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Statistical thermodynamic properties of uranium hexafluoride (UF6)
for extended temperature range are investigated using simulation
techniques. As useful information 200 vibratiomal states are
specifically tabulated, where these are shown in the order of population
at a temperature of 300 K. Simulations of UF6 vz band contour were
made in order to investigate the isotopic selectivity. These revealed
that the real spectrum should be quasi-continuous feature heavily
overlapped by a number of hot bands, while the selectivity should
slightly depend on the absorption frequency. The present study would
provide useful information for designing of the "Infrared Uranium
Enrichment Monitoring System" for safeguards on a gas centrifuge type
uranium enrichment plant, and for other fundamental analyses of

infrared spectra.
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1. Introduction

Gas centrifuge type uranium enrichment plants are considered to be
one of the most important facilities from the viewpoint of safeguards
since they could produce nuclear weapons-grade highly enriched uranium
(HEU) irn short time periods; the sensitive advanced technology used in
such facilities is, however, considered to have to be prevented from
unlimited  distribution  from  the  viewpoint of intermational
non-proliferation scheme, and also the operators wish to control the
access to the cascade area even for safeguards inspection in order to
protect the commercial secrecy.

In accordance with the point of view mentioned above, we have
developed the "Infrared Laser Uranium Enrichment Monitering System",
which is to allow us to measure the uranium enrichment and/or to confirm
the absence of HEU in the process gas even at the outside of the cascade
area, namely without access to the area. This system is founded on the
fact that an absorption spectrum of uranium-hexafluoride (UF6) slightly
changes with the isotope ratio of uranium in an infrared active band.

It will be necessary for design of this system to clarify some
problems regarding spectroscopic phenomena; the purpose of the present
report is twofold: First, we present scme statistical thermodynamic
properties of uranium-hexafluoride, which are indispensable for
practical applications to analyses of the molecular vibration-rotation
spectra. Second, we describe a hot-band problem, which may often
complicate the spectroscopic analyses., In addition, we shall simulate
UF6 infrared spectra, and refer to the dependence of isotopic

selectivity (single-photon cross-section ratio) upon absorption

frequency.
2. Fundamental consideration

2.1 General

Now considering a polyatomic molecule including N nuclei, we need
3N coordinates to describe their motion: There are 3N degrees of freedom
in the molecular system. Among them six degrees are appropriated to the
rranslational and rotaticnal moticn of the molecule, therefore the
vibrational motion has (3N-6) degrees of freedom. {For a linear

molecule such-as HCl1 and COZ’ however, there are (3N-3) wvibrational

_1_
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1. Introduction

Gas centrifuge type uranium enrichment plants are considered to be
one of the most important facilities from the viewpoint of safeguards
since they could produce nuclear weapons-grade highly enriched uranium
(HEU) in short time periods; the sensitive advanced technology used in
such facilities is, however, considered to have to be prevented from
unlimited distribution from the viewpoint of international
non-proliferation scheme, and also the operators wish to control the
access to the cascade area even for safeguards imspection in order to
protect the commercial secrecy.

In accordance with the point of view mentioned above, we have
developed the “"Infrared Laser Uranium Enrichment Monitoring System',
which is to allow us to measure the uranium enrichment and/or to confirm
the absence of HEU in the process gas even at the outside of the cascade
area, namely without access to the area. This system is founded on the
fact that an absorption spectrum of uranium-hexafluoride (UF6) slightly
changes with the isotope ratio of uranium in an infrared active band.

It will be necessary for design of this system to clarify some
problems regarding spectroscopic phenomena; the purpose of the present
report is twofold: First, we present some statistical thermodynamic
properties of uranium-hexafluoride, which are indispensable for
practical applications to analyses of the molecular vibration-rotation
spectra. Second, we describe a hot-band problem, which may often
complicate the spectroscopic analyses. In addition, we shall simulate
UF6 infrared spectra, and refer to the dependence of isotopic
selectivity (single-photon cross-section ratic) upon absorption

frequency.
2. Fundamental consideration

2.1 General

Now considering a polyatomic molecule including N nuclei, we need
3N coordinates to describe their motion: There are 3N degrees of freedom
in the molecular system. Among them six degrees are appropriated to the
translaticnal and rotatiocnal motion of the molecule, therefore the
vibrational motion has (3N-6) degrees of freedom. {For a linear

molecule such as HCl1 and COZ’ however, there are ({3N-5) vibrational

_1_.
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degrees of freedom.)
An XY6 type spherical-top molecule such as UF6, which belongs to

the highly symmetrical O, point group, has 15 normal modes of vibration

since the number N of n:clei is seven. However, they have a two-fold
and four three-fold degeneraciesl), and it is therefore sufficient to
consider six different modes: Vvj,...,vg. Schematic diagram of those
fundamental modes are shown in Fig.l. These modes may be put into two
categories; the stretching modes vj,vy,v3 and the bending modes
vy ,Vg,vg. For UF6 the formers lie in higher energy levels in the range
from 0.066 eV to 0.083 eV while the latters lie in rather lower energy
levels in the range from 0.018 eV to 0.025 eVz).

On an absorption spectrum, for instance an infrared vj band, some
transitions of the type vy + vj - v, are observed near the Uj band
according to circumstances. Those are called "hot-bands?, which
originate from the transitions from vibrationally excited states v, to
upper states vi + vj. Since molecular vibration is generally not
harmonic, the hot-band appears at the position slightly shifted from the
vj band according to the anharmonicity of vibration, and also the
relative intensity depends on both Boltzmann factor exp(-Ei/kT) and
vibrational transition moment with a given vibrational quantum number.

Many appearance of hot-bands should bring about a great difficulty
in a spectral analysis, since the overlapping would cause the observed
spectrum to be complicated for such a purpose. TFor a heavy molecule,
e.g. UFﬁ, some vibrational quantum levels lie to the extent of rather
low energy as shown in Fig.2, hence most molecules should possess not
ground but excited states at ambient temperature; the UF6 population of
the ground state is, in fact, only 0.4%Z at a temperature of 300K.
Therefore an observed spectrum of such molecules should be mainly caused
by the superposition of many hot-bands rather than by the "ecold-band"

that is a series of transitions from the vibrationally ground state.

2.2 Boltzmann distribution

In order to consider an infrared spectrum superimposed by hot-bands
it is necessary to calculate the number of molecules on both
vibrationally and rotationally excited states as a function of
temperature.

The motion of a molecule would be generally classified into that of

electrons and that of nuclei, and the latter also would be classified
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into vibration and rotation with respect to the interaction between a
molecule and a photon. Accordingly there should be three classes of
energy level of interest in a molecular system; spectroscopically they
are commonly observed in the region of ultraviolet/visible, infrared,
and far-infrared/microwave respectively. Those mwmotions are not
independent on each other, but could be treated as individual in cases
where the energy difference between those levels be much large. (This
treatmeht is known as "Born-Oppenheimer approximation'.)

Considering infrared spectra, the energy level of interest is
referred to the vibration and rotation of a molecule; in the present
work we calculate the thermal population of each state, assuming that
their motion is independent on each other. This approximation might,
however, make the result somewhat inaccurate especially for polyatomic
molecules éuch as UF6 since, for instance, it may take place that the
amounts of wvibrational energy are of the same order of magnitude as
those of rotational emergy; the perturbation effects will be discussed

in the latter section.

The population Pi of molecules in thermal equilibrium is generally

given by the Boltzmann distribution law

E;
i
P, = (const.) D; exp(- —7— (1)

1
where Di is the degeneracy (total statistical weight) of i-th state, Ei
the energy, k Boltzmann's constant and T the absolute temperature. If
Pi represents the fractional population, the proportional constant in
Eq. (1) can be described by means of normalizing the equation:
Considering the energy levels quantized, and setting the summation of Pi

over all states equal to unity, then one can get

(const.) = L =

1
E Dy exp(- T

)

Here the denominator is usually called "partition function Z", namely

E;

= . _ 1 .
7 = § D; exp( T (2)
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and one can then rewrite Eq.(l) as follows:

Dy E,
Py =~ exp (- —) (3)

As indicated in Eq.(2), Z is a function of temperature T, and physically
represents the "effective' number of states.

The representation of Di and Ei'should be given according to the
type of motion, namely wvibration or rotation, and the summation Eq. (2)
which defines the partition function can be analytically carried out in

each case.

2.3 Vibrational state

We will describe formulas used for calculating the population of
vibrational states in the present section.

On the vibrational mode, in addition to the six fundamentals as
mentioned in 2.1, there are generally overtones Zvi, 3vi,..., and
combination tones vi + vj, and so on, hence numbers of wvibrational
levels are existent consequently., The population on each vibrational
level can be calculated by means of Eq.(3), and in this case Ei denotes
the energy of i-th vibrational level; on the assumption that the
molecular vibration were harmonic the energy Ei could be represent as a

linear combination of the fundamental vibrations:

5]
E; = le Vas ES {4)

where Vay is the vibrational quantum number of i-th state and EB the
harmonic energy of fundamental vibration B.
The degeneracy Di in Eq.(3) should be represented by a product of

statistical weights 81 of fundamental vibrations:

6

D; = 851 8g1 (5)
where the weight 8g4 is given according to B as follows:
1 for B =1
ggi = Vvg *t i for 8 =12 (6)
Zvg + Dvg +2)  for 3=3,4,5,6
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The degeneracy Di can be therefore simplified to
1 6
Di = g (va + l)BEB(VB + L (vg + 2) (7>

On the harmonic-oscillator approximation it is known that the

summation Eq.(2) which defines the partition function can be

analytically carried out to yieldl’3)
& EB -d
Zu(T) = I [1 - exp(- =] B (8)
v ao1 kT

where ZV(T) denotes the vibrational partition function and dB is the

degeneracy of the fundamental vibration B, namely

1 ' for B =1
dB = 2 for B8 =2 (9
3 for 8 =3, &4, 5, 6

Combining the equations (3) through (9), one can then calculate the

fractional population of any vibrationally excited state.

2,4 Rotational state

In the preceding section it has been shown on the vibrational
state, and now let us refer to the rotatiomal state, No attempt will be
made in this section to consider that the molecular rotation would be
influenced on any vibrational motion and that the interatomic distance
would be changed by centrifugal stretching in rotation: The molecular
rotation will be treated under a "rigid-rotor approximation". (In fact,
their effects should be important on the analysis of high-resolution
spectra, so that they will be discussed in the latter section.)

One can also calculate the fractional population of each rotational
state by using Eq.(3). In a spherical-top molecule such as UF, the

1),

rotational energy E. can be represented as same as a linear molecule

J

E; = BheJ(J + 1) (10)
where B is the rotational constant, and h and ¢ are Plank's constant and
speed of light respectively, and J denotes the rotaticnal quantum

number.
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The degenearacy DJ should be divided into two parts:

D, = gy€; (11)

where g1 is the "space degeneracy" and e _ the degeneracy arising from

J
nuclear statistical weight. Since the angular momentum components of J,
J-1,...5 0,...5 =J times h/2rn would appear if an external field were

applied, the space degeneracy gy can be written by
g = 23 + 1 (12)

The second factor in Eq.(l1l) should be calculated from the group theory;
namely that will be precisely determined by the rotational species.
However, in the case of a spherical-top molecule in which the spin of
four or six nuclei equals to 1/2 € may be approximately represented as

1},

indicated by Hertzberg

.8
€; = —?;~(ZJ + 1) (13
It should be noted that this approximation would cause error in analysis
of a high resolution spectrum with low-J values since Eq.(13) should be
valid for only large-J.

Substituting Eqs.(10) through (13) for Eg.(5), the fractional

population P._ of spherical-top molecules with rotational quantum number

J
J is given by

8 (2J + 1)2
J 3 Zg(T)

BheJ(J + 1)
kT

] (14)

where ZR(T) denotes the rotational partition function, and for an XYn

spherical-top molecule that is given by

2

ZR(D) = [(2Ty + Dol /7 ()" exp (o) (15)

where IY is the nuclear spin of Y atom and o the classical symmetry

number. TFor UF6 cne takes IY = 1/2, n =6, and o = 24,
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3. Population of uranium-hexafluoride

Some statistical thermodynamic properties of UF6 were calculated
using formulas as above described, and also the calculations for SF6
were carried in order to make a comparison. The vibrational parameters
and rotational constants used in the present calculation are listed in

table 1, where the wave number v, of radiation are presented rather than

B

of fundamental vibration; v, is related to EB as

the energy E 3

B

EB = hch (l6)
In following paragraphs we shall describe the results omn the

vibrational and rotational states respectively.

3.1 Vibrational state
3.1.1 Energy levels and the partition function

The schematic diagram of some lower vibrational energy levels has
been shown in Fig.2, which was generated using Eq.(6). As indicated
from this figure several energy levels of UF6 lie under the energy of
0.025 eV, i.e. T = 300K, while any of SF6 lies above that energy, and a

number of UF, wvibrational states lie in the region of rather lower

energy. Thi56reveals that most UF6 molecules in thermal equilibrium at
ambient temperature should be populated in vibrationally excited states.

That mentioned above could be described more quantitatively by
considering the partition function. That is, as mentioned in 2.1, the
partition function would provide a standard estimating the extent of
population distribution, since this function represents an “effective
degeneracy" determined by a temperature and type of motion, as seen in
Eq.(3), Figure 3 shows the ZV(T)~T relation for UF6 and SF6 expressed
by Eq.(8), and reveals that the population distribution should be more
extensive in UF6 than in SF6 at any temperature.
3.1.2 Vibrational population

Tables 2 and 3 give some statistical thermodynamic informations on
lower vibratiecnal states at a temperature of 300K, where the states are
put in order of the population rather than the energy. As revealed from

these tables, the population is not always larger in a lower than in a

upper vibrational level. This is because the population is given as a
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product of the degeneracy Di and Boltzmann factor exp(—Ei/kT) in a given
temperature, as seen in Eq.(l): An increase of energy reduces the latter
factor while the former would in general increase with energy. (See the
column of Di in tables 2 and 3.) Indeed, as indicated in table 2, the
population for UF6 is smaller of the ground state (Ei= 0, Di= 1) than of
many other excited states.

That will be more clarified through illustrating the population
Pi(T) against the energy Ei for a given temperature; such relations are
shown in Figs.4 and 5, from which it is revealed that UF6 molecules are
populated in considerably wide range of energy.

In addition, the populations Pi(T) for some lower levels were
calculated as a function of temperature T, Figure 6 presents the
populations for UF6 and SF6 of 8 lower levels; it should be nected that
many actual levels are omitted since they would heavily overlap with the
curves already shown. (For instance, the population of the hot-state

(000112) amounts to 0.9% at a temperature of 300K, as seen in table 2.)

It is interesting to compare the population distribution for UF6

with that for SF figure 6 indicates that the UF6 population on the

6’
ground state markedly decreases with increasing of temperature and that
the values become comparable on a number of vibrational states above a
temperature of 200K. In contrast, the SF6 population on the ground
state decreases rather moderately and is superior to the other even at a
temperature of 350K. This should, of course, originates from the
distinction between their schemes of energy levels, as mentioned in
3.1.1.

Moreover, table 2 indicates that only 0.4% of UF6 molecules exist
in the vibrationally ground state at a temperature of 300K and that the
fractional population is less than 1% for any hot-state and also that
the sum up to 200 states amounts to still only 57%. These should lead
that an infrared spectrum of UF6 becomes so dense or quasi-continuous
due to the appearance of many lines in the case of an observation at
ambient temperature. Even at a temperature of 200K the ground state
population for UF6 amounts to still only 4.53%, and a number of hot-bands
may therefore overlap with the 'cold-band", which is series of
transitions from the vibrationally ground state. Hence it is predicted

tc be difficult to resolve rotational and more fine structure and to

analyze such a spectrum under a conventional resolutiom.

#8_
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By contrast, the ground state population for SF6 amounts to 30% at
a temperature of 300K and is much larger than the other, as shown in

Fig,b.

3.1.3 Cumulative population distribution

The cumulative population distributions were calculated against
energy at points of temperature from 50K to 300K. Figure 7 iilustrates
the lines which represent the fraction of UF6 melecules having energy
not greater than the energy E. It should be noted that the cumulative
populations presented in tables 2 and 3 differ from those in Fig.7 since
the states were put in order of the population rather than the energy in

the tables.

3.1.4 Density of vibrational states

An attempt was made at describing the density of wvibrational
states. We shall give the computational approach used as follows: For a
given energy E let G(E) be the summation over all vibrational states of
energy less than or equal to E, namely

G(E) = Z Dy 17
® = g (17

where Di is the degeneracy of i-th state as represented by Eq.(7).
Considering the number of vibrational states in the range of energy from
E to E + dE, that is G(E + dE) — G(E), and with dE*0 we get
dG

G(E + dE) - G(E) = ——— + dE = g(E) -dE
where g(E), as indicated, could represent the density of vibratiomal
states, thereupon

_ . d

g(E) = &E G(E) (18)
Now the derivative of G(E) is strictly either zero or undefined for each
value of E since G(E) is a2 step function which originates from the
quantized energy level scheme. (Refer to, for instance, Fig.7.)
However, since the vibrational level density is very high except in the
lower energy region, G(E) may be assumed to be a "smooth" function; then

we use the approximate function as

_9_
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ZnG(E) = Pn(£RE) ' (19)

where Pn(x) is a polynomial, and we neglect terms of order higher than

the sixth:

P5(x) = a, + a;x + a,x” + azx’ + a,x" + agx’ (20)
Bence, for the density of vibrational states g(E), we can write
exp(P5(LnE)] (21)

where P% represents the derivative of the polynomial P5.

A least-squares fit was made to find the coefficients of P5 in two
regions, i.e. 200 < E < 2000 cm 1, and 2000 < E < 5000 em 1 since, in
the lower energy regiom, the present approximation might be somewhat
unrealistic due to the discrete feature of energy level. The results
are presented in table 4, and the density of vibrational states for each

molecule are shown in Fig.8, which were generated by use of Eq.{(21).

3.2 Rotational state

The rotational populations in thermal equilibrium are shown for UF6
and SF6 in Fig.9 respectively, which were generated by use of Egs.(14)
and (15). Since heavy molecules such as UF6 have very low values of
rotational constants B (e.g. B=0,0555 cem ! for UF62) and B=0.09111 cm 1
for SFﬁs)), the populations should extend to levels with high rotational
quantum numbers, as indicated from this figure.

In order to find the maximum of rotational population in a given
vibrational state, regarding the rotational quantum number J as
continuous, let us differentiate Eq.(i14) by J, and let the obtained

equation equal to zero and solve it in respect to J, then we get

—

kT .2 1
) -5 (22)

J =
At room temperature the maximum should be therefore presented around J =
60 for UF6 and J 2 50 for SF6' As revealed from Eg.(l4), the population
even on J = 120 amounts to 20% of the maximum value for UF6 at a
temperature of 300K. (Meanwhile this fraction is only 3% for SFS')

Add to the extend mentioned above, each J-level would degenerate
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into some-fold and this may be removed by variocus interactioms, for
example, high-order Coriolis perturbation, therefore those effects will

result alsc a complicated rotational structure,

4. Accuracy

The inaccuracy might be caused by following two major factors in
the present calculation.
a) Uncertainty of the values used for the frequencies of fundamental
vibrations and for rotational comstants.
b) The approximate model used in the present calculationm.
In order to estimate the contributions of the above two factors on
the error, we shall discuss with regard to the vibration and rotation

respectively in the following.

4,1 Vibration

No systematic study was made of the error arising from the first
factor, but the value of 1% or less was estimated for the vibrational
population by comparing the present results to the other evaluated by
use made of other set of the fundamental vibration frequencies (for
instance, those reported by Classen et al.e)).

Tt is difficult to estimate the contribution of the second factor.
The present model considers only vibrational states and only first order
tetm in the vibrational quantum number to define energy levels. The
energy of i-th vibrational level, in fact, could not be represented by
Eq.(4) and the discrepancy from the harmonic oscillator must be taken
into account. Considering the anharmonicity, the equation (4) shouid be

2).

corrected in terms of anharmonic constants X as follows

-

Ei = %VBiEB + %XBBVBi(VBi + dg) + E—g ng Xgsvpi(vy + dj) (23)

where dB is given by Eq.(9). The anharmonicities of lower vibratiomal
states are, however, generally so small (see, for instance, Ref.2 or 7)
that the second and third terms in Eq.{(23) are much small compared to
the first harmonic term. Precise values of anharmonic shift are not
known but, according to estimate, they are on the order of 10" eV7).
Hence the anharmonic effect on the population may be relatively small

compared to the first above discussed. {(For the assignment of a
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into some-fold and this may be removed by wvaricus interactions, for
example, high-order Coriolis perturbation, therefore those effects will

result alsoc a complicated rotational structure,

4, Accuracy

The inaccuracy might be caused by following two major factors in
the present calculation.
a) Uncertainty of the values used for the frequencies of fundamental
vibrations and for rotational constants.
b) The approximate model used in the present calculation.
In order to estimate the contributions of the above two factors on
the error, we shall discuss with regard to the vibration and rotation

respectively in the following.

4.1 Vibration

No systematic study was made of the error arising from the first
factor, but the value of 1% or less was estimated for the vibrational
population by comparing the present results to the other evaluated by
use made of other set of the fundamental vibration frequencies (for
instance, those reported by Classen et al.e)).

It is difficult to estimate the contribution of the second factor.
The present model comsiders only vibrational states and only first order
term in the vibrational quantum number to define energy levels. The
energy of i-th vibrational level, in fact, could not be represented by
Eq.(4) and the discrepancy from the harmonic oscillator must be taken
into account. Considering the anharmonicity, the equation (4) should be

2),

corrected in terms of anharmonic constants X as follows

1
Ej = %VBiEB + EXBBVBi(VBi + dg) + E‘E jEB Xgyvpi vy + dj) (23)

where dB is given by Eq.(9). The anharmonicities of lower vibrational
states are, however, generally so small (see, for instance, Ref.2 or 7)
that the second and third terms in Eq.{23) are much small compared to
the first harmonic term. Precise walues of anharmonic shift are not
known but, according to estimate, they are on the order of 10 “ eV7).
Hence the anharmonic effect on the population may be relatively small

compared to the first above discussed. (For the assignment of a
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spectrum, however, the anharmonicity should become important, of
course, )

The density of vibrational states might be somewhat unrealistic
especially in the lower energy region. This is because the energy level
is generally quantized, therefore the scheme becomes discrete, while
that would become quasi-continuous in the higher energy region. (See
Figs.4 and 5.) The density should be, strictly, defined only as the
average value for a given range of energy. For instance, a value of
0.364 is evaluated from actual counting of states for the range from 250

em ! to 500 cm !, while a value of 0.353 from the present model.

4.2 Rotation

The experimental value of the rotatiomal constant B was 0.0535 £
0.0002 cm ! for UF62) and 0.09111 £ 0.00005 cm ! for SF65). If the
precise value exist in the range of the margins of error, the
contribution of the first factor on the error of rotational populations
would be estimated to be 1% or less. This error, in fact, depends on
both the rotational quantum number J and temperature T, and, for
instance, a value of 0,.4% would be estimated at the maximum population

for UF6.

In the present model the rotational energy was evaluated in
assuming that molecular rotation would be 'rigid" and independent on
molecular vibration. However the rotational energy may be, in fact,
corrected for the centrifugal distortion, and also the levels may be
perturbed by various effects, e.g. Coriolis interaction.

For a non-rigid rotor, one has to add the stretching effect arising
from the centrifugal force on the internuclear distance to Eq. (10); on

8)

the moment of inertia of the system as a customary expression

E, = BheJ(J + 1) - DheJ?2(J + 1)? (24)
where D, known as the centrifugal distortion constant, is a quantity
that can be evaluated from spectral analyses. The minus sign means,
understanding c¢lassically, that moment of inertia should slightly
increase when a molecule is fast rotating,

Besides the molecular rotation may be influenced wupon the
vibration; the rotational constant B would differ from one vibrational

state to another. We find, in fact, that the dependence is fairly well
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represented by an expression of the type

d
Bv=Be-éaB(vB+—25)+--- (25)

where GB is called the vibration-rotation constant, I1n which the
differences between the average moments of inertia on individual
vibrational states are taken into account. Though the rotational
constant should, in fact, change periodically during molecular
vibration, the "effective" rotational comnstant BV represents the average
value, and Be is the rptational constant corresponding to the
equilibrium bond lemgth. (It should be noted that the BV—Value never
equals the Be—value even on the vibrationally ground state; the
difference I/ZZast would originate from the zero-point vibration.)

It would become important for analyses of rotationally resolved
spectra to consider the effects discussed above, nevertheless the
correction is estimated to be much small for the rotational population:
For UF6 and SF6 the centrifugal distortion constant D would be on the
order of 10 *% eV at the largestg), hence this effect on the rotational
population may be negligible. Meanwhile, the constants ag in Eq.(25)
are also small and usually positive but sometimes negative with values
on the order of 10 8 eV3); in fact, the rotational constant differs from
the upper to lower vibrational state on a value of 6 x 108 eV for UF69)
and 2 x 10 8 eV for ST 10)

6
from the rotation-vibration interaction may, therefore, influence on the

with the vi transition. ©No effect arising

rotational population,.

According to estimate, it is assumed that the accuracy would depend
only upon the values used for rotational comstants, similar to that of
the vibrational population,

The present calculation may be, of course, applied to the other
spherical-top molecules (e.g. CH&’ M0F6 and PuFG) when their frequencies
of fundamental vibrations and rotational constants were known. As
above mentioned, the accuracy of those calculations are sure to depend

only upon the uncertainties of the values adopted.

5. Infrared absorption spectra

The general situation of level populations for both vibration and

rotation have been expressed in the preceding sections, where it has
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represented by an expression of the type1
dg
By = Be - Loglvg + =9 + - (25)

where aB is called the vibration-rotation constant, in which the
differences between the average moments of inertia on individual
vibrational states are taken into account. Though the rotational
constant should, in fact, <change periodically during molecular
vibration, the "effective' rotational comstant Bv represents the average
value, and Be is the 7rotational constant corresponding to the
equilibrium bond length. (It should be noted that the Bv—value never
equals the Be—value even on the vibrationally ground state; the
difference l/ZEusdB would eriginate from the zero-point vibration.)

It would become important for analyses of rotationally resolved
spectra to consider the effects discussed above, nevertheless the
correction is estimated to be much small for the rotational population:
For UF6 and SF6 the centrifugal distortion constant D would be on the
order of 10 12 eV at the largestg), hence this effect on the rotational
population may be negligible. Meanwhile, the constants %g in Eq.(25)
are also small and usually positive but sometimes negative with values

3)

on the order of 10 8 eV ; in fact, the rotational constant differs from

9)

the upper to lower vibrational state on a value of 6 x 10 8 eV for UF6

and 2 x 10 8 eV for SF610)

from the rotation-vibration interaction may, therefore, influence on the

with the vi transition. No effect arising

rotational population.

According to estimate, it is assumed that the accuracy would depend
only upon the values used for rotational comstants, similar to that of
the vibrational population,

The present calculation may be, of course, applied to the other
spherical-top molecules (e.g. CH&’ M0F6 and Pqu) when their frequencies
of fundamental vibrations and rotaticnal constants were known. AS
above mentioned, the accuracy of those calculations are sure to depend

only upon the uncertainties of the values adopted.

5. Infrared zbsorption spectra

The general situation of level populatioms for both vibration and

rotation have been expressed in the preceding sections, where it has
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been revealed that most UF6 molecules should possess vibrationally
excited states at ambient temperature due to the low-lying and close
spaced levels, and also that the rotational population should extend to
fairly high-J levels. In the present section we shall consider the
complex energy level scheme and hot-band overlapping as described in the
preceding sections by means of simulating the UF6 vy band spectra.

An infrared spectrum originates from a transition between
vibrational levels with a change of dipole moment, and the transition
can be in general accompanied by a change of rotational quantum number.
In order to simulate a spectrum it should be necessary to consider both
fregquency and intensity of the transition; the absorption €frequency
corresponds to the difference between the amounts of energy before and
after the transition, and the intensity is connected with the transition

probability.

5.1 Infrared absorption frequency

A transition from a state to another occurs generally in

consistency with an appropriate selection rule. For a change of
rotational quantum number J that is AJ = 0, %1 in the case of a
spherical-top molecule such as UF6 and SF6; a series of transitions
accompanied with AJ = -1 are called "P-branch" and similarly "Q-branch”

for AJ = O, and "R-branch" for AJ = +1 (see Fig.l0).
The transition frequencies in a dipole-active (infrared)
fundamental of a spherical-top molecule can be expressed in the diagonal

approximation ale’Ll)

P(J) = - nJ + pJ2 - qJ3 + 8P, (26)
Q(I) =m + pJ(J + 1) - ZgQ4 a1
R(J) =m+n(J + 1) +p(J+ 12+ q(J+1)3 + gR, (28)

with off-diagonal terms and diagonal sixth rank tensor terms in
Hamiltonian neglected. In these equations J denotes the rotational
quantum number before the transition, and the parameter m, n, P, §, §

are molecular constants, which means the followings respectively:

m : the band center frequency

n = 2B(1 - ) (£ is the Coriolis comstant)



JAERI-M 83—-052

p : the effective change in the rotational constant, AB
g = -4D (D is the centrifugal distortion constant)

g : the octahedral splitting constant

, and the last terms in Egs.(26) through (28) represent the
fine-structure due to octahedral level splitting arising from
perturbations, e.g. high order Coriolis interaction.

If the molecular vibration would be perfectly harmonic, the
band-center m of any hot-band should be consistent with that of the
cold-band, but actually the position is slightly shifted to the low

frequency side due to the anharmonicity. Considering the v3 tramsition,

the amount of energy m for Avg = 1 would be expressed by
' 1
= Eq + Xqq(2v,y + 4) + 5 L ia(2v, + d,
m 3 33( V3 ) ) 3#3 XJ3( VJ ]) (29)

using Eq.(23), where the degeneracy of the vz mode is 3. On the

cold-band where Vg = 0, we get
my = Eq + 4Xg3 +> I X d, (30)
2 j%3 3173

where o, is the band-center of the cold-band. Comparing Eq.(29) with

Eq. (30), we can get

m = my + 2X33v3 + jiB XjBVj (3L
where it should be noted that vibrational quantum numbers v's denote the
value in the lower state.

In the present work we simulated relatively low resolution spectra
as obtained by a conventional spectrometer in order to consider the
heavy overlapping of hot-bands, hence the last terms in Egs.(26) through
(28) were neglected since the fine-structure would appear only at a
fairly high resolution,. In fact, the extent of this splitting is

estimated to be on the order of 0.1 cm ! from the g—valuelo) and the
74 12)

moleCulESIB’IA), though the octahedral splitting should depend upon the

diagonal coefficients of Moret-Bailly for spherical-tep

total angular momentum quantum number J,
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5.2 Infrared absorption intensity

The absorption intensity for a given transition will be
proportional to the population before the transition. The population
P(v,J) on a given ro-vibrational level should be represented by a

product of the vibrational and rotational populations; namely

Plv, J) = PV X PJ (32)

where Pv and P. have been already described. For a givem P-, Q-, or

J
R-branch transition, the intensity will be also proportional to an

intensity factor 6{(J), that is,

Mgi:i— for P-branch
2J+1
8(J) = 1 for Q-branch (33)
2J+3

AT for Q-branch

Furthermore, the intensity must be corrected by a stimulated emission

factor,

hev
kT

[ 1 - exp(- ) ]

From the above discussion, the absorption intensity Ig at a

frequency vg may be described as

Ip= ¢ 11 -ew(- 53 180 2(v, D
= C L1~ exp(- 550 J-(27f + 1)(231 + 1)
BheJ; (J; + 1)
cexpl - L T Tlpy (34)

kT

where € is an adjustable constant, and the subscript f on J indicates

_the final state and i is the initial state of the rotational level.
5.3 Spectral simulation

Now we can simulate a spectrum overlapped by a number of hot-bands

at a given temperature, by combining the equations described in the
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preceding paragraph with the results calculated in 3.1. However a
spectrum cbserved actually will not be in a line type such as é-function
but in another profile due to distortions by various perturbations,
which cause shifts in the effective energy levels with respect to the
rest frame of an ohserver: An absorption line will become broadened over
some extent of frequency region. Moreover the band spectrum may show a
continuous distribution due to overlapping of a number of broadened
rotatiorial lines according to a resolution of a spectrometer used.

Under a high resolution the primary processes which cause a
line-broadening should be

a) natural broadening

b) Doppler broadening

c) pressure broadening
, while the broadening arising from the performance of a spectrometer
would become to dominate in decreasing a resolution. It is necessary
for simulating an actual spectrum to calculate the intensicy
distribution over a given region of frequency; in the present work we
should make a low or medium resolution spectrum in order to assess the
hot-band overlapping over the whole band, therefore we assumed a
Gaussian instrument function with a full-width at half-maximum (FWHM),
namely

(v - vp?
I(v) = I exp[ - 4&n2 ————E———— ] (35)

where 6 is the FWHM, and vy denotes the line center.

In order to simulate the hot-band overlapping accurately as
possible the number of vibrationally excited levels was taken into
account so adequately as the total population should amount to more than
99%, except for the case of a temperature of 300K on UF6’ where the
value was no more than 97% even when the 3000 levels were taken into
account. That is, UF6 molecules are to be populated over considerably
extent levels at such a temperature, as indicated in Fig.4 or 7. For
the rotational level the number could be taken into account so
sufficiently as the total population would amount to almost 1007%, namely
200 levels at largest.

The molecular constants used in the present simulation are shown in

table 5. In absence of measured values for anharmonicity, however, we
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assumed that the anharmonic shift for a given vibrational band would be

proportional to the energy for the lower level, namely

X, = —Av, 36

where the constant A is an empirical parameter, and we used A = 1.28 x

10 ? for excited bending modes of UFsg).

Spectral simulations were made of the vi band of UF6 and SF6 with
variation in both temperature and FWHM, Figures 11 through 16 present
the computer-generated spectra.

At a medium or low resolution, since each absorption line broadens
and overlaps with other lines as mentioned already, an observed spectrum
would become continuous and the rotational structure could not be
resolved, though the profile has well-resolved P, Q, and R branch
envelopes, as seen in the present results., Especially the contour of
Q-branch regiom, which is the highest envelope appearing in the center
of each spectrum, should become narrow and high due to the fact that an
interval between adjacent lines is much close in comparison with that of
the other branch, as revealed from Eqs. (26) through (28); hence the
rotational structure could not be resolved for the Q-branch even under a
fairly high resclution.

It is interesting to look over a change of the band contour with
temperature; figures 1l and 12 reveal that the region of each branch
becomes broadly and also that the highest position of Q-branch shifts to
left-hand (low frequency side) with increasing of temperature. That is
because the hot-bands appearing on a UF6 spectrum grow in number with
increasing of temperature, and because the anharmonicity increases with
the amount of energy of the level., (It should be remembered that the
anharmonic constants are all negative.) Meanwhile, for SF6, figures 14
and 15 reveal that the Q-branch hardly shifts in a change of temperature
and that a hot-band Q-branch shoulder arising from the tramsition vg +
vy - Vg appears distinctly at the left-hand side; in the case of SF6
only several hot-bands contribute to the spectrum even at a temperature
of 300K, hence the highest Q-branch envelop originates nearly only from
the cold-band.

As revealed from a comparison between Fig.ll and Fig.l13, it should

be noted that an improvement of resolution could not change the
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situation of hot-band overlapping on the UF6 spectrum. This is because,
in addition to many appearances of absorption lines, the anharmonic
shifts are much small for lower-lying levels (see table 5). By
contrast, figure 16 indicates that an increase of resolution
distinguishes each hot-band and that the width also becomes narrow
corresponding to the resolution for the SF6 spectrum.

It is obvicus that the vi3 absorption band of UF6 cannot be
isotopically rtesolved under a medium or low resolution, since the
isotope shift of 0.6 cm ! has been found for 235UF6/238UF62’15). It is
however anticipated that the isotopic selectivity depends on the
absorption frequency. Figures 17 and 18 show such dependences generated
by a simulation method, and, as indicated, the maximum points of the
selectivity ©(235)/a{(238) are shifted to the low frequency side,
compared with the highest positions of absorption spectra: The maxima

are situated at the right-hand slope of Q-branch envelope.

No attempts were made of simulating UF6 spectra under a fairly high
resolution and/or a fairly low temperature in the present work. In
recent vyears Doppler-limited rotationally resolved spectra have been
recorded for many kinds of molecules with a tunable diode laser {TDL)
spectrometer and the other advanced techniques, which provide a greatly
improved resolution of better than 103 cm !, and the octahedral fine
splitting structures, as represented by the last terms of Eqs.(26)
through (28), are observed on spectra for several kinds of spherical-top

15-18) The

molecules (Td or 0, point group) at a fairly low temperature

h
advanced techniques as mentioned above have provided detailed and
accurate informations on a molecular structure, and have also demanded a
theory appropriate to such fine spectra.

Though it is estimated to be difficult to obtain spectroscopic data
detailed under ambient temperature due to the interference of hot-band
overlapping, as discussed already, it might be possible that somewhat
discrete features are observed under a fairly high resolution even at
room temperature. {Those spectra should be, of course, still heavily

overlapped with hundreds of hot-bands.) The work on such spectra will

be reported on elsewhere,
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5. Summary

Some statistical thermodynamic properties for UF6 and SF6 were
evaluated from a data set of only fundamental frequencies and rotatiomal
constants. The present results should provide indispensable informa-
tions for the design of the "Laser Uranium Enrichment Monitoring System”
and for basic analyses of infrared spectra. The present method also can
be applied to the other spherical-top molecules such as PuF6 and MOFG.

As revealed from the present spectral simulation, the vz band of
UF6 is expected to show quasi-continuous feature due to the overlapping
of a number of absorption lines arising from the following facts: First,
there is not much to choose among a number of vibrational levels for
population due to the low-lying and highly degenerate energy level
scheme. Second, the rotafional population for UF6 extends over a wide

range of J-level due to the very small rotational constant.
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a)

Table 5 Molecular constants used in the present simulation

Constants U?6 SF6
mox 1072 6.277018" 9.479766%
a x 102  8.920617 5.58177°)
px 10  —0.3978" -1.61865%
q x 108 ot 1.0391%
X13 -1.6% -2.9%)
Xo3 22.7% _2.08)
X33 | ~0.9%) 183
X, 3 -0.249 1,530
Xs 3 -0.26% -0.58
Xg 3 ~0.17% -1.08

a) All constants are in cm
bB) See Ref.(19)

c) See Ref.(2) _
d) Assumed that X,3 = Av,, where A = 1.28 x 10 °
e) See Ref.(10) J

£) See Ref. (20)

g) See Ref.(22)

h) See Ref.(23)

i) See Ref.(24)
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Fig.8 Density of vibrational states for UF, and SF6.
The ordinate g(E) is calculated from Eq. (21
where the coefficients of P, were found in the
range of energy (a) from 20 ‘cm * to 2000 cm !
and (b) from 2000 em ! to 5000 cm ! individually.
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Rotational population for (a) UF, and (b) SF_.
Each curve is plotted as a function of rotational
quantum number J for values of tewmperature from
50K to 300K in increments of 50K.
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