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On the Non-trivial Kinematic Representations

for Six-link Manipulators
Shinobu SASAKI

Department of Reactor Engineering
Tokai Research Establishment
Japan Atomic Energy Research Institute

Tokai-mura, Naka-gun, Ibaraki-ken .
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A solution technique of the inverse kinematics for multi-joint robot
manipultors has been considered to be omne of the most cumbersmoe treatment
due to non-linearity properties inclusive of trigonometric functions.

As one of the major causes, however, it might be responsible for the

fact that we are oblivious to the weakness of approaches to deal with a
set of equations given with vague considerations and/or occasionally by
forces. The most important is to find out a class of truely non-trivial
formulations among the kinematic equations from a viewpoint of lightening
or avoiding a burden of computation as far as possible. Additionally,

it is required to pay attention so as to reduce them to more simplified
descriptions.

In this paper, an analytical examination was made as to how to
position and orientation of hand are influenced by the individual jeint
variables. As the result of it, a useful set of equations was presented
to be contributive to derive the solutions with ease. This idea is

favorably applicable to all types of six-link manipulators.

Keywords: Kinematics, Six-link Manipulator, Reduction of Dimensionality,

Optimization Technique
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2. FESeisrid - =B ORIR=EC

voEalL—23, (FEEMATHELEOVE - EBFEHRICELTES LIS, VY
VEEBRPNCEESHTTESN - RBETHD. HEYEICEY, ToEalb-2%
FEOFAL»LHEBOMEBIC7 /O —FTEEDICHE, REBHENHETHLZ
EMbhE, BENICIE, SEMOBIERE O LLTOEORBIEXTRETE
%,

Fi = Fi(els 62! AR 65) (i:]-,.uys) (l)

Zhiz, soOMSIEEN O AEMOLME - BHESLT AN MNEMANOEREE
2 TH IV, FHINEMT, BOO3DOWHER, F, Fiiv_Eal -2 DIEEL
TEBEES, Bd30F, Fs Feldv-—Eal—A0EBEEST, 2B THEH, TEHERE
BrRowIos) vy I OERICESEITTHERBEZTD.

ZZT, WFTERTARBIDOWT TRONEZLTHL,

i)  s;=sinf,c;=cos 6 i,8:;=sin(B:+0 ;),ci:7cos(6;+8 ),

ii) n=(ny,ny,0.)7,0=(04,0,,0.)7, a=(ax,ay,8:)7 | Y22l — 2 OREES
ERET D= OEEE OB R

iii) P.,P,,P. : HEEERICBIT DELONEERE .

iv) F.ik:(?Fj/E?ek), 651<:(9 95/991<), PxF(’an/aej), AR
BRI T & Ry

T, EFEESEoLR,»T, BEEY Y 7R oOBMRIE, Denavit-HartenbergMEtitE%
FAnwEoEFORKRERTINCL U RMMICEE HE 5,

Ci 78 7181 aiCi

Ay = | 81 YiCi —7iCi ais: @3]
0 7 T d;
0 0 0 1

22T, Y, niid, FOHEhz -, MO UhBOLEE, REERT.
Y i=Ccos &, 7:i=Sina; (3)
ZORRERGTFICEY, FEONE - EBBREIA-2 2 BLACEMTARIEICENS
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& €1 ~YiS1 7181 asci||ALy My AN, 4K,
Te = IT A; = 's; Yicy —%1¢1 ais:||®Le Mz Nz Xz (4)
i=1 0 71 Y, d; | |{*Lz “Mz “N3 “Xs
0 0 0 1 0 ¢ 0 1

—7F, 175Teld, BADED DA A AAAICBEOTITAEBELREETOEDL
HCRETAZLHAETH S,

5L, BM; BN; BXil|ce -YsSe 7eSe asCs

Te = {PLz BMz BNz PEz||Ss 7Y eCs ~76Ce aeSe

BLs Mz BNz BXs| |0 s Te de

0 0 0 1|0 0 0 1

Nx Ox 8x Px

= |n, o, a, Py (8)
N; Oz 8z P

0 0 0 1

@), (DB 5 LSO DRREBITHRMOER L, MR LR, 2¥ORETRLE
MBE#EALOND.

f(eg, 63,‘“, 95) (J=1,2,3) (6)
f(e 1y 62""| 65) (j:l,Z, 3) (7)

ALjrAMi!ANi!AXJ
BLJ’ Bij BNiIr BX]

1.l

B2E, AL;IEEER D5 beic kU B ShEERLE2ETRT 5, OERICD
NCHRETSS, Ko, G)IcswTEE, BETEY v/ BEROEEN A < Bl
LRBEDY ], 1e=0LTHILINTE S,

T, (1), G)OFFIRENT 5L, TP al — 8 DEIMiE O BEEP, i,

Pi = AX]C]‘AXE'Y 1S]+AX3U131+3101 = f(eh gz, 95) (8)

r@Eagah, MSHEEO AL 0., TEEEVEEREZET.
i, G)OEBMG,

P, = as(BL1CB+BM1Sa)+d5BN1+BX1 = asnx"'dSBN]'i"BX]
= f(61,62,"', 65) (9)

#1856, 2% Y, 2LicetMiseldx HADAMAEN.(ER) LFEHZh, BRDIDDH
ll{;tSD(DEﬂﬁﬁﬁ%[J: U EhE o, (TRLEEERL 25,
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Lo T, (8), A nP.id, BIHERO A5 0sTHERENLEZ AT,
RIS LT, NV REFHTCHT 2 1RE0ERE2HFxLITF2L2ENLDICR S,

P, = “%ic1—*%27 1s1+*Kz v 1sitaicy = (64, B2, O¢)
= as(PLicet®Mis6)+ds®Ny+BR: = asn,+de®N:+5X;
= f(631 62!"., 65)

P, = *Xis 1 +*%2Y 1c1-*Ks n1Crtassy = £(0,4, G2, Oe)
= ae(BLocetPMess)+de Nt PRz = aen,+de®N=tBie
= f(8,,0z2", 0s)

P, = “Xo7p181+°8z7 1 td; = f(0z-, OBe)
= as(Blacat®Mase)+de®NatB8z = aen.+de®Nat"Ka
= £(64,6z"", 05)

ax = BLise 7 6-Mice net®N1vYes = BNy = (04, O2,, 05)
= *Nyc1=*Nesy 11 = £(6,, 62z,, O6)

a-,=BN2 = (6, 62, 0s) s
= AN1S1+AN20_,1 vi*Nsc; 71 = £(01, 8z, Oea)

ar = Ng = (64, 62, 85s)
= 8o +*NavYy = (02, B6)

0x = —BL1scY 6tPMicsYs = f(84, 02,7, Oa)
= *Wyc1-"Mos ¥ 1+ Mas1 7y = £(8, B2, 8s)

0y = PLzseY t™Matsvs = f(04, B2, 0e)
= MMy5,+*Mecr v 1=MMacr 71 = (84, B2, Be)

0z = -FLaSe?Y etBMacs Y s = f(o 1y Gz, e, 66)
= MMyn +*Mzy, = f(02,, O6)

n. = BLicet®Mi56 = f( 64, B2,+, O6)

n, = BlzcetPMzss = (04, 02,7, O6)

Nz = BlzcetPMass = f(ez,"'g Be)

chi vy, BEORKE  BBICHT IRTEROFSOREMNHECRY, DEOQLD
ICHHETE S,

P, = Px(el, 92,'“, 95) (10)
P, = P,(04, 0z, 05s) (11)
P, = P.(8z2 83, O5) (12)
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Bx = ax( B4, B2, Bs) (13)
ay — a-,,(@ 1y 82."', 95) (14)
2z = 8:(02, 0a " O5) (15
0x = 0x( 61, 82,7, O6) (16)
0y = 0,(01, 62, B6) (a7
0z = 05(0z2 O3, B6) (18)
ne = 0(01, B2, B6) (19)
n, = ny,(8,, 02, Be) (20)

Nz = nz(GE, 93! "y 65) (21)

LZAT, SHEEENRE LEEOQORAKLSITEEF,Fa, Faid, VEBFKREZICL = 10)
~(A2cE L, BT 5F,4, Fs, Feld, EosERHH B HEEERL T3DED
PERRTILEND D, FOBERICOVToHRMETLOY, HAARZOWEZ SHHICE
E A0 BRBEROHIC TE 3 2FHIERS P2 BEMRR 2 RSO BRTHS
A, HEBELTWLDDEALBNLY, I1DOEFHELT

P. = Px(@ 1 8z, 65) (22)
P, = P,(04, 032,05 (23)
P, = Po(6z O35, O5) (24)
ax = ax( 01, B2, 8s) (25)
az = a:(02, 63, 0s) (26)
0- = 0,{(B2 O3, 6s) 27

#(DICHToMERET 2, BB 3A, BHETINKROAI®D TEHREBE, &
BOEETE2EAT, BHONRIA-22(13)~QOLRATHELET S I LIIATET
55, Blad, a.ofiWica,®, $rEo. ORI TEERIDIZLE - . (B,
ORI HRRROLDTERELLTRLTBEVWEIEIANENTSHS D, )

XT. ZOFBEBRBICHT 2BOFHL, LEMEFEL I, SEER ORI
BETEEASFELTE, 39, (25), (262805 04, 6% 0,1, 02, 0:(Zh%E
ML ES)ICDOTES, 2h2QO)~COICRAT S 2 L TR OEILAEN
ABLNE, cOrkE, QDLPVEBLTRYRASZ LIS, CHORENS, £
WO R S =B TRED 02 RDIEDICHAT B,

Zhidl 207 TO—FTht), APERLBESPTRTLILAEELL, £2T,
a, VERPESVERBICVNDI L, BRICHETELZHENH D, s, DERELD
FRIRBIC LY,
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ax = “Nyc1—*Nzs; v 1+*Nzs: 7 (28)
ay = “Nis1+*Nzcy v 1-*Nse: 71 (29)
az = “Nep 1 +*Nav ' (307

ey, FAVER—-RY M REFDEDLIIC . TRRTE D,

N1 = axCi1+a,8; (31)
ANy 1-*Nzm 1 = ayCr—axs (32)

PUF, SRt ~QChoRREES> L, YooV 30lSBIH 2 HER
BICRRATELC L2 EANRIT a2l 42 LB L THET S,

EEONGEL UESU VY - v al—A0NERETFig LICEA 5, EBEZOBFRR
iEoFDESICH S,

N, =~(S1823C5+5455C1¥8155C2204)Ce+86(C1C4~S184C23), (83)
n, = (823C1C5-818485+85C1023C4)CatSe(S1Ca+54CIC23), (84)
N, = (Cz3C5-S2385C4)Ce~S2a8456, (85)
Oy = (0104‘8154928)06+SS(S132305+S48501+S1S502304), (36)
Oy = (51C4t54C:C23)Co-56(523C1C5 515455785 1C2aC4), 37
0, =—(sz354)Ce+Ss(S2585C4—C23C5), (38)
8x = S15238575:;C23C4C5784C1Cs, (39)
4y = C1C23C4C5 S2355C178184Cs, (40)
a; =~(823C4C5+85C23), (41
P, =-86(S1823C5+8485C1+8185C23Ca)Csta686(C1C4~8184C23)
~a5(51823C5+5485C1+8155C23C4) ~(aata4)s:1523-228182, (42)
P, = ae(S23C:Cs~S1545585C1C23C4)CotaaS6(S1C4t84C1C23)
+a5(823C1C5~515455185C1Ca3Ca )t (Atas)SnaC i tazsCy, (43)
P; = 35(02305“5238504)05‘3556(52384)*35(02305‘8235504)
+{agtas)CaztazCata. : (44)

=T, (3D, GDICRLEB®RIE, Fig LILRTvoEab—420B&

s4Cs = —(a,s1+axct) = wi{61) (45)
C2a3C4C5-S2aSs = 8,C1-a,5; = wz( 0 1) (46)

-5\,
Moy 1-*Nz 79

iy, Zhz(@l)ma  LERITE L

C4Cs = W=Cpz~dz523 (:C1), (47)
ss5 = —(a.CzatWasas) (={2), (48)
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Fig.1 A Six-tink Manipulator Studied
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FEEHENT, 04, 0AOFDLD) CARERTRATES,

-laysytax
t,an64 - (a S] 8.01) - W1 , (49)

WeCez@z523 ( 1

-(a;CratWoSza) -54{azC2atWeS23)
tanfs = =

(w1/s4) Wi
= B4 Ez/Wh (50)
Z 2z,

L) = WoCoz2:823 F 0, (51)
w, =—(ays+a.ci) = O (52)

04, OsARELEZEDD, BICRLERERZE-T, voHal -2 0iEEiE
(42), (43), WD) IFOFD & D ICHBRICEE D,

P« = agh.tas®li-(asss23tazs2)s) (53)
P, = aen,tasLlot(assseatazsz)c: (54)
P, = aanz+aSBLé+(a34023+3202)+a1 (55)
=rEL,

BLy = —(81823C5+8485C1¥8185C23C4) (56)
Blz * S§23C1C5-S15455+55C1C23Ca (67)
PLs = C2aC5-52385C4 (58)
az4 = aztas

S, ZHUE@)~COICH L TRITEDED L I RIBBRICHLEZBLDOTH D,

Px = Ph(e 1y 92. 6:3) (59)
PV = Pv(eh 621 63) (60)
Pz:Pa(Ql,ez,es) (61)

LET, 607 - vEalb—RCHd 28EARERIE, (6)~(6L)OFICER
TEE, ZORECOWTIE, EREHEEO7INT) XLEMESET, HERIE
BRFEL2MBFTHDESD, I TRIEFRELAHMMELZNY ANEBRALET
AP OBICHEEL THEETD.
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3. ROEE>ARER

AIETCH EIF =R, 3SER O ARG ~BLERS I LICRETEE,
ZHTIE, COMOERFEL LTI AFLBEILEEEZHVWS, Y AFLEHELICH
BEAEFEL LTI, SAFLORZWEFIL, T4205(GI~(61) L EtEE- %Y
HHWEELABITONE, TR, BRWEEELLT, 2¥F0L>8v=Eal—40
EWICBIT A BEAENBL BEEBELORENSERENEI -V Uy R JIVLERAET
%,

J = {P. - PY2H{P, - PyY7HP, - P.)? (82)

7L, PP, Pt BREL T 5.,
BB IC, CHiZ3ER O, 00, 0:DAREAERELLRS, REER2M#E->T, Z0H
HEEAR/ O FY, POICERTI T2 L 20 RHEE®RDOB I LABEFIHEOFLE
&60

Y2 AT, RENEP., P, P.OBRRICHIERFEREZ LI LA, BEEEZ L
REMTH 20, ME O .OEHFTRVLMUT 5. TabS5,

Px(eo+A 8) = Px(eo)'l'L]Ae]"}'LEA 62+L3A 83 (63)
P.(B,+A0) = P,(O0 )M, A O +M2A O2tM3A B3 (64)
P.(OAA0) = Po(B )N A 6 14N2A O=tNz0 Bs (65)

({E-{Ji 60:(8105 920; BBO)aTéo )

2, BB OAFREL, M, N, 2EOLDIICERZY, FEEP/6)RER
BYD~(TLEAHWS,

5

Li = Pui + 2 P01 (i=1,2,3) (66)
k=4
5

Mi = Pyi + 2 PykBis (i=1,2,3) (67)
k=4
5

Ni = Pzi + Z szeki (1:1;213) (68)
le=4

P = ~(asCtGicy)

Pxz = —(asE+Gz)s;

Piz = Pxztazsice (69)
Pxa = -asBss

Pxs = asax
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P,y = asA-Gis,

P,z = (asE+Gz)c

P,z = Py2 -az¢ice (70)
P,s4 = -asDss

P,s = asay

le =

Pez = —asH,-0,

Pez = Paztasse - (71)
P.s = -asfss

P.s = asa:

EEL, BNTA-RE2EFDLIICRE,

Hy = s2zCs+85C23Ca
Hz = s4ss

() = azsS2ztazse
(z = azsCzztazCz
A = -s1H;-cH2

B = ci1Cs-S184C23 (72)
C = ¢ciHi-s1Hz

D = 81c4%C184C23

E = €c23C5-52355Ca

F

= ~S82384

72, (66)~(68)D 0., 0BT 2MAMEER, (49), GOROMLONEE Y H
BiRHLHND, T2DB,

8 41 = saCa{(-wa/wi)+(Wicza/ 1)}

64z = s4ca(-L2/ L) ) (73)
B4z = Oaz

651 = 85Cs{-(W152a/ L 2)+(wa/w1)+(cot 04) Oar }

652 = sscs{-( L1/ L2)+(cot 0 4) Bz } (74)
Oss = Os2
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PETv=VPal—RoiEkEOXEZEICHET 28 bETo2. 22T, (63),
(64), (BO)DHRFHEMBLEADNERBTHBELORER2E I NVLTERL, Z0fE%E]
DOIRHEREN RSN T TEFERIFEoBmE 28 <, BHBEEIZ

J = {P.(0o+A 8)-P )2 H{P, (8 o+ A 6)-P,}12+{P. (0 o+ A 6)-P2)7

(75)
Ly, ChE2REBALTOEOLSICRS,

3 i 3
J =2 R”AG'[AGJ‘_ZZbiAei"'M (76)

i, i=1 i=1

Z 2,
m = P(B86)-Py, mz = P,(0.)-P,, ma = P.(6.)-Ps,

M = m;Z+meS+tms? (17

LiatoT, HEMEJ 2H/NCY 5 REBEROM NN, (76) DMBIEE FICH
QT E(DIHA 61 = 0(i=1,2,3) TOLDITETHBAOME LTRE 5.

Riv Riz Riz ||A B bs
Rz1 Rez Raz ||AOz| =| bz (78)
Rz1 Raz Razs [|AOs bz

2L,

Ry = G(L1,L1,M1,M1.N1,N1)

Riz = G(Li, Lz, M1, M2, N1, N2) = Res
Riz = G(L],LS,MIoMSyNI,MB) = Ras
Rez = G(LQ, Lz, Mz, M2, N, Nz)

Roz = G(Lz, La,Mz, Mz, N2, NS) = Raz ; (79)
Raz = G(Ls, La, Uz, ¥, N3, Nz)

by =_G(m],ngm2lesm3;Nl)

bz =G (Hl] , L=, iz, Mo, Mz, Nz)

b= :—G(Hh ’ L:3, Mz, Nz, Mz, Nz)
G(a,b,c,d,e,f) = abted+ef

FRXOFRER: ; INFTFIZBRL, BIATR - A FILEPRESELLIRRET

BBICRDEZEDNTES, COLDICLTEHEhEHHEMEA 01, A B2, A O3IC
& W EEAOMREEM O A
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8:=6:°+A4A06: (i=1,2,3) (80)
LEHEhD, CORAT, BEBReBEBEL2WERG)ICRALTINVLOKRES
AEHETE., TORESIPBEESNENFEBRICONERE UTHEREN, £5T
BWESIR, GO0  ETHEE LT—EOBEERIICETHREY, 2£L, #
MHOREREICEY A QIFAESHEENE, AQDENSPRES TLEELEHELHE
CEHICOEDIDICHEL TitEZ2ITo =,

i) WHALERIAS300 (mm) AR B F (1=1,2,3)

AG; = A0/1.5 ({A6;]>1(deg) ) (81)

ii) #he@8x2HE (=1,2,3)

ABO,=A6./1.5 ( 10(deg)>| A6, |>1(deg) >
AB, = A06/2.0 ( 30(deg)>| A6 ]|>10(deg) ) - (82)
AB,=46.:/3.0 (|A6;]>30(deg) )

IURAED 1, 02, O RED L, (49), GOICIRALT, B2 04, 0 ARET D,
BHEIC, O6ld, 0sn. OREFETHTOEDLDIKLERD,

_ BM3H3“BL303 )
tanfes = BLn.+"Ms0, {83)
=EL, |
BMz = -S23S84 (84)
BLzn,+PMz0, + 0 (85)
DEAHEFHOBETH D,

HERBESE, RO THENML TV A &) CEEORILY I ERICHATE
B EE O LEAEHE R0,
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