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An effective RF control with the transient beamloading is the major issue in the operation of the
high-duty-factor linacs to suppress the undesirable beam loss. The RF control method is considered
to obtain the control principle and the state equation,under the analysis of electrodynamical properties
of the excitation in the resonator of the linac due to the transient beamloading. The concept of the

directional selective coupling is applied for the RF system to define the main characteristics and to

optimize the RF control parameters.
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1. Introduction

IFMIF high-duty-factor deuteron linac main specifications are 40 MeV energy and 125 mA
beam intensity with pulse operating condition at forcing into continuous-wave operation,
[1]. These lead to a need for excellent control of the accelerating fields to obtain the
specified high-quality output beam characteristics and to minimize the possibility of the
beam loss and the resulting activation, so that the effective RF control is one of the key
issues for the linac implementation [2].

Electrodynamics of the high-duty-factor linacs is substantially different from the pro-
cesses in a few-cells resonator of the ring resonator accelerators, where the beamloading
effect of the well-bunched beam is slow varying at the synchrotron frequency, [3,4]. The
well-developed [5,6] complex amplitudes (phasor) approximate method assumes a slow
variation of amplitude and phase for the field in the form of the single harmonic. The
method is exact only for invariable single harmonic and is inadequate for the rigorous
analysis of the linac’s real transient processes. In addition, the conventional equivalent
circuit model for the beamloaded resonator should contain nonlinear elements [7] even at
the approximation [5,6]. So the merits of powerful linear circuit methods are disappeared
and complete consideration of external properties of the linac’s resonator is required.

The present method is based on in-depth analysis of the transient beam excitation
of the resonator. After setting of the problem in sec.2, this analysis at the directional
selective coupling RF system [8] application allowed to form basic idea for the control, to
define the beamloaded resonator external characteristics, to determine the control signal
modulation and its possible optimization. General results for optimization are obtained in
sec.3, and the optimized RF control signal with the main RF system parameters are com-
pletely determined for IFMIF RFQ in sec.4. The excited field carries the beam dynamic’s
information, and the total characteristics of the accelerating channel are also defined by
optimization results in sec.5. The bases for the analysis are obtained in Appendix 1, where

the resonator field is considered in time domain for arbitrary excitations.

2. RF general characteristics

2.1 Setting of the problem

The resonant accelerator design usually employs the single mode principle that assumes

the single-harmonic time dependence of the electric field,
e1(t) = Acos(wot + ). (1)

The particles dynamics analysis also uses the above field approximation with addition of

the gradient (self-Coulomb) field. After all the beam characteristics for the optimized

_1_.
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operating condition are known, the tolerable deviations AA, Awg, Ap of the Eq.(1) pa-
rameters can be determined. The RF control system design for this operating condition

implementation! is the main objective of the work.

2.2 Accelerator RF system

Generally, the resonator field is represented in the form of Eq.(65), Appendix 1; the gra-
dient summand is taken into account at the beam dynamics simulation, so the rota-
tional v-type resonator modes to be analyzed (operating mode is denoted by index 1).
The dimensionless time functions e, (t), h,(t) are defined by Eq.(80) in Appendix1 at
m(R,t) = 0:

(

(1+Qi)h;; + G b ubh = (I + Ing),
{ InL(t) :/(Ev(é)v.;lz(évt)) dV, InB(t) Z/(Ev(é)’jB(éat)) d’U, (2)
1% 1%
1 1 1
e, = —(1+—=)h, + —h,;
R, Rl ey

where jp and jL are the beam and the coupling elements current densities respectively.
The use of grid-control device (e.g., tetrode) for RF source output stages gives the possi-
bility to synthesize RF signal in relatively wide band (the typical bandwidths are 1...5%).
In addition, the high linearity in the transfer function? allow to form all control signals
at low power level. In this case the application of directional selective coupling principle
[8] puts away the problem of undesirable modes excitation by the relatively wide-band
signal, because for any signal In;, = 0 Vv # 1 and at the beam excitation the undesirable
mode quality factors @, |, , will be lowered, so the operating mode processes present the
main interest.

Assuming the operating mode magnetic field does not contain the low frequencies

components and ); > 1, the last equations take the form

—Wy

B 4 Z0H) 4 w2hy = —(Ing, + Ing),
Qr Wl 3
;1 (3)
er = hl—;

where w, = wi(1 + é)‘%, Q- =1+ Q% . To define Iny, the linear RF feed system
can be presented by the equivalent current source I; with active output impedance p in

the reference plane of each coupling loop, Fig.1, and integration over the loop conductor

di" , MT:’Q, -'-%A;Z or other admissible time-domain characteristics for the

complete design; however, such an information seems to be inaccessible now.
2These are noteworthy differences from a klystron, and the tetrode operating condition can be corrected under DC

11t is better to know the admissible speeds

control for its optimal efficiency obtaining at processing of the input signals.
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length [, and transverse cross-section S, yields *
InL=//(El,fL)dScdl:IL /(El,d’z):h /(rotﬁl,dﬁ)zk- [—wm/(ﬁl,d*S)],
ly Se lu S S

where S; is the loop space.

Fig. 1. Equivalent circuit of RF feed system in the reference plane.

As far as Is=1I + Ur/p, where the induced loop voltage

lu

UL = —/(el'Elv‘jl) = el.wlp’/(ﬁl’d?s‘)’
S

set (3) for the m identical loops feeding case takes the form

B + g; By + whi = S,(t) + V(1)
, 1 (4)
€ = hl_ .

»

The loaded quality factor of the operating mode 1, is determined by

Wy m ~\2 Wy — -
— 4+ w,p K = , K, = [(Hy,dS); 5
Qr PW1( uH) QL I S[( 1,45) (5)
the beam excitation and RF source signals are
—Wr NN wipm
Vi = 57 [ (B Ga(R0) o, 80 = Is() =Ko (©)

and the input conductance is

I B! + %’ﬁh'l +w?hy — V() W,
Up hi m (wrpkK))?

Yin =

2.3 Control principles

Without loss of generality, consider the beam with as much as desired but finite duration
Tin,? which leading front (Fig.2) enters the resonator at t = 0, so V() =0 at ¢t < 0. Also

3The constant loop current I distribution over the loop length and El independence over S are assumed. The countour
is closed by adding the path on the resonator wall where (El ) d7) =0, Stokes theorem is applied with the use of the mode
field spatial distribution definition (Eq.(60) in Appendix 1).

4For the real Ty duration pulses operating condition it will be enough to add to the final result the same T'g-delayed
one with opposite sign since 7, 3> Tpg.
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for the general case the source signal can be presented as S,(t) = S_(t) + S(t), where
S_(t) was started before t = 0 and sets up® the specified by Eq.(1) field,

1y

o' t

S_
wAAR AR AR AAAARARARD
WV VVVVVVVVVVVY

S

Fig.2. Beam current ig in the resonator input with the forestalling S_ and

compensative S control signals.
whereas S(t) starts simultaneously with the leading front at ¢ = 0. Then, the linear form
of Eq.(4) yields the condition for S(t) synthesis: the solution A of

SN wth =S V(D) ab K(0)=K(0)=h(0)=0 ®)

must be zero for ¢ > 0 in the ideal S(t) case and the control system must hold up variations
of V(t) + S(t) + S-(t)|.5, in required limits.

Trivial solution for ideal signal S(¢) = —V/(¢) may be unrealizable since the limited

hII +

bandwidth of the source, in addition this solution is far from the best in the meaning of
the required RF energy.

To reveal the physical sense of V(w) spectrum under Fourier transform F{iw} applica-
tion, consider the energy variation &, of the beam particle @ with charge &, which moves
on 7, (t) trajectory with v(t) velocity in a mode field £ = e,(t)-E,(R), [9]:

©e e (00, B) = eut)2 (sal0), E2(1)). )

ba ol
|
o
I~~~
e
N—
N

As far as the beam current is formed by all the particles: jp(R, 1) =) €v,(t)é(
the integral in Eq.(2) takes the form

elv,(t ,EU r.(t if a particle is in the resonator
Ing(t)=3" | £ GO E(D)) if @ par
2 | O otherwise .
Comparison of the Eq.(9),(10) yields
d&,
e,(t)-Ing(t) = > o (11)

a

where the extension of &,(t) function definition on the constant value (which is equal to
the final £, energy from the time of leaving the resonator or from the instant of the loss

on the wall) eliminates the bivariant condition. The last result is exact for any mode or

5The synthesis of S_(t) for RF source predictive energy minimization at ¢ < 0 will be considered separately.

_.4_
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for any resonator without any assumptions on the particles velocities range, for different
particle charges also. Thus, the operating mode beam excitation signal V(t) satisfies the

equation

A cos(wot + ¢)-V(t) = Z dt = , (12)

where the total energy derivative dependence, denoted by F(t), and its spectrum F(w)
are known functions, sec.2.1. The spectrum V(w) transformation according to Eq.(12)
is presented on Fig.3. As far as wp is near w,, and Fourier operator of the Eq.(8) left-
hand side has the narrow bandwidth (the loaded resonator frequency characteristic), the
desirable zero solution of Eq.(8) with required precision is obtained at V(w) compensation
by S(w) only in [wr,ws] band in wp vicinity, Fig.3a. Exact values of wy and wy are

determined by the concrete structure of the control system under admissible AA, Awg, A

deviations.
* e o]
1 Pyt
) Y, () <}}\\]|
-S(w)
Viw) -Sad(w)
-(DO O7L (Doj\
o, 2}’0 (LY (”had
b) F(o)
20 20, o
-F{S(t)Acos(wyt+¢)}

Fig.3. a) Input conductance Y;,(w), beam excitation V and compensative sig-
nal S spectrums, b) the spectrums transformation in compliance with
Eq.(12).
The [wr,, ws] width is expected to be less than hundred bandwidths of the loaded resonator,
so that S signal remains narrow-band. However, the appealing possibility to use the
principle of F(w) compensation by F{S(t)A cos(wot + )} only in the low frequency band
(Fig. 3b) for S synthesis and for the control system design is inconsistent because of the

"mirror channel” effects®.

6 Well-known effect at heterodyne receiving of radio-signals, e.g., consider one of the V components in the form V =
cos((wo+@)t+v+¢), @ € wo, and the signal S = — cos(wt+) cos(wot+w) = [cos((wo +@)t+y+¢)+cos((wo —w)t—v+
¢)]: the compensatlon is absent. However, the spectrums F{S(t)A cos(wot+ )} = "—"i[ “§(w+w)+e75(w-w)]+HF1
and F(w) = [e“"’&(w + @) + ¢'78{w — )] + HF2, where HF1,2 are the high frequency components, give zero sum in
the low frequency band.
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2.4 External characteristics

At the obtained zero solution of Eq.(8) the second Eq.(4) gives hy = A% sin(wot + ) since
e1(t) has Eq.(1) form, and the frequency domain conductance is defined under Fourier
images consideration for Eq.(3)-(7),

oy e+ Viw) ) Wi
Y;n( ) ( QT Aﬂwr[ei‘p(s(w — wO) + 6_24"05(&) + wg)] m (wru[{I)Q ’

(13)

2_ 2
w o » 1s the generalized deviation of the resonator. The conductance
ww; &

where ¢ =
takes finite values only at w = twyp, shown schematically on Fig. 3a, since the I, source
(Fig. 1) spectrum width is finite, while the resonator field contains single harmonic and
the induced voltage Uy, is different from zero only at wy frequency. So, at w # wq all the
source power will be reflected and absorbed in matching devices” (decoupled port of the
circulator), and this property of the reflectance can be used to provide support signals for
the control system.
The value on wy is determined by selecting the component Vor[e™0§(w—wg)+e 0 §(w+
wp)] ® in the beam excitation signal,
Vin(0) = (w,.(l ) e"‘”’“’))‘ .
Q- Aw, m (w,pK)

For bunched beam the (v — ¢) parameter has the meaning of synchronous (equilibrium)

(14)

phase, and since in the majority of cases vy — ¢ # 0, the resonator must be tuned in

accordance With
2 2 Wo L0 .
_ —_ . —_ 15
Wy w, ) sm(vo cp) ( )

for ${Y;,(wo)} =0 resonance condition; therewith RF source matching will be realized at

1 Wy VO W1
b= R{Yin(wo)} = (@ - mcos(vo - 99)) Yo Atk (16)

It is worthy of note that the same Y;,(wo) value is obtained for the resonator without
the beam (Vo = 0 in Eq.(14)) but with new resonant frequency w,, and new unloaded

quality factor Q.,:

— e
Weq = w?—}-—--ism(vo—cp), Qeq = .

Wy 5’; - Z‘_;O: cos(vg — )

Usually, the real coupling device properties remain constant with frequency in vastly wider

(17)

band than [wg,ws] (Fig.3a) even for much more complicated than Fig. 1 model devices.

"The effect can be interpreted as the following: without signal S the beam excited the resonator field in the wide band
and some beam’s energy was loosed in the resonator walls; with the signal the above energy losses disappear since the field

is single harmonic, but this energy of S is loosed in the matching devices.
8This form assumes continuous extension of the harmonic onto ¢ € (—00;+00) that does not give any distortions for

the following results in the finite time interval of V(t) definition because the second term in Eq.(13), as well as in Eq.(7),
presents only the ratio of time functions.
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Because of this, nothing more than inconsistency between the real and determined by the
second Eq.(5) coefficients, some indeterminacy of the reference plane (Fig.1) position,
and the resonant frequency shift due to the device elements reactance take place in the
real case. The last expressions do not contain these factors and can be used for precise

tuning of the resonator.

2.5 Control signal properties

400
The extension of &,(t) definition delivers [ |Y&|dt > oo, so that analysis of the

Eq.(12) integral F {Z Sa(t)} is hampered since the Fourier image may be nonexistent.

For rigorous treatment consider the functions &,(t) = & (t) — &(t — Tt), T. > 0;
+oo

F(t)= F(t) — F(t — T.) and also [ F(t)dt = 0. These functions integration yields

—Wwy 1 — e T
F{ 7 ;&C(t)} = Fw)-——— ,
and
‘”"27 ey di= L +oo|F 2 TSi“%TJ‘Qd
w7 [ (Z e = 57 [ 1F@)I| Tgp | do.

The second factor in the integral over w brings out the | F(w) | filtering in ~ 1/, band-

width. The @ particle is inside the resonator at t € [74, Tao); for max{7eo — 7ai} K T. < Tin

2
with 7;, increase the left-hand side integral approximates to 7, - (Z Ea(Tc)> , and for

2
T. > 1, with T, increase it approximates to 7T.- (E 80(7(,0)) , but 7;,,7T. must remain
finite. Nevertheless, the Eq.(12) integration by parts result for spectrum

Tao

F(w) = ;ler Z (Sa(Tao)e_i“’T“° + iw/

a

Sa(t)e‘i“’tdt) (18)

at w = 0 gives

F(0) =

__wr
1

7 Y EalTao) - (19)

Thus, the value of [ | F(w) I dw over the low frequency band may be taken as preassigned,
since it presents the main characteristics of the accelerated beam.

2.5.1 RF signal energy relations

To analyze the required S(w) characteristics consider the symmetrical band signal So(w) =

S(w) + Saa(w), as shown on Fig. 3; in the general case

So((.d) = Co(w - WO)Eia(w_WO) + Co(—w —_ wo)e—ia(—w—uJo) ) (20)
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where modulus Cy(y) and phase a(y) are defined in symmetrical interval y € [—yo, +¥o),
Yo = Wo — WL, = Whed — wWo. Now the spectrum
’ —A . . .
F {—So(t)- A cos(wot + @)} = —Q—-[ew (Co(w — Qup)elemw0) 4 Co(—w)e""(_“))
e (Co(w)eia(“’) + Co(—w — 2w0)6_m(_“’_2“’°))]

coincidence with F(w) in the low frequency band w € [—yo, +yo], Fig. 3b, at the squared

modulus integration over [—yo, +yo] yields

vo
Er = Eom — /Cg(w)dw, (21)
Yb

where E= 1 [ |S(w)|? dw is the S signal energy, y, = ws — wo, and the Sy energy
0
v0
Eo = = | Co(w)?dw obeys the equation
—Yo

vo )
2 [ |F(w)| dw

Eor = —*— - / Co(w)Co(—w) cos(2p—a(—w)—a(w))dw.  (22)

-
The first term value is prescribed, and for any Cy(y) functions the minimal Eq, E energies
will be delivered at

20 — a(—w) — a(w) = 0 (£27n). (23)
Therewith the application of Cauchy-Schwarz inequality for the second term in Eq.(22)
yields |

2 T |F(w)]? dw
2Eom > —= T )

and the further minimization of Eg, E will be obtained when the latter turns into equality,

ie., at
Co(w) = Co(—w). (24)
The Eq.(23,24) interpretation is the following: for prescribed ? |F(w)]? dw/A? value the

—%
minimal RF energy of S signal will be obtained if V(w) spectrum in |[wr,whq.q] band is

the spectrum of an amplitude modulated signal only. Usually the resonant frequency
deviation (Eq.(15)) is commensurable with the resonator bandwidth while the required
for compensation the symmetrical refer w, band [wy,w;] is expected to be not smaller
than several tens of the bandwidths, so that y, & yo and the Eq.(21) second term is much
smaller than the first one. Because of this, the further S(w) analysis will be conducted for
wider than required but symmetrical refer wy band: w, = wpaq, that increase the control
accuracy but deliver insignificant loss in RF energy meaning®. Thus, the engineering

synthesis of the optimal signal is the simplest since it is only the amplitude modulated.

9Final result can be corrected by simplest filtering to avoid this assumption.

_8_
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2.5.2 Modulation laws

In the general case the signal can be presented in the quadrature form
S(t) = Ao(t)-cos(wot + ¢) + Bo(t)-sin(wot + ), (25)

where Ag(w), Bo(w) spectrums are defined in w € [y, +yo] band. The required compen-
sation of F(w) by F{S(t)- A cos(wot + )} not only in the low frequency band Fy(w) =
F(w)lwe[-'yo,+yo]’ but also in the Fy(w) = F(w)lwe[2wo-yo,2uo+yo] with

F—2(w) = F(w)|WE[—2W0_yOy—2WO+yO] bands gives

Ap(w) = :—AQ-FO(w) ,

. —4e~12¢ . —4¢'2
Ag(w—2wg)—iBo(w—2wp) = 1 Fia(w), Ao(w+2wo)+iBo(w+2we)= y) F_3(w);
the existence of these three equations proves the realizability of Ag(t), Bo(t) and

2t :
Bo(w) = (Fo(w) — 2Fya(w + 2wo)e™¢) .

Thus, returning to Eq.(25), the required control signal S(t) = A,,,4(t) cos(wot + ¢ + (1))

in the general case contains the amplitude modulation

Apealt) = 2V {R(@))) + (F1 (i(Fofe) — 2w + 2e0)e 2P (26)

and the phase modulation

(27)

®(t) = arctan (F—l {1(Fo(w) = 2Fy5(w + 2wo)e‘i2¢)}) ’

F~1 {Fo(w)}
where F'(w) spectrum is defined by Eq.(18) at the determined &,(¢). The energy of the

signal will be minimal under fulfilment of the conditions

in this case the phase modulation will be absent.

2.5.3 Tuning characteristics

The condition at wy harmonic selecting for (14) form is zero correlation of the residual
V(t) — Vo cos(wet + vp) signal with cos(wgt + ¢) in the finite interval of V(t) definition,
since hj x cos(wpt + @), and with the any other phases wy harmonics also:

To

/([V(t) — Vo cos(wot + vp)] - cos(wot + ¢))dt =0 Vo,

0
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where V; cos(wot + vg) presents chosen harmonic in ¢t € [0;7,] interval — the last particle
leaves the resonator at t = 7,, evidently 7, > 7, + min{7,, —74;}. The condition is fulfilled

under the quadrature components equality
Z’V(t) cos(wot)dt = ;f’vo cos(wot) cos(wot 4 o) dt ,
;fV(t) sin(wol)dt = ;fvo sin(wot) cos(wot +vo)dt ;
and at the satisfiable with any finite precision wy, > 1 it yields
= arg (Viwn) , Vo= = V(wo)]- (29)

The characteristics on wp frequency for Eq.(14-17) can be expressed in F(w) terms with

the use of Eq.(25) since V(wo) = —S(wo):

4 2F5(0
| Fa(2e0)] o = arg (Fral20) 2, Vocos(to — ) = 20 (30)

Vo = AT,

2.6 Resume

1. Basic idea for the control and the condition (Eq.(8)) for state equation are obtained in
sec.2.3.

2. Accelerating resonator external characteristics for RF feed system design are defined
in sec.2.4, Eq.(17) determine beam’s equivalent for the system precise tuning.

3. The reflected wave properties, derived from Eq.(13): full reflection at w # wy with zero
reflection on w = wy form the possible support for the control.

4. Spectrum F(w) completely determines the control signal (Eq.(26,27)) and the tuning
characteristics (Eq.(30,17)). This spectrum is defined from dynamic’s simulation by scalar
functions &,(t), Eq.(18).

5. Optimal control signal delivers minimum of RF source energy, the signal is simple for
realization since it is only the amplitude modulated. The optimum conditions (Eq.(28))
are also expressed in terms of F(w) spectrum.

The conditions (Eq.(28)) are used for RF system optimization in the following section.

3. General for optimization

Assuming the required signal S,(#) is synthesized and the control system operates ideal, so
that resonator field time dependence has Eq.(1) form, the beam particles energy variation

will be T' = 2r /wy periodic 1°

gajea(t)zéeo(t—(n—1)T), (31)

10The difference between the self-Coulomb field for the leading front particles and for the inside the beam ones is

disregarded now, however it can be taken into account at final simulation.
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where NT (N > 1) is the beam duration; Ey(t) is the total energy variation of the particles
that enter the resonator at ¢t € [0,7], the last particle from these leaves the resonator at
t=KT+( (K <N, 0<(<T),and &(t)|izkr+¢ = Eout = const(t) . Fourier transform
of the principal function F(t), defined by Eq.(12), is

N

—w A sin(f2N) _jme(N_1)
Flw) = —2" D(w) P Plw)= w(n—1)T _ 2N ") —es 9
(@)= FED@PE), PL)=3 el ER)
where D(t) = dSOtt and also D(1)|igo,x1+¢) = 0,
' i KT+(¢ )
D(w) = Soute_w(AT +() + w / go(t)e_w”tdt. (33)
0

The P(w) function brings out |D(w)|? filtering at determination of the prescribed value
under RF optimization (sec.2.5); according to Appendix 2 this prescribed value

L

o [ 1P do =

—Yo

5’2

2
outN i Wow,

A2 WE

(34)

even for rather wide band (yo < %Q) case. It includes basic specifications of the acceler-
ated beam for prescribed resonator indeed, but the optimization is essentially restricted
from the Eq.(23) condition, because the condition requires the phase 6 fixation for the
amplitude modulated signal carrier o« cos(wot + 6). Nevertheless, comprehensive analysis
in Appendix 3 shows that the amplitude modulated signal is optimal at any 6, delivering

the global minimum for required energy of the compensative control signal

T 1F(w)? dw
Eo7r - % . (35)

With the use of Eq.(32) where P(w + mwo) = P(w), m = 0,%1,+2,..., the optimiza-
tion conditions (Eq.(28)) take the form

2D 1o(w + 2""0)‘3_1-2@} — S { Dyaw + 2w0)e—i2<ﬂ} = const(w
WG . m e 00

where 0 and +2 indexes denote the same frequency bands as for F(w) in sec.2.5.2. The

solutions are presented by the form
Dy(t) = M(t)-cos(wot + ¢)-cos(wot + 8), (37)

where M(t) spectrum is not wider than w € (—wo,+wg) band but not narrower than
[—0, +%0] and @ is some angle; Appendix4 contains the direct verification. Since the
conditions specify D(w) (and F(w)) properties only in (0) and (+2w,) bands (Fig.3b),

with the other bands excitation the general form is
D(t) = M(t)-cos(wot + ¢)-cos(wot + 0) + L(t)-cos(wot + ¢), (38)
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where L(t) spectrum is not wider than w € (—wp + yo,wo — yo) band and also L(t) =
M(t)=0att ¢ (0,KT + ().
Thus, returning to Eq.(32) and (12), the general form of the beam excitation signal in

the optimized accelerator is

(cos(w0t+9)§:M<t—(n~l)T> +%L<t——(n—l)T)) ; (39)

n=1 n=1

wT
Y =T,

the output energy is defined by M(w) function only

_ 2 _ KT+¢
Eot = D(O):M(O)COS("; 9 53,”:% / M(t)ydt| ,  (40)
0

since F {L(t) cos(wot + ¢)} does not contain a constant component.

4. RF signal determination

According to L definition for Eq.(38), the first term in Eq.(39) presents just the (wp) band
excitation, which is to be compensated by S signal, Fig.3a. As far as M(t)};g0,x7+¢) = 0,
the envelope will be T periodic

f;M(to—(n—nT) _ iM(to+T—(n_1)T) for to € [(K — 1)T + ¢), (N = 1)T] ™.

n=1 n=1
However, for sufhiciently large ¢ the envelope is to be constant, because at ¢ 3> KT the
time-dependence of the first term in Eq.(39) could be obtained from the infinite duration
periodic excitation in (wp) band, i.e., it would be a single harmonic from the line spectrum.
Without loss of generality the M(¢) form

M(t) = f(t) - f(t-T), (41)

f()li<o =0, f(t)li>(k-1)74¢ = const = f,, f'(K-1)T+¢) =0, (42)
"'Integer interval of M(t) definition can be singled out in the form M (t) = M,(t) + Ma(t),

Mi(t) = M()leeo, k) M1(t) = Oligpo, k) and Ma(t) = M(t)|se(kt,kT+¢1 » M2(t) = Oleg(k kT +0)-

N

Evidently, ) M, (t —(n— l)T) function is periodic; and for M; sum consider any ”"m” interval t =
n=1

(m+K-1)T+m, 0<7 <T form € [0, N — K], where the limited interval [0, KT] of M; definition

restricts the number of terms, so that

éM(t—(n—nT) :m:ZI:IMI(t-nT> =§M,<n+(1(—n—1)T)

is the same for any m; selection of the common periodicity range for M; and M, sums gives the result.
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satisfies this condition, the envelope

N
My(t) = 3 M(t= (= 1)T) = f(t) - f(t = NT), (43)
n=1
and direct integration of Eq.(41) with the use of Eq.(40) yields the stationary level
2gout
= LSowt 4
J T cos(p — 0) (44)

Since the envelope energy in [—yo, +yo) band is determined for any Myx(t) by Eq.(35,34),

JIE ) = £t = N} do =

—Y%0

82

out N Wo

cos?(p — 0)’ (45)

1

4
the most complete compensation by S signal will be obtained if the envelope spectrum
width will be minimized. The time interval [0,(K — 1)T + (] of Mx(t) variation can
be prescribed (e.g., in the RFQ case by the number of cells) and Mx(t) energy in this
interval is defined since the stationary level is determined. That’s why the minimal
width is achieved by Gauss time-dependence, Appendix 5, and the closely approximating

acceptable form is
r—u)? u2
_ L (e* o 6_37) L telo,(K - 1T +¢]

fO=flaTl)=|1-¢
fsv tE[(I{—l)T—{—C,OO),

(46)

where z = t/T, uw = (K —1)+ (/T ; parameter a still remains free, because for sufficiently
large N the low-frequency filtering in Eq.(45) gives the same stationary level f; for any
a, so that the equation yields only
N> 2K + =2 (47)
Yo

additional estimation for the N lower bound.

To define the required bandwidth y, consider the errors of RF control system.
Since the beam excitation signal spectrum is infinite in the any case (the finite time
duration signal), the uncompensated signal (Eq.(39)) outside of the 2y, band (Fig.3.a)
excites the field, which is defined by Eq.(4):

1 L iw L
~ ??;/V(w)wf(l —|—Qi§L(w))e o = _AW?27rwr .
ei(arg(Ms(w))+wt) ¢~ i(arg(My(w))+wt)

1+ ¢ (w + wp) + 1+ ¢p(—w + wo)

elun(t)

ar
/cos(wot + 040" |Ms(w)|

Yo

dw, (48)

2_ 2
where £1(w) = w_w&}TELQL’ ¢’ is argument of the expression under the modulus sign; the

integrand function resonance filtration allows to bound the upper integral limit gr and
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to neglect the L functions sum contribution. The estimation of the maximal normalized

amplitude error from Eq.(48) is

(|elun|/A)S
|M21 1 1 €lunM
+ dw= , (49
S / z \/1+gz(w+wo> \/1+¢z<wo—w>] a0

where b is the beam power to the cavity power losses ratio, Appendix 6. Here the spectrum

modulus |Ms;(w)| = |F {f(¢)}| of the leading front dependence from Eq.(43)

wal)® wwul -
T 5 [erf(z i) + erf(isgh)] 4 L= e
My ()]
A = (50)
’ 1—e o

is used instead of the general |Mx(w)|, because the Eq.(48) form excludes the constant
component and the maximal ey,,(t) value is attained at the commensurable with KT
instant'?; erf — error function. This type error dependence on a and y, is presented on
Fig.4 at concrete parameters for IFMIF RFQ [1,10], but Eq.(49) with Eq.(46) analysis

shows that the similar dependence takes place in the general case also.

Fig.4. Reciprocal off-band overshoot (normalized); b=1.1/1.68, u =366,
Q- =10* values are taken from [1,10], cos(p—8)=0.5.

The second type error is caused by non-ideal compensation inside 2y, band. Assuming
the autocontrol system will hold up the difference between V and S signals with random

error, which power density spectrum is w(w), the mean square field error is

QL
w(1 + 4l (w))

As far as this error increases with the band extension while the off-band overshoot (Eq.(49)

wo+yo

€1a = 1 / w(w)

Y
wo — Yo

2

and Fig.4) error decreases, the optimal yp,, value in the meaning of the minimal total

error (ejunpm + €14)/A can be presupposed; however, the normalized é;, value

QL
w?(1 414 (w))

wo+Yyom 2

A 1|1
A- A\r w(w) dw (51)

wo —Yom

12The use of the general Eq.(48) allows to determine this instant, however it is of no interest now.
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must be prescribed since this error exists during all the accelerating time interval; there-
with the autocontrol system precision a, can be characterized by the normalized power

error, because S power is determined by Eq.(35),

wo+yom

1 [ w(w)dw-NT

A, = wo—Yom Eo . (52)

Assuming the autocontrol error to be white noise (at least in 2yo band), the use of Eq.(49-
52) and Appendix 6 parameters yields the equation for the bandwidth values yo = yeo,

which deliver extremums to the total error:

u?

2 1— 127 Nezt . o g2 __yi -1
erf(g—iﬂexﬂa)-l—erf(ineﬂra) = - (1 —e az) —
a

aﬂ'%e_(ne-’vﬂ-a)

ez
A 7(24Db) cos(p—0) K*(1 4+ nes) + K*(1 — 9ex)
A b ) 1476z ’ (53)
[K(1+ne) + K(1 — nex)]l [ KZ%*(n)dn
—TNex

where normalized frequency n = w/wWo; Nex = Yez/wo, ¥ = wy/wo, the resonant character-

istic

2 .2 2\ ~3% PRI bt (o
K(n):(HlT7 mr QL] ) L r=141, 7=J1+—£"%2‘5—)— <1+———t ;(g ));

the frequency functions in Eq.(48,49,51,53) depend almost not at all on the 7 sign'?, so
that

1

b 1
1
7 2(2+0)Qy \/cos2(<,o—0) '
and Eq.(52) for the total error minimizing bandwidth 7., = 7m = Yom/wo takes the form

1+7!m1"2 d -1
s =2 (A2 omp) N (54)
T \A Ty Y 2 ‘

The Eq.(53) has the minimal bandwidth 7,, solutions; the number of extremals from
Eq.(53) is restricted by determining the range of a from the overshoot dependence (Eq.(49)

and Fig.4), and under the reasonable condition

€lunM A

A A
the optimum (@upt, Mmopt) can be determined. In Fig.5 the bandwidth dependencies for
ElunM < 102 A at Nm < 0.025, which corresponds to RF source 5% bandwidth limit, are
presented for IFMIF RFQ. In reference to unattainable limit of the infinite Gauss front

1314 would be absolutely correct if the resonant characteristic would be exactly symmetrical refer resonance frequency.
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Goo(t) (Appendix 5), the use of, e.g., the upper band on Fig.5 (a,,: = 184) gives the loss
1.019, Fig.7, so that any other possible solutions could give not more than 2% advantage
in the bandwidth value.

(82 =2.8-10""; e1ynpr /A=3.1-10-6)
(8.8:1071; 1.5-10~°)

NMm

0.0224

0.0222
(3.0-1073; 6.5-10-7)

0.0220
T (2.4-10-% 4.6-10-%) (181075 23107
0.0198f "

0.0196
(2.7-1073; 1.0-10~°)

0.0194 |
0.0171] (2.1-107%; 7.2-107)

0.0169

0.01671 (2.3.10-3; 1.7-10~%) (6.7-107%; 3.6-107°)

170 180 190 200 210 a

Fig.5. Minizing bandwidths 5,, v.s. parameter a at A/A =103, and required
control precision a, with off-band overshoot e,,3//A values in optimal
points for nominal (—), doubled (=) and half (—) beam currents;

u=2366, b=1.1/1.68, Q, =10* values are taken from [1,10], cos(x—8)=0.5.

Thus, the required signal is

bw? t)— f(t— NT
Ste) = Agamre—o { L LMD ot 4 ) it 65)

where f(t) is defined by Eq.(46),(44) for prescribed &,,;, N, K, 0 values; the opti-

mized @.5, bandwidth value 75,,,,;, and required autocontrol precision are determined

by Eq.(53,54) at prescribed random error A/A and maximal tolerable overshoot error

e1unm /A in the field magnitude.

5. Accelerating channel characteristics

The use of Eq.(38), where M(t) is already defined (Eq.(41)):

f@)—ft-T), te0,(K-1)T+(]
M@)=| fi=ft-T), tel(K-1)T+(KT+( (56)
0, t€[KT +(,00),
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determines the energy variation in the accelerating channel

cos(

Eolt) = —‘%‘—9) / M(t')dt'+ (57)
F! {21—3; ([M(w—?wo)ei(‘p+o)+M(w+2w0)e'i(w+9)]+2[L(w—wo)ei“’+L(w+w0)e'i“’])} .

Since the second term presents only the high-frequency oscillations, the energy variation,

averaged over the period, is

- a\2/7? [erf(x;u)+eff(%)] —ze” (@, z€[0,1]
(1) ot | O [erf (S5 rert(E==h)| -, zeftu (58)
TR PR
_1—e"‘§)2, z€u+1,00),

where @ = t/T, u = (K — 1) + (/T as before. Eq.(58) presents rather different £4(?)
laws for different a, Fig. 6,

1

0 100 200 300 ¢/T
Fig.6. Normalized averaged energy £ya(t)/Eout for different a; u = 367.
but under the optimized a value the optimal RF field characteristics (sec.4) are obtained
with actually insensitive to the beam current variations, Fig. 5, so that the channel with

a = @op is the best.

6. Conclusion

The method of transient beamloading analysis in high-duty-factor linacs gives the solu-
tion of key problems at the effective RF control implementation, RF matching realization,
and the accelerating structure precise tuning. The developed optimizations provide the
following. (1) The beam excitation does not contain phase (and frequency) modula-
tion (Eq.(39)). (2) The required RF source power is minimal for prescribed resonator.
(3) RF source bandwidth is minimal for prescribed random error and maximal admissi-
ble overshoot error in the field magnitude. The optimization gives only a few percents
disadvantage in reference to unrealizable minimal bandwidth limit. (4) RF signal imple-
mentation is the simple. (5) The optimized characteristics have only a weak dependence

on the beam current deviations.
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Concerning the beam dynamics, the energy variation expression contains the single
undetermined function (L(t) in Eq.(38)). However, (1) and (5) results allow to presup-
pose the minimal particle losses at moderate influence of the function, so the dynamic’s
simulation at the optimized channel with zero value of the function seems to be considered
first. The (1-5) extremums are global (in the same meaning as indicated for (3) result), so
that the use of the averaged energy variation law, which is maximally correlated with the
optimized one (Epa(t), sec.5), will provide the better results if it can not be implemented
exactly; e.g., at RFQ segmentation [11].

Under the control algorithm design, the reflectance property (sec.2.6, 3) can be used
and the state-variable control (Kalman filter) seems to be suitable. At the algorithm
realization the consideration of the RF support signal processing will give the phase and

frequency stability characteristics.
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Appendix 1. Detailed Analysis of Resonator Electromagnetic
Field at Arbitrary Excitations

The resonator electromagnetic field problem had been considered by various methods; basic principles are
stated in [12,13] outstanding works. However, certain of the physical aspects have yet to be considered;

more comprehensive treatment is presented.

A1.1 Electrodynamical set properties

Arbitrary ideal (loss-free) resonant cavity field can be expressed by infinite number of
rotational and potential eigenfunctions.
The rotational each E{i, H ¢ (v-type mode of the resonator) is characterized by eigen-

frequency w, and spatial distributions
E¢ = cos(w,t + 9,)-E,(R); HS=sin(w,t + 9,)-H,(R), (59)

the coordinates dependent spatial distributions E,, (R), 7,(R) and w, value are the ho-

mogeneous Maxwell equations solutions

{ rot A, (R) = —w,eE,(R), (60)

rot £, (R) = —wuuﬁv(é)
in the cavity volume V under ideal metal or ideal magnetic boundary conditions or their
combinations on the S, surface, which adjoins the cavity walls but does not include
the boundary for homogeneous form of Eq.(60). Phase 9, in free oscillation expressions

(Eq.(59)) is indefinable as well as the amplitude of the spatial distributions. To demon-
strate the orthogonality consider the integral f (I (R) H,(R)], d?S') and the same for

transposed fields; Gauss theorem application w1th substitutions from Eq.(60) gives
([Eﬁ,H ], dS) = —pw / (H,,He) dV +w,e f (E., E¢) av,

[Hg,E] dS —,uw,,f H,,,Hf dV—wgef E,,,EE dV.
/ (61)

These surface integrals are zero since ideal boundary conditions and nontrivial solu-
tion of the Eq.(61) set for volumetric integrals is possible only at the zero determi-

nant ep(w? — w?) that yields orthogonality for nondegenerate (we # w,) modes:
ef (B, E,)dV = p [ (H,H)dV =W,, v=§
14 v

[(BoBe)av = (H ) av =0, v#e (62)

For degenerate modes it is always possible to use formal Gram-Schmidt orthogonalization
process or to prove the orthogonality directly; in the infinite multiplicity degeneration

case for 2D or 3D symmetric cavity the basis is formed only by the 2 or 3 perpendicular
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oriented modes, these latter are orthogonal in the Eq.(62) sense. In a physical meaning
this property (Eq.(62)) reveals the absence of the inter-mode’s energy interactions, so
all the fields (Eq.(59)) can be in existence independently of one another; W, value is in
proportion to the v-mode stored energy of electric or magnetic field; orthonormalized set
is constructed under W, =1 Vv 4.

In the general case the charge density p(R,t) sets up the potential part of electric field
Epot = —grad c,o(l_?:, t), which is determined by Poisson equation

. 1 -
div grad p(R,t) = —g-p(R,t) (63)

at the same surface boundary conditions. This field can be also presented by the means of
dynamical potential eigenfunctions that are determined by scalar wave equation. However,
there are no physical meaning of these individual functions in the majority of cases,
since these fields have no resonance properties and cannot be in existence separately —
e.g., Laplace equation has only trivial solution (summary field of all these functions) for
simply connected space in ideal metal cavity. Therefore it is preferable to obtain the
Eq.(63) direct closed solution, which must be added to the rotational field.
Completeness of the set is obtained under formal including of similar magnetic potential
eigenfunctions also; these functions have no physical meaning since always divH =0 (mag-
netic charges are absent). Orthogonality of the any potential function to any mode, e.g.,
Eg, to E, is proved at V-volume integration of the equality (Egr, rotﬁ,,) — (ﬁ,, rotl:jg,) =
—wyE (Egr, E,,) — (ﬁ,,,rotE_"gr), which follows immediately from the first equation (60),

—

with taking into account rotE,, = 0 and the boundary conditions.

A1.2 Excitation

Electric current with j(R,t) density and the magnetic m(R, t) one set up the resonator

field

— —

- OH -/ D = oF 23
rotk = _#W - (R,t), rotH = 6—5? +}(R,t), (64)
that can be represented in the form
E =3 e,(t)E,(R)+gradp(R,t), H=Y3 h,(t)-H,(R) (65)

where E,,, H, are the homogeneous problem (Eq.(60)) solutions, —¢ is the Poisson Eq.(63)

solution. The dimensionless e, (), h,(t) functions of time are defined under similar to

sec.Al.1 consideration of the zero integral f ([E, ﬁ,,], dTS') at the substitutions from Eq.(64,65)
Sy

with the use of the orthogonality property:

wyen(l) = 1%(1) - WL/ (d,,7) av, (66)

14The inconsistency between the formal and real units of the fields from behind dimensionless W, value is not a problem

at simulation, however W, =W form is preferable at analytical analysis.
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the same integration for [ﬁ, EU] vector product yields

() + 2 < [ () av (67)

v
It is notable that from the Eq.(65) representation in Maxwell Eq.(64) it follows that

electric and magnetic currents may be also expanded
- 830 e EEU o - pﬁy
]:—s-grada—{—zu:(v/(ﬂ,,]) dV) W m:?(v/ (H,,,m) dV) W (68)

Gradient summand in Eq.(68) can be expanded in terms of the potential eigenfunctions;

the charge density can be expanded in terms of these potentials and the similar formal
representation is possible for magnetic current. The orthonormalized set completeness

ensures convergence not only in V-volume residual meaning but in partial domains also.

A1.3 Wall losses

Tangential component of the real resonator electric field on the metal- Sy ow
lic surface can not be expressed directly by Eq.(65) since all the . .
eigenfunctions electric field is normal to the surface. The problem ’ M
is solved by introducing the additional magnetic current m,,, which is

distributed on Sy surface inside the volume at a distance from the S, a

surface. For the tangential component E, at z <0 side of the surface

with the zero component at z > 0 the continuity of the fields will be fulfilled at the
superficial magnetic current Mw = [é‘x, E;], O My = 6(.7:)-1\2,‘,. The volumetric integral in
Eq.(66) is transformed to the Sw surface one and realized condition of the zero component
at £>0 allows the passage to the limit:
/ (H,,.) dV = / (1E., £,),dS) *=%° / (IE., f,),d5) . (69)
v Sw s,
The result is formally well known, however the model of ideal metal walls, which are
covered by the magnetic current gives the means for correct consideration.
Inside the metal with ¢ conductivity the Maxwell equations are
OHy
at -’

In order for the mathematical treatment not to obscure physical aspects, the further

rot Hy = GEM, rotEyy = — o (70)

analysis will be performed at Fourier transform F{iw}; final conversion to real time should
not present any problems. For any singled out small locality the metal surface can be
considered as the plain and in local Cartesian system (€, is directed into the metal, y0z
plain coincides with the surface) the ﬁM = & Hpy + €,- Hyy + €,- Hy, components
solutions of Eq.(70) set are determined by the equations
82HMU azHMu aZHMu
( dz? + 0y? * 022

) = wpeo-Hpyyy, u=2,y, 2. (71)
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Only when —me > ——QJ—"‘ —%‘—“‘ for good conductor the characteristic distance
at inward Varlatlon is deﬁned by the skin-depth while the transverse variation distance is
assumed to be commensurable at least with the wavelength — the equation takes the form
0?Hyy,,

Ox?

—wwpeo-Hyy =0, uwu=ux, vy, z. (72)

Outside the metal the cavity space magnetic field (Eq.(65)) has only H,. tangent compo-
nent on the surface; consider the case when I:jre = €, H,. (two-component consideration
yields the same result). At the continuity H, = Ir-_l"j\,!|I=0 condition on the bound with the

lack of unrestricted increase condition the Eq.(72) solution is

Hagy = Hyore ™50 g, — 0, (73)
where the v/7 = 4(1 +1)/v/2 value is accepted; according to Eq.(70) Epy = (e aH;\;,{

exa—g—z{‘ﬁ). The similar to Eq.(71) approximation (for the first derivatives) and the tan-

gential electric field continuity condition give

Wk

Ere - EM|I=0 = —é; 'Hre ) (74)
g

w
o
for a plain wave field since the neglected derivatives are merely zero in this case.

or in the general case Ere = 0. [ﬁre, é'x]. It is well known absolutely correct result

At the attempt to apply the last result for the cavity field (the commonly used method)
the integral in Eq.(69) takes the form

/(H,,,mw )dv = ,/“"“0 h Aw+\/“‘”‘° Zthgu, A,,C_/(HN,HC) ds  (75)

(&#V)

(the modes are not orthogonal in the surface integral meaning, so A¢, # 0 in the general
case); Eq.(66,67) set for h,, e, is

w7 + by (—iwn/o — ——VZ“’I;‘/"A"”) =Y, Y= V;‘/”“’ 3 heAg,
v v 6
(€#v) (76)

ew+ hw, =A,, A u,J

V

A . vy . . .
The set determinant D = /o(w? — w?) — d “\;%’;;/u oy 2 \;Jﬁl{;/f imaginary part is

non-vanishing for any ¢ so the set solution is unique

{ e, = [(twvo + ZUJ+OAW)A;, +Yuw,)-D,

(77)
hy, = [w,v/oA, — iwY]- D1, |
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At 0 — oo (ideal metal) all the mode’s fields can be in existence independently of one
another. Examination of the Eq.(77) solution for h, = 0,e, = 0 case reveals that this is
possible only at trivial Y = 0,A, = 0 (all the modes are zero), because the homogeneous
form of Eq.(77) for Y, A, has the same non-vanishing D determinant (the result is also
verified by the direct passage 0 — 0o for w = w, # w¢, A, = 0, A¢ # 0 at definition
of (-mode contribution to v-mode field - the vanishingly small excitation yields finite
cxn> VA¢l.,, can be ob-
tained only under the Ay, = 0 V€ # v correction. It is caused by inapplicability of the

contribution). Physically exact result for this case: A, = 0 Vhg|

approximate boundary condition (Eq.(74)), generally observed in [14], as far as the sum-
mary field of arbitrary time-dependent modes with inhomogeneous spatial distributions
can yield the arbitrary variation on the cavity surface (this can be clearly seen from the
similar passage as ¢ increases at variable A; excitation on w = w, # w, with A, excitation
on w = w, — the field differs radically from the monochromatic plane wave). The correc-
tion insures right result for the single-mode case wherein the approximation is admissible.
Generally, expression of the inegral in Eq.(69) can not contain any linear combinations
of hel,,, '° that is determined by the single-mode excitation and unexcitation conditions
examination €.

The physically correct result for the integral in Eq.(69) at the reverse transform to real
time can be represented in the form

u1/ /(ﬁm) dv = g—z-(hu(t)'f' %-—dh(;t(t)) +

V %.F—l{h,(iw)(\/:’:y—1)-(1 —z\/wz>} (78)

Q, = \/2&),,/100/” (ﬁ,,,ﬁ,,) dv- [/,uo (ﬁy,f_z;,,) dS] _1. (79)
1% Sy

Second summand in Eq.(78) is obviously negligible; furthermore, the resonant properties

where

provide even far less impact of the summand: analysis of the Eq.(66,67) set solution for
h,(iw) reveals that for any excitation this term contribution (in relative energy sence)
does not exceed (1/Q,)? value (normalized squared modulus integration over w € (0, 00))
and the (1/Q,)? value in the v-mode bandwidth range.

Thus, @, (Eq.(79)) is the quality factor of the resonator »-mode, and the final form of

15Failure to take into account this property can lead to results [15], which can not be treated.
161t does not follow rigorously from Eq.(66,68) since the series are convergent in domains, but not in the surface integral

meaning.
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Eq.(66,67) set for e,(t), h,(t) is

(1+$ )dhdt(t) —wye,(t) + Q—h (1) = WL/(ﬁu(é),ﬁz(ﬁ,t)) v,
de, (t )y Lo e Y (80)
T b0 = g / (E.(R),j(R,1))aV.

Appendix 2.

The prescribed under RF optimization (sec.2.5) value is in proportion to the even function

v

integral fo |F(w)|? dw. Accordent to Eq.(32), the even |D(w)|? function expanding in
—Yo

powers of w yields

Yo Yo o0 2y(2m)
[ 1D 1P o = DO [ 1P() do + 3 LD (o).,

® w0\ 2m sin® (WO ) w . o
where A,, = / <—> ——>2 Zdw value for yo < —29 allows evident estimations
3 \wo sin? (’;‘;’)

Yo
1 2m-—-2 1 2m-—1

A, < —/ (_w) sin? (———m‘)N) dw < — “o <y0> ,
4 J \wo Wo 4 2m—1

(2m)
. [D(0)|? .
and the series converges to smaller than, e.g., —8Q ‘&L ml value, since

(2m)!
{An.} is decreasing and |D(w)|? series is absolutely convergent, so the second term in the

initial expression is limited with N increasing. However, the first term integral

Yo . .

sin2kgy  sin2y cos go-sm2 X y07r
dw=22 - 1) - =" 2 N =
0/ [P(w)] d= ( (z e S ) x=Naw go="2

converges to %QN under the N increasing. Thus, with the use of D(0) = &,,; value from
Eq.(33), the result with any finite precision is

2
/lF | dw_ out W2 )

—Y%o

since N > 1.

Appendix 3.

The optimization condition Eq.(23) for amplitude modulated signal with o cos(wot + o)
carrier yields 9 = ¢, since in accordance to Eq.(20) definition the phase characteristic
a(w) = po+06(w), where 6(w) is some odd function. This ¢, fixation (that is caused by the

minimum minimorum searching) severely restricts further analysis and raises a question
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as to whether there exists an optimum for g # ¢ case. As far as the applied Cauchy-
Schwarz inequality usually ensures the global extremum, the amplitude modulated signal
optimum may be presupposed in this case also, and all other results in sec.2.5 do not
stipulate ¢y = ¢ condition. However, for rigorous solution it is enough to consider
Co(w) = Coe(w) + Coo(w) in the general form of the even Co.(w) and the odd Cop,(w) parts
sum and a(w) = ¥ + 6(w) + é(w) for any even é(w) (for definiteness é(0) = 0), therewith
Eq.(22) takes the form

Yo 2 ? |F(w)|2 dw
/(x)-(:?—i—a:cos(2<p—21/;_2§(w)))dw: —Yo

—Y%o

e = A, wherex = Co(w)+7Coo(w),

*) — complex conjugate, and the inequality application leads to
g q p

vV Eoﬂ' Z % A -
\/QA — [|x|?sin®(2¢ — 2¢) — 26(w))dw

—%o

The last form solution for Eqw, where the influence of é(w) is limited for any phase
characteristic, shows that the energy minimum corresponds to the equality case; this
condition (Coe(0) # 0, which follows from Eq.(19)) immediately gives Co,(w) = é(w) = 0
(the amplitude modulated signal only), therewith the equality case of the estimation is

[ F(@)? do

—Y%o

Appendix 4.

Consider some function g(w) that satisfies Eq.(36):

2912(w + 2wo)e ™ = (1 + if)go(w),

B € R = const(w). The conditions use only (0) and (+2wp) bands, and the Eq.(37) form

function that coincides with go(w) in (0) band can be constructed:

Fo {M(t) cos(wot + @) cos(wpt + 0)} (w) = M(w)ﬂg—_—o)— = go(w).

Therewith the (+2wo) band spectrums also coincide, as far as their ratio

gy2(w + 2wp)
F.o {M(t) cos(wot + ) cos(wot + )} (w + 2wo)

= (1 4+10) cos(p — 0)ei(90 —9)

comes out to 1 at the # value that satisfies tan(yp — ) =—p, so that Eq.(37) form presents
all possible g(w).
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Appendix 5.

The spectrum width estimation by Q% = [ |Mg(w)|’ w?dw value, similarly to moment
-0

method [16,17], is of direct interest to the problem, because the spectrum contains the
prescribed sharply defined My(0) component, and Ms(w) energy in [~yo, 430} band is
prescribed also. The even 27, duration time-function G(#), which is formed by symmet-
rically disposed time-varying parts of f(t),

Gw)=F {[l(t +7)—1(t—7)] (f(rv —t) 4 f(ro + t)) - fs} .7y = (K —1)T + ¢, has
the same §) for any f(t) that satisfies Eq.(43,42). To minimize the width, consider Cauchy-

Schwarz inequality

( 7t2G(t)2dt)% (g;_;)% § 7@(0%)41‘5 _1 7G(t)2dt,

where additional condition (f?)'(0) = 0 is used, so that

1

0>,/ (2]f(t)2dt) 5 ot

where Tg = }u t2G(t)2dt) ( }v G(t)zdt) — equivalent duration of G(t). The integral

mith’] ~ Ty

in the last estimation is limited, since it presents the energy of the beam excitation in
t € [0,7,] interval ', Tz < 7, as well, and Q minimum is achieved in the equality case.
As far as the equality condition %%Q o« tG(t) is satisfied at 7, — oo for Gauss time-
dependence G (t) only, the real function (Eq.(42)) can not contain G,(t) form exactly;

however, under the use of the closely corresponding form (Eq.(46)) the loss

o \fert(vE) - a2

= , erf — error function,

Qmin 1 — 6_(§>2

1s not very substantial for u/a > 2, Fig.7.
Q/S'lmm
3

1
05 1.0 15 20 u/a

Fig.7. Loss in the spectrum width value.

17To be more precise, the energy of this signal in [—yo, +yo] band is prescribed, but it can not be determined under
N » K condition, see Eq.(47).
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Appendix 6.

Under conventional power parameters application the definition of the resonator unloaded

quality factor yields (W; is the doubled stored energy at resonance)

A2W1LUT
P =
l 2Qr )

where P, — power losses in the cavity; P, = wo&,y:/27 is the beam power and the ratio

b = P,/ P, will present the main characteristics. Since the beam excitation signal is defined
by Eq.(39) with M(0) value from Eq.(40), the wp spectrum is

_ w'rNgout 2(0 :l: 7[') .
Viwo) = AW cos(p — 9)e ’

Eq.(16) indicates the sign A—":;: cos(vp — ) < 0, and assuming for definiteness A > 0 the
Eq.(29) give
|2 r

% cos(vo — @) = —b= cos(p — ) > 0.

Aw, Q'
Now the use of Eq.(16) and (5) yields the loaded quality factor of the matched resonator
_ @
QL - 2 + b y
the equivalent unloaded quality factor (Eq.(17)) is
w, 1
Qeq =Q-- LcTol—-i-b ’
and the generalized deviation (Eq.(15)) is
W2 — w2
bo = Q, - ——= = b-tan(p — 0).
wWoly
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