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It is proposed that a diffusion coefficient (D), which is well known
to be anomalous in usual Tokamak plasmas as a result of the turbulences
caused by the several instabilities, can be expressed with a measure of
turbulence, i.e. a so-called "Reynolds number" (R.}, in the following

manner,

1

D ﬁ,<£%> ReRe+B

L

where R ~ <£%>, and <w>, <>, <k,> are respectively a representative
frequency, a growth rate, and a wave number in the radial direction of the
responsible instability, B being a numerical factor around 0 v 0.5,
introduced for the sake of adjustment caused by unsolved ambiguities.

As sample cases of the instabilities, various types of the drift
waves are studied. The proposal is discussed from the viewpoint of a
general stochasticity on the basis of the simplified nonlinear
cscillator model with use of the mixing-length argument £ find the
aforementioned relation by a heuristic way. It should be noticed that

the proposal is still not definite, including the intrinsic ambiguities
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resulting from nonlinearity, should be modified by more advanced

nonlinear studies in the future.

Keywords: Turbulence, Tokamak, Diffusion Coefficient,

Measure of Turbulence, Plasma
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1. Introduction

It is a well known fact that the confinement of Tokamak plasmas is not
necclassical but anomalous, resulting from the turbulent state of the plasmas,
although the theoretical method to obtain the diffusion ccefficients of the
fully develcped turbulent plasmas is not yet established. Up to the present
day, as a means to obtain it in a strong turbulence, only the mixing-length
method has been used practically in spite of the insufficiency of the thecretical
rigidity, though it is well known that there is a theoretically established
guasi-linear method in case of a weak turbulence. Bubl both methods cannot
fully express the parameter dependence of a diffusion coefficient in acceord
with the strength of turbulence from strong to weak continuously. This point
is vitally important to understand and control the transport of Tokamak plasmas.
Therefore, besides the aforementioned metheds, many workers try to tackle with
the diffusion problems in certain strength of turbulences, though they cannot
succeed to esxpress the diffusion coefficient with use of the strength of
turbulence, i.e. "Reynolds number", in the full range of turbulence.

As a first try of this approach, the author!’ previously seeked to obtain
the diffusion coefficient (D) in case of a dissipative drift wave turbulence.

The results is as follcows;

2
Ps Cs L
D~—— R®= (D

where, R., representing the strength of turbulence, is proposed as

Re - <k9 .Os>g1 ‘—yeizc's—ﬁz" (2)

Iy wie 8

and the notations obey the usual usage, and 3 is a numerical factor chosen
to be 0.5 in Ref.(1) in order to agree with the result of I)cc}{j of the
guasi-linear approximation in a weak turbulence limit of R.—C.

The equation (1) is obtained heuristically on the basis of the results
by the several authors® ~" by arranging the turbulence strength, consistent
with the ever-known results of both the guasi-linear limit and the mixing-
length estimate.

In this article, the author proposes to extend the form of Eq.(1) of a
dissipative drift wave turbulence to a case of a general turbulence caused by
the nonlinear wave instabilities in Tokamak plasmas.

Generalization is easily ccnceivable because the term 9235/131 of Eq.
{1) can be easily replaced with ””(w/ki) if one can think upon the well-known
relation of {w>» ~ ¢s/ra, and (ki) ~p1 in case of the drift

_17
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wave, so that the diffusicn coefficient can be rewritten as

D~ <ki2> Ren,%{ (3)

1
where R, may well be chosen to represent the turbulence strength by a general
term common to any instability concerned.

In the next section, the serveys on stochasticity and diffusion in rela-
ticn with nonlinear oscillators are presented to lead us to obtain the explicity
form of Re ~ {7 /w) where {¢ > is a representative growth rate of the
instability concerned. In the third section, the specific form of Eq.(3) is
presented with regard to the several types of the drift wave instabilities. In

the last section, concluding remarks are given.
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2. Surveys ¢n Stochasticity and Diffusion

In this section, we focus our attention on the surveys for the meaning of
the functional form of R, V¥R, and the relationship of Re ~ {v/w) , which
are proposed in the previous section as a crucial term for the diffusions in
the nonlinear oscillation systems, specifically in the Tokamak plasma turbu-
lences.

Recently it has been made clear by the development of the studies of the
nonlinear caos systems that the basic mechanism of stochasticity is, unexpect-
edly, rather simple and the criterion (R.) distinguishing between stochas-
ticity and & stable crbital moticn can be given® , by using a model of

particles in the ensemble of nonlinear oscillators, as a simple relation of

Aw (4)

where A  represents the width of a resonance frequency caused by nonlinearity
of a specific oscillator, and § w the neighbouring resonance fréquency
distance. Therefore, R, is equivalent with the criterion of overlapping

of the resonance frequency spread on the neighbouring rescnance frequency

spread.
At first, with the use of this parameter (R.), we begin the discussions on

the functional form of }{;/Rr.
Accerding to Zaslavsky and Chirikov®' , a correlation losing time ({r¢)

which means the time of losing the phase correlation between a particle

movement and a wave phase is estimated to be

. 1 %)
¢ dw log R,
where
Aw w (6)
Re ~ 50 ™ 3w
. dw (7)
dw Ak (v —dT\—)
and

w ; & wave frequency ccncerned

Ak; a representative value of the difference of the neighbouring wave
numbers in the spectrum concerned

v ; particle's velocity

kK : a wave number concerned.
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Among the above relations, Eq.(6) is easily understood to have the same
physical meaning with Eg.(l4) if one notices of the fact that the width of a
resonance frequency of a nonlinear harmonic oscillater is an order of the
frequency itself. Here we can estimate Entropy (S) with use of Xelmogorov
Entropy (h) and the relation of h Avrglﬁ’ to be
S~ h - L (®

Te

and also & volume (A ") of a phase space can be written to be

AT = & ~ ot ~ g% ~ (e&a;)“" - (Reﬁle_)‘”‘ (9)

where Egs.(5) and (6) are used. We interpret this representation as a volume
of a phase space increases (or diffuses)} with a step of a period of the
concerned wave with an amount of I{;/Re. Therefore this shows that the
diffusicn process of the phase space is governed by the functional form of
}{;fRe in case of a stochastic process of the nonlinear osciliators. It is
directly associated with plasma turbulence. It shcould be noted here that it is
enevitable that the diffusion process of a phase space is closely related with

the form of R YR because Entropy (S) is originally defined in the probabi-

lity space as

N {10)
S=- Pilog P

i=1
where P; is a probability of the occurrence of i-th phenomenon sc that a

volume of a phase space can be written as

Al = &8 = ﬁ W W )

i=1
where W;=1/P;  1n Eq.(11), AT 1is again written by the form of vafwi
though it is a multiplication form of every possible occcurrence.

As shown by the aforementioned examples, the form of I{;/Rr is & funda-
mentally important function related to all the stochastic processes from a
general probabilisitc process to specific nonlinear oscillator processes.
Therefore, it will be natural that the function can be extended te be applied
to the diffusion processes in the turbulent plasmas which are originally excited
by some instabilities and reach the ultimate turbulent "equilibrium" state [full
of many nonlinear oscillaters with the varicus nonlinear interactions among the
many waves in the equilibrium of their deaths and births. But it is intrinsi-
cally a too difficult problem to determine R, exactly and the form of jReVRe

— 4
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since the process to reach a turbulent state is not a simple interaction between
particles and a single nonlinear oscillator but it is the chain reaction of
successively emerging new oscillators each of which has each Ri, and this
process continues consecutively to the ultimate"equilibrium state® In this
article, we only assume R. as the mean Reynolds number, <(R.> , which repre-
sents these whcle processes and try to seek its approximate estimation in case
of a turbulent plasma with use of a simplified model of z nonlinear dissipative
wave equation evolved by Zaslavsky and Rachko™ . It should be commented here
that the turbulent state whose (R, is below unity should be allowed since the
turbulent state continuously changes according to its R; which has a various
value with the strength of the stochasticity so that a turbulent state with
a smaller R; than <R¢» can be possible to exist. Then, we proceed to the
estimation of (R . y

Generally speaking, when scme plasma parameters grow over a certain thresh-
old, the turbulence starts initially as a growing wave with a certain growth
rate, which grows enough tc be nonlinearly saturated to decay into other modes
with causing another instabilities. As a final result, the system becomes an
ensemble of the nonlinear waves with a certain range of spectrum, in which the
particles interact with waves nonlinearly and behave stochastically to reach a
"steady state", where the wave energies are pumped through free energy caused
by certain potentials and dissipated by plasma particles. This nonlinear state
is examined by Zaslavsky and Rachko™ who, using a very simplified model
equation in order to depict a kernel structure of the nonlinear dissipative

oscillators, obtain a stochasticity criterion,
R. = Ku (12)

where K =gaQ, g =(1—e")/T, T =7T, a= (dw/d){Io/wo), Q= weT, T!=
(dewi/dk)Ak, and @ :a frequency of a primary wave, (g a linearly obtained
frequency of a primary wave, I :an intensity of a primary wave, Ig :

a nonlinearly saturated intensity of a primary wave, 7 :a linearly obtained‘
growth rate of a primary wave, g :a parameter defining the strength of
nonlinear interaction between a primary wave and other excited modes, wy:

a representative wave frequency of other excited modes, k:a wave number of
cther excited modes, Ak : a representative wave number gap of neighbouring
wave frequencies of other excited modes. With Eq.(12) they figure out the
numerical results by changing the parameters (g, o, Q and [') to reach the
conclusion that a small o enlarges the region of strange atifractors and mekes
the system similar to the stochasite structure of non-dissipative Hamiltonian

system while a large y makes the system prone to a stable limited motion. But,

_5_.
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this estimation should be premature because it treats the parameters (e. a. £
and T°) independently for the preference for the simplification of the
eircumstances. Actually the parameters (g, @) depends on ¢, wg and T.
If we take a more careful look into the structures of g and g, we can easily
obtain the crude estimates of g~ T and g~ 7 /wy. Therefore, Eq.(12) can

be rewritten to be
R, ~ I%. <1 {(13)
~ T, =1 (1)

which endorses our common knowledge of a strong turbulence with a large y. If
the relation of [ = (7/wp)- woT is taken inte account, Eq.(14) can be inter-
preted simply as a multiplication of wyl which is equivalent with the
criterion of the nonlinear oscillaters of Eq.(U4), and y/ws which newly

appears in the dissipative case. Here we can easily speculate that wyT must

be an increasing function of (7/wy) since the nonlinear overlap should become
wilder as a primary wave's growth rate becomes larger. But, unfortunately, we
cannot write down the function since we have only the poor knowledge of this
problem for the sake of intricacy and complexity of nonlinearity. Here we

only satisfy ourselves with rewriting Eqs.(13) and (14) with the knowledge of

the above arguments as

s (L)f (15)
Wy
where f is a certain postive number, and probably a decreasing function of
(7/wn) because of both forms of Eq.(13) in case of a small (7/wo) and Eg.(14)
in case of a large (7/wo)
Nekt, we proceed to compare the results with the mixing length approxima-

tion, according to which, the diffusion coefficient is often written as

D ~ kLZ’ (7 ~ wo) (16)
1
7 (r < o) (1)
wg K 7

As it is obvious from the basis of the mixing length argument that the
primary term of the diffusion ccefficient is &m/ki, we pull cut the term of

(um/ki) intentionally from Egs.(16) and (17), having respectively,

_6_



JAERI-M 94-035

@ (T (v ~ o) (18)
b~ ()
~E£(1J2 (v € wn) (19)
ki Wy

It can be interpreted as the particles diffuses with a spread of a wave length
<1/ki> within the interval of a period of wave frequency (we) accompanying
the factor of (y/w,)*"%. Therefore, the turbulence factor should be a term of
(7/cwy)*~* which endorses the relation of Eq.{15) though the functional form

of RYR- does not appear in Eqs.(18) and {19). '

There have been no works referring to the functional form of R. except
Ref.(1) in which the author investigates the power part of R, and discovers
that it depends on R, itself and it is a decreasing function of R. in case of
of a dissipative drift wave turbulence. The power part of Egs.{(18) and (19)
also shows a decreasing function of (7/we). Gang et al.® dubs the part of
(7/am)2 as "a weak turbulent factor" in case of a trapped electron drift mode.
The exact form of R. may be impossible to write down nor the functionzl form
of R, because R. itself contains the nonlinearity which requires ccnsecutive
renormalization processes for the determination. Therefore the ultimate form
as a result of the chain reactions may not be expressed by elementary functions.

In this article, therefore, we only confine ourselves intc the purpose of
determining the diffusion coefficient which is sufficiently usable, in the

practical transport problems. Upon the basis of that principle, we adopt the

form of

[{43)] (20)

(O R
D~ (IR,

where R.={y/wp}, and 3 is introduced to adjust the unknown ambiguities. The
value £ may be chosen as 0.5 since it gives the term of 1/( R.+ 8) equal

to 2 in the limit of Re —0 in crder %o match with the quasi-linear approxima-
tion.

As for the relation of R, = (r/wy), it should be referred to the so-called
"i§" model'" which is often used to treat the nonlinear interactions between
particles and waves where the phase shift between the particle fluctuations
and the nonlinear waves is packed into this "i§" expression. This §-value

is estimated from the dissipative part of electron propagator as

Y (21}
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in case of 7/wy<1in the varicus nonlinear studies'?’ ~ As this "§" is a
measure of nonlinearity, it is natural that Reynolds number presented in Eg.(20)
should be replaced with this § if we consider the situation more generally.

But the estimation of § in general cases is not availavle at present.

There are several works which reinforce Eq.(20). Horton? presents the
nurerical result of a collisionless drift wave that the diffusion coefficent has
a peak at R, ~1 and rather decreases as R. becomes larger than~1. Also
Waltz and Domingues'® suggest in case of a dissipative trapped electron mode
that the term of (w./Ver) where . is a diamagnetic electron frequency
and Veg = Vei/€ should be replaced by (w./veg)® where g =0~1.

In the next section, we present the examples of specific instabilities.
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3. Examples : Diffusicn Coefficients of Several Types of Instabilities

In this section we present the explicit form of R, of each well-known

instability.

i) Collisicnless drift wave

e (22)
Re ~« )
) ki ve
1) Collisional drift wave
(W Vei (23)
Re ~ (=7
2
F
i) Collisional trapped electron drift wave
Re "’51/2}7‘3 (We 13} (2}4)
Veff
Iv) Collisionless trapped electron drift wave
id>
(25

R, \¥*/ R 3 Rp
12 o 9 2 _ 0
K, ¢ Ue(rnG) (rnG Z)EXP( rnG)

4. Concluding Remarks

The presented form is not a final one. Maybe some advanced modification
should be needed. The completeness is not near at hand but is to be arrived in
the end of the full understanding of nonlinear physics. But this article tries
to presents the first attempt to parameterize the turbulent factor in the
explicit form by using a general term.

With regard to the practical usage, we had better pay a careful attention
to determining (k) . (k.), and {(ks). But the general characteristics is
determined by the functicnal form of }{gRe+ﬁand it is not so greatly changeable,

so that Eg.(20) can be used without affecting a general behavior of transport

problems.
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3. Examples ; Diffusion Coefficients of Sevaral Types of Instabilities

In this secticon we present the explicit form of R, of each well-known

instability.
1) Collisionless drift wave

s (22)

Re = <ku"e>

i1} Collisional drift wave

(Vs Vei (23)
Re ~ (——
kf v
i} Collisional trapped electron drift wave
Re "‘"El/?']?e (., L (2”—)
Veff

iv) Collisionless trapped electron drift wave

R 3/2 R 3 R 14>
~ e, (B 0o 3y, (- R\ g
Re ~ ¢ WE(r,]G) (rnG 2)“9( rG) 2

n

4. Concluding Remarks

The presented form is not a final one. Maybe some advanced modification
should be needed. The completeness is not near at hand but is to be arrived in
the end of the full understanding of nonlinear physics. But this article tries
to presents the first attempt to parameterize the turbulent factor in the
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to determining (k) . (k.), and {(kes}. But the general characteristics 1is
determined by the functiocnal form of I{?He+5and it is not o greatly changeable,

so that Eq.(20) can be used without affecting a general bshavior of transport

problens.
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