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DYNAMIC BUCKLING ANALYSIS OF LIQUID-FILLED SHELLS
WITH
IMPERFECTIONS*

Kazuyuki Tsukimori **

Abstract

There can be some imperfections in actual shell structures. In order to achieve high
quality in manufacturing structures, the imperfections should be restricted within
reasonable tolerance ranges through design or examinations.

In this paper, the governing equations to solve the dynamic buckling problems of
shell structures, which consider dynamic fluid-structure interaction,modal coupling in
both axial and circumferential directions, and circumferential imperfections,are derived
by using Variation! Principle. Applying finite element method (FEM) to these
equations, the matrix equation of motion is formulated to apply to computer analyses.
Through the implementation of some examples, the influence of the amplitude and
pattern of imperfections on the buckling strength is discussed. Also, the validity and
applicability of this method to the design of shell structures is discussed.

* This work was performed during the stay at Northwestern University in U.S.A.as a
member of the research group of prof. W.K.Liu.
** Structural Engineering Section, Oarai Engineering Center
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1. Introduction

In the design of thin cylindrical tanks which are used for storage of fluid etc, not only static
strength but also dynamic strength such as that against seismic loadings should be evaluated.
Natsiavas and Babcock analized the buckling behavior of a tank modél containing liquid statically
using the maximum value of pressure induced by dynamic and static loadings{1]. Liu and Uras
developed a further general analysis method of dynamic buckling of liquid-filled shells which
included dynamic fluid-structure interaction and modal coupling in both éxial and circumferential
directions[2,3]. The numeical results based on this theory coincide well with the experimental results
produced by Chiba et al[4,5] for major buckling modes.

However, the higher order buckling modes observed in experiments could not be seen in the
analysis by Liu and Uras. It seems that this reason lies on the point that the theoretical analysis is
derived based on the perfect cylindrical shells without imperfections.

In the actual manufacturing of cylindrical tanks it is impossible to eliminate imperfections
perfectly. To evaluate the effect of imperfections on the dynamic stability is important, especially
from the point of establishment of reasonable tolerances. In this paper the theory which consider
circumferential imperfections in addition to dynamic fluid-structure interaction and modal coupling in
both axial and circumferential directions is developed. Through the implementation of some
examples, the influence of the amplitude and pattern of imperfection on the buckling strength is
discussed comparing with the case of perfect cylindrical shells. Also, the validity and applicability of

this method o the design of shell structures is discussed.
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2. Derivation of Total Fluid Pressure

In order to introduce circumferential imperfections, we assume the radius of the cylindrical

shell as the following function:

R=R(1+vn®))

2.1)

where R and R are the radius and mean radius of the cylindrical sheil, respectively. v is the first

order small parameter which expresses the amplitude of the imperfections. 1(9), a function of

circumferential coordinate 8, describes the circumferential imperfection pattern.

The normat direction(y) and the radius of curvature(Rg) of shell midsurface in r-0 coordinates |

are illustrated in Fig. 2.1. Using eqn. (2.1), the following approximations are obtained.

cos(y-0) =1 , sin(y-8) =-vn'(0)

A
e , (normal)
€g
_ er
(tangential) e
—I >
N
Y
\\
. \
r=R Rs >
| h
\\W
\\9

h : shell thickness

Fig.2.1 Schematic of imperfeation in r-0 coordinates

(2.2a,b)
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The governing equation of a compressible inviscid fluid is expressed as follows;
1 0%

232 (2.3)

Vip =
where ,c and t are the velocity potential,the velocity of sound and time,respectively. r,6 and z

are used as spatial coordinates in eqn.(2.3).

The boundary conditions,which are needed to obtain the velocity potential,are specified as

follows;

(1) Free surface boundary condition;

0% d
2 rgg= at z=H 24)

where g and H are the gravitational acceleration and the height of the fluid inside the tank,
respectively.

(ii) Finite value condition;
¢ is bounded at r=0 (2.5)

(iii) Fluid-tank interface normal velocity compatibility;

%% cos(y-8) + égi; sin(y-0) =h(®,zt)  at r=R (2.6)

where h(8,z,t) is the normal velocity at the fluid-tank wall interface.

(iv) Fluid-base plate interface normal velocity compatibility;

g—i) = f(r,6,1) at z=0 2.7)

Considering the effect of geometrical imperfections, we expand the velocity potential and the
normal velocity at the fluid-tank wall interface as series of the irnperfectidn amplitude;
¢ = o+ Vv 01 + O(V?) (2.8)
and _
h(8,z,t) = ho(8,z,t) + v hy(0,z,t) + O(v2) (2.9)
By applying eqns. (2.1), (2.8) and (2.9) to eqns. (2.3)-(2.7), the basic equations can be

obtained separately in O-th order and first order.
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0-th order
V2o = ;15%2?%(1 | (2.10a)
%‘- + aaq’z" 0 at z= (2.10b)
¢p is bounded at r=0 | (2.10c)
Qq’— = ho(0,z.t) at =R (2.10d)
% = (r,,1) | | at z=0 (2.108)
1 order
V2, = 515%2% @.11a)
'a;g‘ +g%‘%=0 at 7= | (2.11b)
¢ is bounded _ at r=0 (2.11¢)
aaq?:%n(e) 9% _g nee) aq’“+h1(e zt) at =R (2.11d)
R
§ﬂ;_1 =0 at z=0 (2.11e)

The set of equations of 0-th order is the same as that without imperfections[2]. The O-th order
solution is given as follows. Detailed procedures are written in ref.[2].

do= 3, 0 on(r,z,m) eindeiot | (2.12)

nN=-00

and
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H
x < In ﬂi ~
bon(T,Z,0) = 2 Z (i) ' cos(W;z) J hon(§,®) cos(nil) dC
=l (H - £ sin2(ui)) i TfER) 0
+2 Y, {sinh(eiz) - cosh(g;z) w?sinh(e;H) - €8 C?Sh(SiH)}
R i=1 w2cosh(g;H) - g;g sinh(g;H)
'_R' .
v a0 LG OIES) B @13
= n 2w
(&R) 1- JLER) O
ER)?

in eqn.(2.13) the following relations are satisfied.

~ w2

if=pi- | (2.143)
- @2cos(WiH) = Wig sin(j;H) . . (2.14b)
2 o W ‘ '

g5 =ei_+g,_- (2.14¢)
LER)=0 (2.144d)

and
ho(8,2,8) = Y, N on(z,0) eind et (2.15a)
n=-ce ‘
fr,0,)= Y Tolr,o)emndeiot (2.15b)
n=-oc

where ® and J,, are radial frequency and the first kind Bessel function, respectively.
Employing a standard separation of variables technique to the first order velocity potential ¢; in

eqns. (2.11), the first order solution can be derived after some algedra.

h0zw = Y Y Colw) cos(uez) Ifix) e @16
n=-cc k=1 '
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where 1, is the first kind modified Bessel function. And the coefficient Cry () is given in Appendix

A.

The fluid dynamic pressure Pris given by

Pg=- PF%% = Prejot
Applying eqns. (2.12) and (2.16) to eqn. (2.17),

Pe=jopr Y | donmzo)+v kz Cox(®) cos(uxz) In(fiyr) } ein®
=1

n=-oo

where pgis the density of the fluid.

The tank wall boundary condition can be interpreted as

h(8,z,t) = WHB,Z,t) = W + Wy + Wi

i

where W is the total tank wall acceleration, and W n and W, are defined below:

(a) The relative wall acceleration is expressed as

WOzt = Y Wnlzt)eid

n=-ce

where w is the tank normal displacement.

(b) The rigid body acceleration due to horizontal seismic excitation is given as

Wh{0,z,t) = Gp(t) ( cosd + v 1'(8) sind)

@17

(2.18)

(2.19)

(2.20)

(2.21)

where Gy(t) is the horizontal ground acceleration. It should be noted that the geometrical imperfection

effect appears in the second term in eqn. (2.21).

(c) The rigid body acceleration induced by a rocking motion is given as:

Wrmn(0,z,t) = z §(t) ( cos® + v 1'(0) sind)

(2.22)
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where q(t) is the angle of rotation. The geometrical imperfection effect appears in eqn. (2.22)

again.

The base plate boundary condition can be treated similarly. Howevef,the geometrical

imperfection effect doesn’t appear, since the base plate is assumed to have no imperfection.

f(r,0,t) = Wir,0,6) = W + Wpy
where Wt is the total base plate acceleration.

(d) The relative plate acceleration is given by:

W80 = Y Wy ei®
n=-occ

where W is the transverse plate deformation.

(e) The rigid body acceleration due to the rocking motion is

Wip(T,0,1) = - 1 §(t) cos®

The boundary conditions for the fluid equations are summarized in Table 2.1.

Table 2.1 Boundary conditions for the fluid equation

(2.23)

(2.24)

(2.25)

structural vibration due to rigid body motion due to
boundary excitation | relative deformation horizontal excitation rocking motion
(Oth order) (0th order)
at the tank wall Gp(t) cosO Z {j(t) cosO
| (1st order) (1st order)
h(8,z,t) W= 3 Wn(zt)end Gu() N'(0) sin®|  zFH)M'(0) sind
j=-00 .
at the base plate
fir,,t) W= ) Wyr,t) ein® -1 §(t) cosd
n=-c
note:
W shell deformation
W plate deformation
Gy - horizontal ground acceleration
q angle of tank rotation

A superposed "." denotes the time derivative.
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In the frequency domain the general form of the tank wall and the base plate boundary'

excitations can be rewritten as

joho(8,z,0) =-02 Y W y(z,w) e + Gy(w) cosd - z w2q(m) cosO (2.26a)
_ n=-cc
“joh1(8,z,0) =N'(6) sin@ [Gy(w) - z ®2q(w) ] (2.26b)
and '
ol (r,0,m) =-0? > W o(r,m) ei"® + r 02q(w) cosd ' (2.27)
n=-co

P¢ is decomposed into four components from the point of view of physical meaning.

Pr=Pq + Pp+ Py + Py (2.28)
where P4 and Py, denote the shell and base plate vibration pressures, Py, and Pryy are the pressures due
to horizontal ground excitation and rocking motion under the rigid tank assumption, respectively.

Each componént can be obtained by substituting eqns. (2.26) and _(2.27) into eqn. (2.18).
Furthermore, eqn. (2.28) can be rewritten as follows to make clear tﬁe effect of geometrical
imperfections. |

P; =Pg + v Pg + O(v2)

=(Pgo+ Pbg + Pho + Prmo) + V (Pa1 + Pbi + Py + Prm1) + O(v2) (2.29)

The total pressure in the fluid is determined by superposing the pressure due to the induced

fluid motion P¢with the pressure due to vertical ground acceleration Py and the hydrostatic pressure

Py.

P=P;+P,+PL (2.30)
where '

Py=-pr G, {H-2] (2.31)
and

PL=prg[H-z] (2.32)
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in eqn.(2.31) Gv(t) is the vertical ground acceleration.The expressions for the pressure components

are summarized in Table 2.2(1) and Table 2.2(2).

Table 2.2(1) O-th order fluid pressure components

Pressure component due to Expression
vibration of the shell Y. D, 202 Fiy(r,z,1) ein®
n=-e i=1
_ H
Pdo * _[ wa(€, @) cos(;8) dC
0
vibration of the plate Z z — Qm(r Z,t) elne
n=-« i=1 R
R
Pbo * J Wa(Cw)In(€;) € d
horizontal ground motion Z 2 H Gu(®) sin(uH)-Fiy (r,2,) cos@
: i
Pho
rocking motion z 2w2H2q (o) cosd
i=1
*[[MiHSin(!-liH)'l'COS(uiH) - 1}Fi(r,z,t)
O (uHR?
Peond R2L,ER)Qu(r,z.b)
H%ER)
vertical ground motion Pv -pr Gy [H-2]
weight of the fluid PL - prg[H-z]

note : Fin(r,z,t) and Qin(r,z,t) are given in Appendix B.
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Table 2.2(2) 1st order fluid pressure components

pressure component due to expression
vibration of the shell o0 oo oo 2n
on o _ -
> Y ¥ {ie2 ARty [ n'(e) eimne g
Pay n=-co i=1 m=-co 0
21 H

- ARz, I M(8) eftm-m0 g } 0‘[ wm(£,0) cos(;f) df-ein®
0

vibration of the plate % oo e o 2n
> Y T X {jeB (rzt)In(e)eﬂmme a6
Pyt n=-c0 k=1 m=-co i=1

R
2
- 28,20 j n(8) eitmme do } fwm(c O (&:8) § dE-ein®

horizontal ground motion E" 2 G k(@) sin(uH) Fm(r z t) Cip ein®

; T i
By n=-co i=1 . Hi
rocking motion 2 Z @ ‘31( )Fkn(l'Zt) eind
P N=-co k-"
ml
RiHsin(pyH)+cos(pueH) - 1 ~
k
i ’
- 21,(ER -
+Z — 2( 1 ) - Din
=1 ER(1- ——WNER)E+HD)
(ER)?

Note : Fm, AR ,ﬁkn Bim &, and D, are given in Appendix B.

For most liquids the compressibility effect is negligible. If the compressibility is neglected;

=W gi = g (2.33a,b)
The sloshing frequencies constitute the lowest range of the FSI spectrum. Therefore, the

contribution from sloshing is insignificant, that is,

—10-
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1. 8 1 (2.34)
@ wH ,

The root of eqn.(2.14b) can be approximated by following equation by using eqn. (2.34);

- fiH= 2—121 n " (2.35)

The pressures at the tank wall can be written as follows assuming that the base plate is rigid.

Pylr = PdOIR +V { Pdo |z Rn(8) + Parlg }+ 0w?) (2.362)
Ppir = Pholg +V { hO IR Rn(®) + Prilg }+ o2 (2.36b)
Plr = Prmolg + V { ““0 0 |5. Rn (6) + Prili } + 02 (2.36¢)

The pressure components in eqns. (2.36) can be derived by applying eQns. (2.33) and (2.35) to the
equations in Table 2.2(1) and 2.2(2) and specifying R for r. Each pressure component is summarized
in Table 2.3(1) through Table 2.3(3). In the equations in Table 2.3(1) to 2.3(3), the relative
deformation of the tank wall is modified to the following expression,

Y Wz e®= Y (Wp(z0) sinnd + Wy(z,0) cosné} (2.37)
n=-vo n=0
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Table 2.3(1) Expressions of pressures acting upon the shell wall (0-th order components)

pressure compenents due to Expressions
o0 = =] '
vibration of the shell Z z 202 Fiy(R,z,t)
_ n=0 i=1
Paolg H
*{sinnd | WAL cos(ul) dg
0
H

+ cosnd J w 5(£,0) cos(il) dC}
0

, . - it
horizontal _ground motion - 2 ) Gh(m).(_})_J' Fy(R,z,1) cosd

- p
Pyl .1 1 {
rocking motion 2 2m2H2q(w) cosh
Panolg =l
JH(-1i+ -1 = R2I(eR -
AR L Rz - 2R Rz
(WiH) (&R)H2
vertical ground motion P, | - prGy(® (H-2)
weight of the fluid PL |prg(H-2)
where
R . -jot
F (Rzf) ~ pr La(MiR) cos(pz) e’
(i) In(R)
QiR,z,t) = 912: {sinh(e;z) - tanh(g;H) cosh(g;z) }-ejot
(eiR) 1- In(eiR)
(&R)?
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Table 2.3(2) Expressions of pressures acting upon the shell wall (1st order components (I) )

pressure components due to

Expressions

vibration of the shell

P |2 o)

2 2 2me2 { sinne I W n(5,0) cos(;C) €

n=0 i=l

H
+ cosn® I w o(,w) cos(;t) dg} cos(lL;z)-1(0) ejot
0

horizontal ground motion

5’-3’139 lz-Rn(®)

(-1)-2ppGh(m)R
w;H

-cos(LLjz)-N(0)-cosH-e-iot

2
i=1

<l»"1
i 1i

=-Y 2 Gyo) (-l!)i*‘l Fiy(R,2,0) () cosd

rocking motion

Rn(®) TBP”“O H

2 i+1
3 20502 FOR (CHMWHT) (0o 0y coshero

i=1 I-L%H
. H-1)i+l-]
= Z 202 H2 g(®) n(8) cosegi—lgﬁgzlg F;1(R,z,t)
1

i=1
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Table 2.3(3) Expressions of pressures acting upon the shell wall (1st order components )

Pressure component due to

Expressions

vibration of thé shell

Pailg

1

*

+

7 2

®? Fox(z,t)-1y
m=0 k=1
{m 1 HE W - HSG Wb - I ok (Heoo Wisic + Hovto Wit )
o0 [+ +] o0

Y, @2 Fo(z,t)pg

n=1 m=0 k=1
*[mIop ((HS W - Hon Wi cosn
+ (HS Wik - HES W) sinnd )
T (B Wk + Hap Wik cosnf

+ (HE WS + HS W30 sinnd } ]

horizontal ground motion |1 - '
) = Y (1) Ty(w) Fouat) { T8 - HTG + 155 H )
Pnilg k=1
+ 3 Y (D () Fu(z.bt)
n=1 k=1
+{ (5% -1 (HS cosn® + HTS sinnd)
+ 1% (H cosnd + HE sinnd)}
rocking motion - -
; % Y, 02 (o) Foz.1)
Pmilg k=1 - -

(-Dkp H - 1 '
f[ERE Lo e G

Hx
i <Z> , 1 ]
+ L 5+ <P HEY
gi AN '

=Y Y, 02 Qo) Frdzt)
n=1 1

(D¥+1pH - 1
e
<2> cc Cs .
+15% (HY, cosnb + Hip sinnd)}

p——

* (5 -1) (HS cosnd + HTS, sinnd)

oo J <2> , .
+Y 515 {(HT; cosnd + HT; sinnb )
i=1 EitHk

+7 < (HSE cosnd + HS, sinnd) } |
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<l> <2> ee cs 'ss cc sC S8
where Fakzt), I 5, 1, 7P, 0P, B, H , Hi%, Haw, Hio » Hoa > Han » Hom Wk

and Wy are given as follows ;

2pF In(p‘kﬁ)

cos(pz) ejot
aHpi LuR)

Frdz.t) =

7> In(uR)
mk =" — _
MR Im(HkR)

1<% 2 l—'—kﬁ In(uR)
mk = _
In(peR)

efR* T{(eR)

| Ji<1> =
Ji(&R)

<2> 2] Z(ElR)
Jri —
EiR( 1-

Ji(eR)
&R)’

2n
;ﬁi— f n'(9) cosmO cosnd do

2m |
= J‘ n'(0) sinm® cosn® do
0

2n
HoS = I 1'(0) cosmd sinn® d9

2n
B = I Nn'(0) sinmO sinnB dO
0
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27
Hoo = I N(8) cosm@ cosnd dO
0
21

Hin= | n(8) sinmd cosnd d8
0

2n
Ccs .
Hupn = I 1(6) cosm@ sinn6 d6
0

27
Hin= [ n(®) sinmd sinn® do
0

H
Wk = j W oy cos(liyz) dz
0

H
W= J W mcos(igz) dz
0
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3. Variational Formulation

The expressions of virtual work principle for a structure subjected to hydrodynamic Joads due
to an inviscid and incompressible fluid are given as [2] ;

Expression by total displacements (Initial state

I pou; ii; d2 - J. duy Ia(l)d(xst) n; dl" + I Bu;; 755 dQ
Q T Q

= j Su; Pe(x,t) nydT + Jﬁui PL(x) n; AT + SW ext (3.1)
r r

Expression by incremental displacements (Purturbed state)

[ o8ui Al d@ - [ du; T m dU+ | Suij Cijn Augn dQ
Q r Q

+ I Sui,j ‘Ejol Aui,l dQ - J. 8111 { Pe(x,t) + PL(x)} An;dI"' =0 (3.2)
Q T

where Q, T, n;, X; and u; denote the domain of the structure, the fluid-structure interface boundary,
the outward normal to the structure surface, the spatial coordinates and the structural displacement
components, respectively. A superposed dot and "A" designates the temporal derivative and the

incremental value, respectively. ,I?}d and ﬂd are the structural mass dencity and added fluid
P y-p

inertia,respectively,and
2.t = a—-——Pdg;j}x’t) i . - (3.3a)
dPq(il,X,t) , ..
LT Ed—g‘;j’ﬂ Ay (3.3b)
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Tij is the Cauchy stress tensor, and

Atyj = ATy + ATy (3.42)
and
AT = Cijkm Akm | (3.4b)
0 L] .
ATy = Sik Tjm AUk,m (3.4c)

where ATy, ATE,A‘E%,C;jkm and dj are the linearized Cauchy stress tensor, the material response part
and the part by the initial stress effect of Aty the material response tensor and Kronecker Delta,
respectively.

The pressures acting on the tank wall are tabulated in tables 2.3(1)-(3) in the previous chapter,

and
Pg =Py + Py + Py
= (Pnolg + Prmolit + Py) +V { (aphO |5 + 2o 520 [ )Rn + Puilg + PrmllR}+ 0(v2)
| | (3.5)
and _
An; = Aug x 0 - Al Py (3.6)

Before applying eqn.(3.2) to the thin structure, some preparations are needed to integrate in
the domain and on the boundary of the structure. Geometrical relations for imperfect cylindrical

shells are given as [6] (see Fig. 2.1 in the previous chapter)

(RIZ +R2)3/ 2

Py e — 3.7
2R12+R2_RRN ( )

5=

di =vR2+R? do (3.8)

and
oy _2R*+R%RR"

36 RZ4RZ 3.9)
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where R, d/ are the radius of the curvature of the tank and the differential line element of

circumferential direction, respectively.

By applying eqn. (2.1) to egns. (3.7) to (3.9) and assuming that the parameter v in eqn. (2.1) is

small enough compared to unit, the following approximations can be obtained.

Ri={1+v(n+nD}R (3.10)
di=(1+vn)RdO (3.11)

vy '
d —Y=1-vn" 3.12
an % n (3.12)

The components of the displacements at a distance x from the midsurface of the shell are defined as

(refer to Fig.S.l);

Uy=u-x %‘—:— ( axial component ) ' (3.13a)
x=V- 20w (circumferential tangential component )
Rg ow
Ly ROW, X OW | . (3.13b)
R 00 R 00
Wy =W ( normal direction component ) (3.13¢c)

where u, v-and w are displacements in the axial, circumferential tangential and normal directions at

the midsurface, respectively.
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midsurface

N

Fig, 3.1 Shell geometry and coordinate system

In the case of thin shells the plane stress assumption is introduced. The stress and the strain

tensors are reduced as:.

T = [ Gy, Oy, Cays Gn=0, Onys, Onzl” (3.14)

and

& = [ €5, Ey: 260y En» 28ny=0, 263,=0]T - (3.15)

In the cylindrical coordinates the domain and the boundary integrals become

L
fao= | [ | ®Redxdydz
Q 0

L 2rn Y,
~f | ,[ (1+= +vn) R dx d6 dz (3.16)
0 0 -hj, R
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and

H
far= | | did
r 0

H 2=n
~ R de
0'[ OJ' (1+vn) Rdodz

(3.17)

After eqns. (3.13) are substituted into eqn. (3.2) and integrated in the domain or on the_ boundary, the

individual terms for the linearized variational equation of the shell are obtained.

(i) The structural inertia term : the first term of eqn.(3.2)

J‘ p (Suy Al + Bvy AVy + 8wy Wy )dQ =L+ Iyt I
9)

where

L 2=
j j ph R SuAii + SVAY + SwAW Y (L+vm) d9 dz

L 2=
I = - J j p12 { SuAw,, + Ow,,Ali

+ = (SVAW,Q + 3w,gAV)} dO dz

R
L 2n W3R
Irz_ _[ _[ = 12 { SW,ZAW,Z'*‘ Ow,pAW,g
o o . R2
+vn (Ow,, AW, - 8W WAW,g) } dO dz
R2

 (3.18)

(3.19a)

(3.190)

(3.19¢)

I; and I, are the transiational and rotational parts, respectively. In the subsequent analysis, the higher

order inertias I;; and I; are neglected.
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(ii) The dynamic pressure term: the second term of eqn. (3.2)

Since the surface normal vector direction to the structure at the interface coincides with that of the

displécement component w;
n=[{001]T - (3.20)

From the equations in Tables 2.3(1)~(3), the dynamic pressures are functions of the normal

acceleration. Therefore, eqn. (3.3b) yields to
ad .\ dPqao_ » _
P = {4 Paoli) + v-A (PR R + Parip) } (3.21)

and hence

f ou; Iald(x,t) n; dI'
I
H 2=n

~ [ | 8w {A ®aoli) +v-APalz + %ﬁﬁ-ﬁn +Pyilp) } Rd0 dz (3.22)
0 0

(iii) The material response term : the third term in eqn. (3.2)
With the plane stress assumption, the material response term for a linear elastic material can be

given in terms of the total strains:

Im= | 8efj Cljm At dQ (3.23)
Q |
where
g =6-xK, (3.24a)
g% =&y - X Ky | (3.24b)
263, = 26, - 2x Kpyy (3.24¢)
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s’i‘j, g;j denote the total strains and the midsurface strains, respectively. K, and Ky, are the changes of
curvature of the midsurface and Ky is the twist of the midsurface.

The strain-displacement and the curvature-displacement relationships are given as

£z =W, (3.25&)
By =R (Vay + W) =8y +V ey | (3.25b)
28y = RL Wy + Viz = 2820 + 2V Eqyl (3.25¢)
s
and
K;=w,;, (3.263,)
Ky =1 { (3= Way)oy - 5= Voy } = Kyo +V Ky C (3.26b)
VIR VR, Wv/v TR, VY y v
2
2Ky = - (Wozy = Vo2 = 2Kayo + 2V Koy | (3.26¢)
where
Ey0 =" (Vo +W) (3.272)
R
I " V
gy1=-—(NVv,e + (M)W ) (3.27b)
R .
282\]!0 = l Uy + Vv, (3.270)
R .
1
2&py1= - — Mg (3.27d)
R ‘
and
1
Kyo =— (w,gg - V.9) _ (3.28a)
R2
1 1 tt ’
Kyt = - — {2nw,gg +1'W,p - (ZN+1")V,0) (3.28b)
R2
2
2Kz\p0 == (W,z0 - Vy2) : (3.28¢)
R .
2 " : '
2Kpy1 =-= {MW,z0 - M+N "WV} (3.28d)
R
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By substituting egns. (3.25) and (3.26) into eqn. (3.23), the material response term can be

decomposed to three parts ;

Im=Im1 + Im2 + I3

where
ERR ¢ o
Lyy=— J- J {SEgCAEO
1v20 O
+v(nSeEC Agg + 8ep C Agy +8e] C Agg)) do dz
; L 2xn
Ip=-—22— [ [ (3ef C Ko+ 8K C Acg) d6 dz
12(1v 0 O
EWR © o
o3 = J (3Kg CAK,q
12(1-v3 0 O

+v (M3KG C AKo, + 0KJ C AK; + SK] C AKg)} d6 dz

E and v are the Young's modulus and the Poisson’s ratio, respectively, and

1v 0
c=l vl 0

K 0%"_

r U, 0 ' ™
1 1 n
—(Vvig+ W) -~ (M, + (MM )W )
1 i

—U,g + V., - —TNu,g

. R R J

(3.29)

(3.30)

(3.31a) .

(3.31b)

(3.32)

(3.33a,b)
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W,zz 0
1 1 1 "
— (W90 - v,q) - 2nw,ge +MN'W,g - ZN+N")V,p)
Ko= R; K =4 R? , (3.34a,b)
- (W,ze = V:z) - (TIW,z(-) - (TI'*‘T]")Vaz)
R R

(iv) The initial stress term: the fourth term in eqn. (3.2)
Assuming that the initial state of stress is governed by the membrane stresses and neglecting the

higher order curvature terms, the initial stress term can be written as

L 2 2/h
[ Buij Tim Auim dQ_:-lﬁ | /[ 5€ TN'AZ (1+ = + vn) Rdx d6 dz
Q 0 0 -2/ R
I, 2n _
= j j 8 TN’ Ag (1+vm) R d0 dz (3.35)
0 0
where
_ 1 1 1
e=[u, v, Wy, R Uy, 'R_S(V=‘V+w)’ ﬁ;(“’,w' v 1T : (3.36)
and
N1 NG :
N =[ “ v ] (3.37)
Ny, 1 NOI -

I is a 3x3 identity matrix and the initial membrane forces are defined as
N(z,0,t) = ho, (z,0.,) a =1z, y or (zy) (3.38)

By applying eqns.(3.10) and (3.12) to eqn. (3.36), eqn. (3.35) can be rewritten as

L 2=n

_[ duj 'r:;m Auj dQ = J J R {855 NS Agg
o 0 0
+v (585 N A%y +mdeh N§ AZo + 885 N§ AR, +92] N§Age)} dodz  (3.39)
where
€ =Ep+ V| (3.40a)
NO=NJ+vN (3.40b)
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and
r Usz A ' i 0 h
V.2 0
W,z 0
i 1
:_ U.g - :-nu$9
EO=< 1 R ; ’ E] =< 1 R . > ' (3.41a,b)
= (v,ptw) - — (MV,eHMHM )W)
R R
[ 1 "
—(W,g-V) - —(Mw,e-(M+N"IV)
_R J . R J

(v.) The load correction term :the fifth term of eqn. (3.2)

“To=- [ 8 (Pe(x,t) + PL(X)} An;dT (3.42)
r

The change of the normal vector during incremental deformation is given as
Anj =-Aw , (3.43a)

Any =- Rls Aw = - L (1vm) Awg (3.43b)

1
R

| 1
Anz = Au; + R, (Av y+Aw)

= Au g + 1 (AvgtAw) - v 1 [NAV g+ (M+1)AW] (3.43c)
R R

The total pressure acting upon the shell wall can be redefined as follows from Tables 2.3(1)~(3).

Pr+PL= Pi(z) + Py(z,t) + Ppy(z,t) cosb + v Pyy(z,0,1)
=Py +vP} ' (3.44)

By substituting eqns. (3.43) and (3.44) into eqn. (3.42), eqn.(3.42) can be rewritten as
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L 2n
j j _ 8u Py Aw,, - L8Py Awg + 8w PY (Au, +— Ave+1Aw)

R R R
+v {-81.1 (T]Po +P1 YAwW 5 - 5VP1 Awg+— 8WP1 Avg
R R
+ dw MPF+PY) Au, - Ls Sw(ry"Py-PY) Aw) ] R d6 dz (3.45)
R

Further, eqn. (3.45) can be decomposed into symmetric and skew-symmetric parts by introducing
integration by parts.

L 2=n _
=5 | [ {(®u.P¥ aw+8w P Auy) - GuPg Aw,; + 8w . P§ Au)
0 0

+=(3v o P§ Aw + 8w Pj Avg) - 1 (8v Py Aw g + 8w g Pg Av) + Z 5w Pj Aw

R R R
+ (8u PY , Aw - 8w P , Au) + 1 (Ov P§ o Aw - 3w Py g Av) } Rdedz

’V'W'\A/'\NW R N N W W AN AT Y e e W W

R

skew-symmetric skew-symmetric

T

H 2
Oj' Oj [{8u, MPY+PY) Aw + 8w (MPE+PY) Au,}

<

+
-{8u MPY+PY) Aw ,+8w , MPH+PY) Au}

+1 {(8v g P} Aw + 8w P Av ) - (8v P] Aw g + 8w g P} AV)}
R .

22 5w M"P§-PY) Aw
R
+ {8u (MP+PY) . Aw - 8w MPy+PY) 2 Au}
P N N N N W N o N N Y T W

skew-symmetric

+ L SV PV g Aw-SwPY g AR dBdz+Tg+ I, | (3.46)

skew-symmetric
where
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2n

% j [(5wP ¥ Au - SuP§Aw)+v{dwmPg+P})Au - su(nP0+P‘f’)Aw}]Rl e (3.472)
H

1 w W w w 2r

=3 j { (BwPYAv - 5vPiAw) + v(EWPYAY - 8vPYAw) }I " dz (3.47b)

The following boundary conditions should be satisfied :

Py (z=H, 0, t) = PY(z=H, 0, t) =0 ~ ( free surface ) (3.48a)

Aw(z=0, 0, t) = Au{z=0, 6, t) =0 ~ ( cantilevered shell at the bottom }

or
dw(z=0, 6, t) = du(z=0, 6, ) =0 ' (3.49b)
and
SwrPiAv | 60" SwPiAv | oo and 50 on ~(continuity condition) (3.49¢)
Consequently,
Ig=EL=0 (3.50)

Furthermore,eqn. (3.42) can be simplified by neglecting the skew-symmetric parts in eqn. (3.46).
H .

2n
I, z% [ oeT{ PYPQ + v PYPO4PEPD) } Ae* R d6 dz (3.51)
g 0
where
e=[u, v, w, ug, W,z,-l—v,g,—l-w,e]T (3.52)
R R
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p@_

sym,

0000-100

00000-1

2

=1010
R

0000
sym. 000
00

0

-n 0 0
0 0 O
6 0 O
0 0 O
0 0 0
O O

0

(3.53a)

(3.53b)
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(vi) The expression by total displacements ; eqn. (3.1)
The structural inertia and the fluid added inertia are the same as those given in egns. (3.19) and
(3.22), respectively; however, with the "A" sign.removed.

The internal work ferm is

Swint = j Su;; Ty dQ (3.54)
Q

The external work term is

SWext = j du; (P§ +v Pl) mdl" + dWext
r

- j Sw (PY +vPY)dl + SW,ext (3.55)
T

~830-



PNC TN9410 971*393

4. The Membrane Forces Induced by Static and Dynamic Loadings

Using eqns. (3.10) and (3.12), the equilibrium of membrane forces can be expressed as

Nz + (1VI) + Ny = 0 - @.1a)
R
1
(1-vn) = Ny,g + Npyiz =0 ' (4.1b)
R
Ny=P" {1+v(n+m™") R - (4.1¢)

where P” represents the pressure induced by rigid body motions (eqn. (3.44)).

We introduce the circumferential geometrical imperfection pattern “n(0)” by the expression of

Fourier series.

K |
n®)= >  (c sinkd + cx coskd) (4.2)
: k=1 :

where ¢}, and cf, are given coefficients of the functions, sin(k 0) and cos(k 8),respectively.

The membrane force components are derived by solving the coupled eqns. (4.1) with using eqn.

(4.2) partially.

Ny=RPY +VR {PY+mPY} | (4.32)

Npy=- | PYodz-v{ [PYedz+n” [Pedz+ e [P az}+NSD  (43b)
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Ny=1 | [Pdmedzdz+>{ [ [ PYodzaz
R

w

+ (-4 J. I P .0 dz dz + M’+21") J I Pg.edz dz

ravs™) [ [Py dzdz }+NG (4.3c)

where N%’ and N(bf) are the membrane forces induced by the horizontal ground motion, vertical

ground motion, gravitational acceleration and/or rocking motion to a lumped mass “M” located at

the height “L;”, and
N _M 5() {sind - v (' cos@+o ¢S sind 4.4
00 = M. (Gye+Lid(0) (sind - v (1°cost+3 & sind)) (4.42)
TR

NGO = M (Gu(®+L4d(1) {cosB - v ((n+n”)cos6 - n’sin® +% c3 cos8) }(Ly-2)

nR?

+ 2 (Gy0-8) | (4-46)
27R

where c5 is the coefficient in eqn. (4.2) for “cos20”. The details of the derivation of eqns. (4.4) is

given in Appendix C.

The membrane forces induced by the hydrostatic pressure are obtained by substituting Py in Table

2.3(1) into eqns, (4.3).

Ny = Rprsg(H-2) + VRM+n")prg(H-2) (4.52)
I E ] 9”9

Ny =35V (+n)peg(H-2)" (4.5b)
, |

NS = — ("+1"")ppg(H-z)° (4.5¢)
6R
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In deriving these equations the following boundary conditions are employed,
Ny =Ny =N;=0 at z=H (4.6)

The membrane forces induced by the pressure due to vertical ground motion are obtained by

substituting P, in Table 2.3(1) into eqgns. (4.3) similarly.

Ny, = - RppGy(t) (H-z) - VR(+1")ppGy(t) (H-2) - (47

Ny = -5 @'+0")pEGy(D) (H-2)" | (4.70)

Ny = -~ (4 )peGu(t) (H2) (4.7¢)
6R

The membrane forces induced by the pressure due to horizontal ground motion are obtained by

substituting Ppolg, a—g%'giﬁ- Rm and Pp;lg in Tables 2.3(1)~(3) into eqns. (4.3).

0-th order
.= _1i+IR _
N‘,I:Io =R Ppolg =~ Z 2 Gp(w) CDFR F1(R,z,t) coso (4.8a)
1=1 Hi _ _
* VLA L
NBo=- [ Prolgedz=- 2 Gy L= ByRz0 sind (4.8b)
=1 i
o0 _ _ .+1 _
Nglo = 1 _[ J Pholg.ee dzdz = 2 2 Gp(w) (¥ ?’i](R,Z,t) cosd (4.8¢)
R =t [J.iﬁ

1st order

D aP D 1]
Nt =R {Puilg + S2% R+ (m+0")Prole }

- (-DL2G®R . 1
=3 (1) 2Gn(@)R FiiR,zt) {(—+1)m +n”}cosb
=1 1 Iy
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sc <2>

+1 3 (DRIGHF oz OR(( TE-1) HiG + 1 THT

+2 2 (- Dk G @)F nzOR{( §i-1) (HT; cos n@+HT;, sin n6)
= =

+1 S (HSE cos n6+HSS sin nb)} . (4.9a)

Nz{fn { j (Pn1lg +2 |RR11),9 dZ+11”_[ Puolg,odz + (M™) _[ Ppolg dz }

-3 1)'26"(“’)% (th){(n”W)sme (5 <11>)‘1 ") cosd }
=1 Ki '

i o,

Z 1)k+1c‘3h(m)z~“ azn{d $5-1) (-Hisin n8 + Hiscos nd)

.uMS

<2>

+ 5% (-HSSsin n@ + Hijcos n9)} (4.9b)

aP sy » -
NE=L{ [ [ (Puilg + 5% Rn) g0 dzdz+ (en”) [ [ Protiige dz dz

e

s+ [ | Prolgiedzdz+ @™ [ [ Prolg dzdz

oo i+1
R i=1 Wi 1i I i

{(1 <1> == +2n”’} sme]

+ 2 2 (‘l)k”Gh((D)? ak(z,0)m2{( So-1) (HScos nd +HSsin nd)
Rn=1 k=1 _

+ 5 HEcos n8+HSSsin n8)) (4.9¢)
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where

pr I(iR)
iiH LR)

Fir(R,z.t) = cos(pz) eJot

ﬁ.in(ﬁazst) = M {Si[l(l.ljZ)'!‘(-l)i} giot
WH LR

ﬁin(ﬁ,z,t) = Pel(R) {-cos(uiz)+(-1)ipi(z-H) } edot

uiH LuR)

1< L(uR) 1 HkR In(HiR)
- , I =
1R In(uR) In(uR)
Frp(z.t) = 205 Ln(iR) cos(jyz) edot

nHPE LiR)

F ozt = 205 Ta(lR) { sin(pyz)+(-1)k} edot
mHE LGuR)

Bty =2PERER) Dz} eder

mHpg L(uR)

In deriving eqhs. (4.8) and (4.9), the same conditions as eqn. (4.6) are employed.

(4.10a)

(4.10b}

(4.10c)

(4.11a,b)

(4.12a)

(4.12b)

(4.12c)

The membrane forces induced by the pressure due to rocking motion are obtained by substituting

dP rmQ

Prnolis 3 —Il5.R1 and Pyl in Tables 3. 2(1)~(3) into egns. (4.3).

0-th order
NG = R-Prmolit
_Z 202H2Rg(w) {&}LE (Rz,t) - —=2-=
i=1 !11 ) g

NEB=- [ Prmolg.e dz

RIz(E’R) QiiR,zt) } cose

(4.13a)



PNPNC TN9410 91-393

-— — HEDFLL A RI (&R
=§ 202H2q(®) {B—ziﬁ)—z—ﬁlm,z,o- Z;‘ )Qll(th)} sin® (4.13b)
NRg =1 _[ _[PrmolR;BB dz dz
R
Z 2m2H2q((o) (BHED"-1 R R - M& i1R,z.0 } cosd (4.13¢)

(niH)?

1st order

D aP D L -
NP = R{ Prlg + 0% Rn + (41")Praoli }

— - - WwH(-1Di+1-1
=R Y 202H2q(0) {—————
1:21 a { (H)?

FiiR.zt) {(1 7 <1>)11+11”}
1i
RJZ(EI )

225 g R,zt) ™) | cosd
EiH

N[ ol

o _ Dkl H-1
3. 0@ oo | (—)-—'}“— (0 $7-DHiS +1 TR
k=1 k

- J ® 's¢ <I>pyce
+ 2 s—L—(Hig +J 5 HiH]
i=1 g + Uk

“1k+1. - ' R ,
[ L _"'“"‘2“ L (¢ $2-1)(HE cos nd+ Hisin nd)
Hk . -

)
nMS

2 ©2q(®) Pk F ezt -

+1 B0 cos nd+ HSsin n))

e <2>

+ Y g 1 2{(H cos nO+ HSsin n@) +J <(HE cos n6+ HiSsin n0) }] (4.14a)
i=1 & * Pk

1 aP D 3 - 3 L an??? -
NR% = { | Pemilk + %R0 dz +0” | Prmoliiso dz+ m+0™) [ Prmolg dz}
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- Y, 202H2q(®) [@(—qu: R,z.t) [((1 <1> +—z )N+ )cos0 - ( <1> n+n”)s1n9}
=1 (1H)? 1§ 1i

i R_J-g%;ﬁéil(ﬁ,z,t) {(’+1”")cos6 - 1"sind} ]
g

e = _1)k+1. - , ,
+ Z Z 02q () uk%nk(z H-n[ g-z-)-—;ﬁl {d 5¥-DHTS sin n6+ Hps cos n6)

n=1 k=1 My
2>(-H% sin n8 + H{ cos nd))
ks J <% " 1 .
+ Y ez—l—z{(- H{C sin n0+ HiScos n0) +J <I(-HSS sin n6+ Hiscos n8) }]  (4.14b)
i=1 €
Rm 1 = aPrmO - D : s -
Nz == _[ _[ { (Prm1lg + 31 RN).gp + (-N+N")PrmolR-00
R
+ (M 420" WPrmolRo0 + (717" Prmolr} dz dz
13 — o) [MHCD-18 1
=Y 202H2q() [F— Py Rzn (@ - M +—czn ™™ cos0
R § wH? { I % s
((1 )n +2’r]”’) sm@}
RJ gR — .
R B R (cn#n2c0 - (420 sind) ]
l
oo o k+1.
+1 Y Y 02q(m B zon [ Lll-—-"”‘H—l {7 S -1)(HE con 08+ Hln sin no)
Rn=1 k=1 uk _

+1 7 (HT, cos n6 + HiSsin n6) )

ad <2
J {(H cos 10 + HSsin 00) +J <P(HSE cos n® + Hssin n6) ) ] (4.14c)

+Z Si+

i=1

where
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Qin(R,z,t) = gF {sinh(g;z) - tanh(g;H)cosh(g;z) } edo
: RO )IaER) '
(&R)?2
— p]: | . i it
Bin(R,z0) = > {cosh(e;z) - tanh(eiH)sinh(ez) - ————] e3®
R (1-—— )Ja(eR) cosh(&;H)
(eiR)?
' : ei(z-H .
&n(ﬁ,z,t) = gF {sinh(g;z) - tanh(g;H)cosh(g;z) - —1(;——%{ g-jot
elR(1—— )1 (eR) cosh(e;H)
(&R)? |
1< _ 212(eR)
i =7 1 —
eR(1- — Mi(&R)
(&iR)?
<> _ ERTTER)
> 2 -l
Ji(gR)
2n
Hae= | m’(8) sinm® cosnd do = 2{(n-m) S - (+m) Cofm)
0
21 .
His= [ n'(8) sinm® sinnd d6 = 5 {In-ml cis’mi - (n+m) Coim)
0
21
Hmn = J N(6) cosmd cosnd do = g(qnf'm[ + Crem)
0
2

He = | m(6) cosme sinnd do = 5{sign(n-m) cinfm + cyim)
0

In deriving eqns.(4.13) and (4.14), the same conditions as eqn.(4.6) are employed again.
Eqn.(4.2) is used to obtain the final forms of eqns.(4.17).

The components of menbrane forces obtained are summarized in Table 4.1.

(4.15a)

(4.15b)

(4.15c)

(4.16a)

4. 1 6b)

(4.172)
(4.17b)
(4.17¢)

(4.17d)
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the special cases of eqns.(4.17)

2n
Hig= [ n°(0) sin® d6 = - m cf
0

H$=0
2

Hi5= | n(8) cosd b =n cf
0

Hi3=0

i T
Hls: =7 {(Il-l) Cn(il - (n+1) cn(-i-l}
H’ss _r (-1 s Des
In=7% (n-1) cnt ) (n+1) Cn_-!-l}
1"
His = 5 (cn'1 + Cnt1)

T
HEE =2 (s + )
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Table 4.1 The components of membrane forces

induced by a lumped mass
0-th order 1st order
M .. M ' .
N M — {(Gh(t)+L1(t)) - (L1-z) cosO - —— (Gn())+Lag(1) (L1-z)
Z - =
nR2 nR?
e s 3 ¢ |
R x{(M+n”) cosB - ©’sind + 5 c5 cosb }
15 (Gv(®) - )} 2
m) M . . M -.- . ] 3 C =
N ) — (Gh(t)+L1d(t)) sind - (Gr(t)+L1i(t)) (n’cos® + 3¢ sinf)
R R
N 0 0
induced by pressures
due to hydrostatic pressure
0-th order 1st order
1 bt 993y
NS 0 — prg (H-2)> (™+0™)
6R
S l H 2 9 L2
N e 0 5 Prg (H-z2 (*+1™)
S B D "
Ny R ppg (H-z) R prg (H-z) M+M”)
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Table 4.1 The components of membrane forces

continue (2)

due to vertical ground motion
Oth order 1st order

N v 1 3 ” Yy

z 0 -~ prOv(t) (H-z)> M™+N™)

6R

v ’ - 1 2 3 LLL)
Nzv 0 - 5 PEGV(®) (H-2)2 (W+17")

\J D D ”»
Ny - R peGy(t) (H-z) _ - R prGvy(t) (H-z) (M+N”).

due to horizontal ground motion
0-th order 1st order

H o0 _ - . 1 _

Nz Y. 2 Gpw) (1) %il(R,Z,t) cos6 see eqn. (4.9c)
i=1 - wR '

H oS _ _ N 1 _

Nzz |- 2 Gye) L8Rz, sino see eqn. (4.9b)
i=1 Hi

N H oo _ -D+R . 49

YooY 2 Guw) Fi1(R,z,0) cosd see eqn. (4.92)

=1 i
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Table 4.1 The components of membrane forces

continue(3)
due to rocking motion
0-th order 1st order
N &P Z 202H2g (®) {MIH( DR e see eqn. (4.14c)
( H)Z 11( ! s
..—.. R . l
_RbER) ail(_f_{,z,t) } cos9
&;
Rm +1 '
N zy Z 2w2H2q(w) {%—1 f*ﬂ(R, Zt see eqn. (4.14b)
1
RL(ER) A o .
-2 (iR, Z,1)  sinb
Sin Qll( ) }
~7 Rm i+1
Ny Z 202H2Rq(w) { &)21 Fi1(R,z,t) see eqn. (4.14a)
i=1 (wH)
RJ
2(ER) Qu(R,z,1) } cosd
g;H2
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5, Galerkin / Finite Element Discretization

We assume the displacement components which are expanded in terms of the mode shapes in

the circumferential direction and the nodal displacemelits in the axial direction.If Hermite interpolation

functions are adopted.

u(z,8,t) = Z Z 1o(z)( sin n@-ug, + cos n- ug,) (5.1a)
i=1 n=0

v(zew-z 2 { (Hio@) vin + Hi1(@) Vio) sin 06

1=l n=0

+ (Hio(z) via + Hi1(2) vin) cos n6 } (5.1b)

w(zet)—z Z { (Rio@ wi + Hir(o) wio) sin 00
=1 n=0

I1 * :
+ (H2) Wi, + Hil(2) win) cos nd } (5.1¢)

where ng(z), Hlo(z) and Hl l(z) are Hermite interpolation function I and N are the total numbers of
nodes in the axial direction and the total numbers of modes in the circumferential direction excluding
the breathing type mode, respectively. u, v and w are the axial, circumferential tangential and normal
direction displacement components to the tank, respectively.uf, Ui, VinVia Win and wiy, denote the
displacement coefficients in each direction which belong to node number “i” and mode number “n
and the superscript “s”and “c” represent “sine”and “cosine”components,respectively. and

[1534] L1 ”

i -d-ﬁ) =s50rc 52
vin =7, =50 (5.22)
wln ( o=s0rc (5.2b)

Equs. (5.1) can be expressed as the mairix form,

_4'3_
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d'=zl‘, E Non Nudin BNEE)
i=1 n=0
where
d=[u,v,w]T (5.4a)
in = [ Uiy Uin ¢ Vi Vin Vin Vin: Win Win Win Win]T | (5.4b)

N, and N,; are tabulated in Table 5.1.

(i) The structural mass matrices ; refer to eqn. (3.19a)

The structural inertia term (eqn. (3.19a)) can be expressed as follows by using eqn. (5.3)

L 2n
I, = j j ph K 8dT Ad(1+vn) 40 dz
0
= 8d3 (M + v M am) Adi | (5.5

where MIJ am and M3 Jnm are the O-th order and 1st order mass matrices given as

follows,respectively.
L
Ml} nm = Snm“PhROJ. N z'ljl N, dz (5.6a)
: L
MiJnm PhR I N.; ml’lél Nz_; dz (5.6b)
and

('I‘[ l)nm 0 0
min=| 0 @dm O (5.7)
0 0 (T‘-l)nm

where

nm nnm

Mam Tam
(Mnm = s



PNC TN9410 91-393

¢ ¢ . 5 s
Cip-m! = Cn+m 1 sign(n-m) Cjp-mi + Cp+m
: (5.8)

I
A

: 5 5 . c c
sign(m-n) Cip-m! + Cntm ° Clp-mi + Cn+m

| (Thm = Thmn)
In deriving eqn. (5.8), eqn. (4.2) is applied. The details of the components of (11)am are given in

Appendix D.

Furthermore,eqns.(5.6) can be expressed by the forms after integrating in the axial direcion. '

Mimn = SomphR M (5.92)

(in the case g m=n=0,see Appendix E)
51 =naksi
Mijnm = pPhRM§j nm (5.9b)

where M*fio and ijﬁé, are given in Table 5.2.

(ii) The added mass matrices : refer to eqn.(3.22)

The normal displacement “w” is written as follows from eqn.(5.1c)

w= 21: E (SC)n NJi i (5.10)
i=] n=0
where
(SC), = [sinn® cos nQ] | (5.11a)
NYi=[0 Hi@)] | (5.11b)

Refering to Tables 2.3(1)~(3), each term in eqn.(3.21) can be written as

S Y v 2080R) 3
AP =-2, 2, ¥ T cos(ige) (SChm ( _[ cos(i1ql) N3 d¢) Adyp,

q=1 m=0j=1 1 H Im(llqR)
(5.12a)
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o N I H
A(aﬁgr Rn)=- Z Z 2p R 7 cos(lqz) no) (SC)m( J COS(I-"qt;) Nz_] dC) Ad}m
g=1 m=0)=1

(5. 12b)

o o0 N ] = .

2prlx(LgR)
33 Yy b
p:] q:l m=0_}=] WHHqu(l-lqR)

2 2n
x [1 f,lg{( j 1n°(8) cos pd (SC)y d6) cos p + ( I 1n°(8) sin po (SC)y d0) sin pe}
0 0

_ 2r ,
-] ﬁ;{(o‘[ 1(8) cos po (SC.)rn d0) cos po

2n
+( jnﬂ(e) sin p8 (SC)m d8) sin p }] ( J' cos(LgQINZ} db) Adim
(5.12c)
In egn.(5.12c)
(SC)n = mfcos mO -sin m] | (5.13)
Using eqns.(S.lZ), eqn.(3.22) can be expresseci as
- | u; 1¥x,t) n; dT = 8d (M9, +v (VL + MEN2 + MIE) ) Adjm (5.14)

T

where
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=  2pr In(uR
M = b 3, SREEES gy, | (5:158)
g=1 pqH In(HgR)
(in case of m=n=0, Appendix E)

— 2prR In(ugR |
M= 3 22PR Inla) oty | (5.15b)
G=1 igH TntgR)

o0 =2

2psR>
M?_ﬂllr%“_‘ 2 pl;_I 'YE; (MDsm Yiq (5.15¢)

. q:l
a3 w— 2prR In(uoR :

M= Y, PER LaR) Tt 12 -1 Midam) e (5.15d)

q=1 Hpq L(ugR)

In above equations, (N1)nm is given by eqn. (5.8) and viq and (T\'g)nm are given as

H
Yig= 0_[ cos(ligz) N7 dz (5.16)
. ’sc 'ss -(n'm)cﬁl-m| - (n+m)Cg+m . -In-ml Clsn—mi + (ﬂ+m)C;+m
(Tl"_’a) _[ﬂnm 'ﬂn::]_f»_ .
nm =" 'ce ezt 2
Nnm -Tin

5 8 C [
In-ml Cijp.g + (M+M)Cram 1 ~(N-M)Cip-ml + (N+M)Cpem

In deriving egn.(5.17), eqn.(4.2) is applied. The details of the compbnents of ('r]'_o,),,m are given in
Appendix D. |

(iii) The material stiffness matrices : refer to eqns.(3.30) and (3.31)
By using egn. (5.3), eqns.(3.33) and (3.34) can be written as
eo=Ba By dy , & =B Bdy  (5.18a,b)
wo=BiBRdin , x=BhBdy (5.192,b)

where the matrices which relate strains and curvatures to modal and nodal displacements are given in

Table 5.1.

Applying eqns. (5.18) and (5.19), eqns. (3.30) and (3.31) can be expressed as follows.
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Iy = 8dm [KEOL + v {Kom + Knm + (K?.%%J)T }1 Ady, (5.20a)
m2 = 8dm [Kunm + (Kjlmn)T] Ad_]rn (5.20b)
Tms = 8di [KEZ +v (K e + Ko + (Khiam)T }] Adjry (5.20c)

where the stiffness matrices are as follows ;

-~ L 2 :
K,’j‘.?,}l-% | B 10T ( j B¢l CBYdo) BY dz (5.21a)
1-v2 0
EhR T 2n T
K ==— j Bz ( j n(8) Bsy CBan d0) B3 dz (5.21b)
1520
EhR L T T
K = [ B ( j B¢l CB{ldo) Bl dz (5.21c)
1v2 0
Eh3R L T 2n T
Kijna = | B2 ( j BJY ¢ B3Ydo) BY dz (5.222)
12(1-v2) O :
Eh3lﬁ L T T
KY29- BR[0T I 11(9)1520 C B3 d0) BY dz (5.22b)
12(1v2) 0
Eﬁ3ﬁ L T T
Ky =——— [ BY (j BZY' C B3 do)BY dz (5.22¢)
12(1-v2) 0
Eh3 T T .
Kipm=-—"— [ B2 ( j Bgy CB3Ddo) B dz (5.23)
12(1-v2) O

Furthermore, by integrating in the direction of 6 (0 to 2m), eqns.(5.21) to (5.23) can be rewritten as
explicit forms on 0.

L
Ko = Tom I B 10" C10BYdz | (5.242)

(in the case of m=n=0. see Appendix E)
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KDL1-0 _ J‘ B! 10T C110 BIO dz

ijam =

L
DI]] lOT 111 11 IOT 111
Ko = j By CunBjjdz=-— j B Cm Njdz

';U

L
KB% = 18,0, j B2 c20B% dz

(in the case of m=n=0. see Appendix E)

D12-0 20T 210 20
K2 = j B2 B3 dz
T
Kl?anzm1_ I B 2 20 CZII BZId
T

(in the case of m=n=0. see Appendix E)

(5.24b)
(5.24c)

(5.25a)

(5.25b)
(5.25¢)

(5.26)

In above equations, the matrices, C10, CL0, ¢ c20, ¢210 211 44 €3 are given in Appendix

F.
(iv) The geometric stiffness matrices ; refer to eqn.(3.39)
By using eqn. (5.3), egns. (3.41) can be written as

T =BR BN din . E1=BGBXdy

where the matrices, Ben , Ben , B% and BGZI, are tabulated in Table 5.1,

Abplying eqns. (5.27) to eqn. (3.39), the following equation is obtained.

—48-

(5.27a,b)
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J Sui,j 'E;}m Au; p, d€2
Q

~ 8dh (K3ot v (RS + Kz + Kijin + BT )} Adj (5.28)

where the geometric stiffness matrices are as follows:

L
Kipm=R j j B NS BSY do) BS dz (5.29)
L
= T T
Kim=R j B3 ( j B &9 N BSS d0) BS dz (5.302)
L _ )
T
K$i2 = Oj B (Oj n®) BS NIBL d0) B az (5.30b)
L
Ki?J%—R j B YT ( j B 39 NS BSL d6) BS! dz (5.300)

As can be seen in Table 4.1 (chapter 4), the membrane force are decomposed to five components for
0-th and 1st order terms, respectively.
NG =N+ NS+ NY + N§ + N , - (5.31a)
N$ = NG + N} + NY + NT + N (5.31b)

where the superscripts (M), S, V, H and Rm, represent the lumped mass, hydrostatic pressure,
vertical ground motion, horizontal ground motion and rocking motion, respectively, and

Nﬁ=[ NAT Nn%or,l] (oc =0, 1 ) (5.32)

Using eqns.(S.Sl), eqns.(5.29) and (5.30) are rewritten as,

Sﬂ?, R j B %" ( j B NEBS o) BN dr (5.33)
- T
K§im =R f B ( f Bgy NPBGSdo)BY (5.34a)
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L
K32 -R j B S ( j ®) BSY N8 BSY d0) BS dz (5.34b)
L 2n
KPe =R j B ( j B & NEBSL d6) BS dz (5.34¢)

(B =), S, V, H, Rm)

Furthermore, by integrating in the direction of 6 (0~2x) using the.equations in Table 4.1 and

Table 5.1, eqns.(5.33) and (5.34) can be expressed as explicit forms on 8.

K{Pe = j B 07 B2 (2,0 B dz (5.35)
and
T
Kfhm = I B Y OB (0 BY a2 | (536)

o =0, 11,12 |
B=(M), S, V,H,Rm

where CES‘, (z,t) and Ct313 (z,t) are composed from four blocks of submatrices,

Po C
Cchn -z,t)=[ ™ [;‘;'] . Cibi = (CERT (5.37)
CDnm Bnm
and
13 13 '
1313 C Cén : .
z,t) = [C Ezc 13 ] (5.38)

The submatrices in eqns.(5.37) and (5.38) are given as:

2n _
Chn @ =R j NS - Biom (6) do | (5.392)
2n .
0 zH=R j Nqﬁo B30 (0) de (5.39b)

._5'1...
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2n
Co @D =R [ Nfo - Bsan, 8) do
0

2R
chim @ =ﬁ0j N - Biom (6) 6

27
Chin z0) =ROI N /| - B (6) d6

: 27
- cBh (z,t)=1'ioj Nof1 - Baom (6) @

2r
ckim @H=R [ n@) NJ - B ©) do
O .

2n
chiz @z =ROJ 1(8) Nfo - Boom, (8) d6

21

CliZ (2t = ROI 1(8) Noafo - Bsom (8) d0

and
L 2n
Chim () = Roj N b0 - Biom (6) 8

2r
Cham (z.t) = on N+ - Boam (6) d6

2n
Clm @) =ROJ N 20 - Baom (8) dO

27
Cham @zt = Roj Nwo - Bagm (6) d6

(5.39¢)

(5.40a)

(5.40b)

(5.40¢)

(5.41a)
(5.41b)

(5.41c)

(5.422)
(5.42b)
(5.42¢)

(5.424d)

. GO0 5 GO GO y Gi G1 . .
where the matries, Biam, B2nms B3nms Binm B2nm, Bﬁ}n and B4Gn}n are given in Appendix H.
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By applying the membrane forces in Table 4.1 (chapter 4), eqns.(5.39) through (5.42) can be

obtained explicitly as follows.

(a) Effect of a lumped mass.

(M)0 M . R, ,
Coms (2,8 = { (Gi(®) + Li®0) (L1 - 2) Afha + 5 (GV(® - £) Al } (5.43a)
nﬁz )
Chmn (zH) =0 | (5.43b)
89 1y =M (Gut) + Ledih) A, (5.43¢)
nR
(M)11 M .
O .y = - M Gyt + LadO)(Ls - 2) { ATIS + ATES - ATHS + 3 CF A5} (5.449)
1tR2
Co @t =0 | (5.44b)
11 M .
CO ) = - M (Gy) + Ligo) { ATS + 3 €5 ASS, (5.440)
TR _
(M}12 M . mcC R on
CUnZ 2,9 = 2 { (Ga(®) + Lid®) (L1 - 2) AThG + 5 (Gv(® - ) At } (5.452)
nR2 _
C(g[rfif (zt) =0 ' . (5.45b)
M . '
C¥NZ (z.t) = = (Gu() + Liti(m) AT, (5.45¢)
R
13 M .
O (z,) = (Gn® + Lid(®) Afmn - (5.463)
R
M)13
C(Bﬂm (zt)=0 (5.46b)
COL 2,0 =M (G0 + Lig®) Admn (5.460)
R
M) 13 ‘
C(Dﬁm zH=0 . (5.46d)
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(b) Effect of the hydrostatic pressure.

Cam () =0 (5.472)
Cpmm (2) = ﬁpég (H - 2) Aghmm | (5.47b)
CCSn?n (z)=0 - ' ' (5.47¢)
CAnm (z)=¥1_—ppg (H- 2 {Ali + Al (5.482)
' 6R ' :
Conn () =R prg (H-2) { AL+ A2 (5.48b)
Com @ =15 prg (- 22 { Al + AT ) - (5.480)
Chnm (2)=0 | (549
Chnm (2) = Rprg (H - 2) A, (5.49b)
Cgrllrzn (z)=0 : ~ (5.49¢)
Cil (=0 | (5.50a)
Camn (2) = Rprg (H - 2) Adn, (5.500)
Col? (2)=0 (5.50¢)
Cbon (2) = Rprg (H - 2) Ay | | (5.50d)

(c) Effect of the pressure due to vertical ground motion.

Canm (z:1) = 0 (5.512)
Yo B : 01
Cgam (z.8) = - RpeGv(D) (H - 2) Azpm (5.51b)
Com @D =0 (5.51¢)
Vil 1
Canm (1) = - — prGv(t) H - 2)? { ATIG + AT, (5.52a)
6R '
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Y11 — )
Cpom (z,1) = - R peGy(t) (H - ) { Afi + AST (5.52b)
Vit
Clm ) = - 5 PrOv() (H - 22 { A% + AT (5.52¢)
CAZ@pn=0 ' (5.532)
Y12 — on _ .
Cgnm (@:t) = - RpeGy(t) (H - 2) A2nm (5.53b)
Cgii (zH=0 ' (5.53¢c)
CX,};EI (zhH=90 (5.54a)
V13 = 11
Cgnm (2,t) = - RpeGy(t) (H - 2) Asnm (5.54b)
anlr?l (zt) =0 (5.54¢c)
Vi3 _ | '
Cpnm (2,1) = - RppGv(t) (H - 2) Adnm | (5.54d)

(d) Effect of the pressure due to horizontal ground motion

0 i _ (-Dixl _
CR@y=Y 267w Pk ®an ALG, | (5.559)
=1 wR
HO S aa JDIFIR
% @n=-3 2040 = Fy Ra) ASS (5.55b)
=1 Hi
HO o e
Com@d=-3 2Gh(m)‘u) By Rz A, (5.55¢)
i=1 i

Cfr:rfl (z,0) =- _Z_GE@Z (-_];M %il (R’Zat)

R i=1 ]"I'I

1 c 1 on2 4C 2 s
{(1 "I '<1>) A?ﬁm"'l <1>A1T!"m? +A%m - (1 +1 <1>) AolTlllIm -2 AOITI.ISH?
11 11 11

2 oo
Zo@ Y (O {@-m2 P @0 K SR 1+ KRR LY
k=1
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F@am2 P o me @) KSZLS+K S LY} (5.562)
H1l — = -1)i+1 - 1 .
Chom () = 2G4(@R Y, ¢ L)l Fu Rz {(Gs+ 1) A+ A%
i=1 i 1i
+5 C@ RS Y (DM F o 2 (1-15K +15F) Azt
k=1

2 _ _ oo
+ T C@R2 Y (1R {F 1 i (20 (K S L1+ K Som L3 (1 - Sy
k=1 _

+ F nami @0 (K Sy Lz + K o L)) } | (5.56b)
Hil ~ o (-D)itla o
Clmn @) =2G4@) Y ¢ :L By Rz
i=1 i

0m2s 1 ons 1 omic . 0n3C
ii 1i

12 = e
+ 2GR Y Dk {in-ml Py g (20 (K S L3 - K S L51)
k=1 .

+@+m) P om0 (K o L - K o L) ) (5.56¢)
where K $3> and K 2 (i = 1,3) are given in Appendix L.

L% and L% (i,j = 1,2) are given in Appendix I (eqns.(I - 12) and (I - 13)).

H12 o 1A

ch@n=Y 20y 20 Rz ANS (5.572)
i=1 l.liR

H12 - SDHIR 0

Chm@d=-Y, 2040 2 Fy ®azn A%S - (5.57b)
i=1 B

Hi12 > - _1)i+l _ '

Com ) =- 3, 2Gh(co)(u) f Ra0) AT, (5.57¢)
i=1 i '
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H13 -
- Camm (z,H) =- Z
i=1

HI13 bl
CBnm (z,t) = - Z
i=1

HI3 -
Ccnm (z,t) = - Z
i=1

H13 >
Cbmm (zt) = - 2
=1

2Gp(w) 1y By Rz Adhn

Hi

i 1
2C(w)

Hi

2 S Rzt ALS,

Hi

i+IR
2Gy () )

Fll (R z,t) A4an

i

(e) Effect of the pressure due to rocking motion

— 1 .
iI (R!Z!t) Azn(;'l‘l

(5.58a)
(5_.58b)
{5.58¢)

(5.58d)

m 2H2G , i1 _ _ RLER) A |
0 = 3 22HG@) (WRCD - 1R g, RIERE Ro0) A,
i=1 R (iH)? | i
(5.59a)
He(-1)i+1 - —

=1 (uH)? elH
- (5.59b)

RmO . _ 25y {PHCDH - Ta o _Rz(,) 5 A0
Ccnm (z,0) = z‘iZmH Q(OJ){ (LHY? Rzt e H?2 611( ,,t)} o

(5.59¢)

m q o TiH-(-1)i+! - 1 ~
Cl}\n:l;l (zt )_Zmzq(m) Z [LLH ( 1)2 ) i1(R,z,t)

R i=l Hi
onc 1 on2c on4c on18 on3s
* { (1 - <11> 0 1 lTrltm lrllm (1 <11>) Alnm -2 A inm }
b l ) 1

RI,(eR 4 om1s 0138
REERE Rz {AMC +aMC . AMIS 5 A0S ]

g -
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20023(0) - .
+POUD) 5 - m2 P g G0 R ey L R 3B LE)

s@emp Py @) R GELE+RHDLY)) (5.602)
11 e e THACEDI o1
R (4 = 2025(@R Y, [ B Ry R
i=1 i
RJa(gR
[+ ) A - AT -SEEDR QuRao (a8 A %ﬁs)]

Ej

2
S G-I+

pcH-(-1)k+! - 1
B

Z e F ok 2]

<2> {
Z i 2(J<>'1)}A2nm

i=1 Wi

1202q(0R2 —
________q( ) l»'—k {F i mx@d (& T LG + K52 L5 (1- Sm)
4 .

+Fnsmp @) RS L +K iﬁ%ﬁ L5} " (5.60b)

m & TwH-(-1)it! - _
R Gy = 4 2075(e) 3, [T lﬁu(R,z,t)

i=1 lliz
28 1 oms mlC L 0n3C
*{ Aoﬂlm + -z 32!11 (1 <1>) AST}lm A 3rrllm
11 1i

+ RER G Rz (A% + ATR - A% |

g
TO*q(OR : _
-~—-—3( RS e {in-ml B ik @) (R Soir LS - R i L5Y)
=1
r@+m) Pyt @0 (R G L - R i5m L)} (5.60¢)

where K Enm and K} fnm (x = 1,3) are given in Appendix L.
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LiSj and ij (i,j = 1,2) are given in Appendix I (eqns. (I- 12) and (I - 13)).

Rm12 202H2g(w) ;H-(-Ditl -1 = RI:(gR) onc
= - i R, ,t = b R, ,t A am
Capm (1) 1—21 x { T i1(R,z,t) o2 i1( )} 1
(5.61a)
m __ ; i#1.1 Rl
CRM2 (o 3 2epR (o) (MEED L o RIER) o R 20} adiC
i=1 (;H)? g;H2
. (5.61b)
Rm12 _mHCDH - 1s o RiyeRa o ons
Comm @D = 1_Z‘izoozwq(cn) & ey FuRan - =25 Gu®ao} AT
(5.61c)
Rm13 — H- (1) - T RILER) A o 18
CAmn @ t)—l_lemzmq(m){ ) BuRan - =2 QuRzn} At
' (5.62a)
RmI3 - — H-(-1)+ -1 RJ,(&;R)
CBnm 2m2H2R Fi1(R,zt) - Rz.t)t A nm
Bam (Z,1) = 1..21 @R (o) {55 H e Rt - =5 Qu )} Az
(5.62b)
Rmi3 - H-(-1)i*+1 - 1 RI,(gR)
C Com (zt)—l_lemZqu(w){ H)? FuRan - =25 Qu®Rz0} Ashm
: (5.62¢)
m ~1yi+l o _ ;
RT3 = Y 262K (o) (B LRy - 25 o R0} ALS

i=1 (1H)? g;H2
. (5.62d)

The matrices in eqns.(5.43) through (5.62), A, Acs , ASS, , A, , ADNE  AYIBS  ATWC @

= 1,4), Aanmp , Aommp (o= 1,3), Am.m[1 , Aanm and Aé,?m (o0 = 1,4), are given in Appendix L
(v) The load correction matrices : refer to eqn.(3.51)
By using eqn.(5.3), eqn.(3.52) can be written as

g* = Bgy By dig (5.63)
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where the matrices, Bg, and B, are tabulated in Table 5.1. Applying eqn.(5.63) to eqn.(3.51), the
following equation is obtained

~ 8df { KRS + v (KB + KE12) | Adj,

(5.64)
where the load correction matrices are as follows
R H 2n
* d
Kifh=5 | B ( j Py Bonm d6) By dz

- (5.65a)
2n

2 (| PY Boum d0) B dz (5.65b)
0 0
R H 2n
Kiz=5 [ BH( j Py Biam de) B,; dz , (5.65¢)
and Bonm = Bon PO Bor,

(5.66a)
Binm = Bor PO B,

(5.66b)
Eqns.(5.66) are given in Appendix H (eqns.(H - 3))

Considering eqn.(3.44) with Tables 2.3(1)~(3), eqns.(5.65) can be written as
H

KEgh = j B ;i Cos (zt) Bjdz

(5.67a)
(@=S,V,H,Rm ; B=0,12)

(5.67b)
{o. =H, Rm)
where

cry (z) ngm -7y CL

(5.68a)
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CEVY (2,0 = - 5 pEGv(D(H - 2) Com (5.68b)

| B

(5.68¢c)

1

& _ _ _1yi+] _
P =- Y GhoR - L FRzb €
i=1 i

. 0-1)i+12 P R
{HIH ( 1) ! FiI(R’Zst) - RJ:Z(EIR) Qi](ﬁa-z:t)} Cgl(l‘:)

cPRl ;0= Y 02H2Rq(0)
nm (2D 1221 q 7 e
(5.68d)
- - > i+l ' _
CPHl g =-GuoR T, s Ry Rz €S
=1 Wil i
- <l> <2>) C.?;i;

+4EGh(co)R-c‘{ D F oz (1-158 +1 5
1

k=

2 _ . _ >}
+ 5 Op@R Y DM {F i@t (K S Lt + K g Lot (1 - 8m)
k=1

+F nem (2,0 (K St Lpz + K tnaLip2) } (5.692)
& LH(-1ito1 _
CTRl = @R ¥, MU R €
i1 Rt T
- _ _ o0
-7 OT(Rc] Y p F ox(z.t)
k=1

-Nk+1 0 <2>

H(BHCEL G e+ Y Loyl
i =1 e+

2 . _ = _ -
-5 0QOR Y i {F i@zt (R Gois Lot + R Yo L) (1 - 8om)
k=1 '

+F pami(z0) B G Lz + K i L) (5.69b)

= S<i>

where K Grm, K fnr, K o and K §o (i = 1,3) are given in Appendix L.

LS and L; (i = 1,2) are given in Appendix J (eqns. (J - 13) and (J - 14)).
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R

CRoR (@) =7 prg(H - 2) Cam (5.70a)
_

P @ =- 5 peGy()(H - 2) Con (5.70b)
R _ (1)

C’ (0=~ 3 Gy(@R- CD™ gy Rty Che (5.700)
= 1
- __ H-CDHLL - RIER) . <

CTH (= 3, 0?HRG ) (e TR - =22 QuRan} €i
1= i i

(5.70d)

The matrices in eqns.(5.68) through (5.70), C%% (a.= 1, C, S, nC) and C}% (ot = 1, C), are given in
Appendix J.

The obtained matrices which compose the governing equatins of motion are summerized in Table 5.3.
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Table 5.1 Explicit forms of matrices employed in the discretization

=0, B=n o=z, PB=i
Nop |[sinm@cosne 0 0 0 0 Hiz) 0 0
0 O sinn@cosn® 0 O 0 Hi@ (1’
0 0 0 0 sinnb cosn® 0 ¢  Hi(@
(BXx6) 6x10)
where
" 10
Hig O
HQ — | 10 ]’
i (2) 0 H,Ig
(HigH]] 0 ©
HI (Z)= i0 11j] ] ;
UL Hij Hip
Bl0 sinn® cosn® 0 0 0 T H(z) 0 0 ]
of 0 0  ncosn® -nsinn® sinn® 0 lH%(z) 0
0 0 0 0 0 ‘R 1
| | 0 0 -“Hi
. 0 0 0 0 R
; 0 4% o o
i cosn@ O 0 0 0 B
{ 0 ncosn® -nsibn® sinn® cosn@ 0 Hoi'(z) 0
(3x10) (10x 10)
where
, T 10
HYG) =| 0% g ]
0 Hijp,z
, P 3|
H() = Hijg.z Hiji,z 3 3 ]
0 0 Hjg,z Hij,z
1
Bl 0 0 0 0 LNy
0 0 nncosn® -mnnsinn® R
nncosn® -Mnsinn® 0 0 (6 x10)
! 0 0
(M+n")sinm® (M+1"")cosn6
§ 0 0
(3 x6)
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Table 5.1 Explicit forms of matrices employed in the discretization (2}

(continue)
B&% sinn® cosn6 0 0 0 0 0 Hl L (lz)
0 O -n?sinn@ -n’cosn® ncosn® 0 —H;(2)
R2
0 0 0 0o 0 o - Lula o
1 RZ
i 0 0 0 0 0 2.1
i 0 o0 g}
!_nsinn® 0 0 0 0 = i(2)
i 0 ncosn® -nsinn® sinn® cosn® 0 - -z—Hli(z) 0
(3 x10) - R | -
(10 10)
* where ’
H' (2) =
[H{(l;,zz H{i,zz 0 0 ]
0 0 Hilé,zz HH,zz
O e [P e
» oyt - ‘I]Il simnn =ZTN° CO D2
(2n+n"ncosnd —(21+M )Slme(ﬂ]’ncosnﬂ )(-n’nsinne 0 R 0 1 H%(Z)
0 0 0 0 R?
| o 2@ o
PO 0 0 0 B '
g 0 0 0 0 0 o -
P (N7)sinn®  (M4)cosn®  mncosn -Nnsinn@ L R |
(3 x8) (8 x 10)
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Table 5.1 Explicit forms of matrices employed in the discretization (3)

(continue)
— I — 0|
B || sim@cosn®6 0 0 0 O | Hi@ 0 0
0 0  sinn® cosn® 0 0 | 0 H i(2) q,
0 0 0 0  sinn® cosn® | . 0 0 H (z)
o o ©0 0 0 o0 | “Hiz) 0 0
0 0 0 0 0 0 ' R
o o o0 o0 0 0 o lulw o
- | R 1..1
o o0 0 0 0 0 0 0 “Hi@)
0 0 0 0 0 0 — R
0 0 0 0 0 0 12% 10
ncosn® -nsiom@ 0 O 0 0 ( )
0 0 ncosn® -sinn® sinn® cosnd
0 0 -sinn® -cosn® ncosn@ -nsinn® |
| (6 % 12)
-0 0 0 HY2 0 o
B3} i
b 0 0 0 -l{ 0 Hi® 0 }
) RL ¢ 0 Hj
nncosn® -nnsinnd it - i(2)
0 0 Tncosn® - . *1-H i
- AAZ]
B 0 0 -(mm™sinng R
(6 x10)
0 0 0 ]
i 0 0 0
i 0 0 0
0 0 0
nnsinn®  (M+M"sinn@ (n+n")cosnb
{-(M+n")cosn®  mMncosn6 -Mnsinn®
(6 X 6)
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Table 5.1 Explicit forms of matrices employed in the discretization (4)

{continue)
B(:B ~ sinn® cosn® O 0 0 0 0 [ 1Y% o 0o |
0 0 sinn® cosnb O 0 0 0 H @ 0
0 O O O sinn® cosnd O 0 0 H i(2)
0 0 0 ©0 0 0 sinnd HY%z) 0 0
o o0 0 O ©0 0 O 0 0 Hi@
o o 0 0 ©0 0 O o luley o
0 0 0 0 0 0 0 R
’ - _ 0 0 Lhla)
i 0o o 0o 0o 0 ©0 0 _ R
i 0 0 0 0 0 0 0
t cosn@ 0 O 0 0 0 0 '
{ 0 sinn® cosn® O 0 0 0
0 0 0 ncosn® -nsinn®@ 0 0
0 0 0 0 0 -ncosn® -nsinn |
' | (7 x 14)
Table 5.2 Parts of mass matrices
matrix expression
- L -
M [uTHdz o 0
10x 10 0 x2) I
0 [ i Hjdz 0
0 x4 L
0 0 [ HiTHj dz
—~ 0 wx4e -
*s1 - L : 7]
Mt | HY ()um HY dz 0 0
x 10 0 . L .
(2 x 2) : .
0 j B MpamHj dz 0
0 (4 x 4) L
0 0 J- H liT (M1)am H} dz
— 0 (4 x 4) —
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Table 5.3 Obtained matrices

(* the pumber in the parenthesis denotes the equation number)

(-th order | 1st order
structural
mass matrices Mijsr?m © o (5.92) Mifnlm (5.9b)
M;inm
added M (5.15b)
mass mafrices .
M (5.15a) M2 (5.150)
Mijar‘nim
Mo (5.15d)
A (5.242) K2om (5.24b)
material
stiffness 02 K2+ &)™ (5.24c)
matﬁces Kijnm ) ) (5.25&)
Kifn K20 (5.25b)
K02, + (Kian)T (5.26)
Ko + KGima)T  (5.250)
geometric Ko S (539) Kot (5.35)
stiffness
GSO
matrices Kijnm (5.35) KEo1 (5.35)
G
Kijom KOMOB 4+ K% )T  (5:36)
KSom (5.35)
Ko (5.35)
KEP LT (536)
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Table 5.3 Obtained matrices (2)

(continue)
K{ve (5.35) KoVl (5.35)
(continue)

XS Ko (5.35)
KGnm + Kfmn)T (5.36)
Ko (5.35) KSom (5.35)
K§H2 (5.35)
K + KT (5.36)
K Gfmo (5.35) K9m! (5.35)
K‘%ﬁ-‘;’;‘,}z (5.35)
K + KT (5.36)

load K £SO PS12
e o (5.67a) K52 (5.67a)
matrices KEYO (5.67a) K2 (5.67a)

Kifﬁm PHO PHI11
(approximation) | K (5.672) K (5.67b)
K e (5.67a)
K5Rmo (5.67a) KPRmi! (5.67b)
KPEmi2 (5.67a)
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6. Governing Equations for the Dynamic Stability Analysis

The matrix form of equation of motion can be obtained by applying all the matrices in Table 53

to eqn. (3.2) as follows,

(MSjnm + Mifim) Adjm + KR + K - Kfjom) Adjn = 0 O (6.1)
where

Mz = Mifi +V Mijam | . 62

M, = ME9, + v (M + Mz + M) (6.2b)

D D01 D2 D3 D3
Kijnm = Kijom + Kijnm + Kijjnm + (Kjimn)T
D11-0 D11-1 D11-1 D12-0 piz2-1 Di2-1
+V {Kj5jnm + Kijnm + (Kimn T+ Kinm + Kijam + (K'imn )T} (6.2c)
G G(M)0 GSO GVO0 GHO GRmf)
Kijmm =K ij(nm + K53 nm + Kijnm + Kijom +K Jjam

G(M)}11 G(M)12 G(M)13 G(M)13
+v{ i(jnr)n +K i(jnx)n +K i(jnr)n +(K j(im)n T

FKEU LRI L kG + KT

+ KU LR kG - KT

+KGIL L RG24 KT + K Tmn)T

+ KO gORm2 4 kG + K ian )T} (6.2d)

P PSO PVO PHOQ PRmO
Kijnm = Kjjnm + Kijnm + Kijnm + Kiijrm
J

PS12  PV12 . PHIl | wPHIZ  PRmi1l , gPRmI2 |
+v (Kijoo + Kijam + Kijam + Kijnm + K'ijnm + K ijnm (6.2¢)
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As can be seen from egns. (5.43) and (5.45), the matrices K?j(f,‘f,)lo and K%p,’,[é,z can be decomposed to

time-dependent matrices and time-independent gravitational matrices.

KG.(M)O — KG(M)0<T>(0 + KG(M)(kg)

ijnm ijnm ijnm

G(M)12 G(M)12 G(M)12
K i(jm?n =K ( ij)nm<t>(t) +K ( ij)nm<g>

Eqn. (6.1) is recoganized by separating the time-dependent matrices as follows.

<0> <I> 5 <0> <l>
(M'jnm +V Mijnm) Acljm + (Kijnm +V Kijnm ) Adjm

+ (KFm(® + v Ko () Adjy, = 0
where

<0> s0 ad0
Mijnm = M'jnm + Mijnm

<l> sl adll di2 ad13
Mijnm = Mijnm + Mijnm + IVI?jnm + Mijnm

<0> Dot b0z b3 D3 G(M)0<g> GS0 PSO
Kijnm = Kijom + Kijnm + Kijnm + Kjimn)T + K (li\}l)img + Kijnm + Kijim

<I> P11-0 D11-1 D11-1 D12-¢ D12-1 D12-1
Kijnm=K ijnm + Kipnm + (K jinm)T+K iinm + Kijnm + (K jimn )T

GM)12<g> , ¢ GS11 |, GS12 = 1, GSI3 G513 PS12
+ K 5imm © + Kijnm + Kijam + Kijam + Kjinm )T + Kijnm

K‘E<0> KG(M)0<T> + KGVO + Kgﬁ;ﬂ + KGRmO

ijnm(t) = ijnm ijnm ijam

ijhm ijnm + ijnm

5 G(M)11 G(M)12 G(M)13 M
Kijnn?(t) =K 1(1nr)n +K ( ij)nrrfq:> +K 1(3111?11 + (K(%]'(im)lis)T

GVI1 , +GVI2 , ,GVI3 GVI3
+ Kijnm + Kijnm + Kijnm + Kimn) T

(6.3a)

(6.3b)

{6.4)

(6.53)

(6.5b)

(6.5¢)

(6.5d)

(6.5¢)
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GHI . GHI2 . GHI3 , - GHI3
+ K + Kfam + Kijnm + Kinm)T

+ K ijnm ijnm ijnm jinm

PV12 o PHIl . PHI2 , gPRmIl | PRmI2
+ K5nm + Kijam + Kijom + K'ijom + K jjnm (6.5%)

The global matrix equation of motion can be expressed considering eqgn. (6.4) as follows.

M(v) Ad + K(v) Ad + K*(v,t) Ad = 0 (6.6)

where

M) = M<®> + v M<I> (6.7a)
(101 x (N+1)) X (101 x (N+1))

K(v) = K<0> + v K<1> | (6.7b)
{101 x MN+1D)) X (101 % (N+1))

K*(v,t) = K<0>(t) + v K™=I>(t) (6.7¢)
(101 % (N+1)) ® {101 x (N+1)) ‘ '

Each global matrices consists of (10Ix10T) block matrices as illustrated in Fig. 6.1.

" In order to solve eqn. (6.6), the boundary conditions have to be introduced.

In the case of the cantilever tank with open roof:
Ady=Adim=0 (m=0,N) (at the fixed end) (6.8)

Therefore, the dimension of the matrices of eqn. (6.6) is reduced to {10(1-1)*(N+1)}x{10(I-

D*(N+1)}.

In the case of the cantilever tank with closed roof which is considered rigid, the following

condition is added to eqn. (6.'8)
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(M% o0
101X 101
(M%) 11 0
S
\\
<0 \\\
M = N
M
N
\
hS
0
.
Y
(M%nN
<1> _ §M<l>
M = 2 Mg
0 (M1 ox
MY 1k1 (M1 1441
-~ A Y
V4 AY
iy \
(M")nken (M) nen
/, \\
* A
. (M k1,1 MDNkN
M =
&)
(Mbxo
(MYk+1,1
N
\\
0 (M])m,m-k 0
\\\
(MDynNNk

(k : the coefficieﬁt indeces of egn. (4.2) )

Fig.6.1 Block-wise matrix distribution pattern of global matrices

( (1) mass matrices)
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[ 0
(K oo
0
K )11 0
<0> .
K = ’
& an
0
0
(K )NN_
K
<l> <l>
K“7=2 Kg
k=1
— 1
0 1 (X Dok
RCINS
l‘f
‘(K Yn,k-n
r '
(K k1,1
i 1
Ko =] &
(K 3)k+1,l
§~‘. I
(K ?m,m-k
0 \'\. 1
(K )N Nk

(k : the coefficient indeces of eqn.(4.2) )

1
(K )1,k+1 - 0

) (Kl )_n,n+k

Y N-k,N

Fig 6.1 Block-wise matrix distribution pattern of global matrices

( (2) stiffness matrices)
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- © -
(K oo (K )o1
10 10, G
Ko 11 KDz 0
0, 70, 0
K )2 (K2 (K )2
K 1.‘<0>) ) = \“.,\ ... "‘-..‘
I N S
(K )n,n—I (K )n,n (Kt )n,n+1
- (Kw)N-l,N
n (conbutionby 3 K Yy K O
vertical ground motion \

contribution by horizontal )
(ground motion and rocking otion

T<l> X <l>
K™= Kz ©
k=1

j 1 1 ] N
T T T
o KDok1 K ox E ok 0
1l 1l T 7l Tl
KDk2 )ikt ED)ix K Dixsn ™) igaz

_d s 1 o
K Dnsn1 € nien D nienst

o . | “‘u T
(K )n,n+k—1 (K )n,n+k (K ])n,n-i-k-i-l

"’ ". . '.' ‘\‘ “i‘ “\
- A . AxY
(Kﬂ) K i . ., .
k-1,0 - . . . .,
. e * AN 1
. ¢ > LY -
25 . (K NKIN
" LY rl - LY
&g
| . . . .
k, ‘\‘ ‘-" "\\ \.“ \“
t o . , 1l
(K ir1,0 ™, K kN
" . . .
. “‘ “. ‘\‘
. S e hS
T Tl 'cl) AR, |
(K l)m,m-k-l([( Jnmk (K ) mmien K INksN
t‘ *e .,
*. s *«
LN . ~
. -

LY e A

- “1.“. .‘; 1
— 0 (Kﬂ)N,N-k-l K vk EPINNies
(k : the cocfficient indeces of eqn.(4.2) )

Fig. 6.1 Block-wise matrix distribution pattern of gldbal matrices

( (3) time-dependent matrices)



PNC TN9410 91-393

Adp, = Adi =0 (m=0,N ; m#1) (6.9)

Therefore, the dimension of the matrices of egn. (6.6) is reduced to {10(1-2)*(N+1)+4 }x {10(1-
2)*¥(N+1)+4].

We express the equation of motion after introducing boundary conditions by the same form as egn.

(6.6).

In order to obtain the eigen values and eigen vectors efficiently, firstly we consider to solve the

following equation for each matrix block.
M(0) Ad + K(0) Ad =0 (6.10)

By using the obtained eigen vectors, the following relation is formed.

Ad=® Ad P (6.11)

SO TN,

10(1-1) x (N+1) {10(J-1) X (N+D)} X [ax (N+1)} ax (N+1) :
* for the case of an open cantilever tank

where a (a<<]) is the number of mode shapes. The matrix form is illustrated schematically in

Appendix K.

The reduced matrix system can be obtained by applying eqn. (6.11) to eqn. (6.6).

M(v) AdO + R(v) Ad® + K(v,t) Ad® = 0 6.12)
where
M(v)= OT M) @ =T+v M’ (6.13a)
{ax (N+1)] x {ax (N+1)]
R(v)=0TKy) ®=A+V K’ (6.13b)
R(v,0 = ®TKv;) @ =G(®) +vR"®) | (6.13c)
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M(v) and K(v) are semi-diagonal matrices which have first order off-diagonal terms. A and G(t) are

illustrated in Appendix K.

By solving eqn. (6.12) with excluding the last term, Ad(® can be expressed as.
A =Q Aq (6.14)
where Q and q are a modal matrix and generalized coordinates, respectively,

M(v) and K(v) are orthogonalized by applying eqn. (6.14) to eqn. (6.12). Adding a modal damping
matrix for the completeness of the stability analysis, eqn. (6.12) can be translated to the following
form.

S
Aq +C Aq + A Ag + Z { G1 cos(swt) + G} sin(sot)} Ag=0 (6.15)
s=1

where C and A are diagonal matrices of damping and natural frequencies, respectively. The

components of the matrix C are given by -
Cin = 2Gin0in (6.16)
where (i, is the damping coefficient associated with eigen frequency oy,

The form of egn. (6.15) is commonly referred to as the coupled Hill’s equation. The dynamic

stability can be analized by applying the criteria established by Hsu [7] to eqn. (6.15)."
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7. Numerical Examples

7.1 Instability criteria

In the previous section, the final equation to evaluate the instability regions is obtained
(eqn.(6.15) ). If we consider only one dominant excitation frequency, eqn.(6.15) is simplified to

AqQ+CAq+AAq+eG Aqcoswt=0 (7.1)

where © and € represent a typical dominant frequency and the normalized amplitude of the seismic

excitation, respectively.

A superposed dot denotes time differentiation and q is the generalized coordinate. When mass
proportional damping is adopted, the i-th and n-th component of the damping matrix C is given by

wF ' |
A for i=1, I and n=1,N (7.2)

Cin= 2§min
Wmin

where I and N are the total numbur of modes in the axial and the circumferential directions,
respectively. ®min and {min are the lowest natural frequency and the corresponding damping
coefficient, respectively. A is a diagonal matrix of the natural frequencies of an imperfect cylindrical
shell, m?‘n. G is the coefficient matrix of the time-dependent matrix obtained by

£ G cos ot = QT (G(1) + v K¥(1)) Q (7.3)

The dynamic stability analysis can be performed by the same criteria used by Liu and Uras(3],

2 _5)2
| B (T (1.4)
& ©F

In eqn.(7.4) @, £, and © are given by follows in terms of the circumferential wave number n and m
and the axial mode number i and j.

© = Wi + Wjm : (7.5a)
2 3 o3
ec2r - lﬁ?.c..mm Win Qjm (7.5b)
Omin Gijom c'_jimn
c= &“ﬂ (co;fzn + Cﬂj%n) (7.5¢)

Omin
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Considering the interest in seismic analyses, two lowest axial modes are enough for each
circumferential wave n to make the stability charts. Since the displacement vector inctudes not only
symmetric part {cos n9) but also antisymmetric part (sin n0) with respect to the axis of 6 = 0°

(eqn.(5.4b) in Section 5), in this case,the axial block matrices become

gll glz gw gm
_| G21 G22 G23 Gas
@hm=| G3; G33 G33 G4 (7.62)

G41 Gaz2 Gyg3 Gasa
If only symmetric deformations (cos n8) are assumed, the matrix of eqn.(7.6) can be reduced as

_[ G111 G2
(Ghm = Gy G22] : (7.6b)

7.2 Applications .

In this section, example analyses are shown. The examples are from the experiments by Chiba
et al.[4],

Uras and Liu used it as well, comparing it with their analysis results assuming perfect shells
18],

The specification of the test opecimens is shown in Table 7-1. |

In order to identify the effect of imperfections, four simple i'mperfections are aésumed
separately, i, e. cos9, cos20, cos30 and cos46.

THe number of circumferential waves and the number of eléments in the axial direction of the

analysis model are 20 and 10, respectively. 1.0 x 10-4 was chosen as Cmin-

Table 7-1 Shell and fluid material data

Shell and fluid data Chiba et al.
R Radius 0.1m
* h  Thickness ' 0.0025R
L. Length : broad 1.607R
tall 2.270R
E Young’s modulus 5.56GPa
v Poisson ratio 0.3
p Shell mass density 1.405 x 103 kg/m3
pr Fluid mass density 1.0 x 103 kg/m?
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(1) 50% full tall shell4]

perfect shell
Table 7-2 shows the comparison of experimental and theoretical buckling fiequencies due to n th

and (n+1) th circumferential coupling. The present results are very close to those by Uras and Liul81,

Fig.7-1 shows the stability charts according to the analysis by Uras and Liul8], the present
analysis and the experiments by Chiba et al.[4] The regions of the present results without
imperfections are between those by Uras and Liu and those by Chiba et al, however, these are closer
to the analysis results obtained by Uras and Liu than the experimehtal results obtained by Chiba et al.

Table 7-2 Comparison of experimental and theoretical buckling frequencies.due to n th and

(n+1)th circumferential coupling for a 50 percent full tall shell.

Expérimental[4] Theoreticall8] Theoretical (Present)

n n+l frequencies (Hz) | frequencies (Hz) . frequencies (Hz)
6 7 ' 100 _ 103 103
7 8 108 110 110
8 9 117 119 119
9 10 130 - 133 133
10 11 147 151 151
ETRRRY 168 | 174 173
12 13 | 182 202 200
13 14 212. ' 234 231

imperfect shell

The main influences of the imperfection of the shell are;
1) changes of the natural frequencies.

2) appearance of the high order instability regions.
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These can be explained from the patterns of matrices. If we pick up the case of the imperfection
pattern, cos48, as an example, the matrix block patterns of the mass matrix and the time-independent
stiffness matrix (eqns.(6-7a) and (6-7b)) can be illustrated as Fig.7-2 (the breathing modes (n=0) are
eliminated and the total number of the circumferential waves is 20.). In this figure the black squares
and the shaded squares represent the Oth order sub-matrices and the 1st order sub-matrices which
appear due to the imperfection, respectively. And the white squares represent 0 matrices. The
Jocations of the shaded squares are determined according to Fig.6.1 (1) and (2) for k=4. The time-
dependent stiffness matrix is also illustrated as Fig.7.3. The locations of the shaded squares are
determined according to Fig.6.1(3) for k=4.

After trensformation by the eigen mode matrix which is obtained from the eigen-value analyses of
eqn.(6.10),the mass matrix changes as shown in Fig.7-4. The Oth order diagonal block matrices
become unit matrices, however, the pattern of the 1st order matrix doesn’t change (eqn.(6.13a) ).
The time-independent stiffness matrix also changes as shown in Fig.7-5. The Oth order diagonal
block matrices become diagonal matrices which consist of the natural frequencies of a perfect shell.
The pattern of the 1st order matrix doesn’t change either (egn.(6.13b) ). On the other hand, the
pattern of the time-dependent stiffness matrix doesn’t change (eqn.(6.13c) ).

After solving the eigen-value problem of eqn.(6.12) with excluding the last term, the natural
frequencies and eigen modes of the imperfect shell can be obtained. Oth order natural frequencies are
slightly changed by the effect of the 1st order block matrices in Fig.7-4 and 7-5. The eigen modes
* which belong to the wave number () are no longer pure, that is, the small components which belong
to another wave number (m) appear in them due to the effect of imperfection. Consequently, after the
second transformation some new block matrices appear in the time-dependent stiffness matrix as
shown in Fig.7-6 with the cross striped squares. The components of these block matrices are usually
very small. However, they become bigger with increase of the amplitude of the imperfection. In this
case the combinations of circumferential waves of the instability regions are;

1) nandn+l ; main regions
2} nand n+2m+1 (m=1,9) ; higher order regions

Fig.7-7 through Fig.7-10 show the stability charts with excluding the main instability regions for
the imperfection patterns of cos6, cos20, cos38 and cos48, respectively. The patterns of the

combination of two different modes, (i,n)-(j,m) (see eqn.(7.5a) ), due to the imperfections are ;
1) cos® (i,n)-(j,n) and (i,n)-(j,n+2)

2) cos20 (i,n)-(j,n+3)

# The combinations of (i,n)-(j,n+1) are absorbed in the main regions.



PNC TN9410 91-393

3)  cos30 ; (i,n)-(j,n) , (i,n)-(j,n+2) and (i,n)-(j,n+4}
4) cos40 ,nm-G,n+3) , (,n)-G,n+5) , (i,n)-(j,n+7) and (i_,n)-(j,n+9).

In the case of cos40 imperfection, the last two combinations are obtained by the higher order
block matrices which appear after the second step transformation of the time-dependent stiffness
matrix.

Generally speaking, the higher order instability regions grow bigger as the imperfection
amplitudes increase. However, there is the possibility of the interference among two or more
instability regions which have very close combination frequencies to each other. As the result the
phenomenon will not be simple. As an example the case of the imperfection cos 48 can be focused.
In Fig.7-10 the instability regions of (1,3)-(1,10) and (1,3)-(1,12) do not appear in the chart at the
imperfection amplitude v = 2.5x10-3, and they become very large at v = 5.0x10-3, However, they
become much smaller at v = 1.0x10-2, It is inferred that a kind of resonance has occurred. As can be
seen in Fig. 7-1, the main instability regions of (1,10)-(1,11) and (1-11)-(1-12) are very close to the
regions of (1,3)-(1,10) and (1,3)~(1,12), respectively. Table 7-3 shows the compérison of these four
combination frequencies corresponding to v values. The frequencies of the main instability regions
and those of the higher order instability regions are very close, but those at v = 5x10-3 are much

closer to each other than the rest.

Table 7-3.. Comparison of combination frequencies

v ® (1,10-(1,11) Hz) | ©(1,3)(1,10) Hz) | difference (%)
2.5 x 103 150.67 - 151.05 0.252
5.0 x 103 150.59 150.55 - 0.0266
1.0 x 10-2 150.40 . 149.84 -0.372

(@ B (1,10)-(1,11) and ® (1,3)-(1,10)

v B (1,10(1,12) H2) | B (1,3)-(1,12) Hz) difference (%)
2.5 x 103 173.14 173.53 0.225
5.0 x 103 173.09 173.05 - 0.0231
1.0 x 102 172.95 172.39 - 0.324

® B (1,11)-(1,12) and T (1,3)-(1,12)
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Fig.7-11 through Fig.7-14 show the changes of the natural frequencies of first axial modes
~ according to the amplitudes of the imperfertions v for each imperfection pattern. In the case of cos
imperfection (Fig.7-11), the natural frequencies almost do not change with respeét to the change of
the impefection amplitude. In the case of cos 28 imperfection (Fig.7-12), the natural frequency of
wave number 1 (the beam mode) increases with the increase of the imperfection mﬁplitude. This
seems to be reasonable, since the shape of the shell Cross section is slightly elliptical due to the

imperfection and the direction of the longer radius corresponds to that of the excitation. In the case of

cos 30 imperfection (Fig.7-13), the frequencies of wave numbers 1, 2, 4 and 5 decreases slightly
with the increase of the imperfection am’pl_itude. In the case of cos 40 imperfection (Fig.7-14), the
frequencies of wave number 1, 2 and 4 increase with the increase of the imperfection amplitude.
However, those of wave number 3, 8, 7, 6 and 5 decrease.

It should be noted that the high order instability region,the combination of (1,7) and (1,9), which
was observed in the experiments by Chiba et al, can be found in the present analyses of cos8 and

cos36 imperfections as can be seen in Fig. 7-7 and Fig.7-9.
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(2) 75% full tall sheli [4]
perfect shell
Table 7-3 Comparison of experimental and theoretical buckling

frequencies due to nth and (n+1) th circumferential
coupling for a 75 full tall shell

: Experimental[4] Theoretical 8] Theoretical (present)
frequencies frequencies frequencies
n n+l (Hz) (Hz) (Hz)
5 58 58
6 7 66 67
7 8 80 81
8 %6 97
9 10 114 116
10 11 ‘136 138

imperfect shell

Fig.7-16 through Fig.7-19 show the stability charts with excluding the main instability regions for
the imperfection patterns of cos8, cos20, cos30 and cos48, respectively. The patterns of the

combination of two different modes, (i,n)-(j,m), due to the imperfections are the same as the
previous example.
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8. Discussion

In this chapter the main points obtained by the numerical analyses are summarized and some
discussions are made

Identification of high order instability regions

The high order instability regions, which cannot be.obtained by the analysis assuming a perfect
shell, have been observed from the experiments [4)].
The possibility of the occurance of these high order instalibtiy regions has been verified by the
present anelyses which include the effects of circumferential imperfections of a shell.
In the numerical analyses only one circumferential wave of imperfection is assumed for each case.
However,the actual imperfections should be the combination of many waves of imperfections.
Therefore, the actual measurement data will be needed in order to compare the analysis with the

experiment.

Shift of the natural frequencies
The natural frequencies are affected by the circumferential imperfections. And which natural

frequencies are affected most depends on which circumferential imperfection is assumed.

Also the amount of shift depends on the imperfection pattern.

From the numerical examples it is observed that the influence becomes larger according to the
increase of the coefficient of 8 in the imperfection pattern function for the same imperfection

amplitude .

Size of high order instability regions

Generally, the high order instability regions grow larger as the imperfection amplitude increases.
However, there is the possibility that some tricky behaviors occur by the interference among
instability regions as mentioned before.

Practical application
In this paper very simple single imperfections are considered as the examples, However, the

imperfections of actual shells will be expreséed as the combination of many single waves of
imperfections. And it is obvious that the instability regions are affected by not only the amplitudes
of imperfections but also the patterns of imperfections.

Therefore, the actual measurement data of the imperfection are necessary to compare the
experimental results with the analytical ones as precisely as possible. However, it is not better
choice to do analyses for each shell in the real situation. In order to establish a rational design
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method based on analyses, it is important to understand the tendency of the imperfections based on
the actual dimensional data base, considering the manufacturing processes. '
Based on this data base, the analysis models should be composed.
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9,Conclusion

The detailed analytical procedure to solve the dynamic buckling problems of cylindrical shells,
which considers not only dynamic fluid - structure interaction and modal coupling in both axial and
circumferential directions but also circumferential imperfections, has been described in Chapt. 2
through Chapt. 6. And some simple example analyses have been carried out to demonstrate the
effect of the imperfection in Chapt. 7. In Chapt. 8 some key points for the analysis of imperfect

shells have been discussed.

Through the example analyses, some characteristics due to the imperfections have been
clarified. Also the possibility of the high order instability regions, which were observed in the

experimental results, has been verified.
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Appendix A

Cor (@=L Z Z { & j o (C.00) cos(uig)dg
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0

A
nk
+ By

0

-:-..-—..WI
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3|

M

il

R 2n
+b3% | Tm@o) In@Enrdr} | n(0) eimme o
T 0

2 H
1

+ — [ f 17 @8 cosud) ein® dg do (A1)
n{H - % sin2 (ugH) } i L,GGR)O 0
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gnmki= Im(p'kR) : : — aik (A_za)
{H - f; sin? (xH) )} fif Im(GR) InGER)
nk -2
B (A-2b)
m: 2 i v e
Rt + nd) (H - £ sin? uin) (1- 2 ) 1n(@R) LGER
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(&iR)
anmk1 Im(4R) — Sy (A20)
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Gmi—_2~ — e ( — ) ——— (A-2d)
R2ip(ef + i) {H - = sin? (H) I 1- Jm (ER) In({kR)
? ER)?

—104-



PNC TN9410 91-393

Appendix B

Fin (,2.0) = PE ' In ({5r) cos(;z) edot B-1)

{1- gfﬁ sin2(uH) } (iH) I (GR)

PF

(eil‘z)(l- n> )Jﬁ (ER)
ER)2

Qin (r,z,t) =

w2sinh (g;H) - g;g cosh (g;H)
®2cosh (g;H) - g;g sinh (g;H)

x { sinh (g;z) - cosh (eiz) } Tn Bir) edt  (B-2)

A , .
Al @Tz0) = Bﬂmﬁ%’i I, (fi;r) cos (pz) ejot

wR
. _ prm I, (!Ill_{) I, (lflr) co!s (p_li) e*j.ﬂ)t 30 .
AR { H- -ag); sin2(wiH) } 2 In (GR) 1, (TiR)
A% 2.0 =228, @) cos (i) e
__PF ﬁ_lgﬁ(ﬁiﬁ)‘ln (iir) cos (ilil) ‘e“"“"_ (B-3b)
= {H- o sin2(wH) } I (ER) I, (T:R)
(ho-mln R o
R2? 1i3? I (fLiR)
ﬁi‘?. .z =LEm ﬁnmki Iy (fikr) cos (pyz) et
R
2 In (X ot
_ pr m I, (gr) cos (Liz) e (B-4a)

m2
(ER)?

3 [ (edeud) { - £ sin2qun ) (1-22) 1, @R L (1R
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2 pg £ InER) In (Fir) cos (lyz) edot

2 U T,

R [Ty (e3+ud) [ H- f;sinz(ukﬂ) } (1- ('TR)Z ) 12 (ER) 1, (LR
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}(rg (rszvt) =-

; I, (ER)  a;
(B2 InER_gg)
RZ é‘iz Jm(giR)
= 2n R R 21
Cin = ( LER) 1) j 1°(8) sind ein® do + M _[ N(6) cosO ein® do
Ri; 1GLR) O I ({I;R) O
(B-5)
2r

w  _ 2T
&2 R2 .
D= [ n°(6) sind edn® do + &° R* 1 ER)
0

j n(0) cos® e-ind do (B—6)
HLER 0
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Appendix C : The effect of a lumped mass (see Fig.C-1)

By integrating eqn.(4.1b) after substitution of eqn.(4.1c), an integration constant which is the
function of 9 is obtained. If we assume the shearing membrane force by

N - 4 siny ~ A (sin® - viy’cos6) (C-1)

the total shear force should be equivalent to the shearing inertia force by the lumped mass.

2r
Eﬁ N (ZM\,,) sing Rgdy~AR I (sin® - vni’cosO)?2 (1 +vn) dO
0

=A 7R (1 +%v c5)
=M (Gy(t) + L; q (1)) (C-2)

Therefore,

~ ML GO+LiGgO) 1-3ved (©3)
nR

Consequently,

NG = M Gy + Ly § ) (1 -3V c§) (sind - viy’cosd)
TR

~ M Gy + L1 § () {sin® - v (W°cosd +3 v & sin6) (C-4)

nR
By integrating eqn.(4.1a) after substitution of eqn.(4.4a), a linear function of z can be obtaind. The
axial membrane force induced by the horizontal ground motion and / or rocking motion has to be zero
at the location of the lumped mass(z=L,), and the axial membrane force induced by the vertical
ground motion and the gfavity has to be a constant value which is equivalent to the value divided the

_axial inertia force by the developed length of the tank cross-section.
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N = M G+ Ly g ) Ly -2)
nR2

{cosd - v (1 + 1"")cos - ’sin6 + % c$ cos0)} + —M-: (Gu() -g) (C-5)

Tt can be shown by using eqns.(C-4) and (C-5) that the equilibrium equations are satisfied.

Total axial force

$ NEPR dy=M(Gu1)-g)

Bending moment

$ N PR cosdR, dy =M (Gx(® + L1 4(®) L1 - 2)

q(®
M (lumped mass)

Ga(t)

2nR

<>

Y 7L

11

Vot i e

Fig.C-1 Effect of a lumped mass
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Appendix D
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0 _

2%
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0
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2
NS = _[ 17(8) cosn® sinm® db = - 5 {SIgn (m-n)-(n-m)? ¢y + (M+mM)2 Cpim ) (D-3c)
271 _
ﬂnm = _[ 1’(0) cosn® cosmb db = - 0 {(n m)2 Cip + (04m)2 Cuem } (D-3d)
2n
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-0
27
Moo = j n”’(8) cosn® sinm0 d = - g {(0-m)3 cppSy - (14m)3 Cpim} (D-4c)
2%
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2n
nnm = j 17°*(0) sinn® sinmO do = g— {(n-m)? o - (n4m)? Cpim } (D-5a)
2n
Nom = _[ 1"°"(8) sinn® cosm6 do =-g- {sign (n-m)-(n-m)? Cpom + (N+m)4 Cpim ) (D-5b)
0
2n
Nals = I 7”*(8) cosnd sinm0 d0 = {sign (m-n)}(n-m)4 cip’m + (+m)4 chim} - (D-5¢)
2%
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21
nsnm OJ 1(0) sind sinnd sinm d6
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Tls;:’?n = 0'[ 1°(0) sinB sinn® cosmb dO
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21
11;3;1= 0_[ 7°(0) sinb cosn sinmBO dO
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2rn
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2
nsnm I 7’(0) sind sinn® sinmB dO
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(D-8b)
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T[snm = J 7N7(9) sind cosnd sinm@ dO
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2R
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+ (n+m-1)2 cpymne1 + (+m+1)2 cppiit ) (D-13c)

2m
T]crf& = j 17(B) cos® cosnd cosm6 do
0

Tt [ c c ‘C
=-7 { (n-m-1)2 cpm 11 + (-mM+1)2 Clymeqt + @4HM-1)2 Cpyn g + (0HMF1)2 Cramet )

(D-13d)
2%
Nenm = _[ n’(0) cosf sinn® sinm6 do
0
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Appendix E : Cases of m=0 or n=0

(i) structural mass matix

(n=m=0)
M;j00 = 2ph R Mg} | (E-1)
where
L | _
Oj H (o);; dz . 0 0
Mgy, = 0 OJ' H (o) dz . 0 | (B-2)
0 o j H(()%ij dz
- 0 -
and
B ds=[ o Hi‘S(z%H%S] (B-32)
~ 00 0 0 ]
00 0 0
Hoi=| 4 HloHkn HioH (3
- 00 H{lH(z) Hii@Hji(z) -

(i) added mass matrix

2pR 1 R)
M = 2n Z ﬂ*—"g‘ﬂ—f A g (E-42)
¢=1 pgH Ip(eR)

where

(E-4b)

fom len)

—_
oo
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(iii) material stiffness matrices

L
Kgg(g;znoj B'Y Cl)BL dz (E-5)
wfere
o EmR [CAd 0 |
c%&’,:——[ 0@ do ] (E-62)
152 B(0)
and
— 0 0 0 0 0 07
0 1 000V
10 0 000 O0O0
Ca={ 0 0 0 0 0 O (E-6b)
0 0 0 0 0 O
.0 v 0 0 0 1 4
ro 0o 0
I-vi 0 0 0 O
CBI(%FT[ 00 0 o} | | (E-6c)
0 0 0 1
L _
Kggﬁ = ZnOI B ZSiT C%OO) Bi? dz : (E-7)
where
EnR [c2d o
Co=—"— [ g(o)c 20 (E-72)
12(1-v2) B(0)
and
0 0 00 0 O
01 0 0 00
2 - 0 00 0 0 O
Cio=/ 0 0 0 0 0 0 (E-Tb)
00 0 0 0O '
0 0 0 0 0O
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| Ki‘j’{?o_-znj BT Cgy B dz

where
3 Eh3 [Culy 0
Coy=—""_ [ 3(°)c 3 ]
12(1-v2) B(O)
and
— 0 0 0 0 0 07
0 1 0 0 0 O
5 0O 006 0 0 0
Cagy=| 0 0 0 0 0 0
0O 00 0 00
0 v 0 0 0 04
ro o0 0 0
C 3 _l-V[ 0 0 0O 0]
BO=72 [0 0 1 O
_ 0 0 0 1

(iv) geometric stiffness matrices

{m=n=0)

AIOO RJBI (B)de 27R -

ScCOoOooOoOo

2T
AL =R J B ,39(6)d6 = 27K -

OO Oo
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CO—=OO O
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COOOOO

COoOOOO

—_—OoOOoOOoO O

il Jo-Ro ol o)

(E-7¢)

(E-8)

(E-9a)

(E-9b)

(E-9¢)

(E-10a)
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(E-100)

OCOC—OO

oCocoooe
cococooT
COOO00Oo
CO0O00D

SOC0CO0OOO
I

2nR -

_[ B 55%(0)d0

0

27
R

1,m=0)

(n=

(E-11a)

1
OO —O
OO
OOoOmOOoO
COoODOOO
—oCOo00

cCooooo
| I |

=nR -

J sin®-B S%(0)d6

Phis
=R
0

0s
110

A

(E-11b)

cCooT—o
CoOCa0O
OO D
COoOLOOD

SCOoOOOoO0O

0

CcCOoOOoOT OO

ﬂu[
R -

j sin9-B O4(0)de =

21
=R
0

Os
Arip

(E-11c)

A |

oo o0O

COOCOOO
coooT®
CO0CO o0
COOoOoO

COOCOOoO
- 1

I sind-B 14(0)d0

2%
0

{n=0,m=1)

(E-11d)

1
CoOOQo

00.0001
oo
COoOO—=0O0O
e Jleor 3 o con i evn J e

O OOoOOoOCo
| I ——

= 1R -

J sin0-B $9(0)d0

27
R
0

Os
A101

(E-11e)

1
COO—~OO

ooocoo ™
coocoo
COO—0Ogo
ocoooCco

COoO0OoO0O
1

=nR -

'[ sin6-B 39 (0)do

2T
=R
0

Qs
Asp]
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00 0 00 O
2 0 -1 0 00 0
Ag%%:faIsine-Bg%"l(e)de=n1‘i- o090 %%2 (E-119)
0 00 0 00 0 -
00 -10 0 -1
(n=1,m=0)
00000 0
om 01000 0
Al"ﬁ]:RJ cos8-B $4@d0=7R-| 9 0 9 0 o 3 (E-122)
0 00000 0
00000 1
0 000 0 0
om | 000000
afo=R [ coso-BToe=R-[ 0 0 0 § 0 ¢ (E-125)
0 000 -100
00000 14
0000 0 0-
on 0000 0O
Affo=R | cose-Bsfh@o=nR-| 5 0 0 0 o ¢ (E-12¢)
0 {oooo0 0o
000 -100-
(n=0,m=1)
000000
om 010000
Al%"l:ﬁj cos0-B @0 =nk-| 9 0 5 9 0 9 (E-12d)
0 00000 0
00000 1-
00000 O
o 00000 0
A2%°1=I_{jcosB-Bz%()l(B)dE):nﬁ- Sopre 0 (E-12¢)
0 00000 0
.00 10 0 1
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0O 0 00 0O
27 1 000 00
A300°1=RjcosG-B3%01(9)d9=nﬁ- 0090009 (E-12f)
0 0 0 00 0O
0 00 -1 10
(v) load cofrection matrices
(m=n=0)
"0 0 0 0 -J ]
0 0 20 0 0
o1 0o 0xJ J J| O
Coop=2n| 6 ¢ J 0 0| 10x%4 ' , (E-13a)
J 0 o0 0 0
0 0
- 4%10 4X4
where J=[ 8 ? ] ~ (E-13b)
(mm=0,n=1)
00 0 0 -J ]
0 0 20 0 0
0c 0o 0 g J 0 |0
Cio=n| 0 0 J 0 0 |14%4 ‘ (E-14a)
J 0 0 0 0
0 0 JT0 0
0 JT 0 0 0 ]
where r=| * o] (E-14b)
(m=1,n=0)
Oc _ ~0cT
Co1=CHo (E-14c)
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(m=0,n=1)
0 0 o0 o0 -J7
¢ 0 20 0 0
0s 0 ORJTITO 10
Cio=n| 0 0 J7T0 0 1434
JT0 0 0 0
o 0 -J 0 0
0 J 0 0 0O
and
(m=1,n=0)
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Appendix F
5 10
Cm=.Eh_R[CA "m} (F-1a)
where
1 0 0 vmv 0
0 1 ym 0 OV
Cl,f= 0 vhnm 0 O n : (F-1b)
66 -vn 0 0 nm -n0 .
v 0 0 -m 120
. 0 v.m 0 01 .
v 1-v
1Tvnm 0 0 —z\in
0 lévnm - l-zvn 0
cll- (F-1c)
dxd 1-v 1-v
0 -7m 7 0
i-v 1-v
| 7m0 0 5]
Chm = [ ;ﬂm clio (F-22)
ox10  1-v2 Bnm
~ where
M1)nam 1\_“1'1(“3)nm\7(1']1)nm .
110 -
Chom = Vn(T]B)n'Il‘n nm(N2)am n(ﬂz)gn (F-2b)
6x6 -
V{MNam MM3)am Midim
— T
C§i21=1%|: nm(N2)am N(M3)mn j| (F-2¢)
m(n?:)nm (Tll)nm

* (N Dam, M2)am, (N3)nm, : see Appendix G.
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where

111
Ccomm =

6x4

i1l
CDnm =
4x2

£ Mams M2 @nm, MDams N3 : ¢ Appendix G.

C20 =

10x10  12(1-v2)

where

6x6

V_m(nf%)nm \7{ (Tl l)nm'*'(-n:i)nm }
Aam(M2)am 1{M3)mrH1N3)emn)
L m(N3)am (M +tM1)om)

1-v
Tﬂm(n?)nm

1-v

| 7 m (M3)am

ERR [c%{’ 0 }
0 C¥

1 0 -vm2 0 0 -vm
0 1 0 -vm2 vm 0
v

2 0 n2m2?2 O 0 nZm

—-1256~
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- 1-v
1—Y-r1m 0 0 —2—n
bl 1-v
0 lz—vnm - —%n 0
C¥ =
4x4 1-v 1_—\?_
0 - —2—11’1 2 0
RTINS 1-v
_ }%m 0 o = |

210 _ ER’R [cﬁ,‘l?n 0 }

= 210
10x10 12(1-v2) 0  Cgom
where
Mam  V2MDam VO(M3)am
210 -
Canm=| -Vn2(N1)nm 12m2(N1)nm 120N 3)0m
6x6 _
V(M2 -0M2M3)mn MMM 2)nm
c210 _ 1_\2[ MM 2)nm HN3)mn ]
4x1;m 2 m(n3)nm (nl)nm
* (Monm (0=1,3) : see Appendix G.
i1 EWR [ CcRll o
Com =—— """ o211
10x¢  12(1-v2) Bnm
where

VI {2MDamtMDnm ) V20N Dnm-M3nm }

211 » ,
Chanm = -n2m{2(M3)am+M2)om} n?m{2mM 1)am-M3)am}
6x4

| 0 2MemtM2am}  -0m{2mM3)mn-M2am )

211 _ _I_-E[ 0{(MN3)mrtM3)mn} MMM 2)nm ]

C = "
4];’»::1 2 MDam+Mam M(M3)om

* (Nodam, (nt’x)nm, (n;)nm, (a=1,3) : see Appendix G.
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C3 =
10x10

where

Eh3 [c};’: 0 ]
3
1avyt ¢ Cs
1 0 -vm?2 0 0
0 1 0 vym? vm
0 vn O -nm? m
vn 0 nm? 0 0
\2 0 -m?2 0 0
0 v 0 -m2 m
nm 0. 0 n
1-v nm -n 0
2 0 -m 1 O
m 0 1
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Appendix G
[ Mam Nam | Cinmi - Cnsm  : SISO(-M)ClnSm + Cnsm
= == G-1a
(M1)am cs cc 2] . s s . c c ( )
. MNom Nnm sign(m-n)Cipoml + Cptm : Cln-ml + Cn+m
] nnct?n ‘T]rfgl T cIn-cml + Cnfm : Sign(n'm)clnfml - Cp fm
(M2)om s 2| s - . . ( )
L ~Mam Tinm sign{m-n)Cip.ml - Cp+m - Ci-ml -~ Cn+m
Mom Mom | | SigN-M)Cm + Cndm © Ol + Cosm
M3)om = s =5 . . . . . (G-1c)
Nim “Mnm Cln-ml + Cn+m : sign{n-m)Cip_ml - Cn+m
T T e
(M Dme = M)am, MDmn = N2)m (“T” , mé>n) )
, Mam  Tom T In-mlci’mi - (n+m)Coim : (M-N)Cinn! - (n+m)c_n-€m
(Mt)am = 'cs "cc 2 c c . ] 5
Mnm TNnm (M-m)Cip-ml - (MHM)Cpepm : IN-micym + (M+HM)Chim
(G-2a)
, Mom  Nom | | I-mlciim + (@4m)cn i : (M-0)Cin Sl + (A+M)Cnim
(M2)am = 's¢ ’ss 2 c c ., s s
“Nom Mnm (n-m)Cip-m + (ntmM)cpiy : In-mlcip’m - (D+m)Crim
{G-2b)
, Mom Moam || (M-0)Cinmt - (+M)Cyim @ -In-mlCip’ + (R+m)Cnim
(ﬂB)nm - cc cs 2 s 5 . c c
Mam -“Nam In-mlcym + (N+M)Cpym 1 (M-0)Cip’mi + (N+HM)Chim
(G-20)

( (ni)r?l.n = (Tl'i)nm , (‘ni;.)tgn = (né)nm )
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] Nosy T
M1am =

Nogs Moo
P (n'm)zclnfmi - (n'l'm)zcn fm : Sign(n‘m)'(n'm)zcinfml_ + (n+m)2cn4§mj|
- -i .
sign(m-n)-(n-m)2Com + (0+m)2cy fm (n-m)2¢ m + (n+m)2cy £
(G-3a)
. Nney o
M2)am = hee s
‘nnm T|nm
n[ (n-m)2Ci S + (HM)2Cn5m  : sign(n-m)-(n-m)2ciim - (n+m)zcnfm]
- f .
Sign(m‘n)'(n'm)zclnﬁml - (l‘l+m)20n.§m - (n‘m)zcln?mf - (l‘l+m)20nfm
' (G-3b)
. Moy T
(Tl3)nm = " .
nn(r:;l: ‘Tlnms
T Sign(n'm)‘(n“m)zclnfml + (n+m)2cy i '(n‘m)zcln?ml + (n+m)2cpim
=7
-m)2 S + (M) 2Chsm ¢ sign(n-m)(n-m)2cinim - (M+m)2Cqim
(G-3c¢)

(D = MDam, M2om = MDnm )

ik

Y "I

”,SS ,”SC
-, Nnm  Tlam In-mPBcipim - (n+m)3cy iy : (m-0)3Cin‘m! - (n'*'m)BCn-l‘-:m
M1)im = ==
cs cc c c 5 s
MNumm Nam (n-m)3cin-m| - (n+m)3¢cpim : M-mBeypiy + (n+m)3cpim

(G-4a)

ks

"icc '"!cs
Tlnm 'T]nm :|

3 s c C
[ In-mBeipim + (n+m)3cyim @ (M-n)3cipm + (n+m)3cn+m}
)lsc ”’SS
'Tl nm Mam

(T\’.‘;)nm = [

(n-m)3cigimi + (1+m)3cn i+ In-mPBeiiy - (0+m)3eqim
(G-4b)
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”r

- n nns‘lc -n':;,:is T (m"n)sclnfml - (n+m)3cnfm . .'lﬂ"mlgclnfml + (n"‘_m)scnjm
N3)m = s s =5 3 . ; c .
n nn(-:lc -N m;s In-mBeym + (n+m)3epim (m-n)3cp-m + (n+m)3cpim
(G-4c)
(M Dmn = M Dam, M2)mn = M2 dam )
Mo Mom
M1)am = g e
Tl nm TI nm
- [ (-m)*Cinimt - (4m)*caim ¢ sign(m-m)-(n-m)*ei’m + (n+m)4cnim]
=2 _
sign(m-n)-(n-m)4c’m + (n+m)cyim (n-m)4com + (M+m)4Cnrm
(G-5a)
L e
(T]Z)nm = T
-ﬂ nn'sl T] nm
n[  (mepSn + (m)ica i sign(n-m)-(a-mYCin’m - (n+m)4cnfm]
Sigﬂ(m“n)‘(n'm)4cln§ml - (n+m)4cn-ﬁm : (n"m)4cln(—:ml - (n+m)4cnfm
(G-5b)
Mo Mo
(T|3 )nm = —_— wgg
11 nr?l 'T| nm
n[ sign(n-m)-(n-m)4ci’m + (n+m)4cpim (n-mYicySy + (nHMYACy i ]
=2
(n-m)Aci’m + (R+m)4Cnim : sign(n-m)-(n-m)*cin’m - (n+m)c, £y
(G-5¢)

(M ma = 01 am, M2 ) = 012 )

The details of the components of these matrices are given in Appendix D (eqns. (D-1)~(D-5) ).
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o [ ase] TG a@e] o [aer awe
(M1is)m = s (ngs Jnm = » M3Hm = _
n{Ges p e Qe (s n e 1y %es

(D = M Dam. O = 5D om ) (G-6a,b,c)
o n Qs nlse o n e s o ngse s

(nlc Jam = s (ﬂgc Jam = s (Tlgc )nm =
nGes nigee e q @ nGee (@
T
(5D = MDom . O5Dem = M5 ) (G-7a,b,c)

where “o.” represents the number of times of defferentiation, i, e,  », 2, “», “»” and “s»”,

The details of the components of eqns. (G-6) and (G-7) are given in Appendix D (egns. (D-6) ~ (D-
15) ).
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B oo(®) =

2nm

BLOY(6) =

Appendix H
[ sinn® sinm@ sinn® cosmO 0 0 0 0 7]
cosnd sinm® cosnB cosmoO o - 0 0 0
0 0 sinn® sinm® sinn® cosmé 4] 0
0 0 - cosn® sinmB cosn@ cosmO 0 0
0 0 0 0 sinn@ sinm6 sinn6 cosmo
e 0 0 0 0 cosn® sinm® cosnb cosm@ -
(H-1a)
- nmcosnBcosmd  -nmcosnBsinm® 0 0
-nmsinnBcosmf nmsinnBsinme 0 ' 0
0 0 nmcosnBcosmB-+sinnOsinm@ -nmcosnBsinmO+sinn@cosmb
0 0 -nmsinn8cosmb+cosndsinm® nmsinnOsinmO+cosnBcosmb
0 : 0 msinnBcosmB-ncosndsinm® -msinndsinm@-ncosnBcosm
0 0 mecosnfcosmB+nsinn®sinmB -meosnBsinmO+nsinnBeosmb
0 0
0 0 T

ncosnBsinmB-msinnfcosm®  ncosnBcosmB+msinnBsinm®
-nsinnBsinmB-mcosnfcosm® -nsinnBcosmB+mcosnBsinm® (H-1b)

sinn@sinmB+nmcosnBecosmE  sinnBcosmO-nmceosnOsinme

L L L L L L LL L T

cosnBsinmA-nmsinnBcosm® cosnBcosmO+nmsinndsinm©

— -

msinnfcosm@ -msinndsinmo 0 0 0 0
mcosn8cosm8 -mcosnBsinmt 0 0 0 0
0 0 msinnBcosmO -msinnOsinm@ sinnOsinm@  sinnBcosm6
0 0 mcosnBcosmO -mcosndsinm® cosnBsinm@  cosnBcosm
0 0 -sinnBsinm® -sinnBcosmB msinnBcosme -msinn@sinmO
L., 0 0 -cosn@sinm® -cosnBcosm@ mcosnBcosm® -mcosnOsinm8 -

(H-1c)
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B5i(0) =

B yom (©) =

B

B

Gl
3nm

G1
4nm

®) =

® =

OO0

0
0
Tymsinn® cosmb
N mecosnd cosmd
-(M+1n™)sinnd sinm@
-(M+M")cosnO sinmd

SO0

nmsinnB@cosmO -nmsinnOsinmO
MmcosnBcosm6 -TimcosnBsinmd

i 0

0
nnmcosnOcosmB-+(m+1")sinndsinmd  -ninmcosn@sinm6+(M+n")sinnBcosmo
-nnmsinnfcosmO+(M+n")cosnBsinm@ MnmsinnBsinmO-+(n+1")cosnBcosmo
nmsinnfcosm-(n+n")ncosnBsinm

nmcosnécosmB-+(1-+1")nsinndsinm®  -nmcosnBsinmO-+(n-+11")nsinnBcosmb

nnmcosnfcosmB -nnmceosndsinmb
-nnmsinnBcosm€ TnmsinnBsinm

SO

0
0

0
0
nmsinn® sinm0O

_ -1 mcosn® sinm®

-(n+n™)sinnd cosmb

-(11+1"cosnd cosmd

Lo Rmn e ot

-133-—-

0
0

0
0

(M+n"ncosnfsinmO-nmsinnGcosmd (M+1")ncosnBcosmO+nmsinnBsinmo
-(n+n")nsinn®sinmB-nmcosndcosmb -(n+n")nsinndcosmB+1mcosnBsinm0
(m+n") sinn@sinm@+nnmcosnbeosm (M+1")sinnBcosmO-nnmcosnBsinmé
(M+1"") cosnBsinm6-nnmsinnBcosmd (1+1")cosnfcosmB+nnmsinndsinmO |

0
0
(1+1")5inn B sinmB
{(n+M ")cosnd sinm
nmsinn® cosmoO

1 m cosn® cosmb

(H-2a)

-nmsinn®sinm0-(n+n"")ncosnbcosmb

(H-2b)

0
0
{T+nM")sinnd cosmG
(THN "Mcosnd cosmé
-nm sinn® sinm©

-nm cosn@ sinm

(H-2c)

(H-2d)



PNC TN9410 91-393

0 0 0 0 ‘(SC 1) nm 0
0 0 0 0 0 0
. 0 0  ZEChm SCHmm 0 mEC3)m
B onm = 0 0 SC)m O 0 0
14X14 (SCt)pm O 0 0 0 0
0 0 n(SCs) 4 O 0 0
0 nSCham 0 0 0 0
0 0 0 0 -NEC1) mm
0 0 0 0 0
. 0 0 -Z0"6Ctmm NECHm 0
Bimm = 0 . 0 TI(SC 1) nm 0 0
14X14 -MNSC)ym O 0 0 0
0 0 0 0 0
i 0 0 0 0 0
where
(SC)am = [ sinnes?nme sinnBcosmO ]
| cosnfsinmB cosnBcosmO
sinn@cosmO -sinnOsinmO
(8C3)om = | cosnfcosm@ -cosnBsinm@ }

—-134-
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0

0

0
0
0
0
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(H-3b)

(H-4a)

| (H-4b)
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Appendix 1
2n
A=K | B150(0)d0 =8 R I @l
0 6x6
om0 0 0 0 O
21 Onmm 0 © 0 0
5 = 0 0 nm+1 O 0 +m
APh=R [ B,0a®d0=8mmR| o o 0 nm+l -nm " (1-1b)
0 0 0 0 -mnnom+l O
-0 0 m+n O 0 nm+l
0 -m0 0 0 O
2n mO0O0OO0¢OCO
= =06 0-m1 0
ASL=R [ B350 (©)d0=8m™R| o 0 m 0 0 1 (I1c)
0 00-100m-m
L0 0 0 -1m O

010000
o 100000
~ . 1. -looo100
A5 =R [ sin@ B30 (8) 40 =7 sign(n-m)3Lmm®R [ g 0 -1 0 0 0 (I-22)
0 000001
0000-10
0 nm O 0 0 0
M -nm 0 - O 0 0 0
o 1. -1 0 -n-
A2?1§H=R .[ sin® Bgﬁ?n (9) d9=§s1gn(n-m)61_|n_m1-ﬂ: 0 g -m(')n—l nnr(1)+1 nom -n(-)m
0 0O 0 m+n O 0 nm+l
0 0O 0 m+n -nm-1 0
(I-2b)
mOO0OO0O0O0 '
i _ OmOC O 0O
e 1. =0 1
ADS =R j sin® B3o0 (0) d0 = 5sign(n-m)dy jp.me TR | g 8 ‘51 31 _01 0 (I-2¢)
0 000-Iim?O
0010 0m

+ in the case of (m=0, n=1) or (n=0, m=1), see Appendix E (eqns. (E-11) ).
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2n
A =R J cos8-B 5 (6) d9=%51,|n-m:°nﬁ I (I-3a)
0 6x6
nm O 0 0 0 0
217 0O nm O 0 0 0
- 0 1 =10 0 nm+1 O 0 n+m
Az?,‘§n=Roj c056-B 250, (8) d6 = 581 n.mr TR 0 0 "0 mmel om0 (1-3b)
-m-n nm-+
0 0 m+n O 0 nm+i
0-m0 0 0 O
. 2n mO 0000
— 1 =10 0 0-m1 O
A3?1$n=ROJ‘ COSB-B3E?11 )] d9=§51,1n-m|-1tR 0 O0mO 0 1 (I-3c)
0 0 -10 0 -m
00 0-1m2@d
* in the case of (m=0, n=1) or (n=0, m=1), see Appendix E (eqns.(E-12) ).
- 2m S 0D 00 |
A?2%=ROI N@(0) Bi5n ® d0=R| 0 @PHpm 0 (1-42)
0 0 (MDn
. 2n nm(ﬂ%)nm 0 0
Aln= ROJ N@(©0) Byan ©d0=R| 0 "Dt MDnm 1M ema-
0 m(ﬂ%)nm“n(ng)n'{n (n?)nm+nm(ng)nm
(I-4b)
2 m(n%)nm 0 0
A%ﬂ%=ﬁoj N©@(@) Bign @ d0=R| 0  mmDam MDam (I-4c)

o (44
0 -Mnm MM3)am
where o represents the times of differentiation, i. e. “0" to “4” or * 7, ©»7, 7, “»” and

The components of (n?)nm, (MP)nm and (n%t)mn are given in Appendix G (eqns.(G-1) through (G-
5) ).
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2% ' (m ?s) nm 0 0 .
AYS =R [ n©@(®) sind BER @) d0=R| 0 om0 (1-52)
0 0 0 MBm
2n nmMMzdam 0 0

A% = ROI n@(@)sindBn @O =R| 0 mmODamtNHum HNIma MM

0 m(ﬂgs)nm‘n(ngs)rgn nm{1 %s)nm"'(‘rl llxs)nm

(I-5b)
. ,
2n mM3g)nm 0 0
ASIR =R [ n@@sind Bin @ O =R} 0 mam (-5c)
0 ‘(Tlclxs)nm m(n%s)nm
where o represents the times of differentiation, i.e. Oto 4 or ® B el ™ apd
The components of M s)am» (N3s)am and (N3s)nm are given in Appendix G (eqns.(G-6) ).
2 . (T]ﬁ:)nm -0 0
AT = ioj N©®(0)-cosd-B S ®d6=R| 0 MMam 0 (I-62)
| 0 0 (Tlixc)nm
in nm(ngc)nm 0 0

AT = ROI N(@(0)-cos®-Brom, 0)d0 =R} 0 nmNE)aertMionm NMIDmaMN5om

0 m(ngc) nm-1{1] gc)n'{n nm(n gc)nm"’(ﬂ ?c)nm

(1-6b)
2n mM$)nm 0 0
A = ROJ‘ n(@(0)-cos0-B3o0 ) dO=R| 0 mMPam Mam (1-6¢)

0 - ﬁ:)nm m(ngc)nm

where o represents the times of differentiation, i. e, Q to 4 or 7, «7, “ . and ",

The components of (n‘lxc)nm, (ngg)nm, and ('n?c)nm are given in Appendix G (eqns.(G¥7) ).
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2%
A= RO j sinp8-B {50, (8) d6

010000 010000
~ 100000 100000
R [ . 000100 000100
=7 {S‘g“(“'m) Spinmi| 001000 |*Omml 001000 } (1-72)
000001 000001
0000-0 000010
21 _
Azr?,i,p = Roj sinp9-B 5% (@) do
Onm 0 O 0 0
_ . -nm 0 0 0 0 0
nR{. 5 0 0 0 nm+1 -(n+m) 0
=5 | sign(@m) Opjnmi| 0 O -(nm+l) O 0  -(n+m)
0 0 n+m 0 0 " nam+1
0 O 0 n+m -(nm+1) 0
Onm 0 0 O ©
nm0 0 © 0 0 | |
0 0 0 nm-1m-n O
'89,“’”“ 0 0 onm-1 0 0 nm } (I-7b)
0 0 nnm 0 O nm-l
0 0 0 m-n nm-1 0
2n :
Asds,= Roj sinp®-B 350, (8) dO
moOO0O0O00 moO 000D
R Om©O O 0O 0 -m0 0 0 O
T . 00m©OO 1 0 0 00 1
=7 {Slgn(“‘m) Spinmt| 000 m-10 |"%mm| 0 0 0-m1 0 } (1-7c)
000 -1m9O 00 0-Im2O0
0010 0m 00 -100-m
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2n
A, = Roj cosp®-B 50, (6) do

11 = 2n Gl — | M3}m
A1Hm=R_[ B,S! 0)d8=Rm| o
62 0 0

—18%-

-1 00 000
0 +10 0 0 O
R 0 0 -10 00
=% (B L+%mm| 0 0 0+10 0 }
* 0 0 00-10
0 0 0 0 0 +1
2
Ag,?fnp = 1_20_[ cospf-B,50 () do
nm 0 0 0 0 0
_ 0 nm O 0 0 0
_@{6 0 0 nm+l O 0 m+n
-2 poml|l Q0 0 0 nm+l -(m+n) O
0 0O 0 -(m+n) nm+l O
0 0 m+n O ¢ nam+l
nm O 0 0 0 0
0 -nm O 0 0 0
5 0 0 nm-1 O 0 n-m }
T Opmtm|l 0 0 0 -(mm-1) n-m 0
0 0O 0 m-n nm-1 O
¢ 0 m-n 0 0 -(am-1)
2n
. Aagﬁlﬁﬁof cosp8-B 5o (0) O
0-m0 00O OmO OO0
_ mO0 0 000 mOOO0O0O0
_1_55{8 0 0 0-m10 8 OOOm-IO}
=5 WOhmi|0 0O m 001 {TOmm| 0 Om O O 1
0 0 -10 0-m 001 00m
0 0 0-1m6 000-1m?O

(I-82)

(1-8b)

(1-8c)
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2r
Adum=R [ BT (8)d0
634 0
0 0
=R | nm(N2)pm+{(N 1)nm+(n,l,) am) 0{(M 3)!1?11"‘(“3){511 }-mM3)um (I-9b)

(M)t M2} M 3)om MM 2Dam+{ (M Dasm+HN Dam)

2R
Asim=R | B33n(0)d0
6x4 0

0 0
=R [ m(N3)nm M Dam+M ’{)nm] (1-9¢)
-{(M D)1 Jnm} m(M3)am
27
Adim=R [ B4Sn(9)do =,ﬁnm[m%)“m] 1-90)
6x2 0 0 .

The components of (T)¢)pm and (Neum (0=1,3) are given in Appendix G (eqns.(G-1) and (G-3) ).

e (N39)

== — s/nm

Ammm=R [ sin0-By3, (8)do = an[ 0 ] . (1-10a)
0 0

: 2 _
Azm=R [ sind-Bsor, (6) dO
0 _

0 0
—B| (MmN 1Dam} MM29dam  1{(N 36)ma+M3e)mn)-M(TMas)nm (1-10b)

-n{(M SS)rrTn’F(Tl g’s)nTn JHFmMM3gdam  {(M1s)am+(M l”s)nm Hnm{N2s)nm
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0 0 7
=R m(M3s)nm (M1s)nm+(M 1)am (I-10c)’
-{M1dam+M1s)nm} m(MN3sdam |
2n §
= ~ [M29)
Adi=R | sin0-B,Sh (6) do = an[ o (-10d)
0 0

The components of (Nag)nm and (Mgs)am (00=1,3) are given in Appendix G (eqns. (G-6) ).

an (M3c)nr ' '

= i — c/nm

Apm=R [ cos6-Biom (0) de=m[ 0 } (I-112)
0 0

21
AxS =R _[ cos8-B,5L (0) do
0 : .
0 0
=R} {M1dameM1oam)+HmMagdm  1{(M3e)ma+M3ckmn}-MT3am (I-11b)
-n{ (n3c)$n+(n§;)gn} +mM3ackhm (Mic)nm+(N ; ::)nm}+nm(n2c)nm

2T
Al =R j cos0-B,5) (0) do
0

0 0
=R m(M3cham (Micdnm+(M l,z:)nm:l ' (I-11¢)
-{MidamtMicdam}  MM3cdam
2r
- = (M)
A =R | cos0-B,Sh (8)do = an[ ] ““’] (I-11d)
0 0

The components of (Mge)nm and (T]é:c)mn (0=1,3) are given in Appendix G (eqns. (G-7) ).
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In all these equations, the matrices integrated, B(ﬁ% (0=1,3), and Buc,ilm (c=1,4), are given in

Appendix H.

R

Alr?rcl:‘lp =3 (ap,ln-mi I+ 8p,n+m L1c2)
7R

A22§1p =5 (ap,ln-m! Lo+ 8p,n+m L32)

R
Asmrp = =~ (8pn-ml L31 + 8ppem L32)

R

Almp = =~ (sign (n-m) 8, jn-m) L1 + 8p.nem L12)
nR . |

AZI?:.‘IP =5~ (sign (n-m) 8p jn-m! L21 + 8p.nem Lig2)

R . |
ASI?;lp =7 (sign (n-m).d ,In-ml L?fl + 6p,ﬂ-!-m LSSZ)

-1
+1
-1 0
Liz= 0 +1
-1
+1
nm 0 0 0 0 0
0 nm O 0 0 0
LE = 0 0 nm+1 O 0 n+m
21 0 0 0 nm+l -(n+m) O
0 O 0 -(n+m) nm+1 O
0 0 n+m 0 0 nm+ti
nm 0O 0 0 0 0
0 -nm O 0 0 0
LS = 0 0 nm-1 O O n-m
2271 0 0 0 -(nm-1) n-m O
0 O 0 -(n-m) nm-1 0
0 0 -n-m) O 0 -(nm-1)
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Appendix J
0 0 6o o0 I 0 0
0 O ) e 0 0 0 -ml*
o 0 0 %1 I 0 mI* 0
Crn=Tdnm| 0 0 I 0 0 0 O (-1
-1 0 0 0 0 0 0
0 0 nI'T 0 0 0 0
o aI'T 0 0 06 0 0 |
. fF10 * 0 -1
whee  I=[ o1 ].-T=[+s170 ) (J-2a,b)
(in the casc of m=n=0, see Appendix E. (eqn. (E-13)) }
0o 0 o0 0 -I 0 0]
0 0 ) 0 0 0 0 -mI*
0 0 =1 I 0 mI* 0
CE=F8mal 0 0 L 0 0 0 0 (3-3)
-1 0 0 06 0 0 0
¢ 0 ai'TO 0 0 0
| 0 nX'T 0 0 0 0 0 |
(in the casc of (n=0, n=1, and m=1, n=0), see Appendix E. (egn. (E-14)) )
0 o0 o o0 -I'T 0 o
0 0 0 0 0 0 -ml
- 0 0 2r'T T 0 ml 0
Cim="5 sign(m-m)dtpmi| 06 0 I'T 0 0 0 O J-9
-I'T 0 0 6 0 O O
0 0 nFT 0 0 0 0
0 +nI 0 0 0 0 0 |
(in the casc of (m=0, n=1) or (m=1, n=0), see Appendix E. (eqn. (E-15} ) }
[ 0 0 0 - 0 -Mic)am 0 0 ]
0 0 0 0 0 0 -m{" lc) nm
one 0 0 __TZ{_ Micdmm Mic)om 0 m{(M 3¢) am 0
C nm = 0 0 (n lc)nm 0 0 0 0
-(Tl Ic) am 0 0 T 0 0 0 0
0 0 T (1 3¢c) mn 0 0 0 0
i 0 -n(N 3¢ Ymn 0 0 0 0 0 J
3-5)

where (N1c)nm» (M3c)am are given in Appendix G. (egns. (G-7) )
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[ 0 0 0 0
0 0 0 0
1 0 0 “% (n,l’)nm (nl)nm
Cam 0 0 (M1)nm 0
-(M1)mm 0 0 0
0 0 0 0
0 0 0 0
[ 0 0 0 0
0 0 0 0
le 0 0 ‘% Mic)om  (M1c)mm
Coum = 0 0 M1c)om 0
-M 1c) om 0 0 0
0 0 0 0
0 0 0 0

-(T] 1 )nm
0
0
0
0
0
0

~{MNlc)nm
0

0
0
0
0
0

[— I — N — I )
(I — I — I — Ny

-~ — B — R — i — R — ]

J-6)

(-7

oo @

where (M Dnms Mic)ym and (M1c)am are given in Appendix G. (eqns. (G-3) and (G-7))

0 0 0
0 0 _10*
0 0 =1
Cn?nsp =12t"{sign(n—m)5p,ln-ml 0 0 P31"‘
I 0 0
0 0 -nl
| 0 nf ¢
0 0 0
0 0 0
0 0 2
+5p,n+m 0 0 J
-J 0 0
0 o0 -nJ*
| 0 nJ* 0
where
10 0 -1
1=[o1].v=[7%
0 1 * "1 0
J=[10]’J= 01]

IT:I, JT=J5 I*T="I*, J*TzJ*

£

0 I
0 0
IF 0
0 0
0 0
0 0
0 0
0 -J
0 0
Jj 0
0 0
0 0
0 0
0 0
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0 -ml
‘ml 0
0 0
0 0
0 0
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0 0
0 mJ*
-mJ* 0
0 0
0 0
0 0
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(J-10a,b)
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(3-14b)

*
oo ococoo
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ceo o
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{(J-%a,b)

(J-10a,b)

J-11)

I* , J*Tz J*

IT=1, JT=17, T
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Appendix K

eqn. (6.11) =

(1) case of a open cantilever tank

10

——
dT=[dg d3g -+ di :dy- dp - tday AN ]

N N J X W,

Y Y
10(1-1) 10(-1) 100-1)
10(-1)(N+1)

10

100-1)Xa 0
@ = ¢20\ {10(1-1) X(N+1) }X a(N+1)

0 \‘q)aN

dOT=[dio doo - da0 :di1 - dai: + dan ]

N — VAN _.._J L__.,.__J

(2) case of a closed cantilever tank with rigid roof

10
o,
dT=[dyg -~ dpyg:dy - dy:day -+ dpgg s tday o ]
. ) L D
10(1-2) 100-1) 10(1-2) 10(-1)

{100-2) X (N+1)-10}

[ 10 10(I-1)Xa 0
\
O $20
=] 10(-2)x
e — ¢30\\ 10(-2)Xa

~

0 .

d) : same as eqn. (K-1c)
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eqns. (6.13) =

Aoo 0
Ya —
. a’~a A 1
A= .
0 S —
ANN a(N+1) X a(N+1)
and
A2
®1n 0
A2
— 02n
Anm = \\ ’
0 A2
Wan axXa

where &, (i=1,a) are natural frequencies without imperfections (v=0).

aXa
_i . ‘
Goo Go 0
_G—IO EI] 612
G()= Ga1 G2 §23
-G—n,n-l. Enn _an,n+1

-~

0 S
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c<l>

Appendix L

2
K knm =W SR-1) {(n-m-1) cip g1 - (n-m+1) Clomsrtt} +7 Tk (-1 +Cin-me+10)

c<2>

<l>

<2
K52 = (1 52-1) {((n4m-1) coila - (04m+1) Coimet} +1 5K Cotin-1+Cnsme+1)

s<1> <I> . s $ <2> . 5 s
K- (1 55-1) (n-m-1) epgpe1e - In-mA11 Cpmen) + 7 7k sign(n-m) (Cin-m-11+Cin-me+11)

5<2> <l> ' s s <2> 3 5
K ¥om = 1k -1) {(n+m-1) cpem-1 - (m+m+1) cpam+1) +7 1k (Catm-1+Cnim+1)

e<3> <l> ¢ c <> . ¢ c
K 53 = (1 58-1) (n-m-11 g1 - In-m+1 Cpmern) +7 1k sign(n-m) (Cin-m-17-Cln-my+10)

§<3> <l> s s <2> ] S
K552 = (I 5e-1) {(m-m-1) Cpom-11 - (@-M+1) Clament} +7 1k (Cin-m-11+Cln-m+11)

= ¢<i>
K kmm =

= 0<2>

K knm —

s<i> _
kam =

= §<2>
K tam =

H(-1)k+1-1 N S
uk(z) Ki;ﬁ+z 73
Mk i=1 €itHk

c c <l> c [
#{(n-m-1) Cipm 11 - M-MAFD) Clymert +J 37 Cipemen1 + (Cin-me10}

H(-1)k+1-1 * g
- 2) Kam+ Y, 375
l""k ) i:l 81"‘”1(

c c <i> c c
*{(n""m'l) Cpim-1 - (MHM+1) Chamser + J i Cpam-1 (cn+m+l)}

H(-1)k+1-1 N i
uk(z) Ki?é—*Z )
Hk i=1 &itlk

§ 5 <l> . 5 s
#{In-m-11 cjp S 11 - M-me1l Cpmant +J 557 sign(n-m) (Cin-m-11 + (Cia-me10) }

H(-1)k+1-1 < JF
ST R W v
Bk i=1 EitMx

<l '
*#{(n+m-1) Cpam-1 - (n+m+1) Cried +J 3 (Cnam-1 + (Cpam+1) ]
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4 cic<3>_ l-lkH('l)kH"l Kc<3> + E“ J <i2>
am ~

knm 2 2
l-lﬁ i=1 Eitlk

#{In-m-11 Cp-011 - In-m+ 1 iyt +J <1 sign(n-m) (Cip-m-11 + Cpema 1)} (L-2¢)
. H(-1)k+1-1 - JZ
£ =Bk Y s
Hk i=1 S&ithk

#{(0-m-1) Cip-m-11 - (-M+1) Cinma11 +J G @ittt + (Cnmed) ) (L-2f)
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