one. After the saturaticn of the primary
vave (Zsat(=7Zeat/dw)=16). the f=40GHz wave which has no linear FFEL
amplification grows exponentially by the sideband instability with the
growth rate of ﬂm.\zzd:lncm.o/dz)zo.lSC;tfl both for the radiation and the space
charge fields. The sideband wave overtakes Llhe primary one at around
r=z/R,=36 and then saturates. Spatial evolution of the trapped particle
fraction due to both f=60 and 40GHz pondercmotive thentials is illustrated
in Fig.1(b). An average trapping fraction due to the primary potential
(5gn) is about 79% when the amplitude of the sideband wave 1is enough low, 1.e.
auykwgsloe. As the sideband wave grows i.e. o/ass!, electrons trapped
by the primary potential are detrapped down to (8)g=52%, whereas £he sideband
one increases up to (8)p~52%. To see the above process. particle positions
and the separatrix( solid line ) in a phase space for the primary wave, 1.e.
(=0, ddm-p/dz) . are shown in Fig.1(c) from 3(=2/2,)=30 to 60. Here, the

separatrix is 1s given by

b B E— 2 2
S(’L‘m:(}, dl‘rmfﬂ ) = ( dem,..'D ) _&lwas}\w (1+ cos wmzo) =0, (7)

dz v dz Y%
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where yL=1+a§. Thus, the saturation of the sideband originates [{rom tLhe
separatrix overlapping with the primary potential. The sideband amplitude
tw to cause the separatrix overlapping with a m=0 primary wave ig estimated

from eq. (7} as

2
~ IE Kim - Yn Km=0 Bu=dUpn=0 1 | 2
Ol = 16(1w{<1+k:w) s e () (8)
for Upm< o Upmebla=d on Upm=00m=0

W0t 1!pm=08m={) UWm=0— UPWIZOB’“?O

where Upm=tn/(kintky) and Bm:4(q¢u01ﬁ%m/YL. In the present case, the phase
velocity of the sideband potential wuuo satisfies the relation
Up6nwao,” {we0+Upsofdsn) <vao<tpen for 7216, the two separatrixes overlap in an
initial stage of the sideband instability. Since the phase velocity of the
sideband potential e is smaller than 1w, electrons are detrapped
releasing the kinetic energy to the lower frequency sideband without
significantly reducing the power level of the primary field.

The result for the f=20CGHz sideband case is shown in Fig.2(b). The
growth rate of the sideband measured from the saturation point of the primary
field is smaller (Pégauo.Icmq) than that of the f=40CHz case( Fig.1{(a)).
The result indicates that the f=200Hz wave 1s rather off-resonant for the
sideband instability compared with the f=40CGHz wave. Figure 1(b} also shovs
that the growth rate of the sideband instability changes at around z=35
and gives a smaller value (I201,=0.025cm ') for 2235. Such a change of the
growth rate is considered as an effect of the longitudinal electrostatic
iﬁteraetion which comes from the high beam current density. That is, 1in
Zeat $2535, the electrostatic force fo..=ed®/0z prevents the harmonic electron

bounce motion in the ponderomotive potential'’. An irregular electron
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motion modulates the bounce frequency (3 and the related sideband
instability. On the other hand. the electrostatic interaction leads the
phase scrambling of bunched electrons which reduces the electrostatic force
fos. The reduction of fes 1n 235 restores the harmonic electron motion
and the corresponding growth rate of the sideband instability‘m. Therefore.
the region of Zat 57535 is recognized as a relaxation layer of the
electrostatic interactién.

Frequency spectrum of the sideband growth rate 'sy 18 shown in Fig.3.
Here, T is measured after the saturation of the f=60GHz primary wave. An
asymmetric Mey spectrum, where lower sidebands exhibit a strong instability.

-4}

is obtained in accordance with theoretical indications” The typical

frequency shift from the primary vave Aws max/2% 1s about 20CGHz. Evaluating

the bhounce frequency:by use of a relation'? §h&26kw¢raﬁarw(l+a€} , we
estimate the frequency shift as Aws max/P7 kn-oll/2aky~14GHz by applying
a,=0.725 and {(a,)~0.03, which is roughly the same order as thé numerical
caleulation. In Fig.3, Awr/2r=20CHz represents the typical frequency width

of the linear growth rate of the primary wave.

3.2 Analysis of Mode Coupling

Up to now, we considered the single sideband cases. Here,.we develop
the analysis to cases where the multi-sideband waves simultanecusly exist.
In such a case, various mode couplings ameng different frequency waves will
play an important role for determining the output radlation spectrum,

In this section. we first assume Lwo radiation fields with a large

amount of energy as

Az, )= 3. Age exp [1(hgz-at+0)] + c.o. (9)
q=1.2
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assuming, the right handed circularly polarized one, wvhere e.=(ey+ie,)/2.
Then, the beat field with (Awswi-wz. Ak,=k.-k.2) is excited through the
nonlinear term of [px(¥xA)]; in the electron motion equation and the

longitudinal momentum and density modulations:

b «
o e A AAS .
Sps = 5 exp [t (Ak.z-hwt)] + c.c. , 1C
p 2yeme” (Aw-Akup) (e
2 24 AN
ns bR i (Mez-bul)] + c.c. (1)

2vimee? (Aw-Ak.up)?

are induced. Note that such a nonlinear coupling comes not only from the
above nonlinear term but also from (trv)p in the motion equation as well as
g-(nv} in the continuiiy equation and provides the same order contributions
as [px{yxA)]; term. Note in that case that the radiation field with
(witwz,ko+kz2) 1s also excited. Since the beam modulation given by egs. (10)
and (11} propagates with the phase velocity v,=~(wi-w2),/(k.-k.2)~C, a resonant
interaction between the beam modulation (&ns,6ps) and the ponderomotive
potential (up=Aw/{Ak.41k,)) formed by the radiation field with (Aw.Ak.) and
the wviggler field does not take place.

The density modulation, however, will act on the radiation field with
w~Aw as a forced term through the coupling with the wiggler field. That

radiation satisfies the folloving wave equation,

2 W ~ A - .
{254 -}g(t\mzm?—é)}f\s(z)=be%%1pxaﬁn exp [14k.2], (12)
9z C
- c*AGaal
and Brig =6/ M= ~Aaas,

Vh(Aw-dk.)?
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where pog=—(ifh/ke) cos kyz, h=eB./mc, and As(z)=Ase. exp (ihst) + c.c. In
eq.{12). we neglect the perpendicular perturbation of the electron
p.= exp [1 (Ak.z-Awl)], which will be also produced through the nonlinear term
of [px(vxA)]..

The general solution of eq.(12) 1s given as follows,

exp["i(i\.fcrik:\.,);z]_,r exp{i(Ak++kw)z]} (13)
2 z 2 2 /
{ ’+37(\Ak+_kw) ) [k‘#'si (Ak'—'*'kw) ]

Qs=Cisn €Xp (1kisZ) — %&'Zﬁwﬁﬁké {
vhere Awt=cZhZiwf. €=ap 1 Chy, Qu=0/Cky, te=eds/me”, and g is the initial
amplitude of as. It is found in the second term of R.H.S in eq. {13} that
the radiation field with the wave number shifted up and down by k., from Ak,
is excited. When the initial radiation{eq.(9)) has an enough power in it,
i.e. (ua§>égﬂki—(Akr%m)ﬁ/ZS%h, the amplitude of the forced term exceeds
the one with the natural frequency. However, it should be noted that the
radiation induced by the forced oscillation does not satisfy the dispersion
relation in a vacuum. Such a radiation will come out only when a transition
of the wave number, i.e. Ak.xk,—~Ak.~k.; takes place inside the beam.

When the initial amplitude has the exponential growth rate such as

ai~exp (Iz) and a2~ exp (I'2z), the solution of eq.(13) is rewritten as

. - . - C AL - (T =
as=(ts0 €Xp (1kesz) - %Szﬂwénkg{ 5 expz[z(.ﬁm k“)zzf‘r_‘frf)“]
(kS (T+02) o (Aka—ky) =21 T1+72) {AK K )]

N <kwmkw>} . (14)

which also grow exponentially following the additive law, i.e. [ +i2.
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¥We now expect the second ccupling between the lower [frequency
modulation(eqgs. (10) and (i{1)) and the modulation induced by the initial
radiations(eq.(9)), through the nonlinear term of (u,9/0z)p. and a{nv,)/0x
in the motion and continuity equations. That is, (éns,6ps) couples to
(&n1.6p1) and (&n2.8p2), and symmetrically creates the upper and lower
sideband modulations (&n3,8p3) and (6ny,6p4) with (wy+hw, ko +Ak4ky)  and
(wp-Aw, kep—dAk, Ry . In the linear stage of the FEL amplification,

(&p) 2.6ny 2) are given by

. ' e (kvy ovky) Ay 2 .
- : : (s oakYr—y o3 4 o
oPL.Z 2vpeklwi 2= (ke prky )y ] exp [1 (ke zrkw) z-w1 2007 4 C'C'.

_ ennQy (ot 2tk ) A1 2
2nytckyo) 2 (kef 2ky) Up)

— exp [i (k. 2tk z-wr 2t)] + c.c.

Z

n
2
™

|

The density modulation (&n3,6n4) also act on the radiations with
(w1+hw,w2-Aw) as a forced term through the coupling with the viggler field
same as eq.(12). In the second coupling, the wave number of the radiation
induced by the forced oscillation is given by (k.i+AMky or k.j+Ak+2k, Dand
(koM. or ko-Ake+2ke ). If the waves (wi+Aw, ka+Ak.) and {awo—Aw, keo-AkL)
are excited, these radiations satisfy the dispersion relation in the vacuum.
The process will be successively repeated and creates the symmetrical
sidebands around the initial two radiation fields(eq.(9)) together with the
first excited lower frequency field. When the initial two radiations have
the linear growth rate, the sidebands exponentially grow and Lhe growth rate
of that wave becomes larger with an increasing number of the mode coupling

following the additive law.

3.3 Multi Sidebands Case
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Figure 4(a) shows the result in which the f=40GHz and J=20GHz sidebands
are both included. Tt is found that the 7-20CHz wave grows following the
growth rate of the f=40GHz sideband and shows a different feature as
Fig.2. This result is interpreted by the previous mode coupling analysis
© beat field belween the primary radiation and the f=40GHz sideband induces
the beam modulation {én<,&ps) : the beam modulation couples to the wiggler
field and forces to excite the f=20GHz wave. The growth rate is also
interpreted from the argument of eq.(l14) as [oo~Tgo+ls0=40, because of
Ti~0 in the saturation stage.

Figure 4(c) illustrates the wave number of ecach radiation field. It
is found that the wave number of f=20GHz f(ield( natural value is
kooo~2.64k,) 1is locked to the down shifted value nearly by ky. 1.e.
kuo~1.8k, at around 5=24. where the f=P0CHz field starts to grow. That
is, the numerical result indicates that the term proportional to
exp [1(Ak-ky)z] in eqs. (13)( or(14)) is deominantly excited. Furthermore,
the wave number k.op goes back to the natural wave number at around =36 where
the growth rate of the f=40CHz sideband instability field disappeared. Since
the ponderomotive phase velocity with f=20CHz, vpzo=cwgo/ (kieotke) , 18 smaller
than vy at z~36, the f=20CHz field obtains the substantial power from Lhe
electron kinetic energy by the separatrix to overlap with the f=40GHz
sideband instability wave. Thié feature can be seen in Figs.4(b} and (d)
which represents the spatial evolution of the trapping fraction for each
field, and the phase space plot of electron positions for the primary
ponderomotive field. The amplitude of the forced oscillation at which the

wave humber k.o changes (z=24) is estimated from eq.(13) as

2¢ 0, pocn

: — o~ 3x107°
(k20— (AR k)]

azh =
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by employing ¢£~0.4, Qu>0.74, koogeAe~2 B4k, (m998x102. and cmngxlOﬁ,
The estimated value of G2 is one order smaller one compared with the input
amplitude, i.e. ax~3%10". The discrepancy is considered to originate from
the other nonlinear coupling terms except [px(vxA)], in motion and continuity
equations.

Such a mode coupling is also cbserved in the linear stage where two
radiation fields expcnentially grow with encugh powers in it. Figure 5 shows
the result when =60 and 70GHz waves which independently grow in the linear
stage( Teoxl70~I") are injected with P s0=10%/cm®  and  Pin 70=1W/cm®,
respectively. Besides that, f=10GHz lover freguency field, and f=50 and
80CHz symmetric sidebands with respect to primary fields are taken into
account. with P;W:N35W/cm2. The space charge fields and wave numbers of the
radiation are also illustrated in Fig.5(b) and (c). The coupling between
the primary fields forces to excite the beam modulation (&nig,dpig) and the
f=10GHz lower frequency wave with the growth rate given by [jg~Tgotl70~2l.
The radiation wave number also changes to the down shifted value from the
natural one at z~11 as Fig.4 case. The amplitude of the forced oscillation
at z=~11 is estimated from eq.{13) as aib~3x107, which is also one order
smaller value compared with the initial input.

Figure 5 also shows that the secend coupling between the primary waves{
f-60 and TOCHz) and the lower frequency beam modulation (6nip.épi) forces
to excite the f=50 and 80GHz sidebands at around z=14 with the growth rate
given by I'sp 7o~o+lp=~3[, from the linear ones. The growing of sidebands
is Lerminated owing to the saturation of the [f=70GHz field. In Fig.b5{c},
the wave numbers of the symmetrical sidebands, k.so and k.7p, are found to
maintain the natural wave numbers in accordance with the discussion in

Sec.3-2. We here note that sidebands of f=50 and 80GHz are excited even if
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the f=10GHz radiation field is absent, which means that these sidebands are
induced as result of not the radiation field but the beam modulation
{6n10,6pio) -

When the continuous noise spectrum radiations are present, such a
multi-mode coupling process gives rise to the interesting result. Figure
6{a) shows the spatial evolution of the f=60CHz primary wave with an initial
input power of Fﬁnﬁotiowgcmz when 14 different wavelength radiation fields
from f=10GHz to [f=80GHz (i.e. Aw/27-5CHz and N=w Aw=12 ) with
PﬁnrloﬂW/tﬂ@ exist. It the linear stage( 8<z<18 ), the f=50~80GHz parasitic
waves exhibit the linear FEL amplification( see Fig.3 ). On the other hand,
the f=10~45CHz lower frequency waves rapldly grow by the multi-mode
coupling. After the saturation of the primary wave, the f=40CGHz wave which
has the maximum growth:rate for the sideband instability first overtakes
the primary one at >~30. The radiation power spectrum at z=35 is also
illustrated in Fig.6(a) together with the electron energy distribution.
Here, we can see the radiation spectrum which corresponds to the linear FEL
amplification and the sideband instability at around f=60GHz and f-40GHz.
respectively. Furthermore, at around f=20GHz, we observe a group of the
radiations induced by the mode-coupling between the saturated primary wave
and the sideband instability waves around f=40GHz. The center frequency of
the spectrum{ f=~20CHz )} coincides with f>Aws paw/27 and the half width is
nearly equal to that of the sideband instability. The electron energy
distribution also spread a great deal to the lower ¥ region. Note that the
total power of the radiation spectrum induced by the mode coupling(
10CHz < f$30GHz ) is the same level as that by the linear FEL amplification
and the sideband instability. The phase space plot for the primary wave 1s
also shown in Fig.7 from z=15 to 50. Particles diffuse to lower energy

region corresponding to the particle energy distribution in Fig.6(a).
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In Fig.6(a). the wiggler length [.=L./Ay~11 is an important parameter
for a realistic FFL design, because [, represents a typical length in which
the quality of the radiation field and the electron energy distribution
significantly changes. The trapped particle fraction {8)sp also decreases
to 30% for z=Zzeu+le, although (8)0~7T5% for z<zeuw+ls as shown in Fig.6(b).
The characteristic length [ closely relates to the ratio of the initial
pover between the pérasitic noise field and the primary one, 1i.e,
a=Piy neise/Fin primary. With an increase of o 1.e. a—1 ), Lg becomés close
to zero Is—0 and the signal with a rather broad frequency spectrum is
obtained. On the other hand, to obtain a monochromatic signal( Pyn/Peps107!
) for a fixed wiggler length of, for instance, [=2A4, as107 is required.
In the case of the tapered wiggler FEL., the starting point of the tapering,
ﬁaml should also be carefully chosen so as to satisfy the condition

OS(%hm~%$u)Sﬁﬁ, since the trapped particle fraction (8)s rapidly decreases

for zzzetls.

4, Concluding Remarks

We investigated excitaltion mechanisms of the parasitic wave and the
modulation of output signals in a high current Baman operation regime by
using the one-dimensional multi-frequency amplification code. We first
studied the single s:i:deband case and found that the frequency shift Aws max
and the growth rate of the sideband instability wave [ becomes comparable
to that of the primary signal. On the basis of the single sideband analysis,
we developed the analysis to cases where multi-sideband waves exist.

We found that the nonlinear coupling between lwo radiation fields
Cm,wz) induces a beat field with Aw=w;-wz and corresponding momentum and
density modulations. The lower frequency beam moduiation forces to excite

the radiation field through the coupling with the wiggler field.
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In Fig.6(a), the wiggler length [.=L./iy~11 is an important parameter
for a realistic FFL design, because [ represents a typical length in which
the quality of the radiation field and the electron energy distribution
significantly changes. The trapped particle fraction {8)sp also decreases
to 30% for z>Zsai+ls, although (8)s0~75% for z<ze.+ls as shown in Fig.6(b}.
The characteristic length [ closely relates to the ratio of the initial
pover between the pérasitic noise field and the primary one, 1i.e,
a=Pi, neise/Fin primary. With an increase of o 1.e. a—1 ), Lg becomés close
to zero ls—0 and the signal with a rather broad frequency spectrum is
obtained. On the other hand, to obtain a monochromatic signalf Puy?%Q$IO”
) for a fixed wiggler length of, for instance, [=2A4, as10™ is required.
In the case of the tapered wiggler FEL, Lhe starting point of the tapering,
Ziap. should also be carefully chosen so as to satisfy the condition

Os(inm~£$¢)5fﬂ, since the trapped particle fraction (8)p rapidly decreases

fOI" Z?,Zsat+lJ5 .

4. Concluding Remarks

We investigated excitation mechanisms of the parasitic wave and the
modulation of output signals in a high current Raman operation regime by
using the one-dimensional multi-frequency amplification code., We first
studied the single sideband case and found that the frequency shift Ads max
and the growth rate of the sideband instability wave Iy becomes comparable
to that of the primary signal. On the basis of the single sideband analysis,
we developed the analysis to cases where multi-sideband waves exist.

We found that Lthe nonlinear coupling between lwo radiation fields
Gm,wz) induces a beat field with Aw=w;-wz and corresponding momentum and
density modulations. The lower frequency beam modulation forces to excite

the radiation field through the coupling with the wiggler field.
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Furthermore. the lower frequency modulation secondly couples to primary
waves and excite the new beam modulation with (wi+Aw,Awp-Aw). The new
frequency modulation alsc forces to excite the new radiations. The above
process is systematically repeated and causes the symmelric field excitation
vith respect to the primary signals. Such a symmetric creation of sidebands
are also studied by E.J.Sternbach in the wave guide FFL'® . The growth rate
of the radiaticn inducea by the mode coupling is expressed by the sum of
the growth rate of signal fields following additive law. Therefore. when
the signal waves are growing. the growth rate of the mode coupling wave
hecomes larger with an increasing number of couplings. On the other hand,
when the signal waves are both stable, thé mode coupling waves are stable.
In the multi-freguency calculation as Fig.6, which covers the entire
single sideband spectrﬁm, the radiation spectrum is unstable especially in
the low frequency region until the sideband instability wave with a maximum
growth rate{ i.e. w~wo-Aws mx ) sSaturates. This is due to the fact that
the ponderomotive phase velocity uv,=w/(k.+ks) for low frequency waves is
smaller than that of the primary omne, i.e. Up<Upm=0=tn/(kam-otky). and the
separatrix overlapping among these waves creates the channe! to diffuse
electrons to a lower energy region. The electron diffusion, 1in turn,
amplifies the radiation field. On the other hand, the phase velocities of
the high frequency ponderomctive field which 1s induced by the mode coupling
are larger than that of the primary one, i.e. Up>Upm=0. Therefore, even 1if
the separatrix overlapping with the primary wave takes place, the electron
diffusion to a higher energy region reduces the radiaticn field energy. which
means stable. Here, we note that the multi-mode coupling described here
significantly mcdulates the output radiation spectrum when
At max~harpL~(1/4-1/2)a0) 1s roughly satisfied. When Awgs mx(Or AwreL} <@g,

the lower frequency wave(w~Aws mx) induced by the mode coupling will saturate

— 15 J—
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in a }ower level since the phase velocity of that wave, 1i.e.
Aws max/ (Kis maxtke) » 18 too low to cause the separatrix to overlap with the
gideband instability wave. |
In the paper, we employed the free boundary [-dimensional model which
does not include wave gulde effects'® ¥ The excitation of lower frequency
parasitic waves may be_suppressed by adjusting the wave guide dimension so

as to satisfy the condition Aws paxSw@e, where w. is the cut-off frequency of

the wave guide.
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fig., 4 (d) Phase space plot of particles for the primary ponderomotive

potential, (wm=0, dwmzo/dz). Solid line represents the

separatrix.
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